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Preface

These lecture notes have been written for and during the course Hedging en Derivaten
at the Universiteit van Amsterdam in fall 2001. Students that took the course were
assumed to have finished a course on Finance in Discrete Time and therefore to be
familiar with the standard notions of Mathematical Finance. For those who missed
that course I included a short summary of some essentials in Discrete Time Finance.

Students were not supposed to have experience in measure theory, but it turned
out that they had some knowledge of it and followed a course in Measure Theory
parallel to the course Hedging en Derivaten. Therefore, the later sections use more
measure theoretic concepts than the first ones. The Appendix contains some notions
from Probability theory that are essential for the course.

The course basically starts with showing the first steps towards continuous time
models by invoking the central limit theorem for a sequence of discrete time models.
This motivates the use of (log)normal models. Since Brownian motion is so promi-
nently around in continuous time models it is extensively introduced. Other basic
topics include the study of the heat equation and equations that can be derived from
it, since these are instrumental in pricing financial derivatives. The use of It calculus
has been postponed until it was unavoidable, the definition of self financing strategies.
Nevertheless, we also introduce a definition for self financing Markovian portfolios,
that is based on a limit argument and discrete time analogues. A rigorous treatment
of It6 integrals and the Itd rule was beyond the scope of the course, but we have pro-
vided the reader with some of the basic notions and results and gave here and there
some heuristic arguments or a partial proof, when full proofs would be technically too
demanding.

Finally, these lectures notes will be updated and adapted for a next course. I
already found some errors and omissions, many of them thanks to Ge Hong and Ra-
mon van den Akker who carefully went through the first version of the manuscript.
Suggestions are always welcome.

Amsterdam, November 2001 Peter Spreij
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1 From discrete to continuous time

In this section we briefly recall a number of fundamental issues and problems
in the theory of pricing of derivatives in a finite security market where time is
discrete. Because the emphasis is on concepts we consider a market that consists
of only one risky asset (the stock) and one riskless asset (the bond). Later on
we will study approximations when the number of trading times becomes large.

1.1 A summary of discrete time results

The basic setting is as follows. We consider a financial market where trading
takes place at time instants ¢ € {0,...,N}. Traded are a bond with corre-
sponding prices at time ¢ equal to B; and a stock with prices at time ¢ equal to
St. The typical example of a bond is that of a bank account. For the stock we
could think of shares of a company at the stock exchange or of the exchange rate
of the Euro against the US dollar. We adopt the normalization that By = 1.
Furthermore the bond price is assumed to grow exponentially with rate r, a
deterministic real number, meaning that we have for all ¢ that By = (1 + 7).

The price of the stock is assumed to be a random process—recall that the
stock is the risky asset—, implying that each time instant ¢ one is uncertain
about the behavior of the stock price at future instants. Given that one knows
the price at a time ¢, at time ¢t 4+ 1 and future times more than one price of the
stock is possible. In this section we will later on mainly treat the Cox-Ross-
Rubinstein (CRR) model, which says that from a given price at a certain time,
only two values of the price at the next time instant are possible, and with some
predescribed values only.

In the sequel we will often work with discounted prices and values. These
are denoted by a bar on the variable under consideration. More precisely, if Y;
denotes the value or price of some financial product (not necessarily the bond
or the stock) at time ¢, then by Y; we denote its discounted value or price and
it is defined by

Y

=5

Note that we divide Y; by the bond price at the same time ¢. In the jargon of
Mathematical Finance we say that we choose the bond price B as a numéraire.

For example we will often encounter the discounted price process S of the risky
asset. Observe that B; = 1 for all ¢.

Y,

We will often look at portfolios. Formally, a portfolio (in our context) is a
sequence of real pairs (x¢,y;) with the interpretation that z; is the amount of
stock that an investor holds at time ¢ and y; the number of bonds. The value
at t of such a portfolio is denoted by V; and is given by

Vi = xSy + ye By

Note that the discounted value process of the portfolio is V; = x4S; + v and
observe that we allow z; and y; to be any real number. A negative value of y;



then corresponds to borrowing money from the bank and a negative value of x;
to short selling of the stock. Furthermore, we will not allow to have x; and y;
to depend on future values of S, the investor is not clairvoyant. So for all ¢ the
values of x; and y; only depend on the stock through Sy to S;_1.

A desirable property of a financial market is that it is free of arbitrage, meaning
—in a sense to be specified below— that it is impossible to make money out of
nothing. Formally, we call a portfolio an arbitrage opportunity (over the discrete
time interval {0, ..., N}) if its value Vj at time zero is equal to zero and its value
at N is always nonnegative, whereas Vi strictly positive is possible. So, with
an arbitrage portfolio it is impossible to loose money, whereas making a profit
is a possibility. Often probabilities are attributed to the stock price movements.
If these are modeled by a probability measure P, then we say that a portfolio is
an arbitrage opportunity if P(Vo =0) =1, P(Vy > 0) =1 and P(Vxy > 0) > 0.
Note that arbitrage is now defined in probabilistic terms.

Another important concept is that of self financing portfolios. Intuitively speak-
ing, a portfolio is called self financing if and only if an initial investment is made
and any reallocation of the portfolio is made without infusion or withdrawal of
money, so it is done in a budget neutral way. To be precise, we adopt the
following definition: A portfolio is called self financing if for all ¢ > 0 we have

¢St + Yyt By = 4415 + Ye1 B (1.1)

We can give this an equivalent expression after having introduced the difference
A operator. For any process Y the process AY is defined by AY; =Y; — Y;
for t > 1 and AYy = Yy. Now we have the following statement. A portfolio is
self financing iff

AV, = 2y ASy + y: ABy for all £ > 0. (1.2)

In terms of discounted prices and values Equation (1.2]) takes the following
simpler form.

AV, = 2, AS, for all t > 0. (1.3)

One of the main issues in Mathematical Finance is the pricing (or valuation) of
contingent claims, also called derivatives. Contingent claims are financial prod-
ucts that are defined in terms of underlying products. It is therefore reasonable
to think that the price of a contingent claim should in some way depend on the
price of these underlying products. Indeed, under the no arbitrage condition,
we will see that this is the case for the CRR model. However, in general absence
of arbitrage is not sufficient to determine one single price of the claim that is
consistent with this condition.

From now on we will work with the Cox-Ross-Rubinstein (CRR) market. To
make precise what this means we introduce the process Z which is defined for
t>1 by

Sy

Jy = .
LTS

(1.4)



In the CRR model it is assumed that for all ¢ the ratio Z; takes on one of only
two values v and d. We assume also that Sy is a fixed positive number s. Since
S: =Sy HZ:I Zy, we get that S; takes its values in the set {sd?, sud'~*, ... su'}.
Along with the process Z we introduce the (cumulative) return process R =
(R1,...,Rn). It is defined by the equations

A
ARt:i, fort e {1,...,N}. (1.5)
Si—1

Trivially, we get from (1.5) the following equivalent relations AS; = S;_1AR;
and S, = So [[}_,(1+AR;). All these relations are summarized in the notation

S = S,E(R), (1.6)

with E(R)p = [T, (1 + ARy).

Many of the ideas that have been introduced above can already be illustrated
within a single-period CRR, market, that is a market with N = 1. We have the
following result (Exercise .

Proposition 1.1 The CRR market with N = 1 is free of arbitrage iff d <
1+7r<u.

Let us now consider how to price contingent claims in a single-period CRR
market. A contingent claim X is now by definition a financial product of the
form X = f(S1), defined in terms of some function f. The prime example of
such a claim is the Furopean call option with exercise price K for which we have
f(x) = (x — K)" and hence X = (S; — K)*. The principal question is here:
how much is one willing to pay for such a claim at ¢ = 0. Note that the future
(at t = 1) value of the claim is uncertain, due to the different values that S;
may assume. The solution to this question is obtained by comparing the claim
to a portfolio that gives at time ¢ = 1 exactly the same payoff as the claim, no
matter how the market will evolve. And since these values are the same at t = 1,
the fair price of the claim at ¢ = 0 should be, consistent with the no arbitrage
condition, the same as the value of the portfolio at ¢ = 0. The portfolio that has
this property is called hedging against the contingent claim. Since we keep the
portfolio constant over time in this case, the problem boils down to the finding
of real numbers = and y such that

xS +yB1 = f(S1),

whatever the value of S;. Since only the two values su and sd are possible, we
are faced with the following system of equations

zsu+y(l+r)= f(su)
zsd +y(1+71) = f(sd),



whose solution is

_ f(su) — f(sd)

s(u—d)
_ uf(sd) — df (su)
(14+7r)(u—d) "

With the thus found values we compute the value of the portfolio at ¢ = 0 to
get

- 1 1+r—d u—(1+7)
VOVOHT( w—d f““)*u_czf“d))-

Under the no arbitrage condition the numbers

_1+4+r—d

Py and gq = 2= (1.7)

u—d

Qu *

are in (0,1) and sum to 1, so we can interpret them as probabilities. Let us
introduce a probability measure Q on the outcome space of the return Z; by
putting Q(Z; = u) = ¢, and Q(Z; = d) = q4. Then we can write

1 1
Vo =Eq mf(szl) =Eo mf(sl)v

or, in discounted terms, Vy = Eq f(S1). We conclude that in this example the
fair price of a contingent is the mathematical expectation of the discounted
value of the claim under a suitably chosen probability measure. This measure,
Q, is called the risk neutral measure. It has another interesting property.

EgS: = qusu + qasd = s(1 + 1),

or, again in discounted terms, Ele = 5. We see that under the risk neutral
measure the expectation of the discounted stock price is the same as its initial
price. In more sophisticated terms we say that the discounted price process is
a martingale under Q. If one wishes, one can associate with the price process
S (with ¢ = 0,1) any other probability measure P. The fact that S; allows two
possible outcomes is then reflected by imposing P(S; = su) > 0 and P(S; =
sd) > 0. Since also the corresponding probabilities under Q are positive, this
means that the two probability measures Q and P are equivalent in the measure
theoretic sense. Therefore Q is also called the equivalent martingale measure.
Note that we have in fact also shown that Q is the unique measure that makes
S a martingale.

Since it is now understood how to price contingent claims in a simple one-period
market, we proceed by outlining the approach in a multi-period CRR market,
so with a time horizon N > 1.

We first consider the case N = 2 and a simple contingent claim X, i.e. we
have X = f(Sz2), for some real valued function f, defined on the state space



Sy = {su? sud,sd’}. Like in the one-period model we try to find a hedging
strategy, that is a portfolio that replicates the value of the claim X, no matter
how the market evolves. Clearly, this is impossible if one follows a buy and
hold strategy, like in the single-period model. Recalling the procedure that we
followed there, this would in the present case amount to solving a system of
three (linear) equations with two unknowns, and this is in general impossible.
However, here we allow self financing strategies! So we are allowed to rebalance
our portfolio as long as we respect the budget neutral condition . We thus
have more freedom, namely xo,21 = x9 and y2,y1 = yo. Together with the
budget constraint this results in as many equations as variables and so there is
some hope for a unique solution. This argument can be made precise and holds
for an arbitrary horizon, not only N = 2.

Let’s see how it works. We consider a general (composite) claim of the type
X =F(s,Z1,...,Zn). It is our purpose to find a dynamic portfolio that is such
that at ¢ = N its value equals the pay off of the claim. So at time N we should
have identically

xnySNy +ynBy = X.

Let us suppose that we know Sy_1. Then Sy can assume only the two values
Sy_1u and Sy_1d, depending on the value of Zy. Whichever of these two
values Sy assumes, x will be the same, hence we have the two equations

enSno1u+ynBy = F(s,Zy,...,Zn_1,u)
eNSN_1d+ynBn = F(s,Z1,...,Zn_1,d).

These equations are like the ones we met before in the one-period case. The
solution is

F(s,Z1,...,Zn-1,u) — F(s,Z1,...,Zn_1,d)
Sn_1(u—d)

1 wF(s,Zy,...,ZNn_1,d) —dF(s,Z1,...,ZN_1,u)

7371\; u—d

TN =

YN .
To get the value of the hedge portfolio at time N — 1 we use the self financing
property to write Vy_1 = 2y_1Sv-1 + yn—1Bn-1 as enSn—1 + ynBn-1.
Inserting the expressions for z and yy results in

Bn_
Vit = 5= (Fls, 21 Znen,)au + Fs, 21, e, d)aa) s (18)
with ¢, = =% and ¢4 = %. If we fix the values of Z1,...,Zny_1 at

Z1,.-.,2ZN—1, then we can write the right hand side of (|1.8) as

1
1+7r

VN*] = ’UNfl(Zlv’”,ZNfl) = EQF(S,Zl,...7ZN,1,ZN),

where as before we have Q(Zn = u) = qy.



Now we are going to find the values of zx_1 and yy_1. Like in the previous
time step we consider the two cases for the stock price movement separately.
We get from Equation (1.8]) the two relations

TN_1SN_2u+yn_1BN_1 =

Bn_

BNijvl (F(S7 Zl» sy ZN727ua u)qu + F(57Z17 ey ZN727uvd)qd)
TN-1SN-2d +yN-1BN-1 =

By_1

ﬁ (F(Sa Zl7 LERE ZN—27dau)Qu + F(57Z17 s 7ZN—17d’d)qd) )

which can analogously be solved as before. We skip the explicit expression and
move straight on to the value of the portfolio at time N — 2. It becomes (do the
computation yourself!)

1
VN_2 = m(F(S,Zl,...,ZN_Q,U,U)qi
+F(87ZIa"'7ZN—27u7d)Qqu

+ F(S7Z17 .. '7ZN727d7 U)Quqcl

+F(s,Z1,...,Zn—2,d,d)q3). (1.9)
Let us fix the values of Z1,...,Zn_o at 2z1,...,2n_2. Then we can write
VN_2 =t vn_2(21,...,2N-2)
1
= EoF _9, ZN_1,2 1.10
(1+7')2 Q (S7Z1a y RN—2, 4N—1, N>7 ( )

where QQ has the property that Zx and Zy_1 are independent and identically
distributed. An explicit formula for the pricing formula is rather involved for
general claims, but from (1.10]) it becomes clear how the compact form should

look like. At any time n, given that the values of Z1,..., 72, are z1,...,2,, we
have
Vi =t on(21, ...y 20)
1
— WEQF(S,Zl,...,zn,Zn_H,...,ZN). (1.11)

In this expression Eg denotes expectation taken under the probability measure
Q that is such that Q(Z, = u) = qu, QZ, = d) = g forn = 1,...,N
and, moreover, it makes the Z; independent random variables. We notice the
following important property of Q: It is the unique probability measure that
makes S martingale. The martingale property here means that for all n > 1 we
have Eq[S,|Z1, ..., Zn_1] = Sn—1. Equivalently we have Eg[Z,|Z1, ..., Zn_1] =
147

Let us show the asserted uniqueness of Q. Computing the last conditional
expectation as uQ(Z, = u|Zy,...,Zy—1) +dQ(Z, = d|Zy,..., Zpn_1) = 1+,



we see that the conditional distribution of Z,, given Z1, ..., Z,_1 is determined
by Q(Z, = u|Zy,...,Zp-1) = %j, and that this conditional probability
is then also equal to the unconditional probability. Hence it follows that the
distribution under Q of the vector (Zy,...,Z,) is the product of its marginals.
So, under @Q, the Z; are independent random variables.

Knowing this and using properties of conditional expectation (see the Ap-
pendix, Propositions or, we can write in the following equivalent
form (with X = F(s, Z1,...,2ZN)).

1

Vo=————"FEolF(s,Z1,...,ZN)|Z1,..., Zp 1.12
(1+T‘)N7n Q[ (8 1 N)| 1 ] ( )
1

= Eo[X|Si,...,S.], 1.13
(1+T)N7n Q[ | 1, ’ ] ( )
where we used in the last equation that conditioning on Z1, ..., Z, is equivalent
to conditioning on S1,...,.S,. Switching to the discounted value process V we

get from expression (|1.13)) that
Vi, = Eg[X|S1,...,Sn]. (1.14)

It is not hard to see (a rather straightforward computation yields the result)
that

Vi = Eg[Vps1|S1, ..., Sy), forn=0,...,N — 1. (1.15)
Both equations ([1.14) and (1.15) express the fact that also the discounted value
process V' is a martingale under the measure Q.

For simple claims expression ([1.11)) takes a simpler form. In this case the func-
tion F is specified by F(s, Z1,...,Zn) = f(s Hf\il Z;) = f(Sn), for some other
given function f. The pricing formula is now given by

N—n

. . (N —n\ . .

Vi =t 0 (Sn) = (1 +7) " NH7 Z f(S’nuldN_"_z)( ) )q;qé\[”z.

i
i=0

If we fix the price S,, at a known number s, then we can rewrite this equation

as vy (s) = (1+7) Nt Eg f (sg—:) The discounted version of this expression is

(s) = Bo (s 2. (1.16)

Since under the probability measure Q the ratio Sy /S, and S, are independent
(why?), property (iv) of Proposition says that 0, (s) = Eg[f(Sn)|Sn = 9]
and hence V;, = Eg[f(SNn)|Sn]-

For the special case of a European call option we have f(z) = (z — K)T so that
in this case the pricing formula becomes

— n % —n—i N—n i —n—i
Vo= (L4r) VN (SuuidV T — K)( . >quqév ,
1€E(n)



where E(n) is the set of indices i for which S,u’d™~"~" > K. Note that E(n)
is a, possibly empty, interval in {0,..., N —n}. So, with a,, = inf E(n) we get

N—n
— n i —n—i N —n i —n—i
V= (1+7)"NF Z(SnudN —K)( ; )quqiv

N-—n
) ) N —n\ . )
= (1 —N+n S, sz—n—z_K i N—n—i
(1+7) i;:( u G A
s Nz—:n N —n UG 4 dqd N—n—i
ni:a 1 1+7r 147
N—n
_ N-—n\ ;i N n
~ K@+ Ny ( . >quq3f n=i, (1.17)

Observe that both sums above can be expressed in terms of binomial probabili-
ties. With 7(k, p, a) the probability that a Bin(k, p) distributed random variable

is larger than or equal to a and p = f_‘f_’; we can rewrite (1.17) as

Spm(N —n,p,an) — K14 7) "V "0(N = n, qu, an). (1.18)

Computing explicit expressions for the x,, and y,, is even more cumbersome than
finding the values V,,. Important is however that these exist for any contingent
claim (under the proviso that u > d). One says thus that every contingent claim
in the CRR market can be hedged and, by definition, that the CRR market is
complete. The sequence (2,,y,),n = 1,..., N is called a hedging portfolio or a
hedging strategy. Not only is this market complete, we also have

Proposition 1.2 The multi-period Cox-Ross-Rubinstein market is free of arbi-
trage under any probability measure P that is equivalent to Q iff d < 141 < u.

Proof We first work under Q. Assume that d < 1 4+ r < u, then we have
that Q is a probability measure. Suppose that an arbitrage strategy exists
with corresponding value process V. Then we have Vo = Vj = 0, Vy > 0
and Q(Vy > 0) > 0. Consequently, we also have EqVy > 0 and EQVN > 0.
But since V is a martingale under Q, we then get Vo = EqVp = EqVy > 0, a
contradiction.

If P is a probability measure that is equivalent to @, then we have P(V5 =0) =1
iffQVo=0)=1,P(Vy >20)=1if Q(Vy >0) =1, and P(Vy > 0) > 0 iff
Q(Viy > 0) > 0. The result now follows from the previous case.

The proof of the necessity of d < 1+ r < u follows as in the one period case

(this is Exercise [L.1)). O

The above construction of a hedging strategy shows an interesting aspect. Sup-
pose that two persons have different views on the stock price movement in a
CRR market with 7 = 0 and some d < 1 < u. One (the optimist) thinks that
all events {Z,, = u} have probability 0.99, the other (the pessimist) that these



events have probability .01. Suppose that both want to buy a European call
option with some maturity date and strike price. Although at first glance it
seems reasonable to think that the optimist is willing to pay more for the op-
tion than the pessimist, we have seen above that their respective perceptions of
the market movements are immaterial: if they both handle rationally, they will
nevertheless agree on the same price for this option!

We close this section with the so called Put-Call parity, which relates the fair
price of a European call option to a European put option. The latter cor-
responds to the claim p(Sy) = (K — Sy)T, whereas the former has payoff
¢(Sy) = (Sy — K)*. Note that ¢(Sy) — p(Sn) = Sy — K. Denote the value
of the call option at n by C,, and that of the put option by P,,. Then we easily
obtain

Cpn—Po=8,—1+r)""VK. (1.19)

1.2 Limits in the CRR model

In this section we consider limit properties of the Cox-Ross-Rubinstein model
by invoking the Central limit theorem (see Section . In order to do so
and to get sensible results we have to make judicious choices of the parameters
involved. We cousider a trading period which is the real interval [0, T], Trading
takes place at the time instants t)Y = nAy with Ay = T/N. We consider now
a sequence of discrete time CRR models indexed by N and in these models we
let the parameters depend on N as follows. For a given o > 0 we put

ry =exp(rAy) —1 (1.20)

un = exp(ov/An) (1.21)
dy = exp(—a/An). (1.22)

The consequences of these choices for the parameters are straightforward for the
bond price. Let us fix the parameter N for a while and consider the N-th CRR
model with bond prices at fictitious times k£ given by B,JCV . The fictitious time
instants k corresponds to the real time instants ¢} with bond prices BN ().
The two bond prices are linked by the relation BN(tkN) = B,év. For t in the
interval [t} , ¢4, ;) we define BN (t) = BN (t)Y). Then at t = kAy we have
BN(t)=BY = (1+ry)* = exp(rt).

