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% wnm  The 2PI1 effective action

2Pl in a nutshel An approximation scheme in Quantum Field Theory:

e 2PI Vertices
e 2P| WT identities

e Good convergence properties.

Renormalization e It captures certain non-perturbative aspects.

Summary e Wide range of applications in- and out-of-equilibrium.
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QED in the covariant gauge with gauge fixing parameter &
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The 2P| effective action

The 2P| effective action for Quantum Electrodynamics

ngl[gp,g] = S[g&] + = Stl’ logg + StrQO
+®MQ+ +
06550
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Oks =z The 2P effective action

SCIENTIFIQUE

The 2P| effective action for Quantum Electrodynamics

2Pl in a nutshell

[+ 2p) Efecive acion |
- SPIWT oo [opi[p, G] = S[¢]+ Str logG ™" + 5”90

Summary —|_ @@ —|_ W@ —|_ ®_’_®
NN

Recall the superfield notations (talk by Julien Serreau)

A G K' K
o = 0 and QE<gpgpt>CE K F D

QEt Kt _Dt F‘v
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The 2P| effective action for Quantum Electrodynamics

2Pl in a nutshell

[+ 2p) Efecive acion |
- SPIWT oo [opilp, G] = Slo] + 5 Stf logG ™" + Stfgo

Summary ®VV\‘© W@ ®_’_®
SR R-W-H:1

The physics is obtained from a variational principle

0l ap1
0Gg

Ilp] = Tapip, Glp]] where 0=

Gle]

A given truncation of I"2p1[¢, G| defines an approximation of I"[¢].
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The 2P| effective action for Quantum Electrodynamics

2Pl in a nutshell

e 2P| Effective action

e 2PI Vertices

o 2PI WT identities FQPI[Spag] — S[Qp] T35 Stl’ logg + 3 Stl’ gO
Summary —|_ ®VV\‘© —|_ W@ —|_ ®_’_®
08556

To which extent does I'[¢] reflect the basic properties of the theory?
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7 Complete gauge-fixing independence.
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% 2Pl and 2PIl-resummed vertices

2Pl in a nutshell
e 2P| Effective action

* 2P| WT identities In a given approximation, two distinct ways to define vertices
Renormalization . 951
_ o"T 10" 26, _
Summary 2Pl-resummed vertices — 2P1 vertices
SQp -+ - 01 SQp -+ - 03

In the exact theory, these two definitions coincide.
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% 2Pl and 2PIl-resummed vertices

2Pl in a nutshell
e 2P| Effective action

* 2P| WT identities In a given approximation, two distinct ways to define vertices
Renormalization . 951
_ o"T 10" 26, _
Summary 2Pl-resummed vertices + 2P1 vertices
SQp -+ - 01 SQp -+ - 03

In a given approximation, they become different.

Approximation artefact: at a given order of approximation

57’),1—\ N 57’1,—2 >—1
! Y1 = (O (higher order contributions)
Spm - 001 Opm - 003
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At any approximation order, the 2P| effective action is gauge invariant

2Pl in a nutshell

e 2P| Effective action 5@ (FQPI [QO, g] — ng [A]) =0

e 2P| Vertices

under a generalized gauge transformation

Renormalization

SR— —(1/e)0c 0aG =0 oKt 6.K
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At any approximation order, the 2P| effective action is gauge invariant

2Pl in a nutshell

e 2P| Effective action 5@ (FQPI [(,0, g] - ng [A]) — O

e 2PI Vertices

e 2P| WT identities

Renormalization

under a generalized gauge transformation

STy —(1/e)0c 0aG =0 S, K? O K
5()4%0 = e and 0.0 = 0o K 0o F 0o D
—ie o)t S, Kt —5,Dt S, F

WT identity for the 2PI-resummed four-photon vertex [UR & J. Serreau, JHEP 0711:097 (2007)]

4
M 0"’ _

SALSAVSAPSAT

WT identity for the 2P| four-photon vertex [UR & J. Serreau, JHEP 0711:097 (2007)]

