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(g-)Pochhammer symbols:
Letqe C,0<|qg| < 1.

(a)h:=ala+

1
(@g)h:=(1-2a
(a1,...,ak;q)n ::(
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Interpolation:

Qo
x(x=1)...(x=n+1)=(-1)"(—x)n

is the unique monic polynomial of degree n which vanishes
atx=0,1,...,n—1.

2]

X(x=q)...(x=q") =x"(x"";q)n

is the unique monic polynomial of degree n which vanishes
atx=1,q9,...,q9" "

o
o - , (az,az™'; q)
H(z+z*1—aq/—a*1q*/): > : ’71n
=0 (—1)ngz""=1) an

is the unique monic symmetric Laurent polynomial of
degree n which vanishes on a, aq, ..., aq" ' (and their
inverses) .
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Askey-Wilson polynomials:
3(z+z")ab,cd
Rn(z;a,b,c,d;Q)an(f(ZJrz pab.c.d9)
pn(z(a+a');ab,c,dlq)

B q ", q" 'abcd, az,az="
o 4¢3< ab, ac, ad 9.9

- (g",q" 'abed; q)k (az,az " q)k
a g~k (ab,ac, ad, q; q)« '

k=0
Orthogonality. 0< g < 1). |a|,|bl,|c]|,|d| <1 with pairwise
products of a, b, ¢, d # 1, and non-real a b, ¢, d in complex
conjugate pairs.

2.
A (z)=A+(z;a,b,c,d,;q) = @z b(ZZ, CZC{)(;OZ D’
A(2) = D (2)D(27).
/ Rn(z) Rm(2) A(2) % =0 if n#£ m.
|z|=1

Tom Koornwinder Nonsymmetric Okounkov interpolation polynomials



Dual parameters a, EN,E, d:
2:=(q'abcd)z, ab=ab, ac=ac, ad=ad.
Then

(9 ",q" 'abcd; q)x = (a(aq"),a(aq")”
Hence
" (a(ag").a(aq")":q), (az,az"; q)«

Rn(Z; a, bv c, d; q) = Z —k .
k=0 q (abv ac, ad7 q. q)k

9

from which the duality relation
Ro(a~'q"™ a,b,c,d;q) = Rm(2 'q"2,b,¢,d;q) (m,ne Zs),

since both sides are equal to

min(zm,n) (q‘”,ézq”; q)k (g™, a2q™; )k
= q *(ab,ac,ad,q;q)k
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Partitions:

A= (M,...,Ap) €Z"suchthat \y > Ao > --- > X, > 0.
A}l is the set of all such partitions.

A has weight |A\| .= X+ -+ + Ap.
d:=(n-1,n-2,...,0).

Dominance and inclusion partial ordering. For A, € Aj}:

p< X iff g+t < XA F N (F=1,0..,0);
WCA ff <N (i=1,...,n).

Symmetrized monomials. For \ € A}:

mx):= > Xt M (x) = Y xt (Wh = Spx (Z2)").

These are symmetric polynomials and symmetric Laurent
polynomials, respectively.
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Macdonald weight function (0 < q,f < 1):

(Xixji1 ; Q@)oo

Av(x)=0c(xq.t):= ] .

1<i<j<n

A(x) = Ay ()AL (x 7).

(tx;x

Macdonald polynomials. Define for A € A}
PA(X; q,t) = Pa(X) = Y thumu(x),  tha =1,
H<A

such that

PA(x) Pulx 1) A(x) 21

=0 ifu<A
Tn X1 Xn H

Then P, (x) is homogeneous of degree |\| in x and there is full
orthogonality:

PuX) Py A 20 0 g

- % ...Xn
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Koornwinder weight function. 0 < qg,t < 1,
lal, |bl,|c|, |d| < 1 with pairwise products of a, b, ¢, d # 1 and
non-real a, b, ¢, d in complex conjugate pairs.
Ai(x ):A+(x-a b.c,d.t;q)
:  q)oo (X%, X% @)oo

E ax,,bx,,cx,,dx, 9)oo L Qoo

A(x) == A, (x)A(x~"). Forn=1no t: Askey-Wilson case.

1<i<j<n (&xixj, tXix;

Koornwinder polynomials (1992). Define for A € A}

P\(x;a,b,c,d,t;q) = Zummu uyy =1,
such that HEA
PAX) P) ) TP g it
Tn X1 Xn

Then full orthogonality (for i # ).

5-parameter generalization of 3-parameter Macdonald BCj,
polynomials.
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Interpolation Macdonald polynomials (Sahi, Knop, 1996-97).
Lette C,0 < |t| <1.Putt :=(t"" "2 ... 1)
For A € A} define PP(x; g, t) as the unlque symmetric

polynomial of degree |A\| = A1 + --- + A\, such that its term
involving x* has coefficient 1 and

PP(q"tq,t) = 0 if [u] < A, u # A

Then P}’(q*t‘s; g,t|q) # 0 (and may be put equal to 1 in a
different standardization).

Extra-vanishing property:
PYP(g*t’a; a, t; q) = 0 if u is a partition not containing A.

