Factor Analysis and Alternating Minimization

Lorenzo Finesso! and Peter Spreij?

! Institute of Biomedical Engineering, CNR-ISIB, Padova, Italy
lorenzo.finesso@isib.cnr.it

2 Korteweg-de Vries Institute for Mathematics, Universiteit van Amsterdam,
Amsterdam, The Netherlands
spreij@science.uva.nl

Dedicated to Giorgio Picci on the occasion of his 65th birthday.
Happy Birthday Giorgio!

1 Introduction

Factor analysis, in its original formulation, deals with the linear statistical model
Y=HX +¢ )

where H is a deterministic matrix, X and ¢ independent random vectors, the first with
dimension smaller than Y, the second with independent components. What makes
this model attractive in applied research is the data reduction mechanism built in it.
A large number of observed variables Y are explained in terms of a small number of
unobserved (latent) variables X perturbed by the independent noise €. Under normality
assumptions, which are the rule in the standard theory, all the laws of the model are
specified by covariance matrices. More precisely, assume that X and ¢ are zero mean
independent normal vectors with Cov(X) = P and Cov(e) = D, where D is diagonal.
It follows from (1) that Cov(Y) = HPH T + D.

Building a factor analysis model of the observed data requires the solution of a diffi-
cult algebraic problem. Given X, the covariance matrix of Y, find the triples (H, P, D)
such that ¥o = HPH T + D. Due to the structural constraint on D, which is assumed
to be diagonal, the existence and unicity of a factor analysis model are not guaranteed.
As it turns out, the right tools to deal with this situation come from the theory of sto-
chastic realization, see [5] (trying to spot the master’s hand) for an early contribution
on the subject.

In the present paper we make a first attempt at understanding how to build an optimal
approximate factor analysis model. The criterion we have chosen to evaluate the dis-
tance between covariances is the I-divergence between the corresponding normal laws.
The algorithm that we propose for the construction of the best approximation is inspired
by the alternating minimization procedure of [4] and [6].
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2 The Model

Consider two independent, zero mean, normal vectors X and ¢ of respective dimensions
k and n. We will assume that Cov(X) = I, the identity matrix, and Cov(e) = D > 0,
a diagonal matrix. Let H be an n X k matrix (in this paper £ < n) and let the random
vector Y be defined by

Y=HX+e¢. (2)

Under these assumptions (2) is called a factor analysis (FA) model of size k for the
vector Y. Notice that allowing Cov(X) = P > 0 does not produce a more general
model, as a square root of P can always be absorbed in H. We will say that a normal
vector Y admits a FA model of size k if it is equal in distribution to HX + ¢ for
some X and ¢ as above, i.e. if its covariance Xy can be written as Xo = HH ' + D.
Not every normal vector Y admits a FA model, the hard constraint being imposed by
the diagonal structure of D. A probabilistic interpretation stems from Cov(Y|X) =
D (see equation (28) of the Appendix) i.e. the n components of Y are conditionally
independent given the k& < n components of some vector X. In Remark 1 of the next
section the condition for the existence of a FA model is slightly reformulated.
Although the construction of an exact FA model is not always possible, one can
search for a best approximate model, according to some criterion. In this paper we
opt for minimizing the I-divergence (Kullback-Leibler distance) between normal laws.
Recall that given two probability measures P; and P, defined on the same measurable
space, such that P; < Py, the I-divergence of IP; with respect to P5 is defined as

dP,

D(]P)1||P2) = ]EIF’l IOg dPQ .

If P; and P, are normal measures on the same space R", with zero means and strictly
positive covariance matrices Xy and X5 respectively, the I-divergence D (PP, ||IP2) takes
the explicit form

1
D(Py[[P2) =

S 1
, log o+ tr(zglzl)—g. 3)

| X1 2
Since the I-divergence only depends on the covariance matrices, we usually write
D(X4]|%2) instead of D(Py[|P2).

The approximate factor analysis problem can be posed as follows:

Problem 1. Given the positive covariance matrix Yy € R™*" and the integer £k < n
minimize
L |HH" +D| 1

+ te(HHT + D)%) — Z

D(X||[HHT + D) =

over all pairs (H, D) where H € R™** and D > 0 is of size n and diagonal.

Notice that D(X || X2), computed as in (3), can be considered as a divergence between
two positive definite matrices, without referring to normal distributions. Hence Prob-
lem 1 also has a meaning, when one refrains from assumptions like normality.
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Existence of the minimum is guaranteed by the following

Proposition 1. There exist matrices H* € R™* and D* > 0 of size n and diagonal
minimizing the I-divergence in Problem 1.

