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1 Introduction

An important event in the history of options trading, and a key event in the
development of financial mathematics, occurred in 1973 when Myron Scholes
and Fischer Black published a paper which showed how to price the European
call option (we shall define this object formally in the next section). Their
paper has been the basis for the paradigm used by practitioners in financial
institutions the world over. The market model used by Black and Scholes for
pricing is not a perfect fit with reality but it offers a mathematically robust
framework which can be applied to the study of financial derivatives other than
the European call.

In this short series of lectures our aim is to show how to recover the Black-
Scholes option pricing formula from well known probability theory. Let us thus
state formally the problem of European option pricing.



2 European Call Options

Suppose for simplicity we assume that a financial market consists of two ele-
ments. The first is a bank account which offers an interest rate » > ( such that
if at time 0 one has a credit/debit of Rg units of currency, then after time ¢
this credit/debit will have grown to Rgexp{rt}. The second element is a ‘risky
asset’, typically a stock or share. This asset is risky in the sense that its value
{S; : 1 > 0} changes in time as some kind of random process.

A financial institution will offer to sell an European Call option with pa-
rameters K and T. This means that at any instance of time this institution
will write a contract that gives the holder of the contract at a time 7T later the
option to buy one unit of the stock for price K. Since the value of the stock
will fluctuate randomly, there is a chance that whoever holds the contract will
be lucky at time T and will be able to buy the stock for K when it is worth
St > K, thus making a profit of S — K. On the other hand, the holder may
be unlucky and the price of the stock may fall below the value K at time T.
In which case there is no point to exercise the right to buy at price K as then
one would be paying more than the value of the stock. ITn summary, the holder
stands to earn (S — K)* where 2t = max{z,0}. Either way, the contract must
be worth something. That is to say, anyone who wants to hold this contract
should pay for it as there is the possibility that they can make money from it.
There are two fundamental questions we should ask.

Q1: What s the value of this contract?

Q2: Is it possible that financial institution can use the money paid for this
contract to honour the claim (Sp — K)* without losing or making money?

Obviously the answer to these question depends on the initial value of the
stock Sp, the selling or strike price K, how far away in time the contract will
expire T, the random evolution of the stock in the mean time and the fact that
one can borrow and save money at the bank which gives a fixed interest rate
r. We should also point out that in the second is it equally important that the
financial institution does not lose or again money. If this were permitted in the
solution to the problem then we could allow silly things like charging ridiculous
amounts of money. Even if the financial institution were to charge slightly more
than enough to honour the contract then their customers would soon realize it
is more profitable to be selling options than buying options. In that case the
market would become unstable.

The first step to answering the above questions is to use some kind of sensible
mathematical model for the evolution of the asset value. In the original work
of Black and Scholes, they chose to use exponential Brownian motion because,
amongst other things, this process has exponential growth on average - a feature
that is commonly shared by stocks.

We now pause with our discussion about finance and jump into the world
of Brownian motion and stochastic analysis in order to review the probabilistic



tools we shall use to solve the problem of pricing the European option just as

Black and Scholes did.

3 A brief review of some aspects of Brownian
motion and stochastic analysis

3.1 Brownian Motion

To really define Brownian motion mathematically rigorously requires quite a lot
of work. The definition we shall offer here is somewhat primitive but sufficient
to work with.

Definition 1 The process B = {B; : t € [0,T]} is a standard Brownian motion
with respect to a probability measure P of

(i) Bo = 0 P-almost surely,

(i1) for s <t, B; — By is independent of the evolution of the process up to time
s, which we shall typically refer to as {B, :r < s} 1,

(iii) for 0 < s <t, B, — By and B;,_; — By have the same distribution which is
Normal with mean zero and variance t — s.

Definition 2 The process W = {W; : t € [0,T]} is a Brownian motion with
volatility o > 0 and drift p € R of for allt > 0, Wy = pt 4+ 0 B;.

Denoting E expectation with respect to P we see that E(W;) = ut, so that
on average the process W is drifting with velocity pu.

Definition 3 With W as in the previous definition, the process {exp W, : t €
[0,T]} is an exponential Brownian motion with volatility o € R.

Note that E(exp W) = exp{(p+0?/2)t} so that exponential Brownian
motion grows or decays (depending on the sign of (,u + 02/2)) on average as an
exponential function of time. [Recall that B; is Normally B, ~ N(0,) so it has
moment generating function E (exp{o B;}) = exp{c?t/2}]

The paths of Brownian motion are very rough. In fact it can be proved that,
even though the paths are continuous, they are nowhere differentiable. This
raises questions concerning the existence of a process that satisfies the conditions
in Definition 1. Brownian motion does erist as a well defined mathematical

I This kind of statement will appear through this text. Strictly speaking, for each ¢ € [0, 7]
we should define a sigma-algebra 7; generated by the paths of the Brownian motion up to time
t. This means take a countable set of times {¢; : ¢ > 1} in [0,7] and define correspondingly
a set of open intervals A; C R. Then F;, or alternitively o {B, : r < t}, is the smallest sigma
algebra containing all events of the form {B;, € A; :4 > 1}.

