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(q-)Pochhammer symbols:
Let q ∈ C, 0 < |q| < 1, n ∈ Z≥0.

(a)n := a(a + 1) . . . (a + n − 1),

(a; q)n := (1− a)(1− qa) . . . (1− qn−1a),

(a1, . . . ,ak ; q)n := (a1; q)n . . . (ak ; q)n.

(a; q)∞ :=
∞∏

j=0
(1− q ja),

(a1, . . . ,ak ; q)∞ := (a1; q)∞ . . . (ak ; q)∞.
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Interpolation:
1

x(x − 1) . . . (x − n + 1) = (−1)n(−x)n

is the unique monic polynomial of degree n which vanishes
at x = 0,1, . . . ,n − 1.

2

(x − 1)(x − q) . . . (x − qn−1) = xn(x−1; q)n

is the unique monic polynomial of degree n which vanishes
at x = 1,q, . . . ,qn−1.

3

n−1∏
j=0

(z + z−1 − aqj − a−1q−j) =
(az,az−1; q)n

(−1)n q
1
2 n(n−1) an

is the unique monic symmetric Laurent polynomial of
degree n which vanishes on a,aq, . . . ,aqn−1 (and their
inverses) .
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Askey–Wilson polynomials:

Rn(z; a,b, c,d |q) =
pn(1

2(z + z−1); a,b, c,d |q)

pn(1
2(a + a−1); a,b, c,d |q)

:= 4φ3

(
q−n,qn−1abcd ,az,az−1

ab,ac,ad
; q,q

)
=

n∑
k=0

(q−n,qn−1abcd ; q)k (az,az−1; q)k

q−k (ab,ac,ad ,q; q)k
.

Orthogonality. 0 < q < 1; |a|, |b|, |c|, |d | ≤ 1 with products
ab,ac, . . . , cd 6= 1, and with non-real a,b, c,d occurring in
complex conjugate pairs.

∆+(z) = ∆+(z; a,b, c,d ; q) :=
(z2; q)∞

(az,bz, cz,dz; q)∞
,

∆(z) := ∆+(z)∆+(z−1).∫
|z|=1

Rn(z) Rm(z) ∆(z)
dz
z

= 0 if n 6= m.

Tom Koornwinder Nonsymmetric Okounkov interpolation polynomials



Partitions:
λ = (λ1, . . . , λn) ∈ Zn such that λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0.
Λ+

n is the set of all such partitions.
λ has weight |λ| := λ1 + · · ·+ λn.
δ := (n − 1,n − 2, . . . ,0).

Dominance and inclusion partial ordering. For λ, µ ∈ Λ+
n :

µ ≤ λ iff µ1 + · · ·+ µi ≤ λ1 + · · ·+ λi (i = 1, . . . ,n);

µ ⊆ λ iff µi ≤ λi (i = 1, . . . ,n).

Symmetrized monomials. For λ ∈ Λ+
n :

mλ(x) :=
∑
µ∈Snλ

xµ, m̃λ(x) :=
∑

µ∈Wnλ

xµ (Wn := Sn n (Z2)n).

These are symmetric polynomials and symmetric Laurent
polynomials, respectively.
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Macdonald weight function (0 < q, t < 1):

∆+(x) = ∆+(x ; q, t) :=
∏

1≤i<j≤n

(xix
−1
j ; q)∞

(t xix
−1
j ; q)∞

,

∆(x) := ∆+(x)∆+(x−1).

Macdonald polynomials. Define for λ ∈ Λ+
n

Pλ(x ; q, t) = Pλ(x) =
∑
µ≤λ

uλ,µmµ(x), uλ,λ = 1,

such that∫
Tn

Pλ(x) Pµ(x−1) ∆(x)
dx1

x1
. . .

dxn

xn
= 0 if µ < λ.

(Note that Pµ(x−1) = Pµ(x) for x ∈ Tn ⊂ Cn.)