,16%G,
SAPSAT
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STy —(1/e)0c 0aG =0 S, K? O K
5()4%0 = e and 0.0 = 0o K 0o F 0o D
—ie o)t S, Kt —5,Dt S, F

WT identity for the 2PI-resummed two-photon vertex [UR & J. Serreau, JHEP 0711:097 (2007)]

6T
O Saroar ~ 10" Com

BUT! 2P| two-photon vertex unconstrained [UR & J. Serreau, JHEP 0711:097 (2007)]
(fole G;Vl = 30" G()_,/lw + O(higher order contributions)
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Renormalization factors

QED is renormalizable: one can redefine the fields

At = 22 (d)AY = 2,2 Py = 2y (d)Y

as well as the parameters of the theory

Z(d) 23" (d)es = Z1(d)e Z?éid) B Z4§(d)

in order to remonve all UV divergences from the vertices, as d — 4.

Za(d)ymy = Zo(d)m
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e Exact theory

In terms of renormalized fields, the 2PI effective action gets the additional contribution

2Pl in a nutshell 523 5
STopr = —= [ Au(z)(g"* 02 — 1Y ) Ay (z
Renormalization 2P1 2 K ( ) g L =T v ( )
e Renormalization factors | z
573 )
e Renormalized invariance + B — [(guyaaj — 8{’; 8;) G/Jl/ (33', y)] + .
e Renormalization conditions 2 T r=y
Summary
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In terms of renormalized fields, the 2PI effective action gets the additional contribution

2Pl in a nutshell 5Z
STop; = 73 A, () (gwag —agga;;)A,,(x)

e

Renormalization

e Renormalization factors |

573 )

e Renormalized invariance +  — [(guyaaj —_ 8{’; 8;) G/Jl/ (33', y)] + e
e Renormalization conditions 2 T r=y

Summary

The 2PI-resummed photon propagator

gets the additional contribution

52T

_ 2
sansar — 07390 — 0ud)

+
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2Pl in a nutshell 523 5
STopr = —= [ Au(z)(g"* 02 — 1Y ) Ay (z
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52T

_ 2
sarsar = 0289 0" — 0u0)

+ ... The 2PI photon propagator

gets the additional contribution

Gy = 6Z3(9uw0” — 0u0y)
5°T _
—— #iG,, +
sAnsAr  (Ca
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In terms of renormalized fields, the 2PI effective action gets the additional contribution

2Pl in a nutshell 5Z
STop; = 73 A, () (gwag —agga;;)A,,(x)

e

Renormalization

e Renormalization factors |

575 )

e Renormalized invariance = 1524 _ A AV ( ) v
ec invariane g'" oy — 080, |Guv(z,y +

e Renormalization conditions 2 P =y

Summary

The 2PI-resummed photon propagator

gets the additional contribution 6723 + 673

52T

_ 2
sangar ~ 073(gumd” — 0ud)

4+ ... The 2Pl photon propagator

gets the additional contribution

Gy = 073(9ud® — 8,0,)

Temt + o
sAnsAr
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Approximations

In terms of renormalized fields, the 2PI effective action gets the additional contribution

6lopy = 5? xAM(g;) (guuag _aga;)A,,(a:)
20 [ [(9v02 - ox0)Gute)] o
+ % ; [8“8’/Gw(x y)] 6MQ /G“ T, )

The 2Pl-resummed photon propagator

gets the additional contribution

T = 07Z3(9uv0* — 0,,0,)
SAngAv ORI e
§°T .

.G_l
sARsAv ©

6723 + 673, 621, SM?

The 2PI photon propagator

gets the additional contribution

Gy = 073(9u0® — 8,0,)

+ i621 OOy + 1M guy + -+
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In terms of renormalized fields, the 2PI effective action gets the additional contribution

2Pl in a nutshell 523 5
Renormalization 5F2PI - 2 / A,u (x) (gluyax N 858;) AV (x)
e Renormalization factors | B z
575
e L w5 [ (oot - oor) Guntan)] 4o
X
Summary 52 5]\[2
-+ TL [8”8”Guy(x y)] /G“ x,T)
X

All these new contributions do not affect the gauge invariance of the 2Pl effective action

