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(g-)Pochhammer symbols:
Letqe C,0<|q| <1, n¢€ Zso.

(@)n:=ala+1)...(a+n-1),

(a:q)n:=(1—-a)(1—gqa)...(1—q" 'a),
(@1, ak q@)n = (a1:q)n- - (ak q)n.

(&0~ = [1(1 - ¢/a),
Jj=0

(a1, 5,8k Qoo = (21, 9)0 - - - (k; G) c0-
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Interpolation:

Qo
x(x=1)...(x=n+1)=(-1)"(—x)n

is the unique monic polynomial of degree n which vanishes
atx=0,1,...,n—1.

2]

x—Dx-q)...(x—=q¢"") =x"(x"1q),

is the unique monic polynomial of degree n which vanishes
atx=1,q9,...,q9" "

o
o - , (az,az™'; q)
H(z+z*1—aq/—a*1q*/): > : ’71n
=0 (—1)ngz""=1) an

is the unique monic symmetric Laurent polynomial of
degree n which vanishes on a, aq, ..., aq" ' (and their
inverses) .
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Askey—Wilson polynomials:
pn( (Z+Z ) a,b,C,d|CI)
pn( (a+a ) a,b,C,d\Q)

o q ", q" 'abcd, az,az=!
= 4¢3< ab, ac, ad 9.9

Rn(z;a,b,c,d|q) =

n

(g7",q"'abcd; q)k (az, az™"; q)k
g~k (ab, ac, ad, g; q)« '

k=0
Orthogonality. 0< g < 1; |a|,|b|,]|c|,|d| <1 with products
ab,ac,...,cd # 1, and with non-real a b, ¢, d occurring in
complex conjugate pairs.

2.
A (z)=A1(z;a,b,c,d;q) = (az, b(zz’ cz)t;oz Do’
A(z) = A (2)AL (7).
/|z1 Rn(2) Rm(2) A(2) % =0 ifn#m
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Partitions:

A= (M,...,Ap) €Z"suchthat \y > Ao > --- > X, > 0.
A}l is the set of all such partitions.

A has weight |A\| .= X+ -+ + Ap.
d:=(n-1,n-2,...,0).

Dominance and inclusion partial ordering. For A, € Aj}:

p< X iff g+t < XA F N (F=1,0..,0);
WCA ff <N (i=1,...,n).

Symmetrized monomials. For \ € A}:

mx):= > Xt M (x) = Y xt (Wh = Spx (Z2)").

These are symmetric polynomials and symmetric Laurent
polynomials, respectively.

Tom Koornwinder Nonsymmetric Okounkov interpolation polynomials



Macdonald weight function (0 < q,f < 1):

(XiX'_1 1 q)oo
I =

DL(X) = Ay(xiq.1) = o
i e

1<i<j<n

A(x) == Ay ()AL (x7T).
Macdonald polynomials Define for A € A}

Pr(x:q.t) = = Unumu(x), Uy =1,
n<A
such that
P Py a) 2 P g
T X1 Xn

(Note that P,(x~') = P,(x) for x € T" c C".)

Then P, (x) is homogeneous of degree |\| in x and there is full
orthogonality:
4 dx;  dxp ,
Py\(x) Pu(x ") A(X) —...— =0 if o # A
Tn X1 Xn
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Koornwinder weight function. 0 < qg,t < 1,
lal, |bl,|cl, |d| < 1 with products ab, ac, ..., cd # 1, and with
non-real a, b, ¢, d occurring in complex conjugate pairs.

AL (x) = A4 (x; q, t;a b, c,d)
ﬁ ;oo (X%, X% @)oo
e ax,,bx,, cx,, dx;; @)oo (X%, X5 Q)oo
A(x) == A, (x)A,(x~1). Forn=1no t: Askey—Wilson case.
Koornwinder polynomials (1992). Define for A € A}

1<i<j<n

P\(x;q,t;a,b,c,d) = Z ummu uyy =1,
such that HEA
PAX) P) D) TP g it
Tn X1 Xn

Then full orthogonality (for i # ).

5-parameter generalization of 3-parameter Macdonald BCj,
polynomials.