Expansion in terms of Macdonald polynomials:

PP(x; q, 1) beu (x;q,t), byx=1.

nCA
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BC,-type interpolation Macdonald polynomials

(Okounkov, 1998)

Leta,t € C,0 < |a|, |t| < 1. For A € A}} define P’(x; a, t; q) as
the unique Wjy-invariant Laurent polynomial of degree || such
that its term involving x* has coefficient 1 and

PP(g'Caatiq) =0 if [u] <[\, p#\

Then PP(g*t°a; a, t; ) # 0 (and may be put equal to 1 in a
different standardization).

Extra-vanishing property:
PY(g"t°a; a, t; q) = 0 if u is a partition not containing .
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The case n = 2 of Okounkov’s interpolation polynomials

q7%m1(m171)7%m2(m271)

(t7 q2m2 tazv Q)m1 —Mmy

(Q~™M*Me; q)j kgt
(g2™1a2; q)j1k

ip ca taq) —
Prmy,m, (X1, X2; &, £, q) = (—t)m—ma g +m,

x (axy, ax; ' axe, axy i QPmy Y

J,k>0
JHk<my—my

(q™ax1, q™ax; ' q); (™ axe, 9™ axy ' Q)
(q'-m+met=1 g Q)j (g'—m+mt=1_q. q)k
q7%m1(m171)7%m2(m271)
(_t)m1—mzam1+m2
x (g™ tax1, Q™2 tax; " @) my—ms
g mMmtme t gMegxs, qm2ax2‘1
q'—mtmat=1 qMetaxq, qMetax;

—1 -1,
(axy,ax; ', axa,axy 5 q)my

X 4¢3 19,9
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Binomial formula:
P)\(X; a, b7 C, d7 t; q)
P,\(t°a; a, b, c,d,t; q)
PP (g t°3; 4, t; q) P’ (x;a,t;q)
= PR(q s 4.t q)) P.(tPaa b.c.d tiq)’

R.\(x;a,b,c,d,t;q) =

For n = 2 an explicit double sum of products of two single sums.

For general nand g — 1 tends the left-hand side of the binomial
formula to a BC,, type Jacobi polynomial (Heckman-Opdam),
the first factor in the sum on the right remains an interpolation
polynomial and the second factor becomes a Jack polynomial.

For n=2 and q — 1 the first factor in the sum on the right
becomes a balanced terminating 4F3(1) and the second factor
is expressed in terms of ultraspherical polynomials. One
recovers an old formula in K & Sprinkhuizen (1978).
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Duality:

R\(¢"ta; a,b,c,d,t;q) = R.(q"°&; 4, b, ¢, d, t; q).
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Non-symmetric Askey-Wilson polynomials
(Sahi, 1999; Noumi & Stokman, 2004)
En(z;a,b,c,d;q) =

abod g'"(1 - a")(1 - g" ' cd)
An(z:2,b.¢,d:9) = T 0apy 7 = ab)(1 — ac)(1 — ad)

x az~'(1 —az)(1 — bz)R,_1(z;qa, gb,c,d;q), n>0,
E_n(z;a,b,c,d;q) =

| | q'—"(1 — g"ab)(1 — g"~'abcd)
Rn(z; a,b,c,d;q) — (1 — gab)(1 — ab)(1 — ac)(1 — ad)

x b~ 'z7'(1 — az)(1 — bz)R,_1(z,q9a,qb,c,d;q), n>1.

Eigenfunctions of a g-difference-reflection operator
(generalized Dunkl operator) coming from a generalization of
Cherednik’s double affine Hecke algebras.

The symmetric AW polynomials are symmetrizations of the
non-symmetric AW-polynomials.
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pi(z:aq) = (az,az";q)k (k> 0),
P (z;a,b;q) == az '(z — a)(z - b)(qaz,qaz"'; q)k—1 (k>1),
Zag(n):=aq” (n>0),  Zzag(-n):=a'g”" (n>0).

Binomial formula (n € 7): -
E.(z ';ab,c d.q) = g: Py (22,4(N); & q) P (2 & q)
me S qgk(ab,ac, ad, q; )«

k=0
||

_ Z Pk (2a4(n):a,b q) p; (z: a,b; q)
q~*ab(ab; q)x+1(ac, ad; q)k(q; Q)1

k=1
Duality (m,n € Z):

En(zag(m)~';a,b,¢,d;q) = Em(zz q(n) a,b, ¢ d;q)
aq)

_ mlnuzfn:Ln) pk (Za q(n) a q) pk (Zaq
=0 g~ k(ab, ac, ad, q; q)
min(|ml,|n])

Z Py (Zé,q(n)? a, b; C]) Py (Za,q(m); a, b; Q)
g kab(ab; q)xr1(ac,ad; Q)k(q: Qk—1




Nonsymmetric Macdonald polynomials

Ex(x;q,t) (A€ Ap:=(Z>p)") and

nonsymmetric Koornwinder polynomials
E\(x;a,b,c,d,t;q) (A €Z") can be defined as
eigenfunctions (polynomials or Laurent polynomials,
respectively) of suitable g-difference-reflection operators
(generalized Dunkl operators) coming from the polynomial
representation of a suitable double affine Hecke algebra.