For arbitrary ¢ we have a similar relation. Let ¢ € [0,7] be fixed. Then ¢ €
[t th. 1) with k = k(N) = [N4]. Since t}/ — ¢t as N — oo, we get BV (t) —
exp(rt).

For the stock price movements things are more complicated. Let us first set the
notation. By S,JCV we denote the stock prices at the discrete times k in the N-th
CRR model. Like what we did for the bond price, we fix a time instant ¢ and
we define the stock price SN (t) as SN (t) = SiY with k such that ¢ € [t}, 3, 4).
Let us focus on the risk neutral probabilities, now indexed by N, ¢,(N) (and



ga(N)) in the N-th CRR model. We have from Equation (1.7))

ey — exp(~ov/AR)

exp(ov/AN) — exp(—oVARN)

We will consider what happens if N — oco. Using the Taylor expansion of the
exponential function we get for N — oo
1 1
o2

QU(N):§+(7"—§ )@

qu(N) = (1.23)

+0(AN), (1.24)

and consequently ¢, (N) — 1. Of course also g4(N) — 1.

Like before we specialize to the pricing of a European call option. So we consider
the claim with payoff (S™(T') — K)*. The fair price at any time ¢ € [t} ¢}, )
is given by formula with the appropriate substitutions. So we define
PN = %“;SVN) and ay(t) = min{i : SN (t)ulydN """ > K}. Note that we have
the inequalities

K K
1Og SN(t)d%77L IOg SN(t)d%7n

<an(t) < +1. (1.25)

log % log %
We compute the limits of the probabilities 7(N — n,pyn,an(t)) and 7(N —
n,qu(N),an(t)) for N = oo and 4 ~ % so that ¢t — ¢. Let us introduce the
auxiliary random variable Y which has a Bin(N — n,py) distribution. Note
that (N — n)Ay — T —¢. With the aid of Yy we have (N —n,pn,an(t)) =
P(Yn > an(t)). To apply the Central limit theorem, we have to compute

Yy —EYn
v/ Var Yy

with ay(t) = (VarYn)"'/?(an(t) — EYy)). Therefore we need expectation
and variance of Yy. It is easy to show that VarYy = 1(N — n)(1 + O(Ay)).
Furthermore we have

ungu(N) _ 1 1 5 VAN

N= Ty ot ge) T O0(AN). (1.26)

P(Yn > an(t)) =P( > an(t)),

Hence we get (using ((1.25))
an(t) —EYy =an(t) — (N —n)pn

1 K 1,
= A (1og SN (T —t)(r+ 2 +O(m))>

and therefore

vt = VT —1 '

10



But then, with SV (t) = s we get (using Exercise |A.7))

log(s/K) + (r + %(72)(T —t)
oV —t

The convergence of the probabilities 7(N —n, ¢, (N),an(t)) can be treated sim-
ilarly (this is Exercise [1.7). The computations above are now summarized in

(N —n,pn,an(t)) — O(

).

Theorem 1.3 Under the assumptions of this section at time t when the stock
price has the value S™(t) = s, the fair price of a European call option with
payoff (SN(T) — K)* has the limiting expression

sB(dy) — Ke " T=Dd(dy), (1.27)

with dy = dy(t,s) = SCAEEZDTD g gy = dy(t,s5) = dits) —
oVT —t.

Equation (1.27) is the famous Black-Scholes formula, to which we will return
later.

Not only can we use the Central limit theorem to get a normal approximation
for the price of a European call option, but also for the distribution of the stock
price itself under the measure Q. This comes as no surprise after the preceding
calculations, since for all N also the probability distributions of the Sy (t) are
essentially determined by a binomial distribution. In order to make this state-
ment precise we introduce some notation. Let Z}Y =S¥ /SN | fork=1,...,N.
Define for each t € [0, T] the random variable W (t) = Z,K%N log ZY.

Proposition 1.4 Let for each N the distribution of the S{, ..., SJ]\\,’ be deter-
mined under the probability measure QN that is such that QN (ZY = uy) =
qu(N) for all k = 0,...,N and that makes the Z,... , Z¥ independent. Let
t1,...,t, be a finite increasing sequence in [0, T] and define AW}N = W () —
W™ (t),_1). Then for N — oo (under the probability measures Q) the random
variables AW} converge in distribution to a random variable AW, that has
a N ((ty — tp—1)(r — 202), (tx — te—1)0?)) distribution. Moreover, the distribu-
tion of the random n-vector (AW, ..., AW,,) is such that its components are
independent.

Consequently, the n-vector with elements log SN (t) — log SN (tx_1) (with
k=1,...,n) converges in distribution to an n-vector with elements log S(ty) —
log S(tp—1) that has a multivariate normal distribution that is such that all
log S(t) — log S(tg—1) have a normal N ((r — 20%)(t; — ti—1),0%(tx — ti—1))
distribution. Moreover, the (limit) distribution of this vector is such that its
components are independent.

Proof First we compute EAW} = Ztk,lN 1, v Elog ZN. Since log Z}Y
—r N<G<4 N J
can only assume the two values o/Ay and —o+/Ap with probabilities g, (V)
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and gq(N), we have E log Z = 0v/An(qu(N) —qa(N)). Using Equation ([1.23)
and the companion expression for gq(N), we get E log Zp¥ = (r — 20?)An +

O(A?\,ﬂ). Since AW} is the sum over approximately (t; — t;—1)/ApN terms,
we obtain EAWYN = (r — 20?)(t) — ty—1) + O(A}f). Similarly one com-
putes Var AW} = 4q,(N)qa(N)o?(ty — tg—1) — 0*(tp — tg—1). Introducing
AWY = AWN —EAWN, we apply Theoremto have that the AW} have

a N (0,02 (t;, —t—1)) limit distribution. The assertion for the AW}¥ then follows
from Exercise O

In Proposition [1.4] we have found the limit distribution for the log price process
of the stock, it was such that the limit random variable S(t) follows a log-
normal distribution. It is also possible to describe the limit distribution of the
cumulative return process, see Equation for the definition of the return
process. Of course here we write RY to denote the cumulative returns in the
N-th CRR model and parallel to the notation that we previously used, we write
RN(t) = RY if t € [tN ¢, ).

Proposition 1.5 Let t1,t,... be an increasing sequence in [0, T]. Under the
same assumptions as in Proposition[I.4 we have that the n-vector with elements
RN (t) — RN(t1—1) (k = 1,...,n) converges in distribution to an n-vector with

elements R(t;) — R(tx—1) that has a multivariate normal distribution that is
such that all R(ty) — R(tx—1) have a normal N (r(tk —th_1),0%(t, ftk_l))
distribution. Moreover, the (limit) distribution of this vector is such that its
components are independent.

Proof The proof proceeds along the same lines as that of the previous propo-
sition. One shows that E (R™ (t;) — RY (tx—1)) converges to r(ty — tx_1) and
that its variance has o2(t;, — t_1) as the limit. Invoking Theorem and
Exercise [A.7] will complete the proof. O

Compare the limit distributions of Propositions[I.4]and We see that they are
both normal, with the same variance, but with different expectation. The dif-
ference of the expectations of R(tx) — R(tr—1) and that of log S(t) —log S(tr—1)
is equal to %o’Q(tk —tr—1). Let us explain, why this is the case.

With the choice that we made in the present section for uy and dy we
have first that limy uy = limy dy = 1, so that AR,]CV will be close to zero.
A simple computation even yields (ARN)? = o2An(1 + O(A]%\,))7 no matter
whether the stock price goes up or goes down. But then log Z¥ = log(1 +
ARY) ~ AR — L(ARN)? ~ ARY — 16An(1 + o(A%)). Consequently
IOgSN(tk) — logSN(tk_l) ~ RN(tk) — RN(tk_l) — %O’Q(tk — tk—1)7 which ac-
counts for the different distributions that we observed.

The assertion of Proposition [1.5| can be reflected in an appealing notation.
Write ARN(t),) for the difference RN (t) — R™(t;_1) and remember that in
similar notation this can alternatively be written as ARN(t) = (SN (tx) —
SN (tr-1))/SN (tr—1) = ASN(tx) /SN (tx—1). Let AB(tx) be a random variable
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that has a normal N (0, Aty) distribution with Aty =t — tx—1. It then follows
that we can write (for N — o0)

ASN (t) = SN (tg_1)(rAty + o AB(ty,)). (1.28)

We shall encounter later on a continuous time version of this approximate iden-
tity.

With the result of Proposition [1.4] in mind we show the limiting expression of
the price at a time ¢ of a simple claim X = f(S%), where f is a bounded contin-
uous function (e.g. a European put option). Suppose that at ¢ the stock price
SN (t) is equal to a number s. Let us write eV for the ratio SV(T)/S¥ (¢). Then
we have parallel to Equation

vy (s) = Egn f(eYs).

From Proposition we know that the limit distribution of U is normal with
mean (r— £0?)(T—t) and variance o%(T'—t). Hence, we can apply the portman-
teau theorem (see Appendix, Theorem [A.1)) to conclude that ©}¥(s) converges
to

1 12 2
5 . (r—50")W(T—t)+oVT—tz\, —2z"/2 d 1.29
Vel S) ‘= Se (& z. .

We conclude this section by saying that we obtained a stochastic model for stock
price movements, involving normal distributions, as a limit of simple discrete
time models. In later sections we will arrive at the same model and some of its
ramifications by a different and more direct approach. Note also that the con-
vergence that we considered was in terms of finite dimensional distributions (we
considered n-vectors in Propositions and . It is possible to go beyond
this and show weak convergence in terms of processes. What one does then is
to consider the S™ () as random elements in a space of functions (one where all
functions are right continuous and have left limits). The S™(-) induce probabil-
ity measures on this (infinite dimensional) function space, and one then studies
weak convergence of these probability measures. This is, although possible,
much harder to do and falls beyond the scope of the present course.

1.3 Exercises

1.1 Prove Proposition [T.1}

1.2 (a) Consider the claim with final payoff Sy. Derive its fair price at time
n<N.
(b) Derive the put-call parity Equation (1.19).

1.3 Show that a portfolio is self financing iff (1.2]) holds and iff ((1.3) holds.
1.4 Show the validity of ([1.9).
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1.5 Consider in the same CRR financial market with fixed terminal time N two
European call options with strike prices K7 > K5. Which of the two has the
highest price?

1.6 Show that a portfolio in a discrete time market is self financing iff its dis-
counted value process V is a martingale under Q.

1.7 Show by using the Central limit theorem that with n ~ AN one gets
lmpy oo T(N —n,qu(N),an(t)) = d2(t) (notation as in Theorem |1.3]).

1.8 Prove Proposition [.5]
1.9 What is the distribution of the vector (R(t,), ..., R(t,)) of Proposition [L.5

1.10 Use Equation (1.29)) to compute explicitly the limit price of a European
put option (with payoff (K — S(T))").

1.11 Consider the limiting CRR models and let the stock price at time ¢ be
equal to s. Let C(¢) be the limit of the price at ¢ of a European call option with
payoff (S(T) — K)* and P(t) the price at ¢ of the corresponding put option.
Derive the limit put-call parity equation C(t) — P(t) = s —e "7~ K. Use the
result of Exercise to arrive at the Black-Scholes formula .
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2 Brownian motion

In this section we prove the existence of Brownian motion, perhaps the most
famous example of a stochastic process. The technique that is used in the exis-
tence proof is based on linear interpolation properties for continuous functions.

2.1 Interpolation of continuous functions

Let a continuous function f : [0,1] — R be given with f(0) = 0. We will
construct an approximation scheme of f, consisting of continuous piecewise
linear functions. To that end we make use of the dyadic numbers in [0, 1]. Let
for each n € N the set D,, be equal to {k27™ : k = 0,...,2"}. The dyadic
numbers in [0, 1] are then the elements of U52, D,,. To simplify the notation we
write ¢t} for k27" € D,,.

The interpolation starts with fo(¢) = ¢f(1) and then we define the other f,
recursively. Suppose f,,_1 has been constructed by prescribing the values at the
points tzfl for k=0,...,2" ! and by linear interpolation between these points.
Look now at the points ¢} for £ = 0,...,2". For the even integers 2k we take
fa(th) = fuo1(t2™"). Then for the odd integers 2k — 1 we define f,(t5, ;) =
f(t5._,). We complete the construction of f,, by linear interpolation between
the points 7. Note that for m > n we have f,,(t}) = f(t}).

The above interpolation scheme can be represented in a more compact way (to be
used in Section@ by using the so-called Haar functions H;'. These are defined
as follows. HY(t) =1 and for each n we define Hy for k € I(n) = {1,...,2"" 1}
by

1 .
7o Mty o ST <ty

Hl(t) =< —5— ifth  <t<ty (2.1)

20,
0 elsewhere

where o, = 2~ 21 Next we put Sp(t) = fg H}'(u) du. Note that the support
of S} is the interval [t5, _,,t3,] and that the graphs of the S} are tent shaped
with peaks of height o, at ¢5; .

Next we will show how to cast the interpolating scheme in such a way that the
Haar functions, or rather the Schauder functions S}, are involved. Observe that
not only the S}’ are tent shaped, but also the consecutive differences f,, — f,,—1
on each of the intervals (¢} ~1,¢}~"')! Hence they are multiples of each other and
to express the interpolation in terms of the S}’ we only have to determine the

multiplication constant. The height of the peak of f,, — f,_1 on (tZ:ll,tzfl) is

the value 1} at the midpoint ¢5, ;. So n} = f(t5,_,) — %(f(tz:}) + f(t’lz_l)).
Then we have for t € (t3,_,, %) the simple formula

fn(t) - fnfl(t) = Zislg(t)»

n
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and hence we get for all ¢

0= foa)+ Y Ty, (2.2)
kel(n) "

Summing Equation (2.2) over n leads with I(0) = {1} to the following repre-
sentation of f,, on the whole interval [0, 1]:

0= Ear. (2.3)

m=0kel(m)

Theorem 2.1 Let f be a continuous function on [0,1]. With the f, defined
by we have ||f — fn|| = 0, where || - || denotes the sup norm.

Proof Let € > 0 and choose N such that we have |f(t) — f(s)| < € as soon as
|t —s| < 27N, It is easy to see that then |n?'| < e if n > N. On the interval
[t5h_o, thy] we have that

[F(&) = O < 1F(#) = FE— )] + [fa(t3x—1) = fa(D)] < & +mf < 2e.
This bound holds on any of the intervals [t5, _,,t5,]. Hence ||f — fu|| = 0. O

Corollary 2.2 For arbitrary f € C[0,1] we have

=3 Zﬁsg, (2.4)
) m

m=0kel(m

where the infinite sum converges in the sup norm.

2.2 Existence of Brownian motion

Suppose that a probability space (2, F,P) is given. A stochastic process X with
time set T is a collection of random variables {X (t),t € T} (so all the X ()
are measurable functions on Q). One may alternatively view X as a function
(w,t) = X(w,t) on Q x T, so that X(¢) is defined by X(t) : w — X(w,t).
For fixed w we consider the functions ¢ — X (w,t). These functions called the
sample paths of X.

Definition 2.3 A standard Brownian motion, also called Wiener process, is
a stochastic process W with time index set 7 = [0,00) with the following
properties.

(i) Wo =0,

(ii) The increments W (t) — W(s) have a normal N(0,t — s) distribution for all
t>s.

(iii) The increments W (t) — W (s) are independent of all W (u) with u < s < t.
(iv) The paths of W are continuous functions.
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Remark 2.4 One can show that part (iii) of Definition is equivalent to
the following. For all finite sequences 0 < ¢y < ... < t,, the random variables
W(ty) — W(ti—1) (k=1,...,n) are independent.

Having posed the definition of Brownian motion, we ask whether it exists in a
precise mathematical sense. Clearly, the underlying outcome space €2 has to be
big enough (on an Q which contains only finitely many elements it is certainly
not possible to define a Brownian motion). Since in the definition we required
continuity of the paths, a good candidate for 2 should be the set C[0,00) of
continuous functions on [0,00). In the sequel we will see that it is possible
to define Brownian motion on a space €2 that is such all the paths become
continuous, so that we can identify this Q with C[0,00). In the construction
below, a different Q will be used, a countable product of copies of R. This
suffices, since a continuous function is fixed as soon as we know its values on a
countable dense subset of R.

The method we use is kind of converse of the interpolation scheme of Sec-
tion We will define what is going to be Brownian motion recursively on the
time interval [0, 1] by attributing values at the dyadic numbers in [0, 1]. A crucial
part of the construction is the following fact. Supposing that we have shown that
Brownian motion exists we consider the random variables W (s) and W (¢) with
s < t. Draw independent of these random variables a random variable £ with
a standard normal distribution and define Z = (W (s) + W (t)) + 5/t — s¢.
Then Z also has a normal distribution, whose expectation is zero and whose
variance can be shown to be 1 (¢ + s) (this is Exercise . Hence Z has the
same distribution as W (4 (t+s))! This fact lies at the heart of the construction
of Brownian motion by a kind of ‘inverse interpolation’ that we will present
below.

Let, as in Section 1(0) = {1} and I(n) be the set {1,...,2"71} for n > 1.
Take a sequence of independent standard normally distributed random vari-
ables & that are all defined on some probability space Q with & € I(n) and
n € NU{0} (it is a result in probability theory that one can take for Q a count-
able product of copies of R, endowed with a product o-algebra and a product
measure). With the aid of these random variables we are going to construct
a sequence of continuous processes W™ as follows. Let, also as in Section [2.1]
o, = 2"+ Pyt

wWo(t) = &V,
For n > 1 we get the following recursive scheme
W (t5) = W) (2.5)
W) = 5 (W )+ W ) + o (2.0
For other values of t we define W™(¢) by linear interpolation between the values

of W™ at the points t;. As in Section we can use the Schauder functions for
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a compact expression of the random functions W™. We have

Wn Z Z é—ﬂLsm (27)

m=0kel(m)

Note the similarity of this equation with (2.3). The main result of this section
is
Theorem 2.5 For almost all w the functions t — W™ (w,t) converge uniformly

to a continuous function t — W(w,t) and the process W : (w,t) = W(w,t) is
Brownian motion on [0, 1].

Proof We start with the following result. If Z has a standard normal distribu-
tion and x > 0, then (Exercise

P(|Z] > z) < \/zi exp(—%xQ). (2.8)

Let 8, = maxyer(n) {7 Then b, := P(f, > n) < 2" 1\/7 exp(—3n?).

Observe that ) by, is convergent and that hence in virtue of the Borel—Cantelh
lemma (Exercise P(lim sup{4, > n}) = 0. Hence we can find a subset {2 of
Q with P(Q) = 1, such that for all w € Q there exists a natural number n(w)
with the property that all |} (w)| < n if n > n(w) and k € I(n).

Consequently, for p > n > n(w) we have

sup [W™(w, t) — WP(w, t)] < Z MOy, < 00. (2.9)
t

m=n+1

This shows that the sequence W"(w, ) with w € Q is Cauchy in C'0, 1], so that
it converges to a continuous limit, which we call W (w,-). For w’s not in Q we
define W(w,-) = 0. So we now have continuous functions W(w, -) for all w with
the property W(w,0) = 0.

