
A nonsymmetric version of Okounkov’s
BC-type

interpolation Macdonald polynomials

Tom Koornwinder

Korteweg-de Vries Institute, University of Amsterdam
T.H.Koornwinder@uva.nl

https://staff.fnwi.uva.nl/t.h.koornwinder/

Lecture on December 11, 2018 during the
Topics on Orthogonal Matters Fest,

An informal gathering to celebrate Tom Koornwinder’s 75,
Radboud University, Nijmegen, December 10–11, 2018.

last modified : September 3, 2019

Tom Koornwinder Nonsymmetric Okounkov interpolation polynomials

https://staff.fnwi.uva.nl/t.h.koornwinder/


Work joint with
Niels Disveld and
Jasper Stokman.

Preprint on arXiv:1808.01221.

Tom Koornwinder Nonsymmetric Okounkov interpolation polynomials



(q-)Pochhammer symbols:
Let q ∈ C, 0 < |q| < 1.

(a)n := a(a + 1) . . . (a + n − 1),

(a; q)n := (1− a)(1− qa) . . . (1− qn−1a),

(a1, . . . ,ak ; q)n := (a1; q)n . . . (ak ; q)n.
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Interpolation:
1

x(x − 1) . . . (x − n + 1) = (−1)n(−x)n

is the unique monic polynomial of degree n which vanishes
at x = 0,1, . . . ,n − 1.

2

x(x − q) . . . (x − qn−1) = xn(x−1; q)n

is the unique monic polynomial of degree n which vanishes
at x = 1,q, . . . ,qn−1.

3

n−1∏
j=0

(z + z−1 − aqj − a−1q−j) =
(az,az−1; q)n

(−1)n q
1
2 n(n−1) an

is the unique monic symmetric Laurent polynomial of
degree n which vanishes on a,aq, . . . ,aqn−1 (and their
inverses) .
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Askey-Wilson polynomials:

Rn(z; a,b, c,d ; q) =
pn(1

2(z + z−1); a,b, c,d |q)

pn(1
2(a + a−1); a,b, c,d |q)

:= 4φ3

(
q−n,qn−1abcd ,az,az−1

ab,ac,ad
; q,q

)
=

n∑
k=0

(q−n,qn−1abcd ; q)k (az,az−1; q)k

q−k (ab,ac,ad ,q; q)k
.

Orthogonality. 0 < q < 1). |a|, |b|, |c|, |d | ≤ 1 with pairwise
products of a,b, c,d 6= 1, and non-real a,b, c,d in complex
conjugate pairs.

∆+(z) = ∆+(z; a,b, c,d , ; q) :=
(z2; q)∞

(az,bz, cz,dz; q)∞
,

∆(z) := ∆+(z)∆+(z−1).∫
|z|=1

Rn(z) Rm(z) ∆(z)
dz
z

= 0 if n 6= m.
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Dual parameters ã, b̃, c̃, d̃ :
ã := (q−1abcd)

1
2 , ã b̃ = ab, ã c̃ = ac, ã d̃ = ad .

Then

(q−n,qn−1abcd ; q)k =
(

ã (ãqn), ã (ãqn)−1; q
)

k .

Hence

Rn(z; a,b, c,d ; q) =
n∑

k=0

(
ã (ãqn), ã (ãqn)−1; q

)
k (az,az−1; q)k

q−k (ab,ac,ad ,q; q)k
,

from which the duality relation

Rn(a−1q−m; a,b, c,d ; q) = Rm
(

ã−1q−n; ã, b̃, c̃, d̃ ; q
)

(m,n ∈ Z≥0),

since both sides are equal to

min(m,n)∑
k=0

(
q−n, ã2qn; q

)
k (q−m,a2qm; q)k

q−k (ab,ac,ad ,q; q)k
.
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Partitions:
λ = (λ1, . . . , λn) ∈ Zn such that λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0.
Λ+

n is the set of all such partitions.
λ has weight |λ| := λ1 + · · ·+ λn.
δ := (n − 1,n − 2, . . . ,0).