In this text we use {Br : r < t} in place of ‘the evolution (or path) of the Brownian motion
up to time t’. In fact what we really mean is F;.



object and indeed there are several proofs one can consult. Conceptually one
of the most pleasing, which also would convince the reader that the paths are
nowhere differentiable, concerns demonstrating that paths of Brownian motion
can be seen as (infinitely) rescaled paths of simple random walks. Despite
the rather erratic behaviour of Brownian motion, it is an extremely flexible
object mathematically speaking. One can use Brownian motion for example to
construct many examples of continuous martingales. Here is a quick reminder
of what a martingale 1s.

3.2 Martingales

Definition 4 A continuous stochastic process M = {M, : ¢t € [0,T]} is a
martingale if

(i1) E|M;| < oo of each t € [0,T],
(iii) for0<s <t < T, E(M| M, :r <s)= M,.

Note that it follows that E(M;) = E (M) for all ¢ € [0,7]. Here are three
examples of martingales which are simple functional of Brownian motion:

1. By,
2. B —t
3. and exp{oB; — o%t/2}
fort € [0,T].
Exercise 5 Prove that the first two are martingales.

For the third we shall provide a short proof that is really is a martingale.
First let M; = exp{oB; — 0?t/2}. Using the properties of Brownian motion in
Definition 1 it follows that for 0 < s <t <7,

E(My| M, :r<s) = E(Ms xexp{(r(Bt—Bs)—(rQ (t—s)/2}| M, :r< 5)
= M, xexp{—c®(t—s)/2} x E(exp{ocBi—s})
= M,.

Note that going from the first to the second equality, we have used the fact that
knowing the path {M, : r < s} is equivalent to knowing {B, : r < s} . Note also
that using the law of total probability

E[E(M:| M, :r <s)] = E[M,]

and hence E[M;] = E[M,] for all s,¢. In particular this means that E[M;] =
E[My] = 1 for all ¢.

This martingale is special for many reasons. One of its special properties is
that it can be used to make a new probability measure with respect to which
the Brownian motion B is no longer standard but has drift. Formally said this
is the Cameron-Martin-Girsanov Theorem as follows.



Theorem 6 For each A\ € R, there exists a probability measure P> such that
for each t € [0,T], and event A which can be described in terms of {B, : r < t}

P*(A) = E(14 exp{—ABr — TA?/2}).

Further the process B* defined by B} = By + M for t € [0,7] is a standard
Brownian motion with respect to P*. That is to say, under the new measure P*,
a drift of rate —\ has been introduced to the Brownian motion B.

This is a very deep result which really deserves a lot more attention. Tt
will be of great use later in pricing the European option. Note that a standard
alternative to writing a probability P (A) is E(14). And hence we see that
this change of measure is really re-distributing the probability mass on different
events. It is clear to see that P is indeed a probability measure because by
taking the even A = {B} € R} for any ¢t € [0, 7] we see that we are really taking
the expectation of the exponential martingale which is 1. One notices that when
B moves to a high position at time 7' the re-weighting in the definition of P*
is small. On the other hand, if B moves to a very low, negative position at
time 7' the re-weighting is large. This is consistent with the idea that under P*
the Brownian motion acquires drift —\, that is to say, P* is favorable to paths
which move downwards.

The following exercise is designed to give a little ‘hands-on’ experience with
this result to see how it works.

Exercise 7 (i) Using the same notation as in the previous theorem, use the
facts about the exponential Brownian motion to show that in fact

P*(A) = E(1aexp{-AB; —tA?/2}) fort €[0,T].

Note that it is important here that A is an event determined by the path up to
time t. This exercise really shows that the reweighting ‘localizes’ for events ‘up
to time t’ to the value of the exponential martingale at time t.

(ii) Now choose A to be the event { By + Xt € I} where I is some interval of
the real line. Use the fact that Brownian motion has a Normal distribution at
each fixed time t to deduce that

PYBy+Mel)=P (B, €1)
and reason intuitively that P* has the effect of introducing drift —\ to B.

3.3 Stochastic integration

Without defining any of the following symbols, we immediately recognize and
understand the object

[t



to be some kind of Lebesgue or perhaps Riemann integral. Suppose now that
the integrand f was a random function of s and the measure p is replaced by
Brownian motion B. Could such an integral as

<[ sy dBe @)

be well defined for almost every path w of a Brownian motion? Further, if
8o, then what are its properties? These are elementary and natural questions
which leads in to the theory of stochastic integration. The first problem we
must address is: what exactly does d B; mean? As we have already mentioned,
the paths of Brownian motion, whilst continuous, are differentiable nowhere. So
the naive interpretation
dB, = ddB;s ds
is senseless. Just like the theory of Lebesgue integration we must start from the
case when f is a ‘simple function’ and work our way up.
We shall define {®; : 0 < < T} a simple process if it can be written as

P (w) = Z@-] (@) Ltiz, e (1) (1)

where 0 = 25 < ... < t, = T and each ¢; € R is bounded and its value
can be determined by the path {B, : » < t;_1}; that is to say it is a process
adapted to the increasing flow of information supplied by the Brownian motion.
A reasonable definition for our stochastic integral for simple processes is thus
when tp <t <tpp1 <T