The proof is deferred to section 4.2, since it uses later results.

In order to construct an algorithm for the solution of Problem 1 we will imitate the
approach of [6]. The algorithm will therefore be derived by a relaxation technique, lift-
ing the original minimization problem to a higher dimensional space. In the larger space
a double minimization problem equivalent to Problem 1 can be formulated, leading in
a natural way to an alternating minimization algorithm.

3 Lifting of the Original Problem

In this section we will embed Problem 1 into a higher dimensional space. First we
introduce the relevant sets of covariances. Given k£ < n we denote by

Y ={x e RWFRx(+h) . 55 — (E“ E”) > 0}. 4)
a1 Yoo

where Y11 is n X n. Two subsets of X will play a special role.
o= {E e M= 20} 5)

where Y is a given covariance. We also consider the subset

(6)

zlz{xezzxz(HHTHD HQ)L

(HQ)"  Q'Q

where H € R"** @ € R¥*¥ invertible, D > 0 diagonal. Elements of X; will often
be denoted by X' (H, D, Q).

Remark 1. Notice that a normal vector Y, with Cov(Y") = X, admits a FA model of
size k iff g N X'y # 0. Supposing that this is the case, take X € Xq N X'y then, for
some (H, D, @), one has

2—( X HQ)_(HHT+D HQ>>O
T\HQT QTQ) T\ (HQ)T QTQ '

is a bonafide covariance of a normal vector V of dimension n + k. Partition VI =
(YT,ZT)T. Ttis easy to verify that Cov(Y) = Xy = HH' + D is the same as
Cov(HX + ¢) for some X standard normal and e normal, independent from X, and
with diagonal covariance D.

The lifted minimization problem can be posed as follows
Problem 2

min D(X'||%1)
reXo,xiedy
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which can be viewed as an iterated minimization problem over each of the variables.
The two resulting partial minimization problems will be investigated in the following
sections. In section 3.3 we will show the connection between Problems 1 and 2. More
precisely, we will prove

Proposition 2. Let Xy be given. It holds that

min D(Xo||HH " + D) = min __ D(¥'| ).
H,D ey, zed

3.1 The First Partial Minimization Problem

In this section we consider the first of the two partial minimization problems. Here
we minimize, for a given positive definite matrix X' € X, the divergence D(X'||X)
over X' € X. The unique solution to this problem can be computed analytically and
follows from

Lemma 1. Let (Y, X) be a random vector distributed according to some Q = Q¥X
and let P the set of all distributions P = PY-X whose marginal P¥ = P,, for some
fixed Py < QY. Then min,p D(P||Q) = D(P*||Q) where P* is given by the
Radon-Nikodym derivative

ar*  dbR
aQ — dQY"
Moreover,
D(P*|Q) = D(PollQ"). (7

and, for any other P € ‘P, one has the Pythagorean law
D(P||Q) = D(P||P7) + D(P"||Q). ®)

Proof. First we show that (7) holds. Recall that Y has law P, under P*, then

*

. dp dP, dP
D(P'||Q) =Ep-log' ) =Ep-log oy =Enlog oy = D(RIIQY).

To show that P* is a minimizer it is clearly sufficient to prove that (8) holds.

dP dP
D(P||Q) = E plog qP* +E plog 40

dP,
= D(P||P*) +E plog dQ?/

= D(P||P*) +E g, = D(P||P") + D(P*[|Q),

o dPy
where we used the fact that all P € P have marginal P¥ = P. O

Remark 2. The law P* is easily characterized in terms of the problem data Py and @
noticing that the marginal P*Y = P, and the conditional P*XIY" = QXY
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We now apply Lemma 1 to the case of normal laws and solve the first partial minimiza-
tion. See also [2] for a different proof.

Proposition 3. Let Q and Py be zero mean normal laws with strictly positive covari-
ances X € X and Xy € R"*" r.espective.ly. Then, miny, . y; D(X'||X) is attained by
the zero mean normal law P* with covariance

o ( 2o 2021_11212 ) <0
P11 %0 Dog — X XN (T — X0) 2 D '

Moreover,
D(X*|X) = D(Zol| £11).

Proof. This follows from Remark 2. A direct computation gives
Yty =Ep- XY = Ep.(Ep-[X|V]YT)
=Ep- (Eg[X[Y]Y ") = Ep(Zo1 X5 YYT)
= In X Ep YY" = 55,51 5.