Expansion of symmetric polynomials in terms of
non-symmetric polynomials () € A}):
Py, = Z ax,E, (Macdonald polynomials),
HESHA

P\ = Z by . E, (Koornwinder polynomials).
neWn
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Four cases of unique interpolation
Let7 = (74,...,70) € C"With 0 < |7y| < || < -+ < |mn] < 1.
Let || :=|aq| + -+ |an| (a€Z").

@ Let X := g’ () € A}). Symmetric polynomials of degree
< d are uniquely determined by their values on X (A € A},
Al < d).
ldem for Wy-invariant Laurent polynomials.

Let @ := g*w,7 (o € Ap), w, shortest element in S, such

that w; 'a = ot € A/}, Polynomials of degree < d are

uniquely determined by their values on @ (« € Ay, |a| < d).

© For o € Z" let w,, be the shortest element in W, such that

wy'a =at € Af. Write w, = 0474 (04 € {£1}7, 714 € Sp).
Write (w,7); := (Tﬂg1(i))sg”(°"). Leta := q*w,7 (o € Z").
Laurent polynomials of degree < d are uniquely
determined by their values on @ (o € Z", |a| < d).

Items 1 and 3 are results of Sahi (for specialized 7 also of

Knop), item 2 is due to Okounkov (also in our paper), and item

4 is a new result in our paper.
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ad item 3:

a:=q* Wt (@ €Np), w;'a=at c A} (shortest element).
Then, for i < j, w; (i) < w;'(j) iff o > o

Principal specialization: 7 =t (0 < |t| < 1

ad item 4:

a = g™ ( I))Sgn(ai) (o € Z),

wyla = a+ € A} (shortest element),

Wy = 04T (0o € {£1}"7, 1 € Sp). Then, for i < j,

() <73 () & |ail > |ajlor 0 < a; = +a.

Principal specialization: 7 = at’ (0 < |a|, |t| < 1
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Symmetric Okounkov interpolation polynomials:

0<|ry| <|m| < - <|ml<1. Xi=g* (AeA)).

For A\ € A} there is a unique Wj-invariant Laurent polynomial
Rx(x; g, ) of degree |\| such that

R q,7) = 6y i e NS, |ul <A

Nonsymmetric Okounkov interpolation polynomials:
T as above, @ := g% (Tﬂ;1(,))sg"(o"') (a € ZM).

For o € Z" there is a unique Laurent polynomial G, (x; g, ) of
degree |a| such that

Go(B:q,7) =dap B €Z |B] <al.
Expansion of R, in terms of the G,:

A= 3 Gux) (e

acWh
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The case n=1:

sx,sx~ 1
Rm(x: G.8) = il

(@™s2,q°™ q)m’ me Lzo,
(gsx,sx7';q)
Gm(x;q,8) = (q‘+m32,q—m;q37m’ m € Zx>q,
q"sx(95%:9) 1 (X711 Q) 4
G_m(x;q,8) = , ME Zp.
(N CP T M T .
Then

Ro(x) = Go(x), Bm(x) = Gm(x) + G_m(x) (m € Z-o).
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Idea of the existence proof (constructive by recurrence)
IC1,n:={1,2,...,n}.
Ang={p€Z"||p| <d},
R(n,d,l) :={a € Nyg|aj#0foralljand a; # —1if i € I°},
T(n,d,l):={acNyg|a;#0ifiec [}
Note that
R(n,d,[1,n]) = T(n,d,0), T(n,d,[1,n]) = Ang.

By complete induction with respect to n+ d:
@ Forevery map f: R(n,d, ) — C there is a Laurent
polynomial f € P, such that f(a(q, 7)) = f(«a) for all
o € R(n,d,l) and deg(x,f(x)) <d—-n+k VJCI.
@ Forevery map 7: T(n,d, /) — C there is a Laurent
polynomial f € P, such that f(a(g, 7)) = f(«) for all
a € T(n,d,l)and deg(x,f(x)) <d  VJC I
Both items are successively proved by complete induction with
respect to |/|.
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Some yet unsolved problems

@ Affine Hecke algebras.
In the case of nonsymmetric polynomial interpolation Knop
and Sahi use suitable representations of affine Hecke
algebras for proving deeper properties. In our case only
representations of Hecke algebras until now. However, our
main obtained results could be proved without using Hecke
algebras.

@ Extra-vanishing
There is extra-vanishing for non-symmetric polynomial
interpolation in the principal specialization (Knop, 1997).
By computer algebra experiments there is indication of
extra-vanishing for non-symmetric Laurent polynomial
interpolation in the principal specialization.
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@ Binomial formula
For non-symmetric Macdonald polynomials there is in the
principal specialization a binomial formula involving sums
of products of two different non-symmetric interpolation
polynomials (Sahi, 1998).
The case n = 1 indicates that there is little chance of such
a binomial formula for nonsymmetric Koornwinder
polynomials involving the nonsymmetric Laurent
interpolation polynomials.

Tom Koornwinder Nonsymmetric Okounkov interpolation polynomials



Thanks to Erik and Wadim, to all speakers, and to all
present for these two unforgettable days.
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