¢
/ ®,dB;
0

Y 6io1 (B, = Biiy) + 0k (B: — By,)

1<i<k

Z Pi_1 (Bt,At - Bt,_lAt) - (2)

1<i<p

This stochastic integral for simple processes have the following important fea-
tures.

e The integral as a function of time is a continuous process. This is obvious

from (2)

e Given {B, : r <t} the value of f; ®,dB, can be determined (so again it
is an adapted process).

e Stochastic integration on simple functions is a linear operator. That is for
two simple functions ®(1) and ®(2) and constants oy and s,

t t

t
/ (01‘551) + a2¢>§2)) B, = a1/ o(VdB, + a2/ o{*)dB,
0 0

0



o Note that

([ o)

2

E

E Z¢i—1¢j—1 (Bi, = B,_,) (Bi, — By,_,)
i,

ZE[¢z’—1¢j—1 (Be, = Beioy) (Be, = Bi;0)] -
0.7

For i < j in the above expression we can use the fact that B is a martingale
and show that

E[¢i—1¢j-1 (B, — Br,_,) (Bt, — Bt,_,)]
= TF[¢ic1dj—1 (Bi, = Beu ) E[(Be, — Be,_,) |Br i 7 < t;_1]]
= 0

and likewise for j < i. For those terms where i = j we also have from the
fact that B? —t is a martingale that

Elot (B =8| = E[6E[(Bu = Bu) 1By o r <]
E[¢7 (t: —tiz1)] -

Thus it follows that
2

([ o)

E

ZE[¢?_1(U —ti-1)]
Z¢?_1(ti —ti—l)]

E[/Ot @fds] : (3)

This property (3) is known as the Tto isometry.

E

Exercise 8 Prove that E(fg @sst) =0 for allt € [0, T] and then deduce the

final property below. [Hint: note that for simple functions the integral is simply
a sum of weighted martingale differences].

e The stochastic integral fot ®,dB; is also a martingale.

Just as one constructs the Lebesgue integral, one can now define a more
general set of integrands ® for which the integral f(; ®,dB; exists by considering
functions that can be approximated by simple functions.

In view of the fact that our simple functions are adapted processes and
satisfy the relation (3), it is not a surprise to announce that we can define in

general our stochastic integral fg ®,dB; for integrands in the following class

T
/@fds <00
0

H= {(@t)0<t<T , real adapted process, |E




The fine details we shall leave out as they are quite demanding and is essen-
tially based on functional analysis and the theory of Hilbert spaces. The main
ideas however are the following.

Suppose we define H® to be the space of simple functions in H# and define a
distance metric on ‘H such that for ® € H

T
/ ®2ds
0

An important first result is that #* is dense in H with respect to []. This means
that all points in H can be written as limits of sequences of elements of H*. That
is there exists a sequence {Q(")}n>0 such that

AT(¢S—¢?OZd%-+0 (4)

as n — 00. The next step is to define another distance metric ||-|| on random
variables with finite variance so that for any such X

1X]I = VE[X?].

This distance metric is very closely related to the previous in that for simple
functions ® € H*, 1té’s isometry implies that

¢
/ P,dB;
0

for any t € [0,7T]. The convergence (4) implies that the sequence {Q(”)}n>0

whose limit point is the ® € H is a Cauchy sequence with respect to [-], in other
words [<I>(”) — <I>(m)] — 0 as n, m tend to infinity. The linearity of the stochastic
integral as an operator on simple functions, and the previous facts imply that
uniformly for ¢ € [0, 7]

t t
1/ ¢$ﬂd33-1/ (™ dB,
0 0

as n,m — oco. Let M?[0,T] be the space of continuous martingales indexed by
[0, T] with finite variance for each ¢ € [0, T]. The convergence in (5) suggests

that the sequence of stochastic integral processes {f(: @g”)st :t €0, T]}

(@] =, |E

[@— o) =F

<[®].

< (@™ — 3] 50 (5)

is a Cauchy sequence of martingales in M? with respect to another distance

metric ||-||*"? where given such a martingale M € M?[0, T

| M| = sup |[M]| = |[Mr||.
te[0,7T]

Note then that this metric measures distance between the entire path of mar-
tingales in M2[0, T]. The last equality, or equivalently the fact that these type



of martingales have increasing variance, can be proved by Jensen’s inequality.
Note then that for stochastic integrals of simple functions

/ ®,dB;
0

With a little more work it can be shown that the existence of a Cauchy sequence
with respect to ||-|[™"? is enough to guarantee a limit (in the same sense of
distance) exists and is a martingale in M?[0, T).

sup

= [Q].

Definition 9 The stochastic integral can now be defined as the continuous, fi-
nite variance martingale which we denote “fg D,dB;” fort €[0,T] such that

: : T T
/ésst—/ 3™ dB, / ¢>5st—/ (" dB,
0 0 0 0

where [® — ®M] — 0. In addition to the martingale property being carried over
wn the limit, all the other properties of stochastic integrals of simple processes
do too.

sup

—0

It seems from this definition that we have rather an abstract definition of
a stochastic integral as some kind of limiting process. The real issue about
the stochastic integral is that, given ® € H we are able to find a martingale
M € M?[0,T] which has all the same characteristics as the stochastic integral
we defined for simple processes and in particular its relation to ® is that its
second moment at time ¢ € [0, 7] satisfies

E(M?) = E(/Ot c1>§ds> :

The identified martingale M is what we mean by the ‘stochastic integral’ [, ®,dB;.
We need to find ways of manipulating these processes. That is to say, we need
some calculus! This will come a little later. For the time being, we shall make
some more technical remarks about stochastic integrals as processes.