Then Pλ(x) is homogeneous of degree |λ| in x and there is full
orthogonality:∫

Tn
Pλ(x) Pµ(x−1) ∆(x)

dx1

x1
. . .

dxn

xn
= 0 if µ 6= λ.
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Koornwinder weight function. 0 < q, t < 1,
|a|, |b|, |c|, |d | ≤ 1 with products ab,ac, . . . , cd 6= 1, and with
non-real a,b, c,d occurring in complex conjugate pairs.

∆+(x) = ∆+(x ; q, t ; a,b, c,d)

:=
n∏

j=1

(x2
j ; q)∞

(axj ,bxj , cxj ,dxj ; q)∞

∏
1≤i<j≤n

(xixj , xix−1
j ; q)∞

(txixj , txix−1
j ; q)∞

,

∆(x) := ∆+(x)∆+(x−1). For n = 1 no t : Askey–Wilson case.

Koornwinder polynomials (1992). Define for λ ∈ Λ+
n

Pλ(x ; q, t ; a,b, c,d) = Pλ(x) =
∑
µ≤λ

uλ,µm̃µ(x), uλ,λ = 1,
such that∫

Tn
Pλ(x) Pµ(x) ∆(x)

dx1

x1
. . .

dxn

xn
= 0 if µ < λ.

Then full orthogonality (for µ 6= λ).

5-parameter generalization of 3-parameter Macdonald BCn
polynomials.
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A-type interpolation polynomials (Kostant & Sahi, Sahi,
Knop, Knop & Sahi, 1991–1997)
Let τ = (τ1, . . . , τn) ∈ Cn with 0 < |τ1| < |τ2| < · · · < |τn| < 1.
Let q, t ∈ C, 0 < |q|, |t | < 1.
For λ ∈ Λ+

n define P ip,A
λ (x ; q, τ) as the unique symmetric

polynomial of degree |λ| = λ1 + · · ·+ λn such that its term
involving xλ has coefficient 1 and

P ip,A
λ (qµτ ; q, τ) = 0 if µ ∈ Λ+

n , |µ| ≤ |λ|, µ 6= λ.

In the principal specialization τ := tδ = (tn−1, tn−2, . . . ,1)
moreover the following two properties hold:

Extra-vanishing property:
P ip,A
λ (qµtδ; q, tδ) = 0 if µ ∈ Λ+

n and λ 6⊆ µ.

Expansion in terms of Macdonald polynomials:

P ip,A
λ (x ; q, tδ) =

∑
µ⊆λ

bλ,µ Pµ(x ; q, t), bλ,λ = 1.

Hence r−|λ|P ip,A
λ (rx ; q, tδ)→ Pλ(x ; q, t) as r →∞.
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BC-type interpolation polynomials (Okounkov, 1998)
τ,q, t as before, and s ∈ C, 0 < |s| < 1.
For λ ∈ Λ+

n define P ip,B
λ (x ; q, τ) as the unique Wn-invariant

Laurent polynomial of degree |λ| such that its term involving xλ

has coefficient 1 and

P ip,B
λ (qµτ ; q, τ) = 0 if µ ∈ Λ+

n , |µ| ≤ |λ|, µ 6= λ.

In the principal specialization τ := stδ we have moreover:

Extra-vanishing property:
P ip,B
λ (qµstδ; q, stδ) = 0 if µ ∈ Λ+

n and λ 6⊆ µ.
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Sahi Knop Okounkov
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Nonsymmetric Macdonald polynomials
Eλ(x ; q, t) (λ ∈ Λn := (Z≥0)n) and
nonsymmetric Koornwinder polynomials
Eλ(x ; a,b, c,d , t ; q) (λ ∈ Zn) can be defined as
eigenfunctions (polynomials or Laurent polynomials,
respectively) of suitable q-difference-reflection operators
(generalized Dunkl operators) coming from the polynomial
representation of a suitable double affine Hecke algebra.