Dominance and inclusion partial ordering. For λ, µ ∈ Λ+
n :

µ ≤ λ iff µ1 + · · ·+ µi ≤ λ1 + · · ·+ λi (i = 1, . . . ,n);

µ ⊆ λ iff µi ≤ λi (i = 1, . . . ,n).

Symmetrized monomials. For λ ∈ Λ+
n :

mλ(x) :=
∑
µ∈Snλ

xµ, m̃λ(x) :=
∑

µ∈Wnλ

xµ (Wn := Sn n (Z2)n).

These are symmetric polynomials and symmetric Laurent
polynomials, respectively.
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Macdonald weight function (0 < q, t < 1):

∆+(x) = ∆+(x ; q, t) :=
∏

1≤i<j≤n

(xix
−1
j ; q)∞

(t xix
−1
j ; q)∞

,

∆(x) := ∆+(x)∆+(x−1).

Macdonald polynomials. Define for λ ∈ Λ+
n

Pλ(x ; q, t) = Pλ(x) =
∑
µ≤λ

uλ,µmµ(x), uλ,λ = 1,

such that∫
Tn

Pλ(x) Pµ(x−1) ∆(x)
dx1

x1
. . .

dxn

xn
= 0 if µ < λ.

Then Pλ(x) is homogeneous of degree |λ| in x and there is full
orthogonality:∫

Tn
Pλ(x) Pµ(x−1) ∆(x)

dx1

x1
. . .

dxn

xn
= 0 if µ 6= λ.
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Koornwinder weight function. 0 < q, t < 1,
|a|, |b|, |c|, |d | ≤ 1 with pairwise products of a,b, c,d 6= 1 and
non-real a,b, c,d in complex conjugate pairs.

∆+(x) = ∆+(x ; a,b, c,d , t ; q)

:=
n∏

j=1

(x2
j ; q)∞

(axj ,bxj , cxj ,dxj ; q)∞

∏
1≤i<j≤n

(xixj , xix−1
j ; q)∞

(txixj , txix−1
j ; q)∞

,

∆(x) := ∆+(x)∆+(x−1). For n = 1 no t : Askey-Wilson case.

Koornwinder polynomials (1992). Define for λ ∈ Λ+
n

Pλ(x ; a,b, c,d , t ; q) = Pλ(x) =
∑
µ≤λ

uλ,µm̃µ(x), uλ,λ = 1,
such that∫

Tn
Pλ(x) Pµ(x) ∆(x)

dx1

x1
. . .

dxn

xn
= 0 if µ < λ.

Then full orthogonality (for µ 6= λ).

5-parameter generalization of 3-parameter Macdonald BCn
polynomials.
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Interpolation Macdonald polynomials (Sahi, Knop, 1996-97).
Let t ∈ C, 0 < |t | < 1. Put tδ := (tn−1, tn−2, . . . ,1)

For λ ∈ Λ+
n define P ip

λ (x ; q, t) as the unique symmetric
polynomial of degree |λ| = λ1 + · · ·+ λn such that its term
involving xλ has coefficient 1 and

P ip
λ (qµtδ; q, t) = 0 if |µ| ≤ |λ|, µ 6= λ.

Then P ip
λ (qλtδ; q, t |q) 6= 0 (and may be put equal to 1 in a

different standardization).

Extra-vanishing property:
P ip
λ (qµtδa; a, t ; q) = 0 if µ is a partition not containing λ.

Expansion in terms of Macdonald polynomials:

P ip
λ (x ; q, t) =

∑
µ⊆λ

bλ,µ Pµ(x ; q, t), bλ,λ = 1.
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BCn-type interpolation Macdonald polynomials
(Okounkov, 1998)
Let a, t ∈ C, 0 < |a|, |t | < 1. For λ ∈ Λ+

n define P ip
λ (x ; a, t ; q) as

the unique Wn-invariant Laurent polynomial of degree |λ| such
that its term involving xλ has coefficient 1 and

P ip
λ (qµtδa; a, t ; q) = 0 if |µ| ≤ |λ|, µ 6= λ.