3.4 Martingale representation

In the previous subsection is was pointed out that the defined stochastic integrals
are also continuous finite variance martingales. We may ask ourselves is the
converse of this previous statement true? That is to say, can any martingale
(lets be reasonable and say continuous) be written as a stochastic integral?

Theorem 10 Suppose that M € M?[0,T] is a continuous finite variance mar-
tingale such that My is adapted to {B, : r < t}. Then there exists a process
® € H such that for all0 <t <T

t
M, = M, -I—/ d,dB, a.s.
0

This will turn out to be very handy later!



3.5 1It6 diffusions and exponential Brownian motion

It should be clear now that the stochastic integrals we have defined are more
that just integrals. They are actually continuous stochastic processes on. We
can use these stochastic integrals to define a more general class of continuous
stochastic processes called Tt diffusions as follows.

Definition 11 A stochastic process {X: : 0 < t < T} on is a real valued Ité
diffusion if it can be written as

t t
X :X0+/ \Ilsds—{—/ ®,dB; (6)
0 0

P-almost surely where

(1) Xo is Fo-measurable,

(i) {¥,:0<t<T} and {®; : 0 <t < T} are adapted to B*
(iii) [ [¥,|ds < oo P-a.s. and

(iv) E( fy ®2ds) < oo

These conditions are merely sensible requirements so that the integrals in
(6) exist. They are thus sufficient conditions.
Commonly the Tto diffusion in (6) is written in shorthand form

dXt = \Iftdt + q)sdBt. (7)

3.6 Basic stochastic calculus

There are two fundamental manipulations that any beginner of stochastic cal-
culus should know. The It6 formula and Integration by parts formula.

Theorem 12 (It6 formula) Let {X; : 0 <t < T} be an It6 diffusion as in
(7) and suppose that f (t,z) is once differentiable in t and twice differentiable
n x with continuous partial derivatives. Then for 0 <t <T

of af 19%f

df (t, X¢) = ; (¢, X¢) dt + Be (t, X;) dX; + 587

2We understand this to mean that for each ¢ € [O,T], ®; and W; are are adapted to
{Br:r <t}

(t, X;) @pdt. (8)

10



That is to say in integral form,
t 6f
f(taXt) = f(OaXO) +/ E(S,Xs) ds
0

tof 1 [t ory \
+/0 0—I(S,X3)dXs+§/0 w(s,xs)ésds

)
= f(O,X0)+A 6_{(57)(5)(15

tof ‘of L1 ) 02
+A a—I(S,Xs)\I/st+/O a_x(S;Xs)q>sst+§/(; f (Xs)q)sds'

The following exercise shows a classic example of how stochastic calculus
can differ significantly from the calculus we know for Lebesgue integrals.

Exercise 13 Let X = B, f(z) = z? and apply (8) to deduce that
d(B}) = 2BdB; + dt

t
/ B,dB, =
0

Compare this to the Lebesgue fot s ds.

and hence

(B =1).

N | —

Theorem 14 (Integration by parts) Let {X; : 0 < ¢ < T} be an It6 diffu-
sion, and suppose that g(t) is a differentiable function with continuous deriva-
tives. Then

d(g (1) X.) = g (1) dX, + g (1) Xodt

Proof. This is a direct consequence of the 1t6 formula for the special choice

[, X)) =g() X, m

Exercise 15 [t is possible to prove a more general result than the previous
Theorem. Suppose that X" and X*) are two Ité diffusions driven by the same
Brownian motion satisfying dXt(Z) = \Ilgz)ds + @&Z)st, i = 1,2. Use the Ito

2 2 2
formula to write down expressions for (Xt(l) + Xt(Q)) , (Xt(l)) and (Xt(l))
2 2 2
Then subtract (Xt(l)) and (Xt(l)) from (Xt(l) —|—Xt(2)> and conclude that
d (X§1)X§2)) = xVdx{? + xPax{V 4+ oMNedr.
Exercise 16 From the previous example consider the combinations of ‘Ilgi) =

0,1, <I>§” = 0,1 for i = 1,2 to deduce the following informal ‘algebra’ for
differentials:

a(xx?) = xMax? + x4 ax () - ax{?

11



where dXt(]) -dXt(Z) 1s computed according to

dt | dB;
d |0 [0
dB, | 0 | dt

3.7 Exponential Brownian motion

We can use the results of the previous section to make a study of exponential
Brownian motion, the diffusion we shall use to model the evolution of our stock.
Consider a process {S; : 0 <t < T’} which satisfies

where p € R and o > 0. We are looking for an adapted process that satisfies (9)
such that the integrals fot Sudu and fot SudB,, exist for 0 <t < 7'. The process
S is defined in terms of itself and has the form of an It diffusion (providing
the afore mentioned integrals exist). Processes that can be written as integrals
of themselves as in the case of (9) are said to satisfy stochastic differential
equations. Just like ordinary differential equations there are issues concerning
existence and uniqueness of their solutions. This lies way beyond the scope of
this text.