As soon as we have verified properties (ii) and (iii) of Definition 2.3 we know
that W is a Brownian motion. We will verify these two properties at the same
time by showing that all increments A; := W(t;) — W(t;j_1) with ¢; > t;_1
are independent N(0,t; —t;_1) distributed random variables. Thereto (cf Sec-
tion we will prove that the characteristic function Eexp(i ) ; A;A;) is equal
to exp(—1 2 A3(t; —tj—1)). We use an important property of the Haar func-
tions: they form a Complete Orthonormal System of L2[0,1] (see Exercise[2.5).
Hence every function f € L?[0, 1] has the representation f = o HE)HY =
S ke Sy Hy ) H, where (-.-) denotes the inner product of L?[0,1] and
where the 1nﬁn1te sum is convergent in L?[0,1]. As a result we have for any two
functions f and g in L?[0, 1] the Parseval identity (f,g) = >, .(f, H){g, H}").
Taking the specific choice f = 1jg 4 and g = 1 4] results in <1i0,t],H,?> = S (t)
and ¢ A5 = (1o, 1o,0) = S SEEOS](s).
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We use this property to compute the limit of Cov(W™(t), W"(s)). We have

Cov(W™(t), W (s)) = Z DS MY D &St

m=0keI(m) p=01€I(p)
=D D SEMST(s)),
m=0kel(m)

which converges to s At for n — oo. Since for all fixed ¢ we have W™ (t) —
W(t) as., we have Eexp(i ), \jA;) = lim,oc Eexp(i ), A;A}) with A% =
Wn(t;) — W (tj—1). We compute

Eexp(i» MNAT) =Eexp(i > > NEMSH(t;) — Si'(tj-1)))

j m<n k j
= H HEexp Z)x &Rt (SE(t5) — SEt(t-1)))
m<n k
= T1 [ewt-5(E A1) - P
m<n k

Working out the double product, we get in the exponential the sum over the
four variables i, j,m < n, k of —%)\Z—)\j times

Si(83) S5 (#0) — SE* (1) SE"(8:) — S (8)SE" (ti-1) + Si* (85-1) S (Fi-1)

and this sum converges to exp(—3 > A3(t; —tj_1)) as n — oo. This completes
the proof. O

Having constructed Brownian motion on [0, 1], we proceed to show that it also
exists on [0,00). Take for each n € N a probability space (Q,,Fp,P,) that
supports a Brownian motion W™ on [0,1]. Consider then Q = [[, Q,, F =
[L, Fn and P =[], P,. Note that these Brownian motions are independent by
construction. Let w = (wy,ws,...) and define then

= Lpnsn)(t (Z Wi (wi, )—i—WnH(wnH,t—n)). (2.10)

n>0 k=1

This obviously defines a process with continuous paths and for all ¢ the random
variable W (t) is the sum of independent normal random variables. It is not
hard to see that the thus defined process has independent increments. It is
immediate that EW (t) = 0 and that Var W (t) =

Apart from standard Brownian motion that we just defined, we will also con-
sider simple transformations of it. Here is a list of processes that we will often
encounter. We always use W to denote standard Brownian motion.

Brownian motion with variance parameter o2 is the process ¢W. Brownian
motion with linear drift is a process X with X (t) = bt + oW (¢), where b and
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o are real constants. Note that also X has independent increments and that
EX (t) = bt and Var X (t) = o>t.

Very important in this course is geometric Brownian motion. This is a
process S with S(t) = exp(X(t)), where X is a Brownian motion with drift, as
we just defined it. Different from Brownian motion, here the ratios S(t)/S(u)
(t > u) are independent from the past of the process before time u. Moreover
we have (this is Exercise

E S(t) = exp(bt + %0215) (2.11)

Var S(t) = exp(2bt + ot)(exp(c?t) — 1). (2.12)

2.3 Properties of Brownian motion

Although we have defined Brownian motion as a process with continuous paths,
the paths are very irregular. For instance, they are (almost surely) of unbounded
variation over nonempty intervals. It is possible to prove this directly, but it
is also a rather simple consequence of Proposition [2.6, The content of this
proposition is that Brownian motion is of bounded quadratic variation. Let us
introduce some notation. Consider an interval [0,¢] and let II,, = {tg,...,t} }
be a partition of it with 0 = ¢ < --- < ¢}’ =t and denote by p,, its mesh:

po = max{t? — 7 i =1, ka}. Let V2= 35 (W) — W(tr_,))2.

Proposition 2.6 If u, — 0, then E(V,;? —t)? — 0. If moreover - jn < 00,
then also V.2 — t a.s.

Proof V;? is the sum of squares of independent random variables that are
N(0, 5 —t7_)) distributed. Hence E(W (t7) — W (t7_,))* =t} — 7, so that
EV2 = t. Moreover Var V2 = S0 Var (W(t7) — W(t2_,)? = 235 (17 —
t% 1)? and this is less than or equal to 2y, E?ll(t? —1}_1) = 2unt. This proves
the first assertion of the theorem. Note that by Chebychev’s inequality we also
have V,2 — ¢ in probability. Indeed P(|V,2 —t| > &) < L VarV;2 — 0.

To prove almost sure convergence we use the Borel-Cantelli lemma (again).
With E,, = {|V,;2—t| > ¢} we have under the stipulated condition } .- | P(E,) <
oo and hence P(limsup E,,) = 0, equivalently P(liminf E¢) = 1. Since for every
w € liminf E,, we can find N(w,e) such that for all n > N(w,e) we have
|V.2(w) — t| < &, which completes the proof. O

Corollary 2.7 With V! = Zf;l [W(t?) — W(t?_,)| we have V] — oo a.s., if
tn — 0.

Proof This follows from Exercise [2.10 O

We can also say something more precise about the continuity of the sample
paths of Brownian motion.
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Proposition 2.8 The paths of Brownian motion are a.s. Holder continuous of
any order v with v < %, i.e. for almost every w and for every v € (0, %) there
exists a C > 0 such that |W(w,t) — W(w,s)| < C|t — s|” for all t and s.

Proof (Exercise [2.12)). Use that [S{(t) — S7*(s)| < 22(m=D|t — 5| and an
2.9)

inequality similar to (| . O

Having established a result on the continuity of the paths of Brownian motion,
we now turn to the question of differentiability of these paths. Proposition [2.9
says that they are nowhere differentiable.

Proposition 2.9 Put D = {w : t — W(w,t) is differentiable at some s €
(0,1)}. Then D is contained in a set of zero probability.

Proof Let A;;(s) be the set
{w: |W(w,s+ h) —W(w,s)| <j/k, for all h with |h| <1/k}

and Aji = U;e(o,1) 4jk(s). Then we have the inclusion D C U, Aji- Fix j,
k and s for a while, pick n > 4/k, choose w € Aji(s) and choose i such that
s € (%, %] Note first for [ = 0, 1, 2, 3 the trivial inequalities %l —s5< HTI < %

The triangle inequality and w € A;(s) gives for [ =1,2,3

i+ i+1-1
|W(w,7)—W(w,T)|
| .
< W, D) W, )] W 5) - W, )
I+1. 1. 2l+1,
<—j+-j= j.
n n n

It then follows that

" i+ i+l—1 2041 |
Ajko ﬂ {w:|W(w7T)—W(w7 - )| < - jt. (2.13)
i=110=1,2,3

We proceed by showing that the right hand side of this inclusion has probability
zero. We use the following auxiliary result: if X has a N(0,0?) distribution,
then P(|X| < z) < z/0 (Exercise[2.13). By the independence of the increments
of Brownian motion the probability of the intersection in is the product of
the probabilities of each of the terms and this product is less then 1055%n=3/2,
Hence P(Ajx) < 1055%n~1/2 which tends to zero for n — co. The conclusion
now follows from D C (J;; Aji. O

All the above results are on properties of the paths of Brownian motion. We close
this section by mentioning that Brownian motion has the important property
of being a Markov process.
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Proposition 2.10 Let t,h > 0 and suppose that we know W (s) for all s < t.
The conditional distribution of W (t 4+ h) given all W(s),s < t is the same as
the conditional distribution of W (t + h) given W (t) only and it is determined

by
x — W(t)
Vh

Proof This fact is a straightforward consequence of the independent increments
property of W. Write W (t+ h) as the sum of the independent random variables
W(t+h)—W(t) and W(t) and recall that W (t + h) — W (¢) is also independent
of all W(s) with s < t. Since W (t+h) — W (t) has the same distribution as vhZ
with Z a standard normal random variable (with distribution function ®) we can
compute, exploiting the mentioned independence and using Proposition (iv),

P(W (t + h) < 2|W(s),s < t) = B ).

P(W(t+h) <z|W(s),s <t)=

P(W (t+h) —W(t) <a—W(E)|W(s),s <t)= q)(x—\g(’f))

In the same way we have P(W(t 4+ h) < a|W(t)) = @(x_\%(t)). The assertion

follows. O

Proposition has as a consequence that all conditional expectations of func-
tions of W (t 4+ h) given W(s), s < t reduce to conditional expectations given
W (t).

2.4 Exercises

2.1 Show that the random variable Z on page[17 has a normal distribution with
mean zero and variance equal to %(s +1).

2.2 Prove inequality ([2.8).

2.3 Prove the following part of the Borel-Cantelli lemma:

If (Ay) is a sequence of events with Y p- | P(Ax) < oo, then P(limsup Ax) = 0.
Hint: With V,, = UkZm Ay the sequence (V) is decreasing and for all N it

holds that P(limsup Az) < P(N_; Vin)-

2.4 Show that C]0,1] is a complete normed space under the sup norm. (Use
completeness of R.)

2.5 The Haar functions form a Complete Orthonormal System in L?[0,1]. Show
first that the Haar functions are orthonormal. To prove that the system is
complete, you argue as follows. Let f be orthogonal to all Hy , and set F' =
Jo f(u)du. Show that F is zero in all t = k27", and therefore zero on the whole
interval. Conclude that f = 0.
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2.6 Let (X,,) be a sequence of random k-vectors that in L2-sense converge to a
random vector X. Show that EX,, — EX and Cov(X,,) — Cov(X).

Assume then that all X,, are (multivariate) normal. Show that also X is (mul-
tivariate) normal. What are the expectation and the covariance matrix of X?

2.7 Consider the processes W™ of Section Let t1,...,t; € [0,1]. Show
that the sequence of random vectors (W/y,..., W) in L2-sense converges to
(Wiys ..., Ws,). (Hint: this sequence is Cauchy in L?. Identify the limit.)

2.8 Show that the increments of the process W defined by Equation (2.10]) are
independent.

2.9 Show the validity of equations (2.11)) and (2.12)).

2.10 The p-th order variation of a function f : [0,1] — R over a partition
IT = {to,...,tn} of [0,1] with 0 = ¢ty < ¢ < ... < ¢, = 1 is defined as
VP(fiI) =30 [f(t) — f(ti—1)|P. Put VP(f) = lim VP(f;1I), where the limit
is taken over partitions with mesh tending to zero.

Prove: if f € C[0,1] and Vpgf) is positive and ﬁni/te for some p > 0, then for
every p’ < p the variation V? (f) = oo, whereas V? (f) = 0 for every p’ > p.

2.11 Give a simple example of a function f such that 0 < VP(f) < oo (cf
Exercise [2.10) for all p > 0.

2.12 Prove Proposition |2.8

2.13 Show that for a random variable X with a N(0,0?) distribution it holds
that P(|X| < z) < z/o, for x,0 > 0.

2.14 Let X be a Brownian motion with linear drift, X (¢) = bt + oW (t). The
quadratic variation of a process X over an interval [0,7] will be denoted by
(X7, defined as the limit in probability of the V,2 = Z?;l(X(t?) - X(t7_1))%,
just as at the beginning of Section Show that the quadratic variation (X )r
of X over [0,T] is equal to 02T = o?(W ).
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3 The heat equation

The heat equation, the subject of this section, is intimately related to Brownian
motion. We show some connections, that prove to be useful in later sections. We
do not give proofs of all results, this would carry us to far away from the subject
of this course. For this we refer to a course on Partial Differential Equations,
although there are also proofs that use advanced probabilistic techniques instead
of ordinary analysis.

3.1 Some theory

Knowing that W (¢) has a N(0,t) for distribution ¢ > 0 if W is a Brownian
motion, we can write down the density p(¢,-) of W(¢). It is given by

(t,2) = —2— exp(

, &) = ——=exp(——
b V2t P
Computing the partial derivatives of p we can verify that p satisfies a partial
differential equation, the heat equation. For all x € R and ¢t > 0 we have

ou 10%u

a(um) = iﬁ(t’x) (3.1)

We will encounter many partial differential equations below that are based on
the heat equation, so it is important to study properties of solutions of this
equation.

Let f be a sufficiently well behaving function (below we make this precise)
and define u(t,x) = Ef(W(t) + ). Then we readily see that u(0,z) = f(x).
Moreover, we have for ¢ > 0 the explicit formula

u(t, x) / f(2)p(t,z — z)d=. (3.2)

Now suppose that it is allowed to interchange integration and (partial) dif-
ferentiation in Then we obtain Z¥(t,z) = [7 8” ,x — z)dz and

812 f f 612 — z)dz. Frorn these expressions for the partial
derivatives of u we see that also u satisfies the heat equation. Clearly, a rig-
orous mathematical treatment involves a precise condition on f. Here it is.

Condition 3.1 The function f is a Borel-measurable function and for some
a > 0 the integral [~ exp(—az?)|f(z)|dz is finite.

Proposition 3.2 Let f satisfy Condition and let u : [0, %) xR — R be
defined by u(t,z) =Ef(x + W(t)). Then u has partial derivatives of all orders
on (0,5-) x R, that can be obtained by differentiation under the integral sign
and u satisfies the heat equation. If moreover f is continuous at x, then u is
continuous at (0, x).
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Proof Since we are mainly interested in showing that u satisfies the heat equa-
tion, we only consider the corresponding derivatives, for other derivatives the
proof is similar. Fix 8, > 0 and let t; = 1/2(a +¢), 0 < tog < t;. Let
E = (to,t1) x (=0, 8). First we compute the partial derivatives

Op 1, 22

a(a ):2(t2 t)p(tax)
%( ; )77%17(157'75)

2 22
O (10) = (5~ it )

Note that there exists a constant C' = C(a, ¢, tg), such that all these derivatives
are bounded in absolute value by C(x? + 1)p(t,z) for all t > ty. Let q(t, )
denote any of these partial derivatives and consider

|f(W)at,z —y)| < ClFW)I((x — y)* + p(t,z —y)
= C|f(y)| exp(—ay®)x
((x —y)* + 1) exp(ay®)p(t,x — y). (3.3)

Let’s concentrate on the last factor in . We will show that it is bounded
for all y € R and (t,z) € E.

First we have ay? — % <ay?—(a+e)(z—y)? = —ey®—(a+e)z? +2(a+
e)xy < 2(a+e)Bly|—ey?. From this we obtain that ((z—y)2+1) exp(ay?)p(t,x—
y) is bounded by a constant D say, on the indicated domain. Hence |f(y)q(t, z—
y)| < CDexp(—ay?)|f(y)|, which is integrable in virtue of Condition We
then obtain that (¢,z) — [ f(y)q(t,z — y)dy is continuous in (¢,z) on E by
the dominated convergence theorem, and then also on (0,1/2a) x R by letting
B8 — oo and e, tg — 0.

Let us now focus on the partial derivative of u w.r.t. . By the mean value

theorem we have with ¢ = %,
1 o0
pulta )~ uta) = [ falt,n(t.2) ~ v)d, (3.4)

with 0 (t, z) between x and = + h. Letting h — 0 and invoking the just proved
continuity result of the integral in (3.4), we obtain

%(tl‘) = /_O; fWa(t,z —y)dy,

which is what we had to show. The analogous results for the other derivatives
can be derived similarly.

We now show the continuity of w in (0, z¢), where z( is a continuity point
of f. Assume without loss of generality (why?) that f(z¢) = 0. Fix € > 0, then
there is 6 > 0 such that |f(y)| < e for |y — x| < §. We will show that |u(t, )]
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is small for ¢ < 1/2a and z € (zo — 16,20 + 30). Obviously we have

To—0 oo

F@)lp(t,z - y) dy + / F@)lp(t.z — ) dy. (3.5)

10+5

fut, z)] < g+/
We treat the latter integral in detail, the other one can be dealt with similarly.
So as:,ume that ¢ < 1/2a. Write it as \/%72” f;:H |f(y)] exp(—ay?) x exp(ay? —
%) dy and look at h(y) = ay?® — % For t < 1/2a this terms is maximal

at Yo = 7-5; — 2. For small enough ¢ we have yo < xo + %6, which lies

outside the integration interval. Hence it follows that for y > zg + § we have
2
that h is maximal at xo + § with value a(xo +J)? — W which is less than

a(zo + 6)% — ‘;—i. Hence the integral we are interested in can be bounded by
[ 1f(y)| exp(—ay?) dy times exp(a(zo +6)?)p(t, $6) which tends to 0. The other
integral in (3.5)) can be treated similarly. O

The consequence of Proposition is that every continuous f that satisfies
Condition gives through Equation a solution w of the heat equation
with u(0,-) = f. Two questions arise: are these the only possible solutions of
the heat equation and are solutions unique? The answer is no in general, but by
imposing some regularity conditions on the solution we get what we want. We
state without proof a theorem that gives affirmative answers to these questions.
See also Section [A.7] of the Appendix.

Theorem 3.3 (i) Let u; and us be two functions in C*2((0,T] x R) that solve
the heat equation and such that are such that sup{exp(—az?)|u;(t,z)| : (t,z) €
(0,T] x R} < oo for some a > 0 (i = 1,2) and such that limy gy, ui(t,y) =
limy|o,y—sq u2(t,y) for all x. Then uy and uy coincide.

(ii) Let u be a nonnegative function in C*2((0,T) x R) with 0 < T < oo
that solves the heat equation and assume that for all x € R the limit f(z) :=
limy o,y u(t,x) exists. Then w has for t > 0 the integral representation
ut,x) = [Z° f(y)p(t,z —y) dy.

The first assertion of Theorem [3.3]is proved in the Appendix, Section[A.7} Also
the second assertion of the theorem is of importance for us, since we will mainly
deal with nonnegative solutions of the heat (and related) equations. It says that
(under the given conditions) every positive solution to the heat equations is of
the form u(t,xz) = Ef(z + W (t)) with W a Brownian motion. As a side remark
we mention that a similar statement holds for bounded solutions.

Next to the heat equation we will also consider the backward heat equation

Ov 1 0%

S (ta) + 555 (k) = 0. (3.6)

We then have the following corollary to Theorem [3.3]

Corollary 3.4 Let v be a nonnegative function in C12((0,T) x R) with 0 <
T < oo that solves the backward heat equation and assume that for all x € R the
limit limyqp y—q u(t,y) =: f(x) exists. Then v has the integral representation

o(t,x) = [ flz+y)p(T —t,y)dy.
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Proof Simply define u(t,z) = v(T —t,2) (T is finite here!) and apply Theo-
rem 3.3 O

The probabilistic interpretation of solutions v of the backward heat equation is
v(t,x) =E f(x+W (T —t)). But, because W (T —t) has the same distribution as
W(T)—W (t) we can also write v(¢t,z) = E f(z+W(T)—W (t)). But then, using
part (iv) of Proposition we can also write v(t,z) = E [f(Wr)|W; = z]. We
will come back to this interpretation of v later on.

3.2 Exercises

3.1 Let f be a bounded continuous function. Let u be as in Equation (3.2).
Show (not referring to Proposition that lim, o u(t, ) = f(z) by application
of the bounded convergence theorem.

3.2 Let u be given by (3.2). Show that under the conditions of Proposition
we have ug(t,z) = [7 f Ype(t, x — y) dy.

3 3 The polynomials in two variables H (t,x) (n > 0) are defined by H,,(t,z) =
8an exp(ax — $0%t)|a—o. Show that 2 H,(t,x) = nH,_1(t,z) for n > 1 and
that the H, Satisfy the backward heat equation.

3.4 Let f(z) = exp(y2?). Compute u defined by Equation (3.2) explicitly.
For which points (¢,z) is u(t,x) well defined? Check that your answer is in
agreement with Proposition Is u a solution to the heat equation?

3.5 Let v € C12(R* x R?) and define u by u(t,z) = v(t,e®2°°t). Suppose that
v is a solution of

1
ve(t, ) + 5023021)”(@ x) =0. (3.7
Show that u satisfies
1
ue(t, ) + iazum(t, x) =0. (3.8)

Conversely7 let u be a soiution of (3.8] . For x > 0 we put v(t,z) = u(t,logx +
o?t). Show that v satisfies

3.6 Suppose that the function v satisfies

ve(t, x) + %Ungvm(t, x)=0 (3.9)
Define w(t,xz) = v(t,ze~"")e". Show that w satisfies

we(t,x) + %G%me(t, x) + raw,(t, ) — rw(t,xz) = 0. (3.10)
Conversely, if w is a solution of and v(t, ) = w(t,ze"™)e™ ", then v is a

solution to (3.9). Remark: Equation (3.10]) is called the Black-Scholes partial
differential equation, to which we will return in later sections.
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3.7 Let W be a standard Brownian motion on a probability space (2, F,P),
a € R and let the process X be defined by X; = at + W;. Assume that f,
a measurable function on R, satisfies Condition Define v by v(t,z) :=
Ef(x + X¢). Show that v has all the properties of the function w mentioned
in Proposition [3.2] except that v satisfies the partial differential equation v; =
av, + %vm.

3.8 Let p = \/% exp(—2?/2t). Show that all partial derivatives of p satisfy the
heat equation. Is this in agreement with Theorem [3.3]?