Tom Koornwinder Nonsymmetric Okounkov interpolation polynomials



A-type interpolation polynomials (Kostant & Sahi, Sahi,
Knop, Knop & Sahi, 1991-1997)

Let7 = (74,...,70) € C"With 0 < |7y| < || < -+ < |mn] < 1.
Letg,t e C,0<|ql,|t] <1.
For A € A} define PP (x; g, 7) as the unique symmetric
polynomial of degree |A\| = Ay + - -- + A, such that its term
involving x* has coefficient 1 and
PPA(GhTiqm) =0 if pe NS, |ul < [Nl # A
In the principal specialization T := t° = (t"~', "2, ... 1)
moreover the following two properties hold:
Extra-vanishing property:
PPA(q*t; q,t%) = 0if p e A and A & pu.
Expansion in terms of Macdonald polynomials:
PPA(x; q,t%) = me (x;q,1), bya=1.
pCA
Hence r~MPPA(rx;q,t0) — Py(x;q,t) asr— .
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BC-type interpolation polynomials (Okounkov, 1998)

7,q,t as before,and s € C, 0 < |s| < 1.

For A € A/} define P;p’B(x; g, 7) as the unique Wjy-invariant
Laurent polynomial of degree || such that its term involving x*
has coefficient 1 and

PY(qiTiq,m) =0 if e Ag, lul < AL p # A

In the principal specialization m := st’ we have moreover:

Extra-vanishing property:
PP®(qist’; g, st) = 0if € A and A € p.
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Okounkov

Tom Koornwinder Nonsymmetric O kov interpolation pol



Nonsymmetric Macdonald polynomials

Ex(x;9,t) (A€ Ap:=(Z>0)") and

nonsymmetric Koornwinder polynomials
E\(x;a,b,c,d,t;q) (A€Z") can be defined as
eigenfunctions (polynomials or Laurent polynomials,
respectively) of suitable g-difference-reflection operators
(generalized Dunkl operators) coming from the polynomial
representation of a suitable double affine Hecke algebra.

Expansion of symmetric polynomials in terms of
non-symmetric polynomials () € A}):
P, = Z ax,E, (Macdonald polynomials),
HESHA

Py = Z by ,.E, (Koornwinder polynomials)
neWh

for suitable coefficients ay , and b ,,.
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Nonsymmetric interpolation, case A, 1 (Sahi, Knop)

ge Cwith0 < |q| < 1.

T=(11,...,70) € CTWith 0 < || < |m2| < -+ < |m| < 1.
Choose simple roots e; — ep,..., €51 — €n.

Leta € Ap:=Z2, |of ==, ;.

Let w,, be shortest element in S, such that W;1a =at e},
Then, for i < j,

Put @ := gq*w,7. Then @; = Q%7 ;.
Let Apg = {a €Ny |a < d}.

For any given {?a}ae,\n’ , there is a unique polynomial
f € Span{x“}aen, 4 Such that f(a) = f, (a € Ayg).

Note that existence implies uniqueness.
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Nonsymmetric interpolation, case BC,, (Disveld, Stokman, K)

Choose simple roots 1 — €5, ..., €n_1 — €n, €.

Leta € 2", |al == X2, |ai].

Let w,, be shortest element in W, such that Woj1oz =at e At
Write w, = 0474 (04 € {£1}", 7o € Sp). Then

o0q = (sgn(ay),-..,sgn(an)), where sgn(0) =1,

and m,, is such that, for i < j,

—1
«

) <)) = |ai| > loj| or 0 < @ = £y

Following Sahi this means the following rule for getting =, (/):

Reorder the «; by decreasing |«;|, then, for fixed |«;], first put
the ones with a; > 0 from left to right, and next put the ones

with «; < 0 from right to left.
Then «; has moved from position i to position 7, ' (/).
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Example of 7,

] 1 23 4 5 6 7
o -2 21 -1 0 1 —1
7o ()
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Example of 7,

i 1 23 4 56 7
aj: -2 21 101 -1
7 1(i) 1
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Example of 7,

i 1 23 4 56 7
Qj: 221 -1 01 -1
1) 2 1
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Example of 7,

i 1 23 4 56 7
a2 21 -10 1 -1
') 2 13

Tom Koornwinder Nonsymmetric Okounkov interpolation polynomials



Example of 7,

i 1 23 4 56 7
ai: -2 21 -1 01 —1
(@) 2 13 4
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Example of 7,

i 1 23 4 56 7
a; -2 21 -10 1 —1
@) 2 13 4 5
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Example of 7,

i 1 23 4 56 7
a2 21 -10 1 -1
') 2 13 6 4 5
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Example of 7,

i 1 23 4 56 7
a; -2 21 -10 1 —1
@) 2 13 6 7 4 5
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Two important cases of 7,

i 1 ... k=1 k k+1 ... n
Qj: XL * 0 #0 ... #0
o OF n
i 1 ... n—k n—k+1 n-k+2 ... n
Qj: #0,—1 ... #0,-1 —1 #0 ... #0
o OF n
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Main theorem for nonsymmetric BC,, interpolation

geCwith0<|q| < 1.
7‘:(7‘1,...,7‘n)6(C’7With0<|7‘1|<‘7-2‘<...<|7.n|<1_
Wy = 00T q-

Put @:=q*w,7r. Then
aj = qa"(%;(i))sg"(a’), where sgn(0) = 1.