Likewise, we have
53 =Ep- XX = Covp-(X)
= Covp+(X|Y) 4 Ep- (Ep-[X|Y]Ep-[X|V]T)
= Covo(X|Y) + Ep- (Eq[X|YEq[X[Y]T)
= Yo — I X' D12 + Ep- (S S Y (51 E1'Y) )
= Yo — D1 X' D10 + Epy (B EYY T X Dh0)
= Yoo — Y1 X 10 + I X D0 D Dia.
Notice that, since 2’ > 0 by assumption,
25— X5 (X)) Ty = Xy — S X' 212> 0

which, together with the assumption Xy > 0, shows that X* > 0.
The last relation, D(X*|| X)) = D(X]||X11), reflects equation (7). O

3.2 The Second Partial Minimization Problem

In this section we turn to the second partial minimization problem. Here we minimize,
for a given positive definite matrix X' € X, the divergence D(X||X) over X1 € 3.

Clearly this problem cannot have a unique solution in terms of the matrices H and
Q. Indeed, if U is a unitary k x k matrix and H' = HU, Q' = U Q, then H'H'"T =
HH", Q'TQ' = Q'Q and H'Q' = HQ. Nevertheless, the optimal matrices HH ',
HQ and QT Q are unique, as we will see in Proposition 4. First we need to introduce
some notation and conventions. If P is a positive definite matrix, we denote by P'/2
any matrix satisfying (P'/2)T(P/2) = P, and by P~'/? its inverse. If M is any
square matrix, we denote by A(M) the diagonal matrix

A(M )i = Mi;.
Recall that we denote by X(H, D, Q) a typical element of X7;.
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Proposition 4. Given X' € X the miny, s> D(X||X1) is attained at a XY such that
X1 € Xy is solved by

Q" = 30,
H* _ 21222—21/27
D* = A(X11 — D1255 591).

Thus the minimizing matrix X7 = X (H*, D*, Q*) becomes

e (D255 o1 + A(Z11 — 212555 X01)  Zho
= : )
2ot Yoo
Moreover, the Pythagorean law
D(X[|X(H,D,Q)) = D(X||X7) + D(X1||X(H, D, Q)) (10)

holds for any X (H, D, Q) € X', and therefore X5 is unique.
Proof. 1t is sufficient to show the validity of (10). We first compute
2D(X[|X(H, D,Q)) — 2D(X|XY).

It follows from Lemma A.2 that | X (H, D, Q)| = |D| x |Q " Q|. In view of equation (3)
the above difference becomes

log | D] +10g QT Q| —log [ D*| ~log |Q*" Q*| +tr(L(H, D,Q)™' %) —tr(Z;715).
(1)
Using Corollary A.1, we compute

B D! D 'HQT
Y(H,D,Q) t= (_Q—IHTD—I Q—I(HTD—1H+ I)Q—T) ) (12)

and hence we get that
tr(2(H,D,Q) ' Y) =tr(D (T — HQ™ " Za))
+tr(—Q 'H' D 'Y+ QN H D T'H + Q™ T Xa,)
=tr(D"HZ1 —2HQ "Xn)+Q HH'D'H +)Q™ "X).  (13)

Apply now Lemma A.2 to (9) and write A = A(X1; — 21222_21221), to get

—1 A-1 -1
=5 o=y srnan )

— Tt T AT D T AT 0 4 D5t
Therefore

tr(277E) =tr(A7 x (D1 — XX ) ey =t (AT A) +k=n+ k.
(14)
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Combining equations (11), (13), and (14), we find that
D(X||X(H,D,Q)) — D(X]|X7) =
* 1 *
log |D| +log|Q" Q| — log [D*| —log |Q" Q"
+ tl‘(D_l(le — HQ_TZm))
+tr(—Q TH' D'+ QN H'DTTH +1)Q™ " Xa)
— (n+k). (15)
We proceed with the computation of 2D (X5 || X(H, D, Q)).
2D(X(H*,D*,Q")||¥(H,D,Q)) =
-
log [D| +10g Q" Q| —log|D*| —log [Q* Q*[ — (n + k)
+tr(2(H,D,Q) ' X(H*,D*,Q")). (16)

Combining equations (9), (12), and tr (D~ (X2 X5,' Yoy + A)) = tr(D~1X11), we
obtain

tr(2(H,D,Q) ' X(H*,D*,Q*)) = tr(D™ "' X11)
—2tr(DT'HQ " Xo1) +t1(Q W H 'DT'H+1)Q™ " 55).  (17)
Insertion of (17) into (16) and a comparison with (15) yields the result. O

Remark 3. Notice that the matrix H* H*' is strictly dominated by X';; (in the sense of
positive matrices). This easily follows from X';; — o = XY — 21222_21 Yo >0,
and the assumption X' > 0. By the same token D* > 0.