Expansion of symmetric polynomials in terms of
non-symmetric polynomials (λ ∈ Λ+

n ):

Pλ =
∑
µ∈Snλ

aλ,µEµ (Macdonald polynomials),

Pλ =
∑

µ∈Wnλ

bλ,µEµ (Koornwinder polynomials)

for suitable coefficients aλ,µ and bλ,µ.
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Nonsymmetric interpolation, case An−1 (Sahi, Knop)

q ∈ C with 0 < |q| < 1.
τ = (τ1, . . . , τn) ∈ Cn with 0 < |τ1| < |τ2| < · · · < |τn| < 1.
Choose simple roots e1 − e2, . . . ,en−1 − en.
Let α ∈ Λn := Zn

≥0 , |α| :=
∑d

i=1 αi .

Let wα be shortest element in Sn such that w−1
α α = α+ ∈ Λ+

n .
Then, for i < j ,

w−1
α (i) < w−1

α (j) ⇐⇒ αi ≥ αj .

Put α := qαwατ . Then αi = qαi τw−1
α i .

Let Λn,d := {α ∈ Λn | |α| ≤ d}.

Theorem

For any given {fα}α∈Λn,d there is a unique polynomial
f ∈ Span{xα}α∈Λn,d such that f (α) = fα (α ∈ Λn,d ).

Note that existence implies uniqueness.
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Nonsymmetric interpolation, case BCn (Disveld, Stokman, K)

Choose simple roots e1 − e2, . . . ,en−1 − en,en.
Let α ∈ Zn, |α| :=

∑d
i=1 |αi |.

Let wα be shortest element in Wn such that w−1
α α = α+ ∈ Λ+

n .
Write wα = σαπα (σα ∈ {±1}n, πα ∈ Sn). Then
σα = (sgn(α1), . . . , sgn(αn)), where sgn(0) = 1,
and πα is such that, for i < j ,

π−1
α (i) < π−1

α (j) ⇐⇒ |αi | > |αj | or 0 ≤ αi = ±αj .

Following Sahi this means the following rule for getting π−1
α (i):

Reorder the αi by decreasing |αi |, then, for fixed |αi |, first put
the ones with αi ≥ 0 from left to right, and next put the ones
with αi < 0 from right to left.
Then αi has moved from position i to position π−1

α (i).
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Example of πα

i : 1 2 3 4 5 6 7
αi : −2 2 1 −1 0 1 −1

π−1
α (i) :
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Example of πα

i : 1 2 3 4 5 6 7
αi : −2 2 1 −1 0 1 −1

π−1
α (i) : 1
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Example of πα

i : 1 2 3 4 5 6 7
αi : −2 2 1 −1 0 1 −1

π−1
α (i) : 2 1
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Example of πα

i : 1 2 3 4 5 6 7
αi : −2 2 1 −1 0 1 −1

π−1
α (i) : 2 1 3
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Example of πα

i : 1 2 3 4 5 6 7
αi : −2 2 1 −1 0 1 −1

π−1
α (i) : 2 1 3 4
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Example of πα

i : 1 2 3 4 5 6 7
αi : −2 2 1 −1 0 1 −1

π−1
α (i) : 2 1 3 4 5

Tom Koornwinder Nonsymmetric Okounkov interpolation polynomials



Example of πα

i : 1 2 3 4 5 6 7
αi : −2 2 1 −1 0 1 −1

π−1
α (i) : 2 1 3 6 4 5
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Example of πα

i : 1 2 3 4 5 6 7
αi : −2 2 1 −1 0 1 −1

π−1
α (i) : 2 1 3 6 7 4 5
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Two important cases of πα

i : 1 . . . k − 1 k k + 1 . . . n
αi : ∗ . . . ∗ 0 6= 0 . . . 6= 0

π−1
α (i) : . . . n . . .