Let Zpy = {a € Z"| |a| < d}.

For any given {f,} oc z,4 there is a unique Laurent polynomial
f € Span{x®}acz, , such that f(a) = f, (o € Zpq).

Note that existence implies uniqueness.
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Idea of the BC,, existence proof
Thak ={a € Zng | akit,...,an# 0},
Rn,d,k = {a S Tn,d,O ’ Ofy.n.yOn_k 7& —1}.
Note that Tn,d,n = 4nd s Rn,d,n = I'nd,o-

More generally prove existence of Laurent interpolation
polynomials on Tp, 4 x and Ry g

Proposition (I(75,q4.x))

For any given {?a}aern, o« there is a Laurent polynomial
feSpan{x*|a+ey€Zpg VJC[k+1,n]}
such that f(a) = fo (o € Thak)-

A\

Proposition (I(Rn,q.x))

For any given {f,} ,c Rn.q there is a Laurent polynomial
feSpan{x®|a+ej€Zygpnik VWJC[n—k+1,n]}

such that f(@) = f, (o € Rpgk)-

4
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Recursion scheme for I(7,, 4 x) and I(R;, 4 )

I(Th—1,0.k—1) & (Tn,d.k—1) = (Th,g,k)

I(Tn,d,o) <~ I(F"n,d,n)

I(Rn—1,d-1,k-1) & (Rnd.k—1) = I(Rnd.k)

I(Tn’d_n,n) for qT = I(Rn7d’0) for T

Suppose that (T c¢) and I(Rm c¢) are proved for all ¢, for all
m < n, ¢ < d with (m,c) # (n,d) and for all 7.

Then successively prove

(Rnd0): - (Rngn)s U Tnao)s - (Tnan).

Note that T gk =0ifd+k <n,and R,qx =0if d < n.
Statements () are trivially true. Thus, in the above recursion,

I(Tg,0.0) = (Tat1,0.1) = - = (Th-1,d,n—d—1) = (Tha,n—d)s
where d < n.

Recursion ends with d = 0 (then f(x) = fy) or n =1 (then more
simple recursion on next slide).
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Thecasen=1: a=q*re"® (aecZ 0<]|ql || <1).
For given {?a}ae[_d,d] find Laurent polynomial f(x) of degree
< d such that f(a) = f, (« € [-d, d]). Proved by recursion.

I(T1,0,0) = 1(T1,9,1): ~

f(x) = f(0) + (x — 7)g(x). Then f(7) = f(0) and

f(@) = f(0) + (@ — 7)g(a) (o« € [-d,d], a # 0).

So solve I(Tq g4), i-e., I(Ry,q4,1), for g(x).

I(R1,0,0) = [(R1,0,1):

9(x) =g(~1) + (x~' — gr)h(x). Then g(g~'7~") = g(-1) and
g(@) =g(-1)+ (@' —gr)h(@) (o« € [-d.d], o # 0, -1).

So solve I(Ry 4,0) for h(x).

Equivalently, solve I( Ty 4_+.1) with 7 replaced by qr for h(x).
Indeed, @ = g>—s&"(@)(gr)s&n(@),
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Proof details for I(Tnf1,d,k71) & I(Tn,d,k71) = I( Tn,d,k)

Tn,d,k = {a & Zn,d ’ Qkity-..,0Qp 7é 0}

Proposition (I(Th,q.k))

For any given {?a}aern’ o« there is a Laurent polynomial f(x) =
f(x,T, {?a}aeTn,d,k) €Span{x®*|a+e€Z,qg VWJC[k+1,n]}
such that f(@) = fo, (o € Tpgk)-

f(X, T, {?a}aeTn,d,k) —Q(X(k 7! {f }ak 0, aMeT,_1 gx_ 1)
+ (Xk — ™) h(X, T, {ha}ae T d,k—1 )
Here x(9) is x with k-th coordinate omitted, and 7’ is = with last
coordinate omitted.
g(xk)) from I(Tp_1gk—1); h(x) from I(Tp g x—1)-

If o« € Tygx and ax = 0 then: @y = 7, and a()*) = aK)(7').
If o € Tp gk and ax # 0 then get h,, from:
fo = g(@®) + (@ — 70) Ra-



Proof details for |(Rn,17d,1’k,1) & I(F',n,d,kf1) = I(Rn,d,k)
Rn,d,k = {a S Zn,d ’ af,...,Q0p #O, Oty ...y On_k 7£ —1}

Proposition (I(Rn,q.k))

