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1. Introduction and preliminaries

In [3] Braaksma and MruLENBELD proved the following Laplace
representation of the Jacobi polynomial P,*#(1—2) for all x> —% and

f>—14.

gp(zxﬁ) 1 *‘)t2 (_1)n22n 1”(??,4%%—{—1) F(n+‘8+1)
(1.1) n(2n)! o+ 3) FB+3)
? f f (tu £ VT —Ropr(l —u2)~H (102~} dudp.

They arrived at the above representation after characterizing the Jacobi
polynomials as spherical harmonics in ¢ dimensions which are invariant
for certain orthogonal transformations. It is our aim to prove in this
note an integral representation for the product P,*#(1 —2s2) P,* A (1 — 212)
using the same approach. We wish to thank Professor Braaksma for a
simplification of our original proof, that was based on formula (2.10)
and the eompleteness property of Jacobi polynomials.

Let x=(x1, 22, ..., %) be an element of a Euclidean space #, of ¢ di-
mensions, let (x, y)=x1y1 +Zaya+ ... + x4y, where y € Ky and let |z| = Viz, ).
Suppose that g=¢1+¢2 where ¢; and g5 are positive integers, denote by
R, the subspace {#|xg41==2g12=...=2,=0} of E,; and denote by By, the
orthogonal complement of R, in K. Let 2, C E,, 2, C Ry, and 2, C Ry,
be unitspheres with surface elements dwg, dwg, and dw,, respectively.
The elements of the unitspheres are denoted by the Greek letters & and 7.

Let 4, be the Laplace operator in g dimensions. If H,(x) is & homogeneous
polynomial of degree % in ¢ dimensions which satisfies 4,H,(x)=0, then
the funection S,(£)=H,(£) defined on £ is called a spherical harmonie
of degree n in ¢ dimensions. For an introduction to spherical harmonics
the reader is referred to ErpELvi [5], Ch. 11 and MULLER [6].

Let C be the class of all orthogonal transformations 4 which leave Ry,
invariant. Finally, we need the following theorem due to Braarsma and
MEULENBELD [3].

THEOREM (1.1). Let Sp(&) be a spherical harmonic of degree m on £4
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such that Su(AE)=8u(&) for all AcC. Write E=1811V1 £, where
0=t=1 and & ey, i=1,2. Then

; § 0 tf m vs odd,

Sml(£) = { const. P,Ga-1,30-1) (1 —2p2) if m=2n.

2. The product Pp*P(1— 2s2)PyA(1 - 2£2)

From now on ¢; will be an integer such that 2=<¢; <g—2. Let C,*(¢)
be a Gegenbauer polynomial and consider the function # defined on
[0, I]x 24 by

(2.1) F(s, &)= [ | CEYE spt+V1—s2n2) )) dog (1) dwg,(n?).
!)(11 Q‘lz

For each A € 0 we have that
Fis, 485)= | | OB Y& sAtpt VT —82 ALa2)) dowg () dwg (%)
Q .Q

= f j Cl=1((&, st + V1—s2 n%)) dwg (Ant) dwg (An?)
Q; Qa

=F(s, &).
The last equality follows from the fact that dwg(Ant)=dwy(n?) for »?
on £y, i=1, 2. Furthermore, since F(s, &) is a definite integral of spherical
harmonies C¥~Y((£, )), it is a spherical harmonie of degree 2# itself. Thus,
for fixed s € [0, 1], F{(s, &) satisfles the conditions of theorem (1.1). Using
the notation of this theorem we conclude that

(2.2) F(s, &) = k(s) Ppta-1 iey-1)(1 — 2¢2).

If in formula (2.1) we choose £=(¢, 0, ..., 0, V1 —2), 0=t< 1, write F(s, &)=
=f(s, t} and substitute ml=u and #5.2=», then we may rewrite formula
(2.1} in the following form.

S f(s, t)=const.