3.9 Let w(t,s) be given by (1.27). Show by direct computation that w is a
solution of (3.10)) (with z replaced by s) and compute lim;_,7 w(¢,s). Hint:

Show and use ¢(dz) = = ¢(d1) exp(r(T —t)) and 9% = & 4 Lo(T —)=1/2,
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4 Girsanov’s theorem in a simple case

Having defined Brownian motion with drift at the end of Section we study
in this section in some detail how distributional properties of this process change
under an absolutely continuous change of probability measures.

4.1 Measure transformations and Girsanov’s theorem

Assume that on a probability space (2, F,P) a standard Brownian motion W
is defined and we consider the process X given by

X(t) =z + at + oWs, (4.1)

where z( is a given real number (the initial value of the process X) and a and
o other real constants. It follows from the properties of Brownian motion, that
for t > s the increments X (¢) — X (s) have a normal distribution with mean
a(t — s) and variance o(t — s). Moreover, the increments over disjoint intervals
are independent.

Since the paths of X are, like those of W, continuous functions, the process
X induces a probability measure, also called the law of the process, on the space
C[0,T] of continuous functions on [0,T], where T is some fixed terminal time.
Of course we also need a o-algebra on this space, we take the Borel o-algebra
that is induced by the sup norm. Clearly, the law depends on a and o?. What
can we say of the relation between these laws, if we let the parameters a and o
vary? We will see that for fixed o2 the laws for varying a are equivalent, and
for varying o they are mutually singular. Let us define this terminology.

Let LY be the set of all nonnegative random variables on a measurable space
(Q,F). If (2,F) has two probabilities P and Q defined on it, we say that Q
is absolutely continuous w.r.t. P, which is denoted by Q <« P, if there exists a
random variable Z such that P(Z > 0) = 1 and such that

EqX =EpZX, for all X € LI. (4.2)

where Eg denotes expectation under the probability measure Q and Ep denotes
expectation under the probability measure P. For Z we also use the notation
%. Note that necessarily we have EpZ = 1 (take X = 1). Every random
variable Z with EpZ = 1 can be used to define a new probability measure Q
through Equation , by taking X equal to the indicator of an event.

Let us also observe that Q(Z > 0) = 1, because Q(Z = 0) = Epl{z_¢}Z =
Ep0 = 0. IsP(Z > 0) = 1? In general not, see Exercise[1.2] Butif P(Z = 0) =0,
then we also have P <« Q and dP/dQ = 1/Z. Indeed, since IP(Z% =1)=1we
have EpX = EpZ(£X) = Eg-X. Two measures P and Q on (€2, F) are called
equivalent if both P < Q and Q < P.

Note that if Q < P, then Q(F) = 0 if P(F') = 0 (take X = 1p). It is a
main result (Radon-Nikodym theorem) in measure theory that also the converse
is true. For this theorem we refer to a course in measure theory, although it is
simple to prove it for discrete probability spaces, see Exercise [£:4] The random
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variables % and % are called Radon-Nikodym derivatives.

We will attack the following problem. Let X as above, X (t) = at + W (t) (we
take g = 0 and ¢ = 1), defined on a probability space (£2, F,P). Can we find a
probability measure Q such that Q <« P and such that X becomes a Brownian
motion under the probability Q? The answer is yes, and we will show how to
do this under the limitation that we restrict the time set to a bounded interval
[0,T].

We will use in the remainder of this section the filtration F = FW and the
o-algebra Fr. Define the random variable

Z(T) = exp(—aW (T) — %a2T). (4.3)

Clearly we have Z(T') > 0 and moreover EpZ(T) = 1 (see Exercise|A.2)). Hence
we can use Z(T') to define a new probability measure Q on Fr by

@(F) = E[P].FZ(T) for all F € Fr. (44)

Let us investigate some more properties of Z(T'). Let ¢ € [0, T] be arbitrary and
write

Z(T) = Z(t) exp (—a(W(T) _ W) - %&(T - t)> ,

with Z(t) = exp(—aW(t) — 3a*t). Note that Z(t) is Fi-measurable. From
properties of the normal distribution (Exercise again) we obtain

Ep exp(—a(W(T) — W(t)) — %aQ(T —t)) =1

Note also that exp(—a(W(T) — W (t)) — 1a*(T — t) is independent of F; by
the property that Brownian motion has independent increments. Hence, using

properties of conditional expectation (Proposition [A.6)), we get
1
Es[Z(T)| ] = Z(8)Eplexp(—a(W(T) = W(t)) - 50*(T = t)|Fi]
= Z(t). (4.5)

Equation (4.5)) tells us that the process {Z(t) : t € [0,T]} is a martingale (w.r.t.

Suppose that we want to play the same game, finding a new probability measure,
but now on F; instead of Fr. We can do this by copying the above approach and
work with Z(¢) as a Radon-Nikodym derivative. Let us say that this gives us a
probability ;. Instead, we could also simply restrict Q to the smaller o-algebra
Fi, call the restriction Q|;. The two approaches turn out to be equivalent:

Proposition 4.1 The two probabilities Q; and Q|; on F; are the same.
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Proof Exercise .7 O
We know that EpW (T') = 0, but what is EgW (T')? We have
EqW(T) = Ep[W(T)Z(T))
= B (W (T) exp(~alV (7)) exp(~5°T)
= —aT,
because

Ex (W (T) exp(~alV (1)) = ~aT exp(3a°T),

which follows from Exercise 4.5l Using the same arguments that led us to the
result of (4.5), we can also compute EqW (t) = —at (Exercise[4.6). We conclude
that under the measure Q the process W is not a Brownian motion, since we
get nonzero expectation. To remedy this problem we could consider the process
W@ defined by

WQ(t) = W(t) + at, (4.6)

at least it has expectation zero. As a matter of fact we have the following simple
version of what is known as Girsanov’s theorem.

Proposition 4.2 The process W@ defined by (4.6]) is Brownian motion on the
time domain [0,T] under the probability Q defined by (4.4).

Proof We only have to show that the increments of W@ are independent (see
Remark [2.4)) and that W@(¢) — W@(s) has a normal distribution with variance
t — s under the (new) probability Q. We can do both things at the same time
by computing the joint characteristic function of any finite vector with elements
WQ(ty) — WQ(tg_1), k=1,...,n, where ty = 0 < ty,...,< t,. We compute

Ege' S Ak (WO (te) =W (1)) —

Ep[ef i A (W () =W teo1)) g=a S (W (8) =W (te-1) = a® Ty (e —tu-1)],

by Proposition Use now the definition of W and a bit of rearranging the
terms in the exponential to see that the last expectation becomes

EpeXr (iMe—a) (W (te) =W (te-1) o 32 (aide— 3 a*) (tr—t—1)
But under P the increments of W are independent and the computation of
the expectation of the product reduces to the computation of the product of

the expectations. Using that for a complex number z and N(0,0?) distributed
random variable X one has Ee*X = ¢35°7” we get

]E]P,eZk(Mk*a)(W(tk)*W(tkfl) — Epe% Zk(Mk*a)z(tk*tk—l)_
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We finally conclude that

EQei S A (WO(tr)—W(th_1)) _ e_% >k )‘i(tk—tk—l)_ (4.7)

From Equation (4.7)) we deduce the independence under Q of the increments of
W and normality with the right parameters (see also Section [A.2)). O

Proposition 4.2 has the following

Corollary 4.3 Let X be the process, defined on a probability space (2, F,P),
given by X (t) = at+ oW (t), where W is Brownian motion (w.r.t. P). Define the
probability Q on (Q, Fr) by 32 = Z(T) = exp(—yWr — 34°T), with v = *2.
Then X (t) = bt + oWQ(t), where W is a Brownian motion under Q on [0,T].

Proof Exercise [4.8

Remark 4.4 It is possible to show that the probability measure Q of Corol-
lary is the unique probability measure such that X can be written as
X(t) = bt + cW(t), where W is a Brownian motion under Q. Hence, also
the Z(T') of this corollary is the unique random variable that gives a new prob-
ability measure QQ such that X has this representation.

What we have seen here is that the absolutely continuous measure transforma-
tions change the drift parameter of the process X, but not the parameter o.
Can we also make a measure transformation, such that o changes into another
parameter, 7 say, so that if X(¢) = at + cW?F(t) with WF Brownian motion
under P and so that X (t) = bt + 7W< with W< Brownian motion under Q?

Suppose that the two above representations of X hold with ¢ > 0 and
7 > 0. We have seen in Exercisethat for X (t) = at +oW¥(t) the quadratic
variation of X over an interval [0, T is almost surely equal to 0T, so P((X)7 =
0?T) = 1. Similarly, we have Q((X)7 = 72T) = 1. Hence, there is set E € Fr
(namely E = {(X)r = 02T}), such that P(E) = 1 and Q(E) = 0. If such
a set can be found (as it is the case here), the measures P and Q are called
mutually singular, the extreme opposite of being absolutely continuous w.r.t. to
each other.

Equation (4.2)) tells us how to express expectations under a new probability
measure QQ in terms of expectation under P. Do we have a similar device for
conditional expectations?

Proposition 4.5 Let Q be defined by on Fr. Let X be a Fp-measurable
random variable such that Ep|X|Z(T')| < co. Then

ol |7 = 2o, (48)
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Proof We will repeatedly use properties of the conditional expectation, see
Section (A.4| of the Appendix. Let F € F;. We compute

Ep (1pEp[X Z(T)|Fi]) = Ep (1p X Z(T))

=Eq (1rX)

= Eq (1rEq[X|F])
(

= Ep (1rZ(t)Eq[X|F4]) ,

where we used Proposition in the last equality. Comparing the extreme
sides of this chain of equations, which holds for any F' € F;, we conclude that
Ep[XZ(T)| 7] = Z(t)Eq[X|F]. 0

Note that we can write Equation (4.8)), with Z(T") as in (4.3)), in the equivalent
form

Eg[X|F] = Ep[Xe oW T)-W(0)| £,]e= 507 (T—1), (4.9)

4.2 Exercises

4.1 Show that Brownian motion is a martingale w.r.t. its own filtration.

4.2 Take Q = {1,2,3} and P the uniform probability measure on this set and
let Q be such that Q({1}) = Q({2}) = 1. Show that Q < P and determine the
Radon-Nikodym derivative of Q w.r.t. P. Show that P(Z > 0) < 1

4.3 Let Q and P be two probabilities on a measurable space (€2, F) and assume
that Q@ < P. Show that EpZ = 1 (Z as we used in Equation (4.2))).

4.4 Let Q = {wy,wa, ...}, F the power set of Q and P and Q be two probabilities

n (Q,F). Let Q = {w e Q: P({w}) > 0}. Assume that Q(F) = 0 as soon
as P(F) = 0. Then in particular Q({w}) = 0 if w € Q°. Define Z(w) =
Q({w})/P({w}) for w € Q and zero otherwise. Show by direct computation that
Eq@X = EpXZ for all nonnegative random variables X.

4.5 Let Z be N(0,7%) distributed. Show that for all @ € R the equality
E(Zexp(aZ)) = ar exp(1 272) holds.

4.6 Let IV be a standard Brownian motion on a probability space (§2, F,P) and
let for every ¢ € R F; be the o-algebra generated by W(s) with s < t. Put
Z = exp(—aW (T) — 2a®T) for a certain T > 0. Let Q be the probability on
Fr defined by dQ/dP = Z. Show that EqW (t) = —at for t < T and that

Eo[W(T)|F:] = W(¢t) — a(T — t) by using Proposition

4.7 Prove Proposition {4.1| by writing Z(T) = Z(t) exp(—a(Wr — W) — 3a*(T —
t)) and exploiting the independence (under P) of the increments of W.

4.8 Prove Corollary
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4.9 Let W be a Brownian motion under P and define Q by (4.4). Show that
(4.9) follows from (4.8]).

4.10 Let €4, ...,e, be random variables that under a probability measure P are
independent and standard normally distributed. Let pq,...,u, and o1,...,0,
be real numbers and Y; = p; + 0465, ¢ = 1,...,n. Assume that under a
probability measure Q the Y; become independent with each a N(0,02) dis-
tribution. Show that the likelihood ratio (or Radon-Nikodym derivative) % =

exp (= X0, Be - § 00, (4)2).

411 Let 0=ty <t; <--- <tp, =T and a(t) = > 1" a;ly,_,+,](t). Let W be a
standard Brownian motion on a probability space (2, F,P) and X be a Brownian
motion with piecewise constant drift defined by X (¢) = fot a(s)ds + oW (t).

_ A . — N 1 (T a®(s)
Let AW, = W(t;) — W(ti—1) and Z = exp (= AW; — 5 ds).

i=1 o 0 o?

Define Q by % = Z. Argue that under Q the process X becomes a Brownian

motion on [0, T] with variance parameter o2
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5 Black Scholes market

We have established in Proposition the (finite dimensional) limit distribu-
tions of the Cox-Ross-Rubinstein model. Let us recall what we found. The limit
stochastic variables S(¢x) were such that the increments of the log-price pro-
cess log S(t) became independent and moreover the distribution of log S(ty) —
log S(t—1) was normal with mean (r—302)(tx—t—1) and variance o (ty —tj_1).
Having in mind the distribution of a Brownian motion with drift X that is given
by X (t) = o + at + oW (t) (see the end of Section 2.2), we postulate the fol-
lowing model for the log-price process under the equivalent martingale measure

Q.
1
log S(t) =logs+ (r — 502)75 +oWQ(1), (5.1)
where WQ is a Brownian motion under the probability measure Q.

5.1 Models with equivalent measures

Let us first explain (in this context) the term equivalent martingale measure as
we used it above. With the exposition of Section [I] in mind, it should be the
case that the discounted price process S is a martingale. Since the discount
factor at each time ¢ is the bond price B(t) = e, we get from Equation
that

S(t) = sexp (oWQ(t) - ;UQt> . (5.2)

We have seen in the discussion of Girsanov’s theorem, that this indeed gives a
martingale and therefore talking about an equivalent martingale measure thus
makes sense. What about equivalent?

Recall from Section [l| that in the CRR set up, the probability measure
Q was an artefact, useful to compute prices of financial derivatives, but the
‘physical’ measure, P say, that attributes the ‘real’ probabilities to up and down
movements of the stock price may be very different. Nevertheless we assumed
equivalence of these probability measures in the sense that price paths that
had positive probability under one measure had positive probability under the
other as well. In the present context we therefore look for any other probability
measure P that is equivalent to Q and we wonder how such a measure equation
will change (5.1). The solution of this problem can be obtained by application
of Girsanov’s theorem, as we discussed it in Section @l So we conclude from
the results of that section that any other ‘physical’ probability measure PP that
gives log S a constant drift parameter (different from r — %02) is equivalent to
Q, when restricted to Fp, with the T the terminal time. Here we take Fr to
be the smallest o-algebra that makes the W(s) (s < T') measurable functions
on ). For t < T we have a similar definition of F;. Note that Fr is also the
smallest o-algebra that makes all S(t) (¢t < T') measurable functions (why?).
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Let us note that any other probability measure that gives log.S a constant
drift can arise as the limit of discrete time processes in the way we treated this
subject in Section Indeed, replacing the ¢, (N) that we used there with a

1_2
probability p,(N) = % eventually leads to a limit process S that
can be represented as log S(t) = log s + at + cWF(t).

There are however many more probabilities that are equivalent to Q. It
follows from Exercise [£.11] that also a probability measure P under which log S
has a piecewise constant drift is equivalent to Q. It is a theorem that the
piecewise constant functions are dense in L?[0, 7] and this enables one to prove
that any probability measure P that is such that

log S(t) = log S(0) + /ota(s) ds + WP (1), (5.3)

with @ € L%[0,T] and WF, a Brownian motion under P, is equivalent to Q
when restricted to Fr. We don’t discuss the details of this result at the present
stage. One of the reasons is that with the tools that we have developed so far, it
is unclear how the Radon-Nikodym derivatives dP/dQ and dQ/dP would look
like. We come back to this point later. For now it is sufficient to work with
probabilities P under which we have Equation and to know that these
probabilities are equivalent to Q when we work with a fixed time horizon T.
Together with the bond price process B given by B(t) = exp(rt) we are in the
framework of the Black-Scholes model. The two equations for S and B are then
said to describe the Black-Scholes market.

As a final remark to this section we mention that there are still many other
probability measures P, equivalent to Q. Under these other measures Equa-
tion will change in the sense that also certain random functions a are
allowed.

5.2 Arbitrage

As in Section [I) we will consider portfolios that consist of a certain real number
of stocks and a certain real number of bonds. The portfolios will be dynamic
and therefore the numbers of stocks and bonds depend on time. For each fixed
time ¢ they are allowed to depend on the behavior and values of the stock price
prior to t, but not on the future stock prices after ¢. Denoting (at time t) these
numbers by z; and y; we thus have that they are in fact random variables and
the portfolio process (z,y) is thus a bivariate stochastic process. The value of
the portfolio at time ¢ is denoted by V (¢) and obviously

V(t) = z.5(t) + y. B(t). (5.4)

We will also work with the discounted values of stochastic processes. Like in
Section (1} we write Y for the discounted version of a process Y and it is defined
by Y(t) = Y (¢)/B(t) = Y(t)e~". In particular we use the discounted value V' (¢)
of the portfolio, which is of course

V(t) = 2.5(t) + . (5.5)
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Let us for a while agree on the following definition (in the spirit of Exercise
of what we will call a martingale portfolio. It is such that the discounted value
process V is a martingale under the measure Q. In the discrete time setting a
martingale portfolio was a self-financing portfolio and vice versa (Exercise .
This is no longer true in the continuous time case (see Exercise . But still
we are able to give an expression for the value process V' of this portfolio. By
definition we have V(t) = Eq[V(T)|F:] and thus V(t) = e "T=NE[V(T)|F].
Conditional expectations of this type have been analyzed in Section |3] where we
used partial differential equations with a boundary condition at time 7', which
could be cast as V(T') = f(W(T')). So we can apply the results of that section
as soon as we can formulate a boundary condition as a function of W (T"). This
will be done in Section

We aim at a definition of self-financing portfolios and we let us inspire by re-
sults of Section [l more precisely by the considerations that led to equations
and . Whereas in Section We emphasized the value process, here we turn
our attention to the structure of the self-financing portfolio process.
We set r = 0 in the motivation below of the definition of a self-financing port-
folio. Consider first an arbitrary portfolio in discrete time with value process
V. Let us introduce the notation V,,(u) as the value of V,, if S,, = S,,_1u, V,.(d)
likewise and, similarly, we write S, (u) = Sp,_1u and S, (d) = S,_1d. Since z,
and y,, don’t depend on the value of S,, we have the two identities

Vn(u) = ann(u) + Yn
Vi(d) = 20Sn(d) + .

We introduce the difference operator D, that applied to V;, by definition results
into DV,, = V,,(u) — V,,(d) and applied to S, results in DS,, = S,,(u) — S, (d).
Now we can write
DV,

- DS,’

Zn (5.6)
Recall that for » = 0 a portfolio in discrete time is self-financing iff its value pro-
cess V' is a martingale under the equivalent martingale measure Q (Exercise.
Suppose that we have a self-financing portfolio such that its terminal value Vy is
a function of Sy, Vy = f(Sn), say. Then we have V,, = Eg[f(Sn)|So0, -, Snl;
which reduces, by the Markov property of S under the probability Q, to a func-
tion of S,, only, V;, = v,(5,) say. We can then write V,,(u) = v,,(Sp—1u) and
Vi (d) = v, (Sp—1d). In this case Equation becomes

Un(Snflu) - vn(Snfld)
Sn—lu - Sn—ld .

Ty = (5.7)
We consider what happens if | 1, d T 1 so that u — d — 0. Assume that we
can extend the domain of the function v, to R and that the derivative v, of v,
exists. Then a Taylor expansion in (5.7)) yields the expression x,, &~ v}, (Sn—1).
This result will be the basis of our definition of a self-financing portfolio in
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continuous time, in particular for a portfolio that hedges a simple claim.

We now turn to the limiting procedure of Section So we take a large
number N and compare the market in continuous time with time horizon [0, T
with the fictitious, or approximating, CRR market with time set {0,..., N},
where N and T are related by NAy = T. Fix a time ¢t € [0, 7] and let n be the
corresponding time instant in the fictitious market, so n = [%N | and we have
tN <t <th,,, with t) = 7.

By Qn we denote the equivalent martingale measure in the N-th approxi-
mating CRR market and, in general, we endow any quantity related to these
market with an index N. Let us now focus on the values V.V = vV (SV). Recall

that we can write these as Eg, f(g—%s) if SN has the value s. Assume for a
moment that f is a bounded continuous function. Then we have from the con-
vergence results of Section that v2 (s) converges to v(t,s) := E@f(%s),
where QQ is now the probability such that Equation holds. Next we re-
place s with supy or with sdy. If v is differentiable in the second variable with
derivative v, we find, parallel to what we did just after (5.7), the approximation
vN (sun) ~ v(t,s) + s(uny — 1)vg(t,s) and a similar one for v (sdy). If ¥
is the amount of stocks at time n in the N-th CRR market, we thus have the

N
N = %]\(ﬁ /2 v, (t, s). The arguments that we used to obtain

approximation x
the last approximation can be made rigorous under suitable assumptions on f,
for instance if f is such that a condition equivalent to Condition holds for
all @ > 0, but this is not our aim. However, it suggests the following definition

of a self-financing portfolio under special circumstances.