It is possible to prove using the Ttd formula and the integration by parts
formula to prove that indeed (9) has a solution and it is unique. The solution
is what we defined earlier as exponential Brownian motion.

Exercise 17 (Existence) If we think about ordinary differential equations, it
is reasonable to guess that (9) has an exponential feel about it. So it would
make sense to try and find a solution of the form c.exp {at + BB;} where ¢, «
and (3 are constants. In fact the correct choices of a and 3 are (u — 0%/2) and
o respectively so

S; = c.exp{(u— 0'2/2)t+0'Bt}.

This can be confirmed by plugging X = (u—o?/2)dt + o By into the Ité formula
with the function f(x) = c.exp{z}.

Exercise 18 (Uniqueness) Suppose now that Y is another solution to the
stochastic differential equation (9). Consider the process Y7 where Z = 1/X.
Note that 7 = exp {—(u —o?/2)t — O'Bt} and show (again from the Ité for-
mula) that

dZt = Zt (— (ILL — 0'2)t — G'dBt) .
Applying the integration by parts formula in Exercise 15 deduce that
d(YiZ) = YViZe (— (p— o) t — odBy)
+Yi Zy (pdt + 0dBy) — 0% Z;Yrdt
=0,

and hence uniqueness (up to a multiplicative constant).

12



4 Derivation of the Black-Scholes formula

4.1 The market

Lets get back to business! Recall that (following the original paper of Black
and Scholes) we will assume our market to consist of two simple instruments.
A bank account R process and a risky asset (stock or share) S.

The bank account R evolves as an exponential growth with rate » > 0, that
is to say

— = rdt.
t

This is rather a fancy way of writing R: = Rgexp{rt}, however it is worth
reminding ourselves that this is the simple ordinary differential equation satisfied
by such an exponential growth as it will be of use later. Also from an economists
perspective this is a more natural way of expressing the way in which a bank
account works. It says in an instantaneous increment of time dt, the return
on your investment R; is proportional to the time period and at a fixed rate
r. We will see shortly that stochastic differential equations also have similar
interpretations.

The value of the risky asset S we will now assume to evolve as a stochastic
process {S; : ¢ > 0} driven by the following stochastic differential equation

@ = pdt + od By,

St
the same as (9). Again let us consider this relation from the point of view of an
economist. It says that in a infinitesimal increment of time, the proportional
change 1n the asset value is like that of a deterministic return with rate p
together with some added random noise odB. Of course we now know that this
equation has a unique solution which is the exponential Brownian motion

St:SQGXp{(/,L—O'2/2)t+O'Bt}. (10)

Apart from the previous comments, this is a fitting model for the evolution of
a risky asset because;

e the sample paths are continuous,

o the relative increments, (S; —S,) /S, where u < ¢ are independent of
the history of the asset, namely {S, : » < u} (this follows directly as a
consequence of the fact that B is a Brownian motion)

e the process is stationary, that is to say that (S; — Su)/Su where u <
t has the same distribution as (S;—, — So) /So (again this follows as a
consequence of the underlying Brownian motion)

13



4.2 Self financing strategy

Let us put ourselves in the seat of the financial institution offering to sell the
European option. Black and Scholes reasoned that the payment that you will
receive for selling this option should be used to dynamically invest in the two
available financial instruments, R and S, for the duration of the contract so that
the end value of our investment is precisely equal to the claim of the contract
holder, namely (Sp — K)T. Technically speaking, as the seller of the European
option we wish to replicate the claim (Sp — K)* by hedging with the market .

It seems a strange proposition; that we will begin with a deterministic
amount (the money we have recovered by selling the European option) and
by some how buying and selling on the market (R, S) over a period [0, 7] we
end up with a random amount of money, but none the less for each outcome w of
the path of the path of the risky asset (equivalently the path of the Brownian
motion) up to time 7, this random amount is exactly equal to (S (w) — K)*.

Let us say that at time 0 <¢ < T we will hold ¥, units of R and ®; units of
S. We call the process T := {(¥;, ®;) : 0 < ¢ < T'} our portfolio process, (¥;, ;)
is the hedge at time ¢ and the value of our portfolio at time ¢ is thus

Vi (TT) = ¥, Ry + @, 5.

Our job is therefore to show that we can find a hedging system such that the
end value of the portfolio Vi (IT) = (S7 — K)*, in which case Vj (TT) should be
the price of the option. Note that our choice of (¥, ®;) will end up to be a
function of the asset value S; and time ¢, a and therefore they will be random
processes too.

The hedge should also be a self financing strategy. That is to say once we
have made our initial investment (¥g, ®g) (using the money paid by the holder
of the option to buy it) at any instance of time our portfolio should only change
in value as a consequence of the evolution in the value of our holdings R and S.
That is to say the portfolio is not interfered with by the addition or removal of
funds. Mathematically speaking we would like to express this as

dV; (TT) = W,dR, + ®,dS;. (11)

This would imply that V (I) is an Ito diffusion providing certain conditions
hold. Thus formally speaking we make the following mathematical definition of
a self-financing strategy.