¢ . 1
(2.3) / | ) Chi-Y(stu+ V1 =2 )1 —20) (1 —u2)day—3/2(1 — v2)a2-3/2 duy d.
R
Since f(s, £} =f(t, s), it follows from formula (2.2} with §= (¢, 0, ..., 0, V' 1 —£2),
0<t<1, that

(2.4) f(s ) =const. Ppta—1,30-1(1 — 262 Pplei-1, bep-1(1 —2¢2),
Combining formulas (2.3) and (2.4) and writing o =31 — 1 and =3¢ —1,

we have proved the following result.

THEOREM (2.1). Let « and f be integers or half integers z0. Then
Lo+ ) Mntat1) Mn+f+1)
ant Ln ot f1) Dot ) DB+ §)

g PeA(1 - 262) PeO(1 — 2£2) =
(2.5

) .
( _Jl f O P (stu + VT —s2 V1T — 2 v) (1 —u2)*~ (1 — o2)f~ du do.

(The constant factor in formula (2.5) can be verified by putting s=0
and £=1 in this formula).
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Remark. Formula (2.5) also holds for arbitrary complex « and g,
Rea> —1, Re f> —}. This cannot be verified directly in a simple way.
However, we may reason as follows. We may rewrite formula (2.5) as

g <n " +ﬂ> at§, HB(B+E 3) PPl —2s2) PP (1 —26) =

] e

j' j Corbri(stu+VT—82 V1 — ) (1 —u2)*~H(1 — 2~ du do
-1 -1
for o, p{0,4, 1, %, ...5
From the explicit expressions for Gegenbauer and Jacobi polynomials
may be deduced that P,*P(#) is a polynomial of degree n in « and g
and that C%.(t) is a polynomial of degree 2n in A. Therefore, for fixed
n, s and £, the left and right hand sides of (2.6) are both analytic in «
and § for Rea> —} and Re > —1.
Now let Reax=1 and Re = 1. Then we have the following estimates.

1 1 —ee —
[ § Cait+i(stu+V1—s2V1—20) (1—u2)* H1—u2)f~tdudp| <

-1-1

< const. |x|27|g|2",

1 /2
Bla+4, Y= f e ¥l—t) tde=y2 f cos 0)*~¥ cos & 0 df < const.,
0

and similarly B(f-+ %, 4) <const.
Furthermore ( Z“) , <n7~:ﬂ ) and (n +z+ﬁ ) are polynomials of degree

n in « and B. Therefore, for any fixed n, s and ¢ there exists a positive
constant & such that for Re « =4, Re f= both sides of (2.6) are bounded
in absolute value by kix[3283». We now apply a theorem of Carlson,
which states that if f(z) is regular and of the form O(e¥'s'), where k<ua,
for Re2=0, and if f(z)=0 for 2=0, 1, 2, ..., then f(z) is identically zero.
See TiTcHMARSH [8], p. 186, theorem 5.81. Applying this theorem twice,
once with respect to « and once with respect to f, we conclude that formula
{2.6) is true for all « and 8 with Rex=1 and Re g=1. By analytic con-
tinuation theorem (2.1) will be valid for Rea>—1% and Re > —1.

If x=1 and §=21—1] then the double integral in formula (2.5) ean be
reduced to a single integral.

PA=¥(1 — 252) PdA=D(1 — 2f2) =

\ =const.l

st
P) - _
(2.7) J[02n+1 (st-+VT1—SVT—v)— Oy (—st+VI—s2V1—£20)] (1 — 02~ 1do

2 1 —_— ——
" —oconst. = Ok, (st+VT— 82V 1 —12v) (1 —22) -1 d.
st et
-1
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Here we have used the facts that d/ds Cp*(s)=2AC411(s) and Cp*(—s)=

={—-1)»C,*s). See ErpELYI [5], p. 175 formula (16) and p. 176

formula (23).
Since —DM Mt d) T0)
Vr Din+A+1) Bt

sPEA-H(1 - 262) = {

(See ErDELYI [5], p. 176 formula (22)), we obtain from formula (2.7)

I(m + 24) ! —_—

9 A Afry — i 2V _p2)A-1
(2.8) Cu?(s)Cnm (t)~22’1—1m!]”(2) T0) _j; Cst+VI—2V1=8v) (1-v2)1 do
with m=2n+1. Formula (2.8) with m=0,1,... is well-known. See

ErpELYI [4], p. 177, formula (20).