i : 1 . . . n − k n − k + 1 n − k + 2 . . . n
αi : 6= 0,−1 . . . 6= 0,−1 −1 6= 0 . . . 6= 0

π−1
α (i) : . . . n . . .
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Main theorem for nonsymmetric BCn interpolation

q ∈ C with 0 < |q| < 1.
τ = (τ1, . . . , τn) ∈ Cn with 0 < |τ1| < |τ2| < · · · < |τn| < 1.
wα = σαπα.
Put α := qαwατ . Then

αi = qαi (τ
π−1
α (i))sgn(αi ), where sgn(0) = 1.

Let Zn,d := {α ∈ Zn | |α| ≤ d}.

Theorem

For any given {fα}α∈Zn,d there is a unique Laurent polynomial
f ∈ Span{xα}α∈Zn,d such that f (α) = fα (α ∈ Zn,d ).

Note that existence implies uniqueness.
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Idea of the BCn existence proof

Tn,d ,k := {α ∈ Zn,d | αk+1, . . . , αn 6= 0},
Rn,d ,k := {α ∈ Tn,d ,0 | α1, . . . , αn−k 6= −1}.

Note that Tn,d ,n = Zn,d , Rn,d ,n = Tn,d ,0 .

More generally prove existence of Laurent interpolation
polynomials on Tn,d ,k and Rn,d ,k :

Proposition (I(Tn,d ,k ))

For any given {fα}α∈Tn,d,k there is a Laurent polynomial
f ∈ Span{xα | α + eJ ∈ Zn,d ∀J ⊆ [k + 1,n ] }
such that f (α) = fα (α ∈ Tn,d ,k ).

Proposition (I(Rn,d ,k ))

For any given {fα}α∈Rn,d,k there is a Laurent polynomial
f ∈ Span{xα | α + eJ ∈ Zn,d−n+k ∀J ⊆ [n − k + 1,n ] }
such that f (α) = fα (α ∈ Rn,d ,k ).
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Recursion scheme for I(Tn,d ,k ) and I(Rn,d ,k )

I(Tn−1,d ,k−1) & I(Tn,d ,k−1)⇒ I(Tn,d ,k )

I(Tn,d ,0)⇔ I(Rn,d ,n)

I(Rn−1,d−1,k−1) & I(Rn,d ,k−1)⇒ I(Rn,d ,k )

I(Tn,d−n,n) for qτ ⇔ I(Rn,d ,0) for τ

Suppose that I(Tm,c,`) and I(Rm,c,`) are proved for all `, for all
m ≤ n, c ≤ d with (m, c) 6= (n,d) and for all τ .
Then successively prove
I(Rn,d ,0), . . ., I(Rn,d ,n), I(Tn,d ,0), . . ., I(Tn,d ,n).

Note that Tn,d ,k = ∅ if d + k < n, and Rn,d ,k = ∅ if d < n.
Statements I(∅) are trivially true. Thus, in the above recursion,
I(Td ,d ,0)⇒ I(Td+1,d ,1)⇒ · · · ⇒ I(Tn−1,d ,n−d−1)⇒ I(Tn,d ,n−d ),
where d < n.

Recursion ends with d = 0 (then f (x) = f 0) or n = 1 (then more
simple recursion on next slide).
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The case n = 1: α = qατ sgn(α) (α ∈ Z, 0 < |q|, |τ | < 1).
For given {fα}α∈[−d ,d ] find Laurent polynomial f (x) of degree
≤ d such that f (α) = fα (α ∈ [−d ,d ]). Proved by recursion.

I(T1,d ,0)⇒ I(T1,d ,1):
f (x) = f (0) + (x − τ)g(x). Then f (τ) = f (0) and
f (α) = f (0) + (α− τ)g(α) (α ∈ [−d ,d ], α 6= 0).
So solve I(T1,d ,0), i.e., I(R1,d ,1), for g(x).