Definition 19 The process (U, ®) is self financing if (11) holds, both ¥ and &
are adapted to B and the following integrability conditions hold,

¢ ¢
/ |¥s|ds < oo P-a.s. and E </ q)zds> < 00 (12)
0 0

4.3 Discounted values

Since, according to the bank, any credit or debit, grows at a rate r, the whole
problem of pricing over the time interval [0, 7] would be easier to handle if the
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value of money remained constant. To this end let us define §t and ‘7,3 (TT) the

discounted values of the asset and portfolio respectively. That is S; = e~ S,
and V; (TT) = e~ "V, (1) so that the value of the asset and portfolio are expressed
in the terms of the value of money at time 0. Using the integration by parts

formula from earlier for the processes Xt(l) = ™ and Xt@) = S; we have
dS; = —re 'St + e "dS,
= S, ((u—r)dt +odB). (13)
Likewise
dV, = —re "Vidt +e "t dV,

= —pe (\I’tert + ':Dtst) dt +e Tt (‘Iltrertdt + q)tdSt)
= —r®,S,dt +e "t D,S, (udt + odBy)

= .5 ((u—r)dt + cdB,)dt

= ®,dS,.

Exercise 20 Prove the converse, that when (12) holds dvt = <I>td§t implies we
have a self financing portfolio and deduce that, again with condition (12)

dV; = U, dR; + ®,dS; <= dV, = ®,dS,. (14)

Mathematically we can read two things out of (13) and (14). The first
is that when (¥, ®) satisfies the conditions (12) then Vi (IT) has increments
instantaneously proportional to the increments of §L if and only if it is self
financing. Secondly suppose that g —r = 0 so that dS; is proportional to dB;.
From our previous discussion about stochastic integrals that would imply that
S and hence V; are martingales. However, in general, it will not be the case
that g — r = 0. If we look back to our comments about Brownian motion,
then we know the solution to (13) is an exponential Brownian motion of the
form exp{(u —r — 0?/2)t + o By} which is not quite a martingale according to
Definition 3. If we could introduce a drift of (u —r) /o to B then we would
certainly have a martingale. But we know how to do this via the Cameron-

Martin-Girsanov Theorem. Writing Bt(“_r)/o =B + (1 — r)t/o we have
d§t = 0.§tdBt(/'L_7')/o

where B(#=7)/7 jg a P(t=7)/7 _gtandard Brownian motion. Tt is now clear (modulo
checking the integrability conditions) that under PE=1)/7 hoth S, and V; are
martingales.

4.4 Black-Scholes formula

The essential idea behind Black and Scholes’ pricing formula is that one can
replicate the claim (Sp — K)* is the following way. Find a PE=)/7_martingale
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whose terminal value at time 7' is exactly the claim (S — K)+. Then since
Vi (IT) is also p(#=")/_martingale for any self financing strategy, the Martingale
Representation Theorem gives us the instantaneous ratio of the increments of
these two martingales. From this it is easy to show that a self financing strategy
not only exists but it is unique. Here is the argument in more detail.

First begin by noticing that

My = E#=7 (=T (Sp — K)F|B, i <t) for 0<t<T

is martingale by the tower property of conditional expectation. Also the mar-
tingale has the terminal value M7 = =77 (St — K)* and since

B0l [((Sp - K)F)*] < Bemnlo 53] < oo

(this can be shown by manual computation using the moment generating func-
tion of Normal distributions) it follows that E(#~7)/7 (M?) < oo for all 0 < ¢ <
T (recall that finite variance martingales have increasing variance by Jensen’s
inequality). Therefore according to Theorem 10 there exists a process A =

{A; :0<t < T} such that Er-")/o (foT A?dt) < oo and dM; = AtdBt(“_T)/o
Now define

A _
@t:—iand\Ilt:Mt—Std)tforOStST

O'St

and note that the pair (¥, ®) form a self financing strategy. Indeed it can be
checked that fot |¥,|ds < oo P-a.s. and E(#-7)/7 (fg @zds) < oo Further
‘2 (I) = ¥, + <Dt§t = M, (15)
so that
dV; = dM, = AydB* 17 = &, x 65,dB* 7 = ®,dS,

SO that by (14) th = ‘l’tht + <I>tdSt.
iFrom (15) it would also appear that

Vi () = " My = B#=0/7 (7770 (50— K)*|7,)

so that indeed Vp (IT) = (Sp — K)*.
We now have the answer to our first question. The value of a European Call
option is

Vo () = EX=7/7 (77T (Sp — K)*F) (16)

and since under P#=")/7

Sy = Soexp{(u—0?/2)T +0Br}
= Soexp{(r—0'2/'2)T+0'B(TN_T)/G} (17)
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where B#=")/7 ig a PW=")/9_Brownian motion, we have an exact distribution
for S, namely

log St ~ N (logSO +r— 02/2,02T) .

Thus the expectation in (16) can be exactly evaluated. It is a long and tedious
calculation, but none the less uses nothing more than high school integration.