Definition 5.1 A martingale portfolio in the Black-Scholes market that is such
that the value process V' can be written as V(t) = v(t,5(t)), is called self-
financing if the amount z; invested in the stock at any time ¢ satisfies the
relation x; = v, (t, S(¢)).

This definition was suggested by a limit procedure under the condition that
the interest was zero. But it is possible to reduce the case of non-zero interest
rate to this case and we will show how to do this. So, we consider a portfolio
with value process V' that is given as V(t) = v(¢,5(¢)). The discounted value
process is then V(t) = o(t,S(t)) and the functions v and v are related by
o(t,x) = e "tw(t,e™x). Observe that in the discounted Black-Scholes market
the interest rate is equal to zero. Suppose that we have a portfolio that is
self-financing in the sense of Definition [5.1] in the discounted market. Then we
know that z; = 0,(t,S(t)). It is now easy to deduce that also z; = v, (¢, S(t))
(Exercise . What this result says can also be stated as ‘a portfolio is self-
financing in the Black-Scholes market iff it is self-financing in the discounted
Black-Scholes market’. One might wonder why the function v in Definition
has a partial derivative w.r.t. the second variable. This is guaranteed by the
results of Section For more details we refer to Section

Knowing what a self-financing portfolio is, we can now define arbitrage port-
folios. A portfolio is an arbitrage portfolio over the interval [0,T] if it is self-
financing and such that V' (0) = 0 with P-probability equal to 1, V(T') > 0 with

38



P-probability equal to 1 and V(7)) is strictly positive with positive P-probability.

Proposition 5.2 The Black-Scholes market is free of arbitrage.

Proof Clearly, the definition of an arbitrage portfolio could alternatively be
stated in terms of the discounted value process instead of the value process.
Since P and Q are equivalent, we also have Q(V(0) =0) =1, Q(V(T) >0) =1
and Q(V(T) > 0) > 0. Suppose that we have a self-financing portfolio. Since
its discounted value V is a martingale under Q, we have in particular V(0) =
V(0) = EqV(T). If Q(V(T) > 0) = 1 and Q(V(T) > 0) > 0 we necessarily
have EgV (T) > 0 so that V(0) > 0. This portfolio is thus not an arbitrage
possibility. O

Having established that the Black-Scholes market is free of arbitrage, we can
adopt the following pricing principle. If we have two financial products that at a
time T give exactly the same payoff, then their fair prices at any time ¢ before T’
are the same. We will use this principle in Section [5.3] when we discuss products
that can be hedged. We thus defined what is called no arbitrage pricing.

5.3 Hedging

Consider a contingent claim (simple or not) whose payoff at the maturity time T'
is equal to X. By definition, X is an Fp-measurable random variable. Assume
that the claim has finite expectation w.r.t. Q. For technical reasons we will
mostly restrict our attention to simple claims X, which are by definition claims
of the form X = F(S(T)), where F is a measurable function on R. Since
below we work with expectations of claims, we also need to impose sufficient
integrability conditions. We will sometimes state these explicitly, otherwise
these are tacitly understood to be satisfied. We say that this claim can be hedged
if there is a self-financing portfolio process (zt,y:) (t € [0,7T]) such that the
terminal value of the portfolio is under Q almost surely equal to X, so V(T') =
X, Q-a.s. This portfolio is called the hedging or replicating portfolio. By the no
arbitrage pricing principle, the fair price of a hedgeable claim at any time ¢t < T
is equal to the value V (¢) at that time of the hedging portfolio. But by definition
of a self-financing portfolio, we know that V(t) = Eg[V(T)|F;]. Hence, with
bond prices B(t) = exp(rt), we get that V(t) = e "(T=OEq[V(T)|F;], so that
the fair price at time ¢ of the hedgeable claim X becomes e~"(T=NEq[X|F;].
This formula is sofar nothing else but a representation. What we aim at
is, if possible, an explicit expression for the fair price. So we need to calcu-
late the conditional expectation explicitly. As a first step we show that the
value process V' of a simple claim can be written as V(¢) = v(¢,S(t)) for
some function v that will be specified later on. What we need to show this,
is that the process S is Markov under the probability Q. This is straight-
forward. Since S(t) = sexp((r — %(7_2)15 + oWQ(t)) and WY is Markov, this
readily follows. Because V (t) = Eg[F(S(T'))|F:], we see that this conditional
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ing v(t,r) = Eg[F(S(T))|S(t) = x|, we obtain that v(t,S(t))
V(t) = e"o(t, S(t)), so that v(t,z) = v(t,ze ")e™.

The next step is to specify the function v or, equivalently, the function .
To that end we introduce the auxiliary function f, defined by

expectation reduces to the conditional expectation Eq[F(S(T))|S(t)]. Defin-
t =

f(z) = e T F(se7H(r=30°)T), (5.8)

We thus have that F(S(T)) = f(WQ(T)). With another auxiliary function
w, defined by w(t,y) = Eo[f(WT))W2(t) = y], we have that w(t,y) =

o(t, sev—27 t) The function w is known to us from Section (3] it satisfies the
backward heat equation (under the appropriate conditions on f). But then we
know parallel to Exercise also which partial differential equation v satisfies
and from Exercise [3.6] the partial differential equation that v itself satisfies. We
conclude this paragraph with the statement that any simple claim F'(S(T")) that
can be hedged is such that the value V'(¢) of the claim at time ¢ can be written as
V(t) = v(t, S(t)), where v is the solution of the Black-Scholes partial differential
equation

1
ve(t, ) + iozx%m(t, x) +rovg(t,x) —ro(t,z) =0, (5.9)

with boundary condition v(T, z) = F(z).

The natural question to ask is now ‘which simple claims can be hedged?’ The
answer is that we can hedge any simple claim F'(S(T)) under certain regularity
conditions on the function F'.

Theorem 5.3 The Black-Scholes market is complete in the sense that every
simple claim F(S(T')) can be hedged, if f defined by Equation @ satisfies
Condition [3.1]

Before proving this theorem we make some comments. The theorem clearly
differs from the analogous statement for the CRR market where every claim,
simple or not, could be hedged. We confined ourselves to the restricted case
of simple claims for technical reasons. It is also true that every claim (subject
to certain integrability conditions) in the Black-Scholes market can be hedged.
This result however requires a rather deep theorem in probability theory (the
Martingale Representation Theorem), which is beyond our purposes.

Proof of Theorem Let F(S(T)) be the claim under consideration. We
have to show that we can find a self-financing portfolio that is such that its
terminal value V(T') is equal to F(S(T)). From the discussion preceding Equa-
tion we know that v(t,z) := e "T"YEq[F(S(T))|S(t) = x] is the solution
of that equation. In particular, v, exists and we can define x; = v, (¢, S(¢)).
With y; = e " (v(t, S(t)) — x,5(t)) we obtain a self-financing portfolio with
value process V() = v(t,S(t)) and the property that v(T,S(T)) = F(S(T)).
This portfolio is thus the hedging portfolio of our claim. O
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5.4 Exercises

5.1 Show that a portfolio is self-financing in the Black-Scholes market iff it is
self-financing in the discounted Black-Scholes market.

5.2 Suppose that a portfolio is such that the value process is not constant and
of the form v(¢, S(t)). Take as an alternative portfolio the one in which z; =0
and y; = v(t, S(¢)). Show that this portfolio is not self-financing.

5.3 Consider the Black-Scholes model and a self-financing portfolio that repli-
cates a non-negative claim. Show that the value process of the hedge portfolio
is non-negative as well.

5.4 Consider the Black-Scholes model and determine the hedge portfolios as
well as the value functions for each of the following simple claims.

(a) F(S(T))=S(T) - K.

(b) F(S(T)) = (S(T) — K)*.

Hint: Reduce the value function to an expectation of a random variable that is
a function of S(T")/S(t). Compute the expectation by using Exercise

(c) F(S(T)) = (log S(T) — K)*.
(d) F(S(T)) = 100 15(7)>100-
(e) F(S(T)) = (S(T)— K)*. Consider first the case r = 0. The price C; of this

claim is then given by
log 7 Sty 10'2(T—t) log — 10'2(T—t)
ovI1 — o1 —

where ® is the distribution function of the standard normal distribution. Use
this result to obtain the expression for C} in the general case.

CtZSt ( )_K( )a
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6 Elementary Ito calculus

The modern theory of option pricing uses the technology and calculus of the
Stochastic (Ité) integral. In the presentation thus far we could circumvent this
theory, although in Section (5| we defined self-financing portfolios in a special
case only and we could not treat hedging of composite claims. It is impossible to
do this without knowledge of It integrals. Let us first go back to the definition
of a self-financing portfolio in discrete time. It was such that, in the notation
that has by now become familiar to us, AV,, = z,AS,. With the limit procedure
of Section in mind we could replace this by the continuous time analogue,
‘differences become differentials’, dV (t) = x,dS(t). Now we are immediately
faced with the question how to interpret this equation, and what is meant by
a ‘differential’ like dV (¢)? If V would be a differentiable function, we could
rely on ordinary differential calculus to give a meaning to this equation. In the
present context it turns out to be the case that we don’t deal with differentiable
functions V and S. Especially for the latter, this is relatively easy to see. If it
were differentiable, the same would be the case with log S. But we have modeled
this as a Brownian motion with (linear) drift under @Q, see Equation .
Brownian motion itself is not differentiable. To get some feeling for this, consider
(W(t+h)—W(t))/h. It has a normal distribution with variance . Hence for
any positive real number N we have that P(|(W (¢t + h) — W(t))/h| > N) =
2(1 — ®(NVh)) — 1 as h — 0. We cannot expect the difference quotient to
have a limit in any reasonable sense.

In all what follows we assume that we work with a probability space (2, F,P)
on which a Brownian motion W is defined. By F; we denote the o-algebra that
is generated by W (s),s < t.

6.1 The It6 integral, an informal introduction

The purpose of this section is to define an integral of a stochastic process a
w.r.t. a Brownian motion W. The integral over a time interval [0,7] will be
denoted by

/0 a(s) dW (s) (6.1)

and will be called the stochastic integral of a w.r.t. W. The form of the ex-
pression reminds us of a Stieltjes, or perhaps of a Lebesgue integral. In
both cases integrals were defined as limits of sums. And this is, in spite of some
subtle differences, the approach that we also follow here, en passant touching
upon the differences between the conventional set up and the present one.

First we define simple processes. We call a process a simple over a fixed interval
[0,T7] if it can be written as

alt) =3 10,0, (62)
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where 0 = 19 < t; < --- < 1, = T and where the a; are JF;,_,-measurable
bounded random variables. The class of simple processes will be denoted by
S. S will be endowed with a norm || - ||, defined by ||a|| = (E fOT a(s)?ds)'/2.
Strictly speaking, this not a norm, since ||a|| = 0 does not imply that a(s) =0
for all s. But by identifying functions whose difference has norm zero (so we
actually look at a quotient space), it becomes one.

For a simple process a there is basically only one proper choice of what the
integral fo s) dW(s) should be. We define it as the sum

T n
| et aws) = Y a,0v() = wits) (6.3)

It is not difficult to show that this integral is independent of the chosen rep-

resentation of a. For ¢t < T we define fo s)dW (s) as fo Lo, (s)a(s) dW (s).
Note that also al(gy is a simple process 1f a is one. Let us write I(a) for the

process defined on [0,7] by I:(a fo (s). We immediately mention
some properties of the thus deﬁned 1ntegral process.

Proposition 6.1 For a € S we have

(i) The process I ( ) isa continuous martingale with expectation zero.
(ii) E (I¢(a) — Ef 2du for t > s.

(iii) B [(1¢(a) — s( )) | Fs] = U; a(s)? ds|Fy].

(iv) It considered as an operator on the space of simple processes is linear and
an isomorphism from S with || - || into £2(Q, F,P).

Proof (i) Without loss of generality we may assume that s and ¢ are among
the ¢;. The martingale property now follows from Exercise Continuity is
obvious.

(ii) follows from (iii), which you do as an exercise by assuming again that the s
and ¢ are among the ;.

(iv) That Iy is linear is obvious. Taking s = 0 and ¢ = T in (ii) gives us

Elr(a)?=E [ a O

Example 6.2 Let the times ¢; be fixed and consider the process W"(t) =
Sy W(ti—1)1@, ,¢,)(t). Application of the definition of the integral results
after some manipulation in

| W aws) = g2 - 5 W) - W) (6.4)

Note that, although piecewise constant, the W™ are not simple, since the
W (t;—1) are not bounded. Nevertheless, the resulting expression is just as cor-
rect as (6.3) for simple processes.

Here we pause for a while in our treatment to outline why we cannot use Stielt-
jes of or Lebesgue integration theory. A main result for Stieltjes integrals is that
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the integral fo s) dW (s) exists for functions a and W if a is continuous and
W of bounded var1at1on. By a partial integration trick, one can show that the
integral also exists if W is continuous and a of bounded variation. This trick is
of no help if we make the special choice W to be a typical path of Brownian mo-
tion and a = W. We have seen in Section [2.3]that the paths of Brownian motion
are not of bounded variation, therefore Stieltjes integration theory is useless at
this point. The same holds for Lebesgue theory. To attach to a function W a
signed measure one again needs this function to be of bounded variation. So
we find ourselves in a dead end street, it seems. Nevertheless we will be able
to find a way out by exploiting the special structure of simple processes, the a;
were required to be F;, ,-measurable, combined with the fact that the paths of
Brownian motion are of bounded quadratic variation and the isometry property
mentioned in Proposition

To define fo s)dW (s) for a wider class of processes we will use a limit proce-
dure. We don’ t treat the most general class of processes for which it is possible
to define the stochastic integral. Since the integrands that we encounter are
mainly such that they have continuous paths or piecewise continuous paths, we
restrict ourselves, next to simple processes, to piecewise continuous integrands.
The following proposition shows that we can approximate piecewise continuous
processes by simple processes.

Proposition 6.3 Let P be the set of piecewise continuous adapted processes
a with ||a|| < co. Then the set S is dense in P w.r.t. the norm || - ||.

Proof Consider first the case where the process a is continuous and bounded.
Let 0 =t < ... < t" =T be asubdivision of [0, T]. Consider the approximating
(adapted) simple processes a™ defined by

n

a” (w7 t) = Z CL((,U, t?—l)l(t;‘_l,t?] (t)

i=1

Since a is bounded, by M say, also the a™ are bounded by M. Furthermore
Since the paths of a are also uniformly continuous (why?), we can find for each
of them and for each € > 0 a § > 0 such that for each subdivision whose mesh
is less than ¢ we have |a(w,t) — a(w,t? ;)| < ¢, if t € (t;—1,t;]. Hence for
such subdivisions we have sup{|a"(¢) — a(t)| : t € [0,T]} < ¢, so that we have
a™(t,w) — a(t,w). Boundedness allows us to invoke the dominated convergence
theorem to establish ||a™ —a|| — 0, which shows the assertion of the proposition
for bounded continuous a. If a is bounded and only piecewise continuous, we
cut up the interval [0,7] in a (finite) union of open intervals (s;—1, s;) on which
a is continuous. Then we can finish the proof as before.

If a is not bounded we approximate a first with the bounded piecewise
continuous function a = aljy<n. Indeed we have |la —aV||* = E fOT la™ (t)

t)?dt=E fo (£)1}a(t)|>n dt, which tends to zero as N tends to infinity by
the dominated convergence theorem. The a¥ we can approximate arbitrarily
well by the previous step. O
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We are now ready to define the stochastic integral fOT a(t) dW(t) for processes
in P. Let a be such a process, and let a™ be a sequence of simple processes such
that [|a™ — a|| — 0. The integrals Ir(a™) are well defined and by linearity we
have E (I7(a™) — IT(a™))? = E I7(a™ — a™)?, which is by the isometry property
equal to ||a™ — a™||?. It becomes arbitrarily small for n, m large enough. This
shows that the I7(a™) form a Cauchy sequence in L£2(Q2, Fr,P), which is a
Hilbert space. Hence the sequence has a limit in this space. We notice that this
limit is independent of the a approximating sequence. For, if we take another
sequence of "™ € S that approximate a, we would also get a limit. By mixing
the two sequences we would get a limit again. But any subsequence of the latter
will then have the same limit, in particular the subsequence consisting of the
Ir(a™) and the subsequence consisting of the I7(b™) that thus have the same
limit. We conclude the construction of the stochastic integral by

Theorem 6.4 For every a € P there exists a random variable It(a) with the
property that ElIr(a)? = ||a||?>. If we define the process I.(a) by I;(a) =
I(aly), then assertions (i)-(iv) of Proposition are still valid. Further-
more, for any sequence (a™) that converges in P to a limit a one also has the
convergence of I(a") to Ir(a) in L2(Q, Fr,P).

Proof In all what follows the a™ are processes in S such that || — al| —
0. We will need the properties that also E (I;(a™) — I;(a))? — 0 and that
EI;(a™)? — EI;(a)? for t < T. First we discuss the continuity property of
I(a). Since all I(a™) are continuous, we expect the same for I.(a). One easily
obtains that E (I;(a) — Is(a))? = E fgt a(u)? du, which implies already some
form of continuity. To get that almost all sample paths are continuous, one
needs results from probability that we don’t discuss here, that imply uniform
convergence of almost all paths of I(a™) to those of I(a).

To show that I(a) is a martingale we prove that E141;(a) = E141,(a) for
all A € Fs. We have

]E].Ajt(a) = ]E].A(It(a) — It(a")) + E ].AIt(an)
=E14(It(a) — I;(a™)) + ElxIs(a™)
=E1a(l:(a) — It(a"™)) + E1(als(a™) — Is(a)) + E14l(a).
Application of the Cauchy-Schwartz inequality gives (E14(I;(a) — I;(a™)))? <
E (I;(a)— I;(a™))?, which tends to zero. Similarly, E14(Is(a™)— Is(a)) has limit

Zero.
In much the same way we have for any A € F,

E1a(Ii(a) — Is(a))? = imE14(I;(a™) — I,(a™))?

t
=1limE 1A/ a"(u)? du

¢
= ]EIA/ a(u)? du.
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That EIr(a)* = E fo 2 du now immediately follows. Linearity of the op-
erator Ir on P follows 81m11ar1y. The latter implies the last assertion of the
theorem. (]

Henceforth we denote the stochastic integral I (a) by fo dW( ) and I;(a)

by fo s)dW (s). Let us consider as an example the mtegral fo (s) dW (s).
Take as approxnnatlons the functlons W™ of Example [6.2] Note that we have

n t
W =W = S BOV) - Wi dr = ST (= )it =
5 Z? 1( —ti1)? =0, 1f the mesh of the subdivision tends to zero. Hence to
get fo s)dW (s) we have to compute the limit of the sum in Equation 1}

But thls we have done in Section when we discussed Brownian motion.
With this in mind we conclude

/ W(s)dW(s) = %W(T)Q - %T. (6.5)
0

We immediately see, that E fo dW( ) = 0. Other properties of the
stochastic integral, those of Theorem can be directly verified (this is Exer-

cise .

We also need the quadratic variation of the process I.(a).

Proposition 6.5 Let a € P. The quadratic variation of I.(a) over the interval
[0, 1] is given by fo u)? du.

Proof Consider first the case where a is piecewise constant. The result then
immediately follows from Proposition 2.6] Let now a € P be arbitrary but
bounded (we omit the proof of the general case). Consider partitions 0 = tj <

- <t =t of [0,t] with mesh tending to zero and a™ the processes that are

on each of the intervals (t}_,,t}] and equal to a(t}_,). Since fo 2du —
fo u)? du a.s. and in the L2-sense (a is bounded), we show that the dlfference
of Qn =>4 ( :,f“ adW)? and f 2 du tends to zero in the L%-sense. Write

Q":Z(/ (a—a")dW—FZ/:Z a" dWw)?
kYt

k tho1
We write @, as the sum of the terms Zk(fttf (a—a™)dW)?, >, ( ttn’?n a™dW)?
k—1 Y k—1

and the cross term 23, ( ft" a—a")dW fﬁ? a™ dW. The expectation of the
k—1

first term tends to zero by propertles of the stochastic integral. Below we will
prove

E(Z(/t ' a™ dW)? —/0 a™(u)?du)? — 0. (6.6)

n
k k—1

tr

Under the assumption that this result holds, the expectation of the cross terms
tends to zero by the Cauchy-Schwartz inequality. Let us therefore now focus
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on . The stochastic integral and the ordinary integral in this expression are
actually sums and their difference can be written as

Za 2((AWE)? — Af),

with AW} = W(t}) — W(ty_,) and At} = ¢} —t}_,. Since a is bounded,
by a constant C' say, we have that the expectation in is bounded by
C*>° E((AW])? — At)?, and we can finish as we did in the proof of Propo-
sition 2.6 O

A process X will be called a semimartingale if it can be written as Xy plus the
sum of the two mtegrals Jo a(s)dW (s) and [, b(s)ds with a piecewise contin-

uous, E fo 2ds < o (so a € P) and b such that fo [b(s)|ds < oo for all
T >0. So, a semlmartlngale can be decomposed as

X = X(0) +/' b(s) ds+/4 as) AW (s). (6.7)

0 0

We need the following lemma:

Lemma 6.6 Let f and g be two continuous functions on an interval [0, T]. As-
sume that f has finite variation over this interval and that g has finite quadratic
variation over this interval. Then the quadratic variation of f 4 g is equal to
the quadratic variation of g.