Then P ip
λ (qλtδa; a, t ; q) 6= 0 (and may be put equal to 1 in a

different standardization).

Extra-vanishing property:
P ip
λ (qµtδa; a, t ; q) = 0 if µ is a partition not containing λ.
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The case n = 2 of Okounkov’s interpolation polynomials

P ip
m1,m2

(x1, x2; a, t ; q) =
q−

1
2 m1(m1−1)− 1

2 m2(m2−1)

(−t)m1−m2am1+m2
(t ,q2m2 ta2; q)m1−m2

× (ax1,ax−1
1 ,ax2,ax−1

2 ; q)m2

∑
j,k≥0

j+k≤m1−m2

(q−m1+m2 ; q)j+kqj+k

(q2m2 ta2; q)j+k

×
(qm2ax1,qm2ax−1

1 ; q)j

(q1−m1+m2 t−1,q; q)j

(qm2ax2,qm2ax−1
2 ; q)k

(q1−m1+m2 t−1,q; q)k

=
q−

1
2 m1(m1−1)− 1

2 m2(m2−1)

(−t)m1−m2am1+m2
(ax1,ax−1

1 ,ax2,ax−1
2 ; q)m2

× (qm2 tax1,qm2 tax−1
1 ; q)m1−m2

× 4φ3

(
q−m1+m2 , t ,qm2ax2,qm2ax−1

2

q1−m1+m2 t−1,qm2 tax1,qm2 tax−1
1

; q,q

)
.
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Binomial formula:

Rλ(x ; a,b, c,d , t ; q) :=
Pλ(x ; a,b, c,d , t ; q)

Pλ(tδa; a,b, c,d , t ; q)

=
∑
ν⊆λ

P ip
ν (qλtδã; ã, t ; q)

P ip
ν (qν tδã; ã, t ; q])

P ip
ν (x ; a, t ; q)

Pν(tδa; a,b, c,d , t ; q)
.

For n = 2 an explicit double sum of products of two single sums.
For general n and q → 1 tends the left-hand side of the binomial
formula to a BCn type Jacobi polynomial (Heckman-Opdam),
the first factor in the sum on the right remains an interpolation
polynomial and the second factor becomes a Jack polynomial.
For n = 2 and q → 1 the first factor in the sum on the right
becomes a balanced terminating 4F3(1) and the second factor
is expressed in terms of ultraspherical polynomials. One
recovers an old formula in K & Sprinkhuizen (1978).
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Duality:

Rλ(qµtδa; a,b, c,d , t ; q) = Rµ(qλtδã; ã, b̃, c̃, d̃ , t ; q).
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Non-symmetric Askey-Wilson polynomials
(Sahi, 1999; Noumi & Stokman, 2004)

En(z; a,b, c,d ; q) :=

Rn(z; a,b, c,d ; q)− q1−n(1− qn)(1− qn−1cd)

(1− qab)(1− ab)(1− ac)(1− ad)

× az−1(1− az)(1− bz)Rn−1(z; qa,qb, c,d ; q), n ≥ 0,

E−n(z; a,b, c,d ; q) :=

Rn(z; a,b, c,d ; q)− q1−n(1− qnab)(1− qn−1abcd)

(1− qab)(1− ab)(1− ac)(1− ad)

× b−1z−1(1− az)(1− bz)Rn−1(z; qa,qb, c,d ; q), n ≥ 1.

Eigenfunctions of a q-difference-reflection operator
(generalized Dunkl operator) coming from a generalization of
Cherednik’s double affine Hecke algebras.
The symmetric AW polynomials are symmetrizations of the
non-symmetric AW-polynomials.
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p+
k (z; a; q) := (az,az−1; q)k (k ≥ 0),

p−k (z; a,b; q) := az−1(z − a)(z − b)(qaz,qaz−1; q)k−1 (k ≥ 1),

za,q(n) := aqn (n ≥ 0), za,q(−n) := a−1q−n (n > 0).