I(R1,d ,0)⇒ I(R1,d ,1):
g(x) = g(−1) + (x−1 − qτ)h(x). Then g(q−1τ−1) = g(−1) and
g(α) = g(−1) + (α−1 − qτ)h(α) (α ∈ [−d ,d ], α 6= 0,−1).
So solve I(R1,d ,0) for h(x).

Equivalently, solve I(T1,d−1,1) with τ replaced by qτ for h(x).
Indeed, α = qα−sgn(α)(qτ)sgn(α).

Tom Koornwinder Nonsymmetric Okounkov interpolation polynomials



Proof details for I(Tn−1,d ,k−1) & I(Tn,d ,k−1)⇒ I(Tn,d ,k )

Tn,d ,k = {α ∈ Zn,d | αk+1, . . . , αn 6= 0}

Proposition (I(Tn,d ,k ))

For any given {fα}α∈Tn,d,k there is a Laurent polynomial f (x) =

f
(
x , τ, {fα}α∈Tn,d,k

)
∈ Span{xα | α + eJ ∈ Zn,d ∀J ⊆ [k + 1,n ] }

such that f (α) = fα (α ∈ Tn,d ,k ).

f
(
x , τ, {fα}α∈Tn,d,k

)
=g
(
x (k), τ ′, {fα}αk =0, α(k)∈Tn−1,d,k−1

)
+ (xk − τn) h

(
x , τ, {hα}α∈Tn,d,k−1

)
.

Here x (k) is x with k -th coordinate omitted, and τ ′ is τ with last
coordinate omitted.
g(x (k)) from I(Tn−1,d ,k−1); h(x) from I(Tn,d ,k−1).

If α ∈ Tn,d ,k and αk = 0 then: αk = τn and α(τ)(k) = α(k)(τ ′).
If α ∈ Tn,d ,k and αk 6= 0 then get hα from:

fα = g(α(k)) + (αk − τn) hα.
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Proof details for I(Rn−1,d−1,k−1) & I(Rn,d ,k−1)⇒ I(Rn,d ,k )

Rn,d ,k = {α ∈ Zn,d | α1, . . . , αn 6= 0, α1, . . . , αn−k 6= −1}

Proposition (I(Rn,d ,k ))

For any given {fα}α∈Rn,d,k there is a Laurent polynomial
f (x) = f

(
x , τ, {fα}α∈Rn,d,k

)
∈ Span{xα}α+eJ∈Zn,d−n+k , J⊆[n−k+1,n ]

such that f (α) = fα (α ∈ Rn,d ,k ).

f
(
x , τ, {fα}α∈Rn,d,k

)
=g
(
x (n−k+1), τ ′, {fα}αn−k+1=−1, α(n−k+1)∈Rn−1,d−1,k−1

)
+ (x−1

n−k+1 − qτn) h
(
x , τ, {hα}α∈Rn,d,k−1

)
.

g(x (n−k+1)) from I(Rn−1,d−1,k−1); h(x) from I(Rn,d ,k−1).

If α ∈ Rn,d ,k and αn−k+1 = −1 then:
αn−k+1 = q−1τ−1

n and α(τ)(n−k+1) = α(n−k+1)(τ ′).
If α ∈ Rn,d ,k and αn−k+1 6= −1 then get hα from:

fα = g(α(n−k+1)) + (α −1
n−k+1 − qτn) hα.
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Proof details tor I(Tn,d−n,n)(qτ )⇔ I(Rn,d ,0)(τ )

Tn,d−n,n = Zn,d−n, Rn,d ,0 = {α ∈ Zn,d | α1, . . . , αn 6= 0.− 1}.

Proposition (I(Tn,d−n,n)(qτ ))

For any given {fα}α∈Zn,d−n there is a Laurent polynomial
f (x) = f

(
x ,qτ, {fα}α∈Zn,d−n

)
∈ Span{xα}α∈Zn,d−n such that

f (α(qτ)) = fα (α ∈ Zn,d−n).