Proof Exercise [6.3] (]

The consequence of this lemma and Proposition is that the decomposition of
a continuous semimartingale is unique (Exercise [6.4). Hence we can unambigu-
ously define the stochastic integral of a process h € P w.r.t. the semimartingale
X as

T T T
/ h(t) dX () = / h(t)b(t) dt + / h(t)a(t) dW (¢), (6.8)
0 0 0

where the latter is the stochastic integral, and it is well-defined under the con-

dition E fOT h(t)%a(t)?dt < co. For Equation we also use the shorthand
notation in stochastic differentials

h(#)dX () = h(t)b(t) dt + h(t)a(t) AW (t). (6.9)

We close this section by mentioning that it is the preservation of the martingale
property that makes the It6 integral such a powerful tool from a probabilistic
point of view. This preservation is the consequence of the special structure of the
simple processes. There are however other possibilities. One of them leads to the
Stratonovich integral. Contrary to the It6 integral, the Stratonovich integrals
w.r.t. Brownian motion are in general not martingales, see Exercise [6.8]
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6.2 The Ito rule

Knowing how to understand the stochastic integral w.r.t. Brownian motion we
can now develop the important calculus rules. The first one is the basis of all
the others to follow.

Lemma 6 7 Let f be a twice continuously differentiable function, such that
E fo 2dt < co. Then f(W) is a semimartingale and one has a.s.

1 T
sova) = s+ [ rovaawe + L [ pavanae 6o
0 0
Proof (sketch). Let 0 =ty < --- < t, = T be a partition of [0,T], which
we will make as fine as needed. We use a Taylor expansion to write with A; =

t; —ti—1, AW, = W(t;) — W(t;—1) and W;* an appropriate convex combination
of W(t;) and W (t;_1)

—Zf (tie1)AW; + o Zf” DAW?.

By propertieb of the stochastic integral the first term converges in £2(Q, F,P)

to fo F/(W () dW (t) if we make the partition finer and finer. The second term
we split as
1 — // 2
5 Z A + = Z (WA AWE = A).
i=0

Here the first sum converges pathwise to the Riemann integral fOT f1(W (%)) dt.
To treat the second one, we state that we can replace f”(W}) with f; =
f"(W(t;—1)) (without making this precise) and we use an argument like in the
proof of the fact that Brownian motion has quadratic variation (W)(t) = t. If We
also assume that E f2 < 0o, we have B (7" fi(AWZ—A;))2 = 25" | E f2A?

which tends to zero, for partitions whose mesh tend to zero. This finishes the

sketch proof. O
Lemma can be extended to functions f of two variables.

Lemma 6.8 Let f be a function of two variables t and x and suppose that fis
continuously differentiable w.r.t. t with partial derivative f;, twice continuously
differentiable function w.r.t.  with partial derivatives f, and f.,, such that
E fOT f(t,W(t))?dt < co. Then one has a.s.

T
ST, W(T)) = £(0,W(0)) + / folt, W (E)) dt

/ fo (6, W(t)) dW (¢ / foa(t, W (t (6.11)
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Proof Use the same technique as in the proof of Lemma We omit the
details. 0

For Equation ([6.11)) we use, similar to the abbreviation

df(t, W(t)) = fe(t, W () dt + f(t, W(t)) dW (¢) + %fm(t,W(t))dt. (6.12)

Remark 6.9 The conditions involving finite expectations in lemmas|[6.7]and [6.8]
are rather annoying. It can be shown that these are actually not needed. For
this we need the notion of stopping times, which is not part of this course.

Now we are in the position to state a version of the stochastic chain rule.

Theorem 6.10 Let X(t) = f(t,W(t)) and Y (t) = ¢(¢t, X (t)) where f and g
are supposed to satisfy the appropriate differentiability conditions and that are
such that the (stochastic) integrals below are well-defined. Then X and Y are
semimartingales and it holds that

dY (t) = g:(t, X (1)) dt + ga(¢, X (¢)) dX(t) + %gm(t» X()fa(t, W(t))* dt,

where the term with dX (t) has to be understood as a shorthand notation for
an expression like (6.9).

Proof Let h be the decomposition g o f. Compute the partial derivatives of h,
express them in those of f and g and use Equation . O

Now we have seen in Theorem [6.10] that functions and compositions of functions
of time and Brownian motion are again semimartingales, we can use Lemma[6.0]
to compute the quadratic variation of X and Y as they appear in this theorem.

Proposition 6.11 Let X and Y be as in Theorem|[6.100 Then X has quadratic
variation process given by (X); = fg fz(s,W(s))?ds and Y has quadratic vari-

ation given by (Y); = fot he(s,W(s))>ds, where h = go f. Moreover these
quadratic variations are related by (Y); = fot g2(5, X (5))? d(X)s.

Proof The proof of the expression for (X); goes along the same lines as the
proof of the convergence of the quadratic variation term in Lemma [6.7] as well

as the proof of the expression for (Y');. The relation between the two quadratic
variation processes then follows. O

Corollary 6.12 In the situation of Theorem we have
1
AV (£) = g0t X (1)) At + g (1, X(0) X (1) + 5g0a(t, X)X (6.13)
Proof Just use the expression for (X); of Proposition d
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Corollary can be shown to be generalized to the situation, where Y (¢) =
g(A(t), X (t)) with A a process given by A(t) = fg a(s)ds, where a is a contin-
uous process. We just state, rather informally, the result.

Proposition 6.13 Let X be a semimartingale, A a process of the form A(t) =
fot a(s) ds and g a function that is supposed to satisfy the appropriate differentia-
bility conditions. Let Y be defined by Y (t) = g(A(t), X (t)). Assuming that the
(stochastic) integrals below are well-defined, we have that Y is a semimartingale
as well and

dY (t) = g:(A(t), X (t))a(t) dt
+ 9:(A(t), X (1)) dX(t) + %gm(A(t% X(#)d(X)s- (6.14)

Example 6.14 We can apply Proposition[6.13]to the following interesting case.
Let X (¢) be of the form X (¢) = f(¢t, W(t)), A(t) = fg fe(s,W(s))%ds, g(t,z) =
exp(z — 3t) and Y (t) = g(A(t), X (t)). Then we have (check it yourself!)

Y(t) =1+ /OtY(s) dX(s). (6.15)

For processes X and Y that are related by Equation (6.15) we use the notation
Y =&(X). Y is said to be the Doléans exponential of X.

The It6 rules that we have given above, in particular can be extended to
more dimensional semimartingales X. To give an example, take X = (X1, X>),
where X; and X, are semimartingales. Let Y (¢) = f(¢, X1(t), X2(t)), with f
having the appropriate continuous partial derivatives. Then Y is a semimartin-
gale as well and in shorthand notation, where the arguments ¢, X; (¢) and X ()
of the partial derivatives have been omitted for clarity of the displayed formula,
we have

AY () = frdt + fr, AX1(t) + fr dXs (1)
5 (e A0X0) 2y ALY, Xa) + fra, d(X2)). (6.16)

We notice that we have seen already an instance of this formula, namely .
You check why! One special case deserves our attention.

Consider f(t,z1,22) = z122. Then Equation becomes the product for-
mula for semimartingales. Omitting the time index, we get

d(Xng) = X;1dXs + XodX;y +d<X1,X2>. (617)

This equation can be specialized further. Let X; = X be an arbitrary semi-
martingale and X, = A a semimartingale of the form A = [; a(t)dt. then we
have

d(X(t)A(t)) = X (t)a(t) dt + A(t) dX (¢). (6.18)
Check yourself that the result (6.15]) also follows from (6.18)).
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6.3 Girsanov’s theorem revisited

We have seen in Section [4] an absolutely continuous change of measure that
transformed a given Brownian motion in a Brownian motion with linear drift. In
Exercise[4.11]an example was given of a change measure that transformed Brow-
nian motion in a Brownian motion with piecewise linear drift (and vice versa).

In this exercise we looked at the exponential of — ) “AW; — 3 fo 2ds. For
o = —1 the first sum we now understand as fOT (s) dW (s). Havmg a closer look
at thls exercise, we suspect that any random variable Z = exp fo s)dW(s) —

5 fo )2ds) with a € P can be used to define a new probablhty measure Q
with ?i% = Z. However, at this point we have to be carefull Whatever the
situation is, we can always define a measure Q on Fp by dQ = Z(T')dP. But to
have that Q is a probability measure, we need E Z(T) = 1. If a is a non-random
function in L2[0, T, this follows from Exercise But for random processes a
this is in general not true. In this section we will have a closer look at Girsanov
transformations.

Let us consider a simple process a, so a € S and let us look at Z(t) =
exp fo s)dW(s) — L [ o a(s)?ds). Application of the Ito rule gives

Z(t)=1 +/0 Z(s)a(s)dW (s). (6.19)

Using reconditioning properties of conditional expectation, one can show that
in this case the process Z is a martingale on [0, 7]. Moreover, one may show
that even EZ(T)? < oo. Observe by the Way, that we can use the Doléans
exponential to write Z = £(Y), with Y = [ a(s) dW (s).

Next we look at a process a € P and define, as above,

Z(t) = exp(/o a(s)dW (s) — %/0 a(s)*ds).

Without checking technical conditions, we simply apply the It6 rule again, to get
the same representation . It is in this case not clear whether Z is a martin-
gale. For instance, if we have functions a™ that converge to a w.r.t. the norm of
Section we have L2-convergence of the resulting stochastic integrals I (a™)
to Ir(a). With Z™ = £(a™), it is possible to show that Z™(T') converges to Z(T)
in probability, but this type of convergence is too weak to conclude EpZ(T) = 1.
From Fatou’s lemma we can only deduce that EpZ(T) < liminf EpZ™(T) = 1.
So we need stronger assumptions. Look at Equation . To have that Z is
a martingale, it is sufficient to impose that aZ belongs to P (we then also have
Ep fOT Z(s)?%a(s)?ds < o0). But this is equivalent to EpZ(T)? < co. So, from
now on we assume that a is such that this condition is satisfied. This condition
is a bit unsatisfactory, because it is not an explicit condition in terms of a only.
On the other hand it is satisfied if a is deterministic and in L?[0, 7], or if a is
simple.
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Theorem 6.15 Let a € P, in particular Ep fOT a(t)?dt < oo and let Z(t) =
exp (fg a(s)dW (s) — 3 Ota(s)2 ds). Assume that EpZ(T)? < oco. Define the
measure Q on Fr by dQ = Z(T)dP. Then Q is a probability measure and the

process WY defined by WQ(t) = W (t) — f(f a(s)ds is a Brownian motion under
Q.

Proof We give the proof only under the restricting condition that a is bounded
process, a < K, for some K > 0. First we show that Q is a probability measure,
which follows as soon as we know that EpZ(T) = 1. Consider the sequence
of a™ € S that converges to a, which we took in the proof of Proposition [6.3]

then a™ < K for all n. Moreover fOT |a™(s) — a(s)|ds converges to zero P-a.s.

Put Z™(t) = exp (f(f a™(s)dW(s) — & Ja"(s)z ds). In the present situation all

EpZ™(T)? and EpZ(T)? are finite. We will show that Z"(T) converges to Z(T)
in L*(Q, Fr,P). It then follows that EpZ(T) = 1.
From Equation (6.19)) and the analogous expression for Z"™ we obtain

T
Z"(T) — Z(T) =/0 (a"()Z"(t) — a(t)Z(t)) AW (1)
T
- | @ -amzmaw
T
+ / (Z™(t) — Z(t))a" (t) AW (2).
0
Hence we get
T
Ep|Z™(T) — Z(T)|? < 2E]p/ la™(t) — a(t)|?Z(t)* dt
OT
+ 2 [ 12°0) - Z(Pa" (0P d
0T
< QEP/ la™(t) — a(t)|?Z(t)* dt
’ T
+ 2K2EP/ |Z"™(t) — Z(t)|? dt.
0

If we write F"(t) = Ep|Z"(t) — Z(t)|?, A,(t) = 2Ep fot la™(t) — a(t)|?Z(t)? dt
and B = 2K?, then we have

T
F™(T) < A™(T) + B / o) dt. (6.20)
0
It follows from Gronwall’s inequality (Exercise [6.10]) that we can deduce that
F™(T) < A™(T)exp(BT). So to achieve our aim, Ep|Z"(T) — Z(T)|> — 0,

it is sufficient to show that A™ converges to zero, and this follows from the
dominated convergence theorem.
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Recall from Exermse [17] that under Q" we have that W™ defined by
Wn(t) = )+ fo s)ds is a Brownian motion. This means that any event
of the type E" = {W"(tl) < 2y, , W™(ty) < ) has a stationary Q"-
probability, i.e. Q" (E™) is the same for all n. We will show that Q(F) is equal
to Q™(E™).

Consider
|Q(E) — Q"(E")| = Ep|Z1p — Z"1pn|
<Ep|Z(1g — 1g»)| + Ep|Z" — Z|. (6.21)
The second term in (6.21)) tends to zero, because of the just shown convergence
of Z"(T) to Z(T'). Since we the 1gn converge to 15 P-a.s., we use the dominated
convergence theorem to conclude that also the first term in (6.21]) eventually

vanishes. This ﬁmshes the proof of the theorem, the conclusion is that W@
given by WQ(t) )+ fo s) ds is a Brownian motion under Q. O

6.4 Exercises

6.1 Prove the third assertion of Proposition

6.2 Show by direct computation that the process I(t fo W (s) satisfies
all properties of Theorem

6.3 Prove Lemma

6.4 Use Lemma to show that the semimartingale decomposition is
unique.

6.5 Compute from one of the It6 rules dZ; in the following cases.

(a) Zy = ™t Find a differential equation with EZ; as solution.
(b) Z; = e®™W:=b Show that Z is a martingale in the special case b = 3a>
(c) Zy = X2, for Xy = W2 —t.
6.6 Let o be a piecewise continuous function on any interval [0,¢]. Let W be

Brownian motion and put X (¢ fo . Let Z(t) = exp(iuX(t)), for
fixed u € R. Use the It6 rule to find

Z2() =1+ /0 uZ(s) AW (s) — %uz /0 o ()22 (s) ds.

Use this equation to compute the characteristic function ¢(u) = Eq exp(iuX (t)).
Deduce that X (¢) is normally distributed and determine its expectation and
variance.

6.7 Let X be given by X (t) = exp(yt + oW (t)), with v a constant and W
a Brownian motion. Find the semimartingale representation of X by using
the Itd rule and show that the quadratic variation process of X is given by

GQfOtX
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6.8 Consider a Brownian motion W and a partition 0 =t <t} <--- <tl =1
of that [0,¢] . Define for 0 < a <1 the random variables

Sp(a) = Z W(l—a)t;’;l-&-at;‘ (Wt;} - Wt;}ﬂ)
i=1

Show that for partitions whose mesh max{t!" —t? ; : i = 1,...n} converges to
0, it holds that S, («) in £?-sense converges to J(a) with

1 1
(Remark: for o = 0 is J(a) the It6 integral fot W,dW, and for a =  one
obtains what is known as the Stratonovich integral.)

Put
S;L(OL) = Z(Oth:v + (1 — Q)Wt;’;l)(Wtf’ - Wt?;l).

i=1
Show that S, ()" in £2-sense converges to J(«).

6.9 Brownian motion W is, as we have seen, a continuous martingale with
quadratic variation process (W), = ¢. It is in fact the only continuous mar-
tingale with this property, which can be shown as follows. Let M be such
a martingale and define for every A € R and s < ¢ the random variables
B(s,t) = E[@AWEH-WE)|F]. We have reached our goal as soon as we can
prove ¢(s,t) = e~ 2% (=) (why?). Let Y (¢) = ¢AW (). Use the Ito rule to get

t t
Y(t)-Y(s) = i/\/ AW (1) AW (u) — %)\2/ AW (1) g

S S

Divide both sides of this equation by Y (s) and take conditional expectation
given Fy to arrive at the integral equation ¢(s,t) =1 — %)\2 fst ¢(s,u) du. Solve
this equation.

6.10 Let f : [0,7] — [0,00) satisfy the inequality f(t) < a(t) + ﬂfgf(s) ds,
with a an integrable function and 8 > 0. Then f(t) < a(t) + fot a(s)ePt=2) ds
for all + < T If the function a is constant, a say, then f(t) < aePt.

6.11 For two functions X and Y, their cross quadratic variation (X,Y) over an
interval [0, T is defined as the limit of sums >, (X (¢;) = X (ti—1)(Y (t;) =Y (ti—1)
for partitions of [0,7T] with mesh tending to zero. Show that (X,Y) =0 if X
and Y are continuous, X has bounded quadratic variation and Y has bounded
variation over [0, T.

6.12 Let X (t) = v(t,W(t)), where v € CL2(R*,R) and W is a Brownian
motion. Find conditions on v (in particular it should be the solution to some
PDE) in order that X is a martingale.
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7 Applications of stochastic integrals in finance

The purpose of this section is to show how we can use the theory of stochastic
integration to say more on the models that we used in Section [5| to describe
the evolution of the stock price. Furthermore we discuss again self-financing
portfolios. We will present here another definition of a self-financing portfolio,
which encompasses the definition in Section as a special case. We will also
return to hedging, and show that is possible to hedge certain composite claims,
namely those whose pay-off depends on the integral of S from the initial time
to the time of maturity 7'

7.1 The models

Consider the stock price process S and the representation under the equivalent
martingale measure Q as given by Equation . Let f(t,x) = sexp(oz+ (r —
20%)t). Then S(t) = f(t, W?(t)). Using Lemma we obtain the following
stochastic differential representation of S

dS(t) = rS(t) dt + oS (t) AWQ(t). (7.1)

We could do the same for the representation of S under the probability measure
P with some a € P (see Equation (5.3) with the process a there replaced by
a — %0?) to obtain

dS(t) = a(t)S(t) dt + o S(t) dAWF(2). (7.2)

We use Girsanov’s theorem to see that we can deduce Equation from
Equation and vice versa. In order to do so we have to find the Radon-
Nikodym derivatives dP/dQ and dQ/dP (as always, Q and P restricted to Fr).
Indeed, with

dQ Tr—alt) o 1 [T r—a(t),

oo [ a5 [, (7.3
and

dp Tat)y —r 1 (T at)—r

g ol STawe -5 [ (R, (74)
we have the relation WP (t) = WQ(t) — Ot @ ds. Of course we take a such

that the stochastic integrals in and in are well defined. In Corol-
lary we have seen this for constant functions a. Note that a consequence
of Girsanov’s theorem is that the martingale parts in the equations for S, the
terms with the two Brownian motions have the same coefficients, whereas the
coefficients of the parts with dt differ.

In Section [1.2| we also considered the cumulative return process. We found in
Proposition [I.5] a limit process R that was such that under the measure Q all
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increments R(t) — R(s) have a normal N(r(t — s),0%(t — s)) distribution for
t > s. This suggest to model R as a Brownian motion with drift, so

R(t) = R(0) + rt + aW2(2).

Likewise we can model R under the probability measure P as
t
R(t) = R(0) + / a(s)ds + oWE(t).
0

Note that the Radon-Nikodym derivatives in (7.3) and in (7.4]) transform the
two representation for R in each other. Compare the equations for S and R to
obtain both under the measures P and Q (like Equation (1.5 in discrete time)

dS(t) = S(t) dR(t). (7.5)

Hence we can express S in terms of R using the Doléans exponential by the
relation S = S(0)E(R), both under PP and Q. Note the similarity with the
discrete time expression (1.6]).

rt

Recall that we took for the bond price process B(t) = €™, so
dB(t) = rB(t) dt. (7.6)

We observe the similarity of the d¢ terms in equations and . Calling
a(t) in Equation the rate of return of S under P and similarly r the rate
of return of .S under Q, then we see that the rate of return of S under Q is just
equal to the interest rate, the rate of return of the riskless asset, the bond. So
we can characterize Q as the probability measure that gives the stock the same
rate of return as the riskless asset. Therefore Q is also called the risk neutral
probability measure.

7.2 Self-financing portfolios and hedging

Consider a portfolio process (z¢,y:) with value process V, so V(t) = x:S(¢t) +
y+B(t). Let us assume that V is a continuous semimartingale under the proba-
bility measure P, so that we can speak of the stochastic differential of V.