Binomial formula (n ∈ Z):
En(z−1; a,b, c,d ; q) =

|n|∑
k=0

p+
k

(
zã,q(n); ã; q

)
p+

k (z; a; q)

q−k (ab,ac,ad ,q; q)k

−
|n|∑

k=1

p−k
(
zã,q(n); ã, b̃ q

)
p−k (z; a,b; q)

q−kab(ab; q)k+1(ac,ad ; q)k (q; q)k−1
.

Duality (m,n ∈ Z):

En(za,q(m)−1; a,b, c,d ; q) = Em(zã,q(n)−1; ã, b̃, c̃, d̃ ; q)

=

min(|m|,|n|)∑
k=0

p+
k

(
zã,q(n); ã; q

)
p+

k

(
za,q(m); a; q

)
q−k (ab,ac,ad ,q; q)k

−
min(|m|,|n|)∑

k=1

p−k
(
zã,q(n); ã, b̃; q

)
p−k
(
za,q(m); a,b; q

)
q−kab(ab; q)k+1(ac,ad ; q)k (q; q)k−1

.
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Nonsymmetric Macdonald polynomials
Eλ(x ; q, t) (λ ∈ Λn := (Z≥0)n) and
nonsymmetric Koornwinder polynomials
Eλ(x ; a,b, c,d , t ; q) (λ ∈ Zn) can be defined as
eigenfunctions (polynomials or Laurent polynomials,
respectively) of suitable q-difference-reflection operators
(generalized Dunkl operators) coming from the polynomial
representation of a suitable double affine Hecke algebra.

Expansion of symmetric polynomials in terms of
non-symmetric polynomials (λ ∈ Λ+

n ):

Pλ =
∑
µ∈Snλ

aλ,µEµ (Macdonald polynomials),

Pλ =
∑

µ∈Wnλ

bλ,µEµ (Koornwinder polynomials).
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Four cases of unique interpolation
Let τ = (τ1, . . . , τn) ∈ Cn with 0 < |τ1| < |τ2| < · · · < |τn| < 1.
Let |α| := |α1|+ · · ·+ |αn| (α ∈ Zn).

1 Let λ := qλτ (λ ∈ Λ+
n ). Symmetric polynomials of degree

≤ d are uniquely determined by their values on λ (λ ∈ Λ+
n ,

|λ| ≤ d).
2 Idem for Wn-invariant Laurent polynomials.
3 Let α := qαwατ (α ∈ Λn), wα shortest element in Sn such

that w−1
α α = α+ ∈ Λ+

n . Polynomials of degree ≤ d are
uniquely determined by their values on α (α ∈ Λn, |α| ≤ d).

4 For α ∈ Zn let wα be the shortest element in Wn such that
w−1
α α = α+ ∈ Λ+

n . Write wα = σαπα (σα ∈ {±1}n, πα ∈ Sn).
Write (wατ)i := (τ

π−1
α (i))

sgn(αi ). Let α := qαwατ (α ∈ Zn).
Laurent polynomials of degree ≤ d are uniquely
determined by their values on α (α ∈ Zn, |α| ≤ d).

Items 1 and 3 are results of Sahi (for specialized τ also of
Knop), item 2 is due to Okounkov (also in our paper), and item
4 is a new result in our paper.
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ad item 3:
α := qαwατ (α ∈ Λn), w−1

α α = α+ ∈ Λ+
n (shortest element).

Then, for i < j , w−1
α (i) < w−1

α (j) iff αi ≥ αj .
Principal specialization: τ = tδ (0 < |t | < 1).

ad item 4:
αi := qαi

(
τ
π−1
α (i)

)sgn(αi ) (α ∈ Zn),
w−1
α α = α+ ∈ Λ+

n (shortest element),
wα = σαπα (σα ∈ {±1}n, πα ∈ Sn). Then, for i < j ,

π−1
α (i) < π−1

α (j) ⇔ |αi | > |αj | or 0 ≤ αi = ±αj .