Proposition (I(Rn,d ,0)(τ ))

For any given {gα}α∈Rn,d,0 there is a Laurent polynomial
g(x) = g

(
x , τ, {fα}α∈Rn,d,0

)
∈ Span{xα}α∈Zn,d−n such that

g(α(τ)) = gα (α ∈ Rn,d ,0).

f
(
x ,qτ, {fα}α∈Zn,d−n

)
= g

(
x , τ, {f β−sgn(β)}β∈Rn,d,0

)
.

α(τ)i = qαi (τ
π−1
α (i))sgn(αi ), hence β − sgn(β)(qτ)i = β(τ)i .
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Symmetric BC-type interpolation polynomials again
(now in different normalization):
For λ ∈ Λ+

n there is a unique Wn-invariant Laurent polynomial
Rλ(x ; q, τ) of degree |λ| such that

Rλ(µ; q, τ) = δλ,µ if µ ∈ Λ+
n , |µ| ≤ |λ|, µ = qµτ .

Nonsymmetric BC-type interpolation polynomials
(now with interpolation values δα,β):
For α ∈ Zn there is a unique Laurent polynomial Gα(x ; q, τ) of
degree |α| such that

Gα(β; q, τ) = δα,β if β ∈ Zn, |β| ≤ |α|, β = qβwβτ .

Expansion of Rλ in terms of the Gα:

Rλ(x) =
∑

α∈Wnλ

Gα(x) (λ ∈ Λ+
n ).
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The case n = 1:

Gm(x ; q, s) =

(
qsx ,sx−1;q

)
m(

q1+ms2,q−m;q
)

m

, m ∈ Z≥0,

G−m(x ; q, s) =
qmsx

(
qsx ;q

)
m−1

(
sx−1;q

)
m+1(

qms2;q
)

m+1

(
q1−m;q

)
m−1

, m ∈ Z>0.

Then, with Rm(x ; q, s) = (sx ,sx−1;q)m
(qms2,q−m;q)m

(m ∈ Z≥0),

R0(x) = G0(x), Rm(x) = Gm(x) + G−m(x) (m ∈ Z>0).
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Extra-vanishing (present in nonsymmetric An−1 interpolation):
By computer algebra experiments there is indication of
extra-vanishing for Gα(x ; q, τ) in the principal specialization
τ := stδ (|s|, |t | < 1), i.e.,
Gα(qβstδ; q, stδ) = 0 not only if β ∈ Zn, |β| ≤ |α|, β 6= α, but
also for certain other β ∈ Zn, depending on α, but not on q, s, t .

α = (3,1) α = (2,2)

green dot = (0,0), brown dot = α, black dots = other β with |β| ≤ |α|,
red dots = points γ with γ extravanishing
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Further motivation for our choice of interpolation points α

In principal specialization τi = stn−i :

αi = qαi
(
stn−π−1

α (i))sgn(αi ).

Put s =
√

q−1abcd . Then (Sahi, 1999):
Nonsymmetric Koornwinder polynomials Eα(x ; a,b, c,d , t ; q)
are eigenfunctions of operators Yi for eigenvalue αi .

Compare with An−1 case (Knop, 1997).
In principal specialization τi = tn−i we have αi = qαi tn−π−1

α (i).
Nonsymmetric Macdonald polynomials Eα(x ; q, t) are
eigenfunctions of operators ξi for eigenvalue αi .
Moreover, the nonsymmetric Macdonald interpolation
polynomials Gα(x ; q, t) (Gα(β; q, t) = δα,β, |β| ≤ |α|) are
eigenfunctions of operators Ξi for eigenvalue α−1

i .
Analogues of operators Ξi are missing in the BCn case. There
symmetric interpolation polynomilas satisfy an eigenvalue
equation with a q

1
2 -shift in the s-parameter (Rains, 2005).
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