Exercise 21 Show that the price of a European Call option with parameters K
and T when the starting value of the underlying asset is Sy is

C(T, S0, K) = SoN (‘Og(So/ K)(L(j—i + 02/2)7“)

_Ke TN (105(50/f<) -I:/(:Tt - “2/2)T> (18)

where N (z) is the cumulative distribution of a standard Normal variable.

4.5 Hedging the European Call option

We have in fact more than answered the first question, Q1, posed in Section 2.
We have an expression for the value of the option at all times during its lifetime.
From (17) we can decompose the exponential Brownian motion as follows

Sr = S, exp{(r — /2 (T—t)+ 0 (B(T“_T)/o — Bt(“_r)/o)}
= St X S'/T—t

where Sh_, is a copy of exp{(r — 0?/2) (T — ) + UB(T/':T)/O} and independent
of F;. Hence

V() = B0/ (e (5p - K)FIR)

= B0l (@0 (S5, x Sh_, - K)FIR)
C (7—, St; IXP)

where 7 =T —t.

Lets now address Q2. The function C (7, s, K), being defined in terms of
N (+) is differentiable with respect to 7 and twice differentiable with respect to
s with continuous derivatives. Therefore applying 1t6’s Lemma we have that

9C .
Ve =~ (T—1,5,K)dt
ac ) 10°C i
+E(T—t,5t,[\)d5t+5@(T—t,5t,[\)0'25t2dt
= \Iltht-‘rq)tdSt
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where the last equality follows from the self financing property. Equating coef-
ficients of dS; we thus have that

e L (10g(Si/K) + (r+ a2/2) (T — 1)
@t_g(T_t,st,A)_N< — >

where the second equality follows by straightforward differentiation of (18).

Exercise 22 FEvaluate an expression for W, in terms of N ().

5 Other options and extensions of the Black-
Scholes model

What we have presented here is the absolute basic theory of option pricing.
A lot of the theory given above with some slight adjustment can be made to
work for claims other than (S7 — K)*t. There are a whole class of options which
probabilists calculated the price and hedging strategy for since the original work
of Black and Scholes. Examples include the following claim functions:

e The European Put option. This is just a simple variant of the Call option
where instead the holder of the option has the right to sell the asset for a
fixed price K at time T. The claim is thus (K — S7)*.

e The American Call and Put Options. This option is a variant of the
European Call/Put option. Instead of having the right to buy at a fixed
time T, the holder has the right to buy/sell for a fixed price K at any time
0 <t < T during the life of the contract.

+
e The Asian option. The claim function is written (% fOT Sidt — K) . Note

that the claim now depends on the entire path of the asset value from time
0 to time 7.

e The Lookback options. The claim on this option is (Sl]p0<t<7’ St — [\")+ .
Again this is a path dependent option T

There are many other examples; barrier options, double barrier options,
Parisian options, Integral options, digital options, Russian options, Israeli op-
tions. The markets are now eagerly waiting for the introduction of the Dutch
option!

The Black Scholes model is by now well accepted to be a piece of innovative
work but none the less not good enough to match reality. Pricing with the
Black Scholes formula often over or under prices compared to what market
forces dictate the true value of an option really is. There is a big effort amongst
financial mathematicians to improve on the Black Scholes model by changing
the assumptions. For example, it is possible to make the constants r, u, and o
vary with time too. Of course they may also be written as stochastic processes.
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Generally these extra complications make the mathematics much more difficult.
Another currently popular adjustment to the Black Scholes model is to assume
that the asset is driven by a process which can have discontinuous jumps, namely
Lévy processes. There is a great deal more that can be said as indeed the vast
volume of literature that has appeared in the last ten years testifies to.

6 Solutions to Exercises
Solution to 5 (i) Note that
E[B:|Br :7<s] = E[B;y— Bs;+ Bs|B, : 7 < 5]
= E[B: — Bs|B, : r < s]+ B

where the second equality follows from the fact that given {B, : r < s},
the value of B; is known. Now use fact (ii) and (iii) in the definition of
Brownian motion to deduce that the conditional expectation is zero.

(ii) Begin as above,
E[B} —t|B, : r < 5]
= E[(Bt — B, + 35)2 —tBr:r< s}
= E[(Bt — BB, i r< 5}
+2B,E[(B; — B,)|B, : r < s]+ BZ —t.

where in the third equality we have written out the square and taken out
the terms which are known for the given information. Again using (ii) and
(iii) the first term in the last equality has conditional expectation equal
to (t — s) and the second zero. The last equality thus simplifies to B? — s.

In both cases I will leave you to check the condition of finite absolute
expectation.