0.G =0 = 9, (FQPI + 5F2PI — ng [A]) —

—> new counterterms allowed by symmetry [UR & J. Serreau, in preparation]
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Approximations

In terms of renormalized fields, the 2PI effective action gets the additional contribution

olop; = 5? xA“(x) (guuag _aga;)A,,(a:)
+ 20 [ (90 - 0t0) Gt
e / Gl (2, )
2 - mzy

5G g
+ =t / Gl (z, )Gy (2, ) + % / GM (2, 2) Gy (2, )

All these new contributions do not affect the gauge invariance of the 2Pl effective action
000G =0 = 0, (F2PI + 0l'opr — Sgr [A]) =

—> new counterterms allowed by symmetry [UR & J. Serreau, in preparation]
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Approximations

In terms of renormalized fields, the 2PI effective action gets the additional contribution

STop; = 5? A, () (gwag —aga;)A,,(x)
2 [ (e - or0r)Guunta)] 4o
571,

5]\[2
[8”8”(?,“/(90 y)] x:y /G” x,T)

5G g
- / Gl (z, )Gy (2, ) + % / GM (2, 2) Gy (2, )

not wanted! :/Au(a:)G”V(a:,y)A,,(a:), /AM(CC)AM(CC)GZ(CC,QT)

All these new contributions do not affect the gauge invariance of the 2PI effective action

G =0 = 9, (FQPI + 0l'op1 — Sgrf [A]) =

—> new counterterms allowed by symmetry [UR & J. Serreau, in preparation]
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% anew Four photon leg subgraphs

The 2PI photon propagator G_’;,/l contains subgraphs involving four photons legs

2Pl in a nutshell

Renormalization

e Renormalization factors |

e Renormalization factors Il

e Renormalized invariance —

— 1 .
e Renormalization conditions G v — 7 +
8% u

% % So
Summary W
p o

S, F

2
oG

0

S

The same applies to the 2PI-resummed photon propagator 621" /§ AX§ AY

5 ( 52T ) 52G oy
(X —_—
SGET \ §AHGS AV SAHGEAV
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Renormalized 2Pl effective action

ol'2p1

A similar analysis on other 2P| and 2PI-resummed vertices leads to

— 5? xAM(x) (g“”&% — 858;)141/(37)

4 % ngag — aga;)GW(x,y)L:y

4+ @ : [858;Guy(a:,y)]m:y + 5]\2/[2/33Gﬁ(33,x)
, oo

v
2 [ e s a) + 22 [ 6 e G,
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Renormalized 2Pl effective action

A similar analysis on other 2P| and 2PI-resummed vertices leads to

57
STopy = 73 A, () (gwag - aga;)A,,(az)

+ 5ZQ/¢ )idp ) (x m5Zo/¢

4 % i ngag — aga;)GW(x,y)L:y
+ % ) [858;Guy(a:,y)] ., + 5]\2/[2/33Gﬁ(33,x)

+ —/ Gl (z, )Gy (z, ) + 092 /G“”(x,a:) Guv(x,x)

x

— 522/tr [i0xD(z,y)],.—, —|—m520/trD(a:,x)
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Renormalized 2Pl effective action

A similar analysis on other 2P| and 2PI-resummed vertices leads to

57
STopy = 73 A, () (gwag - aga;)A,,(az)
522/?70 Z@mw 5ZO/¢
— 6521/ Y(x)A(z)Y(x)
623 urv 92 wav
+ 50 ) [(omos - ooy ) Gutew)|
67 K
+ 2L [ ot Gutey)] _ + - [ Gl

5 N
+ gl/G” z, )G, (x,z) + ZQ/ G (x,x) G v (x, x)
— 522/tr [i0xD(z,y)],.—, —|—m520/trD(a:,x)

-+ 6(521/tr [A(x)D(z,x)] — edZ; / [P (z)K (z,z) + K(z, z))(z)]
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amamt Renormalized gauge invariance

2P in a nutshell The unrenormalized 2P| effective action is gauge invariant
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% Renormalized gauge invariance