If g1=1 or g2 =1, suitable modifications in the reduction of the integral
in formula (2.1) have to be made. Then this leads to formula (2.8) with
m=2n. This last case may also be handled by taking the limit of formula
(2.5) for « | —%. Formula (2.5) may be rewritten as
Pen(1—2s2) PP (1—20)

PEP() PEA(-D)

B ‘,1 |: 1 Osrb+l(siy +V1-s2 VI—Rw) (1—u2)~idu ] (I -2yt dw
EAN C50) T —wyda] S - oyt
Letting « || —§, we obtain
P88(1 - 252) PLbA (1 — 2p2)
PEEA()  TPEA(-T)
2 Corist+VT =2V T—£v) (1—u2)f~tdo
A CLr40) Sty ide”
The left hand side of this identity is equal to
Coft(s) L)
L0y Ogrr (1)

It may be remarked that formula (2.5) is not the real generalization
of formula (2.8). In formula (2.5) the product of two Jacobi polynomials
is expressed as a definite integral of a Gegenbauer polynomial. A proper
generalization of formula (2.8) would be to express P, (s)P,*P(t) as
a definite integral of P,*? depending on some (probably complicated)
argument. Therefore formula (2.5) does not have the same applications
to Jacobi polynomials as formula (2.8) has to Gegenbauer polynomials
{cf. AskEY [1], p. 47).

Putting in formula (2.5) s=1 we find an integral representation for
Jacobi polynomials in terms of Gegenbauer polynomials.

THEOREM (2.2). Let Rea>—1 and Re > —1%. Then

S' PaB (] 92 =
§ 2= Ma+p+1) Intatl) !

(2.9)
[~ V& Ter) TntaifiD 4

CeF8+1tu) (1 —ut)*~ ¥ du.
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Formula (2.9) can be proved directly by using the Bateman integral
Fla,b;c+u; )— (c+,u j (1 -t Fla, b; c; st)dt,

where Re ¢>0, Re >0 and —1<s<1, and the following hypergeometric
representations

Pid(] —22) = ("1‘“) Fl—n,n+a+f+1;0+1;8).

o I'(A+n)

sa(t) = (—1)"WF(—% n+i; ks 8).

See ErpELYI [4], p. 78 formula (2), ErpELyr [5], p. 170 formula (16)
and p. 176 formula (21). For « and § integers or half integers =0 formula
(2.9) can also be obtained by proving that the function ¢, defined on
2y by

(2.10) bmlE) = | OH7H(E, n)) dovg ()

o

satisfles the conditions of theorem (1.1) and eontinuing in the same fashion
as we did with the function ¥ defined by formula (2.1).

In a slightly different way formula (2.9) also appears in Bavinck [2],
p. 29. The special cases a =4 and « | —} of formula (2.9) may be handled
in a similar way as the special cases of formula (2.5). For « =1 we obtain

P (1 —2)  Chih (1)
Po(}'ﬁ)(—l) O’n+1 (1)

and for « | —%
Pai(1—21)  CB¥E(Y)
P-ERA()  ~ CEFE(O)

Therefore, formula (2.9) is a kind of generalization of the quadratic
transformations for Gegenbauer polynomials.

Finally we remark that the Laplace representation for Jacobi poly-
nomials as given in formula (1.1) also follows from theorem (2.1). For
Jacobi and Gegenbauer polynomials the following limit formulas hold.
See Szead [7] formulas (4.21.6) and (4.7.9)

lim s~ P{#(s) = (dn ok ﬁ)
3—>0 V2
and
lim s Ci(s)=2n (n +i_ 1)
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If we divide both sides of formula (2.5) by 2 and let s — oo, we obtain
formula (1.1).

In a next paper one of the authors will prove an expansion of
C3HP+1(stu+V1—s2V1—2 as a double Gegenbauer series with respect to
Ox*(w) and Ci#(v). The first term of this expansion is contained in
formula (2.5).

Department of Mathematics
University of Technology, Delfs.
Mathematical Center, Amsterdamn.
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