Solution to 7 Begin with the definition and break the expectation using the
law of total probability in the following way; ¢ € [0, T

P* (4) = E(lAe‘ABT_TAZ/z)
= [E(lAe_ABT_TAE/Q‘ B, :r< t)}
=R [1ATE(6_>‘BT_T)‘2/2‘ B, :r< f)}

= B [14emm0]

where we have used the martingale property to reach the last equality from
the previous one. Let I = (a,b). Now put the event A = {B; + X € I}
in this new definition and use property (ii) in the definition of Brownian
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motion together with standard properties of the Normal distribution to
get

(a=2t)/VE

]P))\ (Bt + At € [) — C_A\/EZ_A%/QG_ZZ/QCZZ

fl-

T

(b=At)/Vt
(a=Xt)/VE
I e_%(z\/ﬂ)‘tfdz

(b=At)/VE

12
e” 7% du

-l a
N V2wt /b
=P

Solution to 8 When ¢ <t < tpyq
t
[ @B = Y bis (B Bil) + 6 (B - Bu)
0 1<i<k

Suppose now that u <t such that ¢; < u < #;4; <t then

t
E[/ ®,dB,
0

= Z ¢i—1 (Bi, — Bi,_,)

1<i<l

+ Z [¢i—1 (B, — Bi._,)|]
141<i<k

+E[¢r (Bt — Br,) |Br i < u].

Brzrgu]

Now apply the tower property of conditional expectation and the first
exercise; for example
E[¢i—1 (B, = Bi;_,)| By : 7 < u]

= E[E[¢i—1 (Bi, — Bi,_,)| Br :7 < t;]| B, : 7 < u]

= E[¢im1E[ (B, — Bt,_1)|BT ir <ty | B, 11 < u]

= E[¢i—1 (E[By| By :r <ti—1]—)| By : 7 < u]

= E[¢i—1 (By,_, — Br,_,)| Br i 7 < 1]

= 0.

The case that ¢ < u <t < t41 can be handled more easily. Note that
the absolute expectation is bounded by the second moment.

Solution to 15 Note that
a (X0 +x7) = (0 + v at + (o) + o) aB,
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hence

(x4 x7) ] =2 (x0+ x) a (x4 )
+ (@ (”+<1>(2)) dt

and fori=1,2

d ((X§“)2> —oxMax® 4 (@5”)2 dt.

It follows that
(7)< (a7 a8 ()]

L (x + x®) a (x4 x2)

+ (" + o) at - 2xVaxV - (o) at
2

xax® — (a{) dt]

= xWax® 1+ xPax™ 1 oMol at

Solution to 16 The idea here is that if we compare the previous solution with
what we know from normal calculus, we see that the final term would
appear to be something extra. Suppose that this extra term is called the
‘cross-product’ term and denoted ‘dXt(l) : dXt(2)’ When \Ilgi) = 0 then the
previous exercise tells us

a (xVx) = axV - ax) = oo ar

suggesting that in this special case we could work with the rule of actually

multiplying dX( ) by dX( and using the rule that dB; - dB; = dt. Now
( )

suppose that ®;/ = 0 then again the previous exercise tells us that

a(x"x7) = xMax? + xPax{® +0

and hence dXt(l) . dXt(2) = 0 suggesting that again in this special case
we could work with the rule of actually multiplying dXt(l) by dXt(Q) and
using the rule that dt - dt = 0. Finally considering the case that <I>§1) =0
and \II,EQ) = 0 (and hence by symmetry the same situation with the indices
reversed). Again in this case dXt(l) . dXt(Z) = 0 and hence as before we

deduce a multiplication rule dt - dB; = dB; - dt = 0. The given table thus
follows.
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Warning: be careful not to confuse this multiplication rule with the
multiplication of real numbers. You should understand ‘-’ to mean ‘when
writing the process Xt(l)Xt@)
term that is acquired over and above normal calculus. The presence of this
term depends on the integrands and is characterized by - as an abstract

multiplication rule’.

out as a stochastic integral, there is an extra

Solution to 17 Take X; = (u—0%/2)t+oB; and f(z) = c-exp{z} and apply
Itd remembering that f' = f = f
1
df (X)) = f(X)dXe+5f (%) o*dt

0_2

as required.

Solution to 18 To show that
dZt = Zt [— (/,L — 0'2) dt + UdBt]

simply note that Z, = exp{(p' —0?/2)t+0B,} where ' = — (u — o) and
apply the conclusion of the previous exercise. Suppose that Y is another
solution to

dY: = Y [pdt + odBy)
Now apply the conclusions of Exercise 15 and 16 to give
dY:Zy) = YedZi+ ZdY: +dZ, - dY;
= Y7, [— (u — 0'2) dt + O'dBt]
+Y, Z.0%dt
= 0.

Clearly the only solution to this SDE is a constant and hence uniqueness
follows up to a multiplicative constant in the argument.

Solution to 21 Well actually this is a long calculation so T will only bring
you into the beginning but the rest is straightforward. Begin by noting
that under the measure P(#=7)/7 the risky asset evolves as the exponential
martingale with multiplying constant s. Thus

_ . +
C(r,s,K)=E |ie‘” (se"*/rz_m 12 _ K) ]
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where 7 is a standard Normal variable. Tt then follows that
o0
- e’’’ 0\/?2—702/2 - —1;2
C(rs K)= (86 —[&)e 2% dz.

—log(s/K)4ro2/2
/T

The rest is pure perseverance!

Solution to 22 Simply take the formulae in terms of the Normal distribution
function N (-) and use the fact that

U, = e "C(T 1,5, K)— e S, ®,
to deduce that

e (108(S/K) + (T = )(r = 0*/2)
¥, = —Ke N( /T ) .
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