Definition 7.1 A portfolio process is called self-financing if it satisfies the in-
tegrability condition EQfOT 2(u)2S(u)? du < oo and if we have for all t € [0, 7]
Q-almost surely V (t) = V(0) + fot x, dS(u) + fot ys dB(s).

Like in discrete time, it is possible to show that this definition can equivalently
be stated in terms of discounted processes. We have

Proposition 7.2 A portfolio process is self-financing iff we have for allt € [0, T
almost surely V() = V(0) + fot_xu dS(u). A self-financing portfolio process is
therefore such that the process V' is a martingale under Q.
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This proposition tells us that the discounted value process of a self-financing
portfolio is a martingale and EQV(T)2 < 00. The next proposition says that any
process that is a martingale can be seen as the value process of a self-financing
portfolio in the sense of Definition [7.1] if we restrict the class of martingales
under consideration.

Proposition 7.3 Let a process V be a martingale under Q and suppose that
there exists a function v such that V (t) = v(t, S(t)). Then the portfolio defined
by x; = v,(t,S(t)) and y, = V(t) — 2;S(t) is self-financing and its discounted
value process is just V.

Proof From Section [§] we know that the function v is a solution to the partial
differential equation vy (¢, x) + 102x2vm (t,z) = 0. Now we apply Theorem

to V. We obtain

_ _ _ 1 .-
dV (t) = v (¢, S(t)) dt + v, (¢, S(t)) dS(t) + 5cr“'S(t)%w(t, S(t)) dt.
In this equation all the terms with d¢ vanish. Hence we are left with d_V(t) =
vy (¢, S(t)) dS(t). So, choosing x; as v, (t,S(t)) and y: as y = V() — 2:S(t), we
get the desired result. O

Proposition has as an immediate consequence that every simple claim can
be hedged.

Corollary 7.4 Every simple claim X = F(S(T)) with Eg|X| < oo can be
hedged.

Proof We have seen before that there exists a function v such that the mar-
tingale Eg[X|F;] can be written as v(¢, S(t)). Since v(T,S(T)) = F(S(T)) the
proof is complete. O

The It6 calculus can also be used to find hedging strategies for certain composite
claims. These claims are of the following special structure. They depend on
S(T) and a certain integral of transformations of S. An example of such a
claim is the Asian call option with maturity tnne T and strike price K, which
is the claim defined as the one whose pay-off is ( fo t)dt — K)*.

Let Z(t fo )) du with some given functlon g :R?2 = R and as-
sume that Z( ) is Well deﬁned for all ¢ and consider the claim F(S(T), Z(T)).
Suppose that it is possible to hedge this claim (with a self-financing portfolio).
In that case the discounted value of the portfolio is equal to the discounted
price process of the claim and so it must be a martingale. We thus have V (t) =
Eo[F(S(T), Z(T))|F:]. It would be nice if we could write V (t) = v(t, S(t), Z(t))
for some function v. And indeed this is what happens. To understand this
we argue as follows, just like we did for blmple clalms Conblder the compu-

tation of the conditional expectation of F(S fo )) du. We decom-
pose as follows. S(T) = S(?S ) and fo ,S(u ) du = fo (u, S(u))du +
ft )) du.
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Given F; we completely know in the latter expression the first summand,

which is just Z(t). The second summand we write as ftT g(u, %S(t)) du. Now

S(uw)
S(t)

out the conditional expectation with values S(t) = s and Z(t) = z then leaves
us with the unconditional expectation

we exploit the independence of and the whole past of S up to t. Carrying

E@F(i(g))s, z +/t g(u, i‘((if)) s)du),

an expression in terms of s and z, just what we desired. Can we characterize
this expression? Yes, like for simple claims we have that v is the solution of
a partial differential equation with a boundary conditions. We now state the
result.

Theorem 7.5 Let v, a sufficiently smooth function of t,x, z be the solution of
the partial differential equation

ve(t, , z) + zro, (¢, z, 2)
1
+ 5021‘21}“(15@, z) 4+ g(t, x)v,(t,x, 2) — ro(t,x, z) = 0, (7.7)

with boundary condition v(T,x,z) = F(x,z). The portfolio consisting of x; =
v (t,S(t), Z(t)) and yi = (v(t,S(t), Z(t)) — x:S(t))e™"* is self-financing and
hedges the claim F(S(T), Z(T)).

Proof We apply the multi-dimensional version of the It6 formula to the process
V(t) = v(t,S(t), Z(t)). We get, omitting the arguments ¢,S(¢t) and Z(t), in
shorthand notation
1
dV (t) = vedt + v, dS(t) + v, dZ(t) + o Ve d(S),
= vy dt + v, rS(t) dt + v, o S(t) AW () + v, g(t, S(t)) dt

1
+ §Um 028’(1§)2 dt

= rV(t)dt + v, oS(t) AW (1),

where we used in the last equality that v was a solution of (7.7). Hence the
discounted value process V, recall that V(t) = e7"'V (t), satisfies

dV (t) = —rV(t)dt + e "' dV (¢) (7.8)
=e ", oS(t)dW () (7.9)
= v, dS(t). (7.10)

So if we define x and y as in the assertion of the theorem, we get V(t) =
x,S(t) + Yy, the discounted value process of the portfolio, and dV (t) = z,dS(t),
so that the portfolio is self-financing. From the boundary condition on v we
obtain v(T,S(T), Z(T)) = F(S(T), Z(T)), this portfolio is a hedging portfolio
for the claim F(S(T), Z(T)). O
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As a corollary to Theorem [7.5] we get

Corollary 7.6 Every claim F(S(T'),Z(T)) that satisfies an appropriate inte-
grability condition can be hedged. The hedging portfolio is given in Theo-
rem [723.

We have seen above that we can hedge certain composite claims, but they had
a special structure. Recall from Section [I] that we called a market complete if
every claim can be hedged. We ask ourselves whether the Black-Scholes market
is complete, and if it is, how for a given claim the hedge portfolio would look
like. The answer is affirmative, although one has to put some mild technical
restrictions on the claim under consideration. A most effective one is to demand
that a claim X has finite second moment under Q. In that case we can apply a
non-trivial result in probability, called the martingale representation theorem.

It states that it is possible to reprebent the claim as X = fo 5)dWQ(s), for
a process ¢ satisfying Eq fo 2ds < co. The hedging btrategy in this case is
given by z; = as((t) and y; = fo 5) dWQ(s)— @S( ). In general, the process ¢

is hard to characterize. There is usually no partial differential equation that has
the value process of the portfolio as a solution. There is, however a theoretical
description of z; as what is called a Malliavin derivative. This again touches
upon a very advanced mathematical theory. However in discrete time we also
encountered this derivative, when we described for the CRR market z,, as gg" ,
which also had an interpretation as some sort of derivative. In the continuous
time case, as we said, the situation is much more complex, although it is indeed
possible to give a meaning to the formal expression z; = 2% (¢).

7.3 American style claims

In this section we briefly treat one example of an American claim, the American
call option with maturity 7' and strike price K. The pay-off of this claim at
a by the investor chosen time 7 < T is (S(7) — K)*. The (random) time 7
may assume any value between 0 and 7" and this moment may depend on the
random evolution of the stock price, 7 thus becomes a random variable, but
has to be chosen such that only past information of the stock price is used. So,
we require that for any ¢ < T an event {7 < t} depends on the values of S at
times s < t only. In technical terms, the event {r < ¢} is F;-measurable, and
when this is true for all ¢ < T, we call 7 a stopping time. What is ‘American’
in this case is that the owner of the claim doesn’t have to wait to maturity
to exercise it, but may do it at any time before it, that seems profitable. The
problem here becomes to find an optimal strategy that tells an investor when
to exercise the claim. Problems of this type—we could also look at other claims
than the American call-are hard to solve. But in this special case we can and
the answer is at first glance rather surprising: the optimal strategy is to wait
until maturity! As a result the value of this American claim is thus the same
as that of the European call option with same maturity time and same strike
price, although the owner of such a claim has no freedom to choose himself an
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appropriate moment to exercise it. Let us see why this equivalence takes place.
Let us denote the price of the American option at ¢ by C'4(t) and the price of the
corresponding European option by C(t). Clearly we should have C4(t) > C(t)
for all t. Consider a market with interest rate r > 0. We compare two financial
products. The first one is a portfolio that consists of 1 share of the stock and a
loan with value K from the bank that has to be paid back at time 7. At time
t the loan thus has value e "=t . The total value of this portfolio at time ¢
is thus S(t) — e "(T=Y K. The other product is one European call option with
payoff (S(T) — K)*, whose value at ¢ is thus C(t). We compare the values of
the two products at time T. They are S(T) — K and C(T) = (S(T) — K)*,
respectively and we have the obvious inequality S(T) — K < C(T'). But then
this inequality between the two values is preserved at any time ¢ < T and
we get S(t) — Ke "(T=9 < C(t). Hence we also have the strict inequality
S(t)— K < C(t) < Ca(t). Now suppose the owner of an American call wants to
exercise his option at the chosen time 7 = ¢, he will only do this when S(t) > K,
and will then be paid S(t) — K and thus gets less than the value of the American
call. This means that it is not profitable for him to exercise the option. So the
optimal time to exercise the American claim is 7 = T and hence the value
Ca(t) of the American claim is equal to the value C(t) of the European claim,
Ca(t) =C(1).

This surprising result has no counterpart for the American put-option. It is
possible to show that the value of an American put is larger than the value of
the European put. It is interesting to see why an argument similar to the one
we used for a call option breaks down in this case (Exercise[7.8).

7.4 The Greeks

Starting point of this section is the Black-Scholes formula for the price of
a European call option. Clearly, it depends on a number of parameters We shall
investigate the sensitivity of the price w.r.t. these parameters. By this we mean
that we shall quantify how small changes in the parameter result in the price
of a European call. Not surprisingly, we can express these in terms of partial
derivatives and these are known as the ‘Greeks’. We write C(t, s,r,0) for the
expression and introduce the following.

(a) A= % (delta)

2
r= %SC; (gamma)

(b)

(c) p=9G= (rho)
(d) © =9 (theta)
(e)

Of course the ‘Greeks’in turn depend on all parameters as well, see Proposi-
tion [7.7] but for reasons of clarity we suppress this in the notation. In principle

V= 9%C (vega)

60



it is possible to define similar sensitivity measures for prices of other derivatives
as well. Below we confine ourselves to formulas for call options, because we can
give explicit expressions for them. The result is the following proposition.

Proposition 7.7 Let ¢ be the density of the standard normal distribution.
The following hold.

- o(di(t))
soVT —1
p=K(T —t)e " T (dy())

V = s¢(di(t))VT —t.
Proof Exercise [7.9 O

For a number of reasons it may be attractive to manage portfolios that are not
sensitive for, also called neutral to one or more parameters. The corresponding
partial derivatives then have to be (close to) zero. In general, for a given portfolio
this will not be the case of course, but sometimes an extension of the portfolio
with an additional derivative may accomplish it. Suppose we have a portfolio
with value V' (depending on some relevant parameters) and we wish to make it
A-neutral by addition of a product having value D. The resulting new value is
delta-neutral if

0 ov . oD
=—+z—.
s Js
It follows that we should choose z = —2—1‘;, in self-evident notation. In practice,

adopting this a basis for a trading strategy, is not attractive, since one has to re-
balance the portfolio at every time to keep it A-neutral. Moreover, if the delta
of the portfolio itself is subject to big changes, a big value for |I'|, the result at
any time will be major adjustments of the portfolio (z depends on t). In such
a situation, one may extend the portfolio with yet another product in order to
accomplish I'-neutrality. It turns out a good idea to take the underlying stock
as this extra product. Supposing we buy an extra w shares, we require the two
following equations to hold.

o . 9D L9y
9s | “as  Yos
2V 9D s

2 Vo Vo =0

0
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Solving this system of equations (using that % =1 and % = 0) results in

(again in self-evident notation)

Lo _1v
= T,
I
w:—VAD—AV
I'p

And the story doesn’t end here ...

7.5 Exercises

7.1 Consider the Black-Scholes market with claim fOT S(u) du. Show that the
fair price of this claim at time ¢ is given by V(t) with V(t) = e"*=D Z(t) +
S(t)#, where Z(t) = fot S(u)du and r # 0 the interest rate. What is
V(t)if r =07

Write V(t) as v(t, St, Z;) and determine a partial differential equation for v.
Find the hedge strategy for this claim.

7.2 Consider in a Black-Scholes market a European call and a European put
option. Denote by C} the price at time ¢ < T of the call and by P; the price of
the put. Derive the put-call parity Cy — P, = S; — e"t=T) [

7.3 Consider in the Black-Scholes market a self-financing portfolio (x,y) with
value process V, so

dV (t) = ¢ dB(t) + y: dS(2).
Show by using the It6 formula that
AV (t) =y, dS(2),
with S the discounted stock price and V the discounted value process.

7.4 Consider the Black-Scholes market. Let V' be the value process of a simple
claim. Show that there exists a process g such that V' satisfies

AV (t) = rV(t)dt + g(t) AW O(2).

7.5 Consider in a Black-Scholes market the claim ®(S7) = K1, (S7) (this is
called a binary spread). Determine for each time ¢ < T the fair price of this
claim.

7.6 Consider a straddle in the Black-Scholes market. A straddle is a claim with
pay-off at maturity equal to X = |S(T") — K|. Find the price of this claim at any
time t < T'. This claim can also be hedged with a constant portfolio that not
only consists of shares and bonds, but contains as a third component European
call options as well. Find this portfolio.
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7.7 Consider in the Black-Scholes market a bull-spread. This is a claim with pay-
off min{max{S(T), A}, B}, where B > A > 0. Like a straddle (Exercise [7.6)),
also this claim can be hedged with a constant portfolio consisting of stocks,
bonds and European call options. Find this portfolio and the price process of
the bull-spread.

7.8 Show that an argument similar to the proof of the equivalence of American
and European call options (comparing a simple portfolio with a European call
option) breaks down if we apply it to American and European put options.

7.9 First show

sd(di(t)) — Ke T D¢ (da(t)) = 0,

and use this to derive the expressions for the Greeks in Proposition [7.7]
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A Some results in Probability and in Analysis

A.1 Normal random variables

If X is a normally distributed real random variable with mean p and variance
o2 > 0, then by definition it has density p given by

1 (z — p)?
p(z) = Vono? GXP(*T)

An extension of this formula holds for the case where X = (X;,..., X,,) is a
random vector in R™. If EX = p € R™ and X has covariance matrix Cov(X) =
Y., which is assumed to be strictly positive definite, then by definition X has a
density on R™ given by

) = Grermgargy S0 e =0 S ). (A1)

A random vector X with such a density is said to have a nondegenerate multi-
variate normal distribution. If the matrix ¥ is singular, then it is still possible
to speak of multivariate normal distributions, although a density in this case
does not exist.

An important property of multivariate normal random vectors is that affine
transformations are again multivariate normal. If A € R™*™ and b € R™ and if
A has full rank, then Y = AX +b is again multivariate normal with EY = Au+b
and Cov(Y) = AL AT. Note that Cov(Y) is again strictly positive definite, so
that Y also possesses a density (on R™). It now follows that every subvector of
X is nondegenerate normal.

Another important property of multivariate normally distributed random vec-
tors is that uncorrelated components are independent. Specifically, if X' and
X2 are subvectors of X such that Cov(X!, X?) = 0, then X' and X? are inde-
pendent random vectors.

Here is an important consequence of this last property. Let X' be a subvector of
X with covariance matrix ¥;. Then we have Z := X2 — Cov(X?, X)X X! is
independent of X;. Hence the conditional expectation (see Sectionfor a def-
inition and some properties) E [X?|X1] is equal to Cov(X?, XH)E] ' X' +EZ =
E X2+ Cov(X2, X))o H (X —EX1).

Assume that E X' and E X? are zero. Then E[X?|X'] = Cov(X?2, X)X X!
and hence we have the decomposition X2 = E [X?|X!]+ Z, with E[X?|X!] and
Z independent random vectors.

A.2 Characteristic functions

Let X be a random vector in R™ (n > 1). The characteristic function of X
is A — E exp(iAT X). We immediately see that characteristic functions only
depend on the distribution of X: if X and Y have the same distribution, then
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their characteristic functions coincide. But for different distributions, the char-

acteristic functions are different as well. So characteristic functions correspond

uniquely to the underlying distributions and the terminology ‘characteristic’ is

completely justified. Characteristic functions are very useful in probability. The

best known example of their use is the Central limit theorem, see Section

Consider as an example a random variable X that has a standard normal dis-
1

tribution, so it has density p(z) = 7= exp(—32?). Let ¢ be its characteristic

function. Then

o(\) = / \/12? exp(iz — %xQ) dez.

—00

With methods from complex integration it is not difficult to show that ¢(\) =
exp(—%/\Q). Knowing this, it is easy to show that the characteristic function
of N(u,0?) distributed random variable is given by ¢()\) = exp(ipA — $0%A?).
But then it is immediate that for this case

p(z) = —W/ exp(—iAz)p(A) dA. (A.2)
It can be shown that relation holds more general. The density can be found
back from the characteristic function by an integral transformation (Fourier
transform) if the characteristic function belongs to L!(R).

Other properties that we use are the following. X and Y are independent
random vectors iff E exp(iAT X +iu'Y) = E exp(iAT X)E exp(iuY). Here is
an example: if X has a N(0,0?) distribution and Y has a N(0,72) distribution,
then X and Y are independent iff E exp(iAX + iuY) = exp(—3(02A? + 7212)).
Another property concerns derivatives of characteristic functions. Let X be a

real random variable and let ¢ be its characteristic function. If E|X|* < oo,
then ¢ is k times differentiable and ¢(*)(0) = i*E X*.

A.3 Central limit theorem

The central limit theorem below tells us that the distribution of a standardized
sum of iid random variables with finite second moments converges to the stan-
dard normal distribution function. For random variables with the corresponding
distributions one speaks of convergence in distribution. Let us make these no-
tions precise. Consider a sequence Z1, Zs, . .. of (real valued) random variables,
another random variable Z and denote by Fj, the distribution function of Z,
and by F' the distribution function of Z. We say that the F,, weakly converge
to F, if F,(z) converges to F'(x) in all z where F' is continuous. In this case we
also say that the Z,, converge to Z in distribution.

In probability theory one also considers weak convergence of probability mea-
sures. For random variables this concept takes the following form. We say
that the distributions of the Z,, weakly converge to the distribution of a random
variable Z if for all (real or complex valued) bounded continuous functions f
on R one has the convergence E f(Z,) — E f(Z). One of the versions of the
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portmanteau theorem states that convergence in distribution of the Z,, to Z is
equivalent to the weak convergence of the distributions of Z,, to that of Z. We
use it in the following form.

Theorem A.1 A sequence Zy,Zs, ... of random variables converges in distri-
bution to a random variable Z iff for all bounded continuous functions h the
convergence Eh(Z,) — Eh(Z) takes place.

Proof Assume convergence in distribution of the Z,,. We have to show conver-
gence of the distribution functions of the Z,, to that of Z in all point x where the
latter is continuous. So, let # € R. First note that P(Z, < ) = E1(_o 2)(Zn)-
Let ¢ > 0 be given and let h* be a bounded continuous function that has
value one on (—o0, x|, values in (0,1) on (z,z + ¢) and zero on [x + €,00). Let
he(y) = h®(y +¢). Note that he < 1(_ 5 < h® and hence Eh.(Z,) <P(Z, <
x) <Eh*(Z,). The two extreme members of this inequality converge to E h.(Z)
and Eh®(Z). Use that P(Z <z —¢) < Eh(Z) and Eh(Z) <P(Z <z +¢)
to see that with e — 0 we obtain limsup,,_,. P(Z, < z) < P(Z < z) and
liminf, o P(Z, < z) > P(Z < z). The result follows.

The proof of the converse statement is as follows. Suppose first that A is a
bounded continuous function with compact support contained in an interval
(=A,A] (with A > 0). Let & > 0 be given. Since h is uniformly continu-
ous on (—A, A] there exists N € N such that |h(xz) — h(y)| < € as soon as
|z —y| < 1/N. Divide (—A, A] into intervals I}V = (LY, RY] of equal length
1/N. Let hY = sup{h(z) : x € I} and observe that h(z) > hY —¢ for z € I}V,
Then we have Eh(Z,,) = ZkEh(Zn)h]y(Zn) < S ANP(LY < Z, < RY) —
S hNP(LY < Z < RN) as n — oo. Hence we have limsup, Eh(Z,) <
SUAVB(LY < 7 < BY).