For any given {fo}aeR,

f(x) = f(x,, {?a}geRn,d,k) € Span{X“}o1e,e2, g ik, JIn—k+1,n]
such that f(a) = fo (o € Rpgk).

there is a Laurent polynomial

f(Xv 7 {?a}aeRn,d,k) :g(X(n_k—H)’ T, {?C‘f}an—k+1:*1, a("—k+1)€Rn_1,d—1,k—1)
+ (Xn_JkJr‘] - an) h(X, T, {Ea}aéﬂn,d,kq)'
g(x(=k+1) from I(Rp—1,9-1k-1); h(x) from I(Rn g x—1)-
If o € Rp gk and ok = —1 then:
k1 =g 'y and (r)THE = aln—ke (),
If o € Ry gk and ap_g1 # —1 then get h, from:
fo = g(@n—k+1) 4 (an—_1k+1 — gm) h,.



Proof details tor I( 7, g n)(q7) < I(Rp.q,0)(T)
Tn7d—n,n = Zn7d—ns F”md,o ={ac Zn,d | oq,...,an#0. =1}

Proposition (I( Tp.g—n.n)(q7))

For any given {f,} nc Z,4_n there is a Laurent polynomial
f(x) = f(x,qr, {fa}acz,4_,) € SPAN{X"}acz,, , SUch that
f(a(qr)) = fa (0 € Zng-n)

Proposition (I(Rp,q4.0)(7))

For any given {9, }aeR, 4, there is a Laurent polynomial

9(x) = g(x, 7, {fa}acRng,) € SPaN{X*}acz,, , Such that
9(@(r)) =g, (a € Rngpo)

f(X7 ar, {?a}aEZn,d_n) = Q(Xv 7, {?ﬂ—sgn(ﬂ)}ﬂeﬁ’n,d,o)‘
()i = G(7, )%, hence B~ sgn(B)(qr) = A7)
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Symmetric BC-type interpolation polynomials again
(now in different normalization):

For XA € A} there is a unique Wj-invariant Laurent polynomial
R\(x; g, ) of degree || such that

R)\(ﬁ; q, 7-) = 6z\,u if ®e Aﬁ) ’M| < |)‘|= n= qMT'

Nonsymmetric BC-type interpolation polynomials

(now with interpolation values 4, g):

For a € Z" there is a unique Laurent polynomial G,(x; q, 1) of
degree |a such that

Gu(B;9,7) =60 HB€Z", B <|al, B=q°wsr.
Expansion of R, in terms of the G,:

Rux)= ) Gulx) (AeA)).

acWh
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The case n=1:

e (gsxsxtiq)
Gm(x;q,8) = W7 m € Zxo,

B qmsx(qsx;q) m—1 (qu;q) m+1 , me Z>0'

G_m(x;q,s) =
m(X q S) (qmsz;q)wr1 (qu;q)mq

Then, with By(x; q,s) = (sx,5x " q)m

= @eaman (M€ Z0)

Ro(X) = Go(x),  Rm(x) = Gm(x) + G-m(x) (m € Zso).

Tom Koornwinder Nonsymmetric Okounkov interpolation polynomials



Extra-vanishing (present in nonsymmetric A,_4 interpolation):
By computer algebra experiments there is indication of
extra-vanishing for G, (x; g, 7) in the principal specialization
=8t (|s],[t| <1),ie.,

G.(g°st’; q,st’) = 0 notonly if 3 € Z", |5] < |a, B # «, but
also for certain other 5 € Z", depending on «, but not on g, s, t.

a=(3,1) a=(22)
green dot = (0, 0), brown dot = «, black dots = other g with |3| < |a/,
red dots = points v with 7 extravanishing
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Further motivation for our choice of interpolation points &
In principal specialization 7; = st"':

@ = g (st (0)sEn(en),

Put s = /g~ 'abcd. Then (Sahi, 1999):
Nonsymmetric Koornwinder polynomials E,(x; a, b, c,d, t; Q)
are eigenfunctions of operators Y; for eigenvalue @;.

Compare with A,_4 case (Knop, 1997).

In principal specialization 7; = t"~ we have @; = gt (1),
Nonsymmetric Macdonald polynomials E,(x; g, t) are
eigenfunctions of operators ¢&; for eigenvalue @;.

Moreover, the nonsymmetric Macdonald interpolation
polynomials G, (X; g, t) (Ga(5; q,t) = dap, |8 <|al) are
eigenfunctions of operators =; for eigenvalue aﬂ.

Analogues of operators =; are missing in the BC,, case. There
symmetric interpolation polynomilas satisfy an eigenvalue
equation with a q%-shift in the s-parameter (Rains, 2005).
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