Principal specialization: τ = atδ (0 < |a|, |t | < 1)..
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Symmetric Okounkov interpolation polynomials:
0 < |τ1| < |τ2| < · · · < |τn| < 1. λ := qλτ (λ ∈ Λ+

n ).
For λ ∈ Λ+

n there is a unique Wn-invariant Laurent polynomial
Rλ(x ; q, τ) of degree |λ| such that

Rλ(µ; q, τ) = δλ,µ if µ ∈ Λ+
n , |µ| ≤ |λ|.

Nonsymmetric Okounkov interpolation polynomials:
τ as above, αi := qαi

(
τ
π−1
α (i)

)sgn(αi ) (α ∈ Zn).

For α ∈ Zn there is a unique Laurent polynomial Gα(x ; q, τ) of
degree |α| such that

Gα(β; q, τ) = δα,β if β ∈ Zn, |β| ≤ |α|.

Expansion of Rλ in terms of the Gα:

Rλ(x) =
∑

α∈Wnλ

Gα(x) (λ ∈ Λ+
n ).
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The case n = 1:

Rm(x ; q, s) =
(sx , sx−1; q)m

(qms2,q−m; q)m
, m ∈ Z≥0,

Gm(x ; q, s) =

(
qsx , sx−1; q

)
m(

q1+ms2,q−m; q
)

m

, m ∈ Z≥0,

G−m(x ; q, s) =
qmsx

(
qsx ; q

)
m−1

(
sx−1; q

)
m+1(

qms2; q
)

m+1

(
q1−m; q

)
m−1

, m ∈ Z>0.

Then

R0(x) = G0(x), Rm(x) = Gm(x) + G−m(x) (m ∈ Z>0).
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Idea of the existence proof (constructive by recurrence)
I ⊆ [1,n] := {1,2, . . . ,n}.

Λn,d := {µ ∈ Zn | |µ| ≤ d},
R(n,d , I) := {α ∈ Λn,d | αj 6= 0 for all j and αi 6= −1 if i ∈ Ic},
T (n,d , I) := {α ∈ Λn,d | αi 6= 0 if i ∈ Ic}.

Note that

R
(
n,d , [1,n]

)
= T (n,d , ∅), T

(
n,d , [1,n]

)
= Λn,d .

By complete induction with respect to n + d :
1 For every map f : R(n,d , I)→ C there is a Laurent

polynomial f ∈ Pn such that f (α(q, τ)) = f (α) for all
α ∈ R(n,d , I) and deg

(
xJ f (x)

)
≤ d − n + k ∀ J ⊆ I.

2 For every map f : T (n,d , I)→ C there is a Laurent
polynomial f ∈ Pn such that f (α(q, τ)) = f (α) for all
α ∈ T (n,d , I) and deg

(
xJ f (x)

)
≤ d ∀J ⊆ Ic .

Both items are successively proved by complete induction with
respect to |I|.
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Some yet unsolved problems
Affine Hecke algebras.
In the case of nonsymmetric polynomial interpolation Knop
and Sahi use suitable representations of affine Hecke
algebras for proving deeper properties. In our case only
representations of Hecke algebras until now. However, our
main obtained results could be proved without using Hecke
algebras.
Extra-vanishing
There is extra-vanishing for non-symmetric polynomial
interpolation in the principal specialization (Knop, 1997).
By computer algebra experiments there is indication of
extra-vanishing for non-symmetric Laurent polynomial
interpolation in the principal specialization.
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Binomial formula
For non-symmetric Macdonald polynomials there is in the
principal specialization a binomial formula involving sums
of products of two different non-symmetric interpolation
polynomials (Sahi, 1998).
The case n = 1 indicates that there is little chance of such
a binomial formula for nonsymmetric Koornwinder
polynomials involving the nonsymmetric Laurent
interpolation polynomials.
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Thanks to Erik and Wadim, to all speakers, and to all
present for these two unforgettable days.
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