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Formula HTF 2.8 (21)

Dn(za+n−1F (a, b; c; z)) = (a)nza−1F (a + n, b; c; z) (1)

can be understood as an iteration of its case n = 1

D(zaF (a, b; c; z)) = aza−1F (a + 1, b; c; z) (2)

by using the identity
znDnzn = (zDz)n. (3)

This last identity can be shown by induction. First observe

znDnzn =
n∑

k=0

n!2

k!2(n − k)!
zn+kDk. (4)

Denote the RHS of the last identity by Sn. Then show that

(zDz)Sn = Sn+1.

We can rewrite (3) as

zn
◦ Dn

◦ zn = (z ◦ D ◦ z)n = z−1
◦ (z2D)n

◦ z = ι ◦ z ◦ (−D)n
◦ z−1

◦ ι, (5)

where (ιf)(z) := f(z−1). Thus (1) can be rewritten as

(zDz)n(za−1F (a, b; c; z)) = (a)nza+n−1F (a + n, b; c; z), (6)

and as
(−D)n(z−aF (a, b; c; z−1) = (a)nz−a−nF (a + n, b; c; z−1). (7)

Recall the Riemann-Liouville type fractional integral

(Iµf)(x) :=
1

Γ(µ)

∫ x

0

f(y) (x− y)µ−1 dy, (8)

and the Weyl type fractional integral

(Wµf)(x) :=
1

Γ(µ)

∫
∞

x

f(y) (y − x)µ−1 dy. (9)
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Bateman’s fractional integral formula HTF 2.4 (2)

1

Γ(µ)

∫ x

0

Γ(a + µ) ya−1 F (a + µ, b; c; y) (x− y)µ−1 dy = Γ(a) xa+µ−1 F (a, b; c; x) (10)

(Re a > 0, Re µ > 0)

can be seen as a fractional iteration of (2) by observing that

x−µ
◦ Iµ ◦ x−µ = ι ◦ x ◦ Wµ ◦ x−1

◦ ι. (11)

Formula (11) follows because

g(x) = x−µ 1

Γ(µ)

∫ x

0

y−µf(y) (x− y)µ−1 dy

implies that

g(x−1) = x
1

Γ(µ)

∫
∞

x

y−1 f(y−1) (y − x)µ−1 dy.

Formula (11) also implies the equality of the first and last part of (5). We can rewrite (10)
by use of (11) as

1

Γ(µ)

∫
∞

x

Γ(a + µ) y−a−µ F (a + µ, b; c; y−1) (y − x)µ−1 dy = Γ(a) x−a F (a, b; c; x−1). (12)
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