3.3 The Link to the Original Problem

We now establish the connection between the lifted problem and the original
Problem 1.

Proof of Proposition 2. Let ¥y = Y(H, D, Q) and denote by X* = X*(X), the
solution of the first partial minimization over X. We have, for all X/ € X,

D(X'||Z1) = D(Z*||%1)
= D(5%||HH' + D)
> min D(%o||[HH " + D),
H,D

where we used Proposition 1 to write min on the RHS. It follows that

inf D(X'||21) > min D(Z||HH " + D).
»eXo, el H,D

Conversely, let (H*, D*) be the minimizer of (H, D) — D(X||HH " + D), pick
an arbitrary invertible Q*, and let X* = X (H*, D*, Q*) be the corresponding element
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in ;. Furthermore, let X** € X be the minimizer of X — D(X||X*) over Xy.
Then

. T * %1 *
win D(So||[HH T + D) = D(o||H*H* " + D)
D(X*]|X7)

inf D(X'| %),
ey, zed

2
>

which shows the opposite inequality. Finally, to show that we can replace the infima
with minima also in the lifted problem, notice that (see Proposition 3) D(X**||X*) =

D(Xo||H*H*" + D*). O

4 Alternating Minimization Algorithm

In this section we combine the two partial minimization problems above to derive an
iterative algorithm for Problem 1. It turns out that this algorithm is also instrumental in
proving the existence of a solution to Problem 1.

4.1 The Algorithm

We suppose that the given matrix Y is strictly positive definite. Pick the initial values
Hy, Dy, Qg such that Hy is of full rank, Dy > 0 is diagonal, )y and HOHOT + Dy are
invertible.

At the ¢-th iteration the matrices H;, D; and ()¢ are available. Start solving the first
partial minimization problem with X' = X (H;, D, Q). Use the resulting matrix as
data for the second partial minimization, the solution of which gives the update rules

Qi+1 = (QtTQt — Q) H/ (HiH, + Dy) " HiQ

1/2
+ QT H] (HH] + D)™ So(HH] + D) HiQ) ", (1)

Hypq = So(H:H] + Dy) " HiQ: QY (19)
D1 = A(Zo — Hy HYL ). (20)

In (18) there is some freedom in computing the square root that determines ;1. Prop-
erly choosing the square root will result in the disappearance of ; from the algorithm.
This is an attractive feature, since (J; only serves as an auxiliary variable. One can write
the RHS of equation (18), before taking the square root, as

Ql(I—-H(HH + D)"Y (HH, + D; — Xo)(H:H,” + D;)" H})Q;
and denoting

Ry =1—-H, (HH + D)"Y (H:H + Dy — X)(H;H, + Dy))"*H, (21)
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a possible square root is given by
R*Qs.

Notice that R; only involves the iterates H; and D,. The update equation (18) can
therefore be rewritten as

Hypy = So(HH, + D) "H,R; />, (22)
The final version of the algorithm is given by equations (20),(21), and (22) which, for
clarity, we present as

Algorithm 1

Ry =1—H(HH + D;)""(H:H," + Dy — £)(H H + D;)""Hy, (23)
Hyyy = So(HiH, + Dy) " H,R; /?, (24)
Dyy1 = A(Xo — Hip1 H ). (25)

In order to avoid taking a square root at each step one can introduce the matrices K; =

H:Q; and P; = Qf Q; and write the updates for K; and P;. Equations (18), (19), and
(20) easily give

Algorithm 2
Kio1=20(K.P7 K + Dy) 'Ky, (26)
Piy1=P,— K (K:P, 'K + D)  (K:PT 'K, + Dy — 20)(K: P 'K, + D¢) 'Ky,
Dit1=A(Zo — Ke1 PLA KL ).

After the final iteration, the T'-th say, one can take Hy = KTQF, where Qr is a

square root of Pr.

Notice that in both Algorithm 1 and 2 it is required to invert n X n matrices (like e.g.
(H:H," +D;)~"). Applying corollary A.1 one gets (H;H,” +D;)"'H; = D;*H,(I+
H," D; ' H;). Hence, we can replace e.g. (22) with

Hyiy = oDy " Hy(I + H D7 H) 'R, 7)
By the same token one can write
Ki1 =YD Ky(P,+ K D;'K,)"'P,

to replace (26).
Some properties of the algorithm are summarized in the next proposition.

Proposition 5. For Algorithm 1 the following hold for all t.
(a) Dt > 0 and (Dt)ii < (Zo)“
(b) Ry is invertible.