Since we also have Eh(Z) > Y, hYP(LY < Z < RY) — e, we arrive at
limsup, Eh(Z,) < Eh(Z) + . Replacing h with —h we get the companion
inequality liminf, Eh(Z,) > >, ANP(LY < Z < RY) —e. Let € — 0 to finish
the proof for continuous functions with compact support. Use this result to
prove the assertion for arbitrary bounded continuous i (Exercise . O

The most important example of weak convergence is the content of the Central
limit theorem:

Theorem A.2 Let X;,Xs,... be a sequence of independent and identically
distributed random variables with mean p and variance o? < oo. Then for all
x € R we have

Z?:l (Xi —p)
ovn

as n tends to oo, where ® is the distribution function of the standard normal
distribution.

P( <z)— O(x),

To connect the statement of Theorem [A2] with the introduction of this section
it is sufficient to take Z, = Y., (X; — p)/o/n, since ® is continuous in any
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element of R.

The standard proof of the Central limit theorem uses characteristic functions. In
view of the property that they correspond uniquely to distributions, this sounds
reasonable. However one also needs the theorem that distribution functions Fj,
converge weakly to a distribution function F' iff the characteristic functions of
the F), converge pointwise to the characteristic function of F. (Note that one
implication of this theorem is easy in view of the portmanteau theorem, the
other implication is harder to prove). Let us take this theorem for granted and
sketch the proof of Theorem [A72]

Proof of Theorem Without loss of generality we assume that E X = 0.
We start off with some facts from analysis.

Recall that for complex z, — z we have the convergence (1 4 22)" — e,

Let R, (z) = € — Y 1_,(iz)¥/k! for z € R. Then (this is part of Exercise |A.6])
2z |z[**
n! " (n+1)!

Let ¢ be the characteristic function of the Xj. It then follows (this is another
part of Exercise [A.6)) that

|R,(z)] < min{ }. (A.3)

6(0) 1+ 30°N*| <E[Ry(AX)| < X’E (min{|X2, ;|A|X|3}) L (A4

Letting A — 0, we obtain from (A.4) by application of the dominated conver-
gence theorem that ¢(A) =1 — 302A\%(1 + o(1)) for A — 0.

Now we are ready to prove the assertion of the theorem. Let Z, = Zo%/lﬁ&. It
has characteristic function ¢z, (A) = qﬁ(ﬁ)” Using the expansion above for

n
¢, we can write ¢z, (A) = (1 — %(1 + 0(1))) which converges to exp(—3A?),
the characteristic function of the N(0,1) distribution. In view of the remarks
preceding the theorem, this is exactly what we had to prove. O

Sometimes one has to work with a central limit theorem for arrays. Let us state
what this means. We consider for each n € N integers k,, and random variables
Xk, with £ =1,...,k,. The family {X,, :n € Nk =1,...,k,} is called a
triangular array, a reasonable name if k,, is increasing in n.

Theorem A.3 Consider a triangular array of random variables {X,,  : n €
N,k =1,...,k,} with lim,_,o k, = 00. Assume that for each n the random
variables X, for k = 1,...,k, are independent and identically distributed.
Define S,, = Z:":'l Xn k. Assume moreover that E X, ,, = 0 for all n, k and that
lim, e IES?L = 02 with 6% < 0.

Then we have weak convergence of the distributions of the S, to the N(0,c?)
distribution.

We close this section that all notions and results above can be completely taken
over to the case where one deals with finite dimensional random vectors. The
situation drastically changes if one considers random vectors in infinite dimen-
sional spaces, but this is of no concern for this course.
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A.4 Conditional expectations

Let a probability space (Q, F,P) be given. Consider two random variables or
vectors X and Y that both assume finitely many values in sets X and ) respec-
tively. Assume that P(Y = y) > 0 for all y € V. Then the conditional prob-
abilities P(X = z|Y = y) are all well defined as well as for any function f on
X the conditional expectation E[f(X)]Y =y] := > cr f(2)P(X = 2]Y = y).
Consider the function f defined by f(y) = E[f(X)|Y = y]. With the aid of f
we define the conditional expectation of f(X) given Y, denoted by E[f(X)|Y],
as f(Y).

Elementary properties of conditional expectation like linearity are in this case
easy to prove. Other properties are equally fundamental and easy to prove.
They are listed in Proposition Replacing X above by (X,Y’) we can also
define conditional expectations like E[f(X,Y)|Y]. We have the following

Proposition A.4 (i) If X andY are independent, then E [f(X)|Y] = E[f(X)],
the unconditional expectation.
(ii) Let f(X,Y) be the product f1(X)f2(Y). Then

E[f1(X)f2(V)[Y] = f2(Y)E[f1(X)[Y].
(iii) If X and Y are independent, then E[f(X,Y)|Y]=>" 4 f(z,Y)P(X = x).

The random variable Y induces a sub-o-algebra of F on 2, call it G. It is
generated by the sets {Y = y}, that constitute a partition of 2. Consider
again the function f above. It defines another function on €2, F' say, according
to F(w) = f(y) on the set {w : Y(w) = y}. In this way we can identify the
conditional expectation f(Y') with the random variable F. Note that F is G-
measurable, it is constant on the sets {Y = y}. Moreover, one easily verifies
that E(Fly=y) = E(f(X)ly=y). In words, the expectation of f(X) and its
conditional expectation over the sets {Y = y} are the same, and therefore we
will also have

E(Flg) =E(f(X)1lg) for every set G € G. (A.5)

Conditional expectation can also be defined for random variables that are not
discrete. To that end we proceed directly to the general definition as it is used in
modern probability theory. That it is possible to define conditional expectation
as we will do below is a consequence of the Radon-Nikodym theorem in measure
theory. The definition is motivated by .

Definition A.5 If X is a random variable with E|X| < oo and G a sub-o-
algebra of F, then the conditional expectation of X given § is any G-measurable
random variable X with the property that E X145 = EX1¢ for all G € G. We
will use the notation E [X|G] for any of the X above.

Note that the conditional expectation is not uniquely defined, but only up to
almost sure equivalence. Different X are called versions of the conditional expec-
tation. Conditioning with respect to a random variable (vector) Y is obtained
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by taking G equal to the o-algebra that Y induces on 2. It is a theorem in prob-
ability theory that any version of the conditional expectation given Y can be
represented by a (measurable) function of Y. The most important properties of
conditional expectation that we use in this course are collected in the following
proposition.

Proposition A.6 Let X be a random variable with E | X| < co.

(i) If X is independent of G, then E [X|G] = E X.

(ii) If H is a sub-c-algebra of G, then E[X|H] = E[E[X|G]|H]. (Repeated
conditioning)

(iii) If Y is G-measurable and E | XY | < oo, then E [XY|G] = E [X|G]Y.

(iv) If X is independent of G, Y is G-measurable and f is a measurable function
on R? with E|f(X,Y)| < oo, then E[f(X,Y)|G] = [ f(z,Y)P*(dx), with P¥X
the distribution of X.

(v) The conditional expectation is a linear operator on the space of random
variables with finite expectation.

A.5 Filtrations and Martingales

In probabilistic terms the loose term ‘information’ can be expressed by means
of o-algebras. One is given a probability space (2, F,P). A filtration in discrete
time is by definition an increasing sequence of sub-o-algebras of F. So we
have a family F = (F,)n>0 where the F,, are sub-c-algebras of F that satisfy
Fn C Fpq forall n > 0.

Information often comes to us in the form of an observed sequence of random
variables X = (X3, Xs,...), defined on (92, F,P). For each n we then put
Fn=0(X1,...,X,), the smallest o-algebra that makes X7, ..., X,, measurable
functions on ). In this case one often speaks of the filtration generated by the
sequence X1, Xo,... and one sometimes write to emphasize this relation FX
and F:X. In this situation the F, are invariant under many transformations
of the observations. For instance if we take S, = > ,_; Xj (n > 0), then the
filtrations FX and F° are the same: one knows all Sy, ...,S, iff one knows all
X, X,

Let F be a given filtration. A process X that is such that X, is F,-measurable
for all n is called adapted (to F). Obviously, any process X is adapted to FX.

Martingales form one of the corner stones in modern probability. Let us first
give a formal definition.

Definition A.7 A sequence M of random variables is said to be a martingale
w.r.t. a filtration F if the following conditions are satisfied.

(i) For every n > 0 the random variable M,, is F,,-measurable.

(ii) E|M,| < oo for all n.

(iii) E [My41|Fn] = M, for all n > 0.

The standard and easiest example of a martingale is the sum of independent
random variables with zero expectation (this is Exercise[A.12)). But there is also
a method to generate new martingales starting from a given one. To explain
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this method we have to introduce predictable sequences of random variables. A
process H = (Hy, Hy, Ho, . ..) is said to be predictable w.r.t. a filtration F if for
all n the random variable H,, is F,,_i-measurable. Here we take F_; the trivial
o-algebra.

Suppose that M is martingale w.r.t. to a given filtration F and that H is
a predictable process (w.r.t. the same filtration). Assume that the products
H,(M, — M, _1) have finite expectation (this surely happens if H is bounded).
Define the process V' by

V, = ZHkAMk = ZHk(Mk — Mj_1), (A.6)
k=0 k=0

(with M_; = 0). Then also V is a martingale w.r.t. F (this is Exercise [A.13)).

The relevant notions in continuous time are similarly defined. A filtration in
continuous time is an increasing collection of sub-o-algebras of F. So we have
a family F = (F})ic[0,00) Where the F; are sub-o-algebras of F that satisfy
Fs C Feforallt>s>0.

A martingale in continuous time is a process that satisfies the conditions of
‘with n replaced by t’. If a continuous time process X is given, then we will again
use the notation FX for the filtration it generates. So FX = {F/X : ¢t € [0,00)},
where F7¥ is the smallest o-algebra that makes all the X (s) with s < ¢ random
variables. The theory of continuous time filtrations and stochastic processes is
much more subtle and difficult than the discrete time theory, but in this course
we don’t need these subtleties.

A.6 Modes of convergence

In this section we briefly treat various convergence concepts for random vari-
ables. Let us start by defining them.

Definition A.8 Consider a sequence of random variables X7, Xo,... and an-
other random variable X. We say that

(i) X, converges in probability to X if for all € > 0 one has lim,,_, o, P(| X, —X| >
e)=0.

(ii) X,, converges to X almost surely (a.s.), if P(w : lim, . X, (w) = X(w)) = 1.
(iii) X,, converges to X in £1(2, F,P) if lim, , E|X,, — X| = 0.

(iv) X,, converges to X in £3(Q, F,P) if lim,,, E|X,, — X|* = 0.

Here are some relations between the different modes of convergence.

Proposition A.9 We have the following implications.

(i) If X,, converges to X almost surely, then also in probability.

(i) If X,, converges to X in L2(Q, F,P), then also in L1 (2, F,P).

(iii) if X,, converges to X in L1(Q, F,P), then also E X,, —+ E X.

(iv) If X,, converges to X in L*(Q, F,P), then also in probability.

(v) If the sequence X,, is bounded and X,, converges to X in probability, then
also in L2(Q, F,P).
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(vi) If X,, converges to X in probability, then there is a subsequence (X, ) such
that X, converges to X almost surely.

Proof We only prove (vi), the other assertions we leave as an exercise. From the
definition of convergence in probability we have that for each k the probability
P(]X,,—X| > 1) tends to zero, so eventually it will become less than 27*. Hence
there is ny, such that P(Ey) < 27, where By, = {|X,, — X| > 1. The Borel-
Cantelli lemma implies that P(liminfy_,oc Ef) = 1. But for w € liminfy_, . Ef
we can find some N € N such that for all k > N we have | X, (v) — X (w)| < 1,
hence the X,,, (w) converge to X (w). O

We also need some results that say, when random variables X, that converge
to a limit X almost surely, also converge in £'. Here we have some answers,
the basic convergence theorems in measure theory.

Theorem A.10 Let X,, — X almost surely.

(i) (Monotone convergence) If the X,, form a nonnegative increasing sequence
with limit X, then EX,, T EX < oc.

(ii)) (Dominated convergence) If the X,, are bounded by a random variable Y,
that is such that E |Y| < oo, then X,, converges to X in L*(Q, F,P).

(iii) (Fatou’s lemma) Without any of the two above conditions we still have
liminfE X,, > E X, if the X,, are nonnegative.

Since expectations are by definition integrals w.r.t. the underlying probability
measure, we have similar results for integrals of functions w.r.t. some measure.

A.7 Uniqueness and the heat equation

In the main text we announced that under regularity conditions the heat equa-
tion has a unique solution. In this section we state and prove a theorem on this.
In the proof of this theorem we use a maximum principle that will be discussed
first. Let for given T > 0, and real constants A and B let D C R? be the domain
D={(t,x):0<t<T,A<x< B}. We consider a function u that belongs to
C12(D) and that is continuous on the boundary 9D of D. We will also need
the parabolic boundary 0D = {(t,x) € 9D :t =0, or x € {A, B}}. Here is the
parabolic maximum principle.

Proposition A.11 If the function u above satisfies the heat inequality

1
ug(t, ) < §um(t,x), (t,z) € D, (A7)
then
max_u(t,z) = max u(t, ).
(t,z)eD (t,z)€B0 D

Proof The proof is easier if we would have a strict inequality in (A.7). So let
us assume that for the time being. Let e € (0,7) and consider D, = {(¢,z) €
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D :t < T —¢}. Suppose that u has a maximum on D, that is attained at
an interior point of D.. Then the function t — wu(t,x¢) is maximal at ¢y and
hence wu(tg, xg) = 0, whereas the function z — u(tg, ) is maximal in xg and
hence . (to, o) < 0. Hence, in (tg, zo) the inequality would be violated.
We conclude that the maximum of u on D, is attained on the boundary 0D..
Suppose now that u is maximal at (T' — €, z¢) € 0D, \ 9y D.. As above we then
have ., (T —¢€,z) < 0, whereas we also conclude that u:(T —e, x¢) > 0 (would
this be negative, than ¢ — wu(t,z) would be decreasing in a neighborhood of
T —e and thus we could find ¢ < T —e with u(t’, xg) > u(T —¢, zp) contradicting
maximality at (' — e, 2)). This again violates (A.7). Hence we conclude

t,x) = t,x). A8
s ult,e) = max ) u(t,) (4.8)

Now we let ¢ | 0 and use uniform continuity of v on D to conclude that
the left hand side of (A.8) increases to max ,)cp u(t,z) and the right hand
side to max(; z)ca,p u(t,z). We proved the assertion for functions u for which
we have strict inequality in . The general case is as follows. Instead
of considering u directly we consider u' defined by «'(¢t,2) = wu(t,z) — dt,
with 6 > 0. Then u’ satisfies the strict inequality and we conclude in view
of the forgoing that the assertion of the proposition is valid for v'. But we
also have the two inequalities max; ,)cp v'(t, ¥) > max(, ;)cp u(t,x) — 61 and
mMax (¢ zyeg,p. U (t, ) < max( z)e,p. w(t, ). The result then follows. O

The uniqueness theorem for solutions to the heat equation is a consequence of
the following

Theorem A.12 Let u € C*2((0,00) x R) and continuous on [0,00) x R. Sup-
pose that there are (nonnegative) constants A and B such that |u(t,z)] <
Aexp(Bz?) for all (t,z) € [0,00) x R. If u satisfies the inequality u; < Lug,
on (0,00) x R and if u(z,0) < 0 for all x € R, then u(t,z) < 0 for all
(t,z) € [0,00) x R.

Proof Fix T € (0, ;5). We will first show that the assertion of the theorem
is valid on [0,7] x R. Let w(t,z) = (2T — t)~ /2 exp(2?/2(2T — t)) for (t,z) €
(0,T) x R and notice that w satisfies the heat equation. Let § > 0 and define
v =vs by v(t,x) = u(t, z) — dw(t, z), then v satisfies the heat inequality as well.
Consider for h > 0 the domain D = D, = {(t,z) : t € (0,h),|z] < h}. We
apply the parabolic maximum principle to v with respect to the domain D and
we estimate the function v on 9yD. If |z| = h, then

v(t,z) < Aexp(Bh?) — dw(t, h)
< Aexp(Bh?) — §(2T)~ Y% exp(h?/4T), (A.9)
where the last inequality follows from the previous one by taking ¢ = 0, since

t — w(t, h) is increasing. By taking h big enough (h? > log Ajﬁ/(B —t/4)),
we can make (A.9) negative. Since we trivially have v(0,z) < u(0,z) < 0 we
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conclude that v(t,z) < 0 on all of 99D and hence on D. Note that it now
follows that v(¢,z) < 0 on [0,7] x R by letting h — oo. This means that
u(t,x) < dw(t,z) and we conclude that thus (by letting ¢ | 0) u(t,z) < 0 for
all (t,z) € [0,T] x R. Play now the same game with the function u’ defined by
u'(t,z) = u(t + T,xz). Clearly also v’ satisfies the conditions of the theorem,
so we conclude that v/(¢,2) < 0 and hence u(t,z) < 0 for (¢,z) € [T,2T] x R.
Iteration of this procedure concludes the proof. 0

Corollary A.13 Under the conditions of Theorem[A.12 the heat equation with
initial condition u(0,-) = f admits at most one solution.

Proof Suppose that u and v’ are two solutions, then their difference v = u —u’
is a solution to the heat equation with initial condition v(0,2) = 0. A double
application of Theorem yields the result. O

A.8 Exercises

A.1 Show by computation that the density of a non-degenerate multivariate
normal random vector has integral equal to 1.

A.2 Let Z be a random variable with N (u, 02) distribution. Determine m(u) =
Ee%Z (m is called the moment generating function of Z). Hint: Write the ex-

pectation as an integral with integration variable z and apply the substitution
2

Z—p—Uuo

=R

A positive random variable Z is said to have a log-normal distribution with pa-

rameters p and o2 if log Z has a N(u,0?) distribution. What is the expectation

of a log-normally distributed random variable with parameters p and o2?

A.3 Show by computation of the integral that Equation (A.2) holds for standard
normal random variables.

A .4 Use characteristic functions to show that for a multivariate normal random
vector X with X T = (X', X)) the components are independent iff they are
uncorrelated.

A.5 Let for each n € N the random variable X,, be degenerate in 1/n. Show
that E f(X,,) — f(0) for every (bounded) continuous function f. Determine
the limit random variable X to which the X,, converge weakly. Show also that
the distribution functions F,, of X,, converge in all x € R. Is the limit function
the distribution function X7

A.6 Define for z € R the functions R, by R,(z) = €* — Y"}'_,(iz)* /k!. Show
that [Ry(z)| < min{2,|z[}, Rn(z) =i [ Rn—1(t)dt and finally that the esti-
mates (A.3) and (A.4]) are valid.

A.7 Suppose that X7, Xo,... converges in distribution to the standard normal
distribution. Let (a,) and (b,) be convergent sequences in R with limits a and
b. Show that lim, . P(a, < X, <b,) = &(b) — ®(a).
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A.8 Finish the proof of Theorem
A.9 Prove Theorem [A3]
A.10 Prove Proposition [A-4]

A.11 Let X and Y be finite valued random variables and f a function defined
on the range of X. Let f be a function defined on the range of Y with the
property that E(f(y)l{y:y}) = E(f(X)1fy—y;) for all y. Show that fly) =
E[f(X)|Y = y] for all y with P(Y = y) > 0 and that ¥ = E[f(X)|Y].

A.12 Let X1, X5, ... be an independent sequence with E X,, = 0 for all n. Let
for each n the random variable M,, be defined by M,, = ZZ:1 X). Show that
M is martingale w.r.t. the filtration FX.

A.13 Show that the process V defined by Equation (A.6) is a martingale.

A.14 Let X,, be multivariate normal random vectors, with expectations pu,, and
covariance matrices X,,. Suppose that the X,, converge in L2-sense to a random
vector X. Show that also X has a multivariate normal distribution. What are
the expectation and covariance matrix of X7

A.15 Let u : R? — R be given by u(t,r) = at +22. Note that u is a solution to
the heat equation uy = Fau,,. Consider the region D = {(t, ) : t > 0,|x| < h},
where h > 0. Find (for different values of «) the points of D where u attains a
maximum. Make a sketch of the level sets of u.

A.16 Here is an example of nonunicity of solutions to the heat equation. Let the

initial condition be u(0, -) = 0. One solution is u(¢,z) = 0. Let ¢ be an infinitely
many times differentiable function. Show that w(t,z) = > .7 %%Mt)
is a solution to the heat equation. Next we make the special choice ¢(t) =
exp(—1/t?)14~9. This function belongs to C*°(R) and is ‘flat’ in ¢ = 0, all
derivatives in ¢ = 0 are zero. Note that now u(0,:) = 0, whereas u(¢, x) is not
identically zero for ¢ > 0. Why can’t we apply Theorem [ATT2

A.17 Let u € C12((0,T) x R) and continuous on [0,7] x R. Assume that u
satisfies |u(t,z)| < Aexp(Blog|z|?) for some A, B > 0 and that u(T,-) = 0.
If w is a solution to the Black-Scholes partial differential equation, then wu is
identically zero on [0,T] x R.
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