(c) If Hy is of full column rank, so is Hy.
(d) H:H,' < Y.
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(e) If Xy = HOHOT + Dy then the algorithm stops.
(f) The objective function decreases at each iteration. More precisely, let X ; be the
solution of the first partial minimization with data Xy = X (Hy, Dy, Q). Then

D(Sol|His1 ) = D(Soll HHT) = = (D(Zeall £0) + D(Soll Zoi) )

(g) The limit points (H, D) of the algorithm satisfy the relations

H= (Y- HH")D™'H,
D=AXy—-HH").

Proof. (a) This follows from Remark 3.

(b) Use the identity I — H,' (H:H," + D;)"*H; = (I + H] D, *H;)~" and the as-
sumption Xy > 0.

(c) Use the assumption Xy > 0, (a), and (b).

(d) Again from Remark 3 and the construction of the algorithm as a combination of the
two partial minimization problems.

(e) This is a triviality upon noticing that one can take R; = I in this case.

(f) It follows from a concatenation of Lemma 1 and Proposition 4. Notice that we can
express the decrease as the sum of two I-divergences, since the Pythagorean law
holds for both partial minimizations.

(g) We consider Algorithm 2 first. Assume that all variables converge. Then, from (26),
the limit points K, P, D satisfy the relation K = XD 'K (P + KD 'K)~'P.
Postmultiplication by P~1(P + K T D~!K) yields, after rearranging terms, K =
(Yo — KP'KT)D7'K. Let now Q be a square root of P and H = KQ ™ to get
the first relation. The rest is trivial. O

4.2 Proof of Proposition 1

Let Dy and Hj be arbitrary and perform one step of the algorithm to get matrices D;
and H;. It follows from Proposition 5 that D(Xo||H1 H{' + D1) < D(Xo||HoH, +
Dy). Moreover, HiH, < Xy and D; < A(X)). Hence the search for a minimum
can be confined to the set of matrices (H, D) satisfying HH " < Xy and D < A(X)).
Next, we claim that it is also sufficient to restrict the search for a minimum to all ma-
trices (H, D) such that HH ™ + D > eI for some sufficiently small ¢ > 0. Indeed,
if the last inequality is violated, then HH " + D has an eigenvalue less than . Write
the Jordan decompositions HH" + D = UAUT, and let ¥y = U"X,U. Then
D(Xo||[HHT + D) = D(Zy||A), as one easily verifies. Denoting by \; the eigen-
values of HH ' + D and letting o;; be the diagonal elements of Xy, we can write
D(ZylA) = =3 log | Xyl + 5 > log i — 5 + 5>, %7. Let Aj, be a minimum eigen-
value and take € smaller than the minimum of all o;;, which is positive, since Y is
strictly positive definite. Then the contribution for ¢ = ¢y in the summation to the diver-
gence D(Xy||A) is at least log ¢ + 1, which tends to infinity for e — 0. This proves the
claim. So, we have shown that a minimizing pair (H, D) has to satisfy HH T < 5,
D < A(Xp), and HHT + D > eI, for some ¢ > 0. In other words we have to mini-
mize the I-divergence over a compact set on which it is clearly continuous. This proves
Proposition 1. O
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A Appendix

For ease of reference we collect here some standard formulas for the normal distribution
and some matrix algebra.

A.1 Multivariate Normal Distribution

Let (XT,YT)T be a zero mean normal vector with covariance matrix

v Yxx Xxv
vx Yyvy )

Assume that Yyy is invertible. The conditional law of X given Y is normal with
E[X|Y] = Exy Xy Y and

Cov[X|Y] = Zxx — Exy Zyy Dy x. (28)

A.2 Partitioned Matrices

Lemma 2. Let A, D be square matrices. Assume invertibility where required.

AC\ _(I CD™™[(A-CD™'B 0\( I 0
Bp) " \o I 0 p)\pB 1)’
AC\ (I 0)\([A 0 I A-lC
Bp)~\Bat 1)\0 D-BA'c)\0 1 )
Ao\t
BD) ~

(A-CD™'B)™! —(A-CD7'B)"'CcD™!
-D'B(A-CD7'B)"! D 'B(A-CD!'B)~'CD '+ D7 ')"
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Corollary 1
(D—-BAC) '=D '+ D 'B(A' —cD'B)"'CD™.

Proof. For Lemma 2 a check will suffice. The Corollary follows using the two decom-
positions of the Lemma with A replaced by A~! and comparing the two expressions of
the lower right block of the inverse matrix. O