2P1 in a nutshell The unrenormalized 2PI effective action is gauge invariant

Renormalization

e Renormalization factors | 5@ (FQPI — ng [A]) _ 0

e Renormalization factors |

e Renormalized invariance

e Renormalization conditions

Summary

The renormalized 2P| effective action is a priori not gauge invariant

So (Fgm + 6T 9p1 — ng[A]) = <22 — Zo — (21 — ZQ?—?) 5o / P(x)idz1(x)
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2Pl in a nutshell The unrenormalized 2P| effective action is gauge invariant

Renormalization

e Renormalization factors | 5@ (FQPI — ng [A]) pm 0

e Renormalization factors |

e Renormalized invariance

e Renormalization conditions

Summary

The renormalized 2P1 effective action is a priori not gauge invariant

5. (Capt + ot — 8l4)) = (7~ 22— (2 - 20 2 ) o [ Bl@ivvia

WT identities + Renormalization conditions

B _ Z
<22 — Zo— (21 — Zl)—2> =
A

It is then possible to define a gauge-invariant renormalization scheme.

Urko Reinosa — 2008 2P| effective action for gauge theories: Renormalization — p. 13




CENTRE NATIONAL
DE LA RECHERCHE
SCIENTIFIQUE

2Pl in a nutshell

Renormalization

e Renormalization factors |
e Renormalization factors |
e Renormalized invariance

e Renormalization conditions

Summary

Urko Reinosa — 2008

Renormalization conditions

13 counterterms need 13 renormalization conditions!

STapr = -2 [ Ay (x) (gwag - aga;;)A,,(a;)

X

v 67y / B () idab(z) — m 820 / B () (x)

— 6521/ Y (x)A(z)Y(x)
873
2/,
7

(902 — 0807 )G (ay)|

SM?
020G e)] _ + - [ Gliwa)

T L=

dg dg
+ %/ Gl(z, )Gy (z, x) + %/ GH (z, ) G (z, x)
— 522/tr [i0=D(z,y)],.—, —|—m520/trD(a:,x)

-+ 6(521/ tr [A(z)D(x,x)] —edZ; / [P (z)K (z,z) + K(z, z)(z)]
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wenm:  Renormalization conditions

Green counterterms (0 Z1 here) fix the parameters of the theory

2Pl in a nutshell

3
Renormalization 5 F

Hoo_ H
e Renormalization factors | € ,75404 o 521 € ’75404 _|_ 5A 5,¢ 515 _
e Renormalization factors | M & (O B

e Renormalized invariance

e Renormalization conditions

Summary
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Renormalization e j2 . 5Z e j2 _|_ 53 F
e Renormalization factors | ,75404 o 1 70_‘ o 5 A 5 ,(p 5 TZ _
e Renormalization factors I M & @y

e Renormalized invariance

e Renormalization conditions

Summary

Blue counterterms ((521 and (521 here) restore unicity of vertices at the renormalization point
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e Renormalization factors | Yao = 1€Yaa SA..S ,(p 5{; B
e Renormalization factors I M & @y

e Renormalized invariance

e Renormalization conditions

Summary

Blue counterterms (521 and (521 here) restore unicity of vertices at the renormalization point

i6G= 1 p 106G, . 53T
0AL 0Pa 54,6006V
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Renormalization conditions

Green counterterms (0 Z1 here) fix the parameters of the theory

53
5 A 0ad)a |,

e’yga = 5Zlefyga +

Blue counterterms (521 and (521 here) restore unicity of vertices at the renormalization point

0G0
5A,

. i0Go §3T
~ 07160 F WM — 0% eVaa t ST
« v’ « a |4

* *

§Z1evE  +
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e Renormalized invariance

e Renormalization conditions

Summary
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Renormalization conditions

Green counterterms (0 Z1 here) fix the parameters of the theory

53
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Blue counterterms (521 and (521 here) restore unicity of vertices at the renormalization point
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Red counterterms restore the transversality of «y-vertices at the renormalization point
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Approximations of the 2Pl effective action for QED are gauge invariant:

2Pl in a nutshell

der (FQPI — Sgf [A]) =0

Renormalization

The corresponding — 2PI and 2PIl-resummed — vertices are renormalizable:

e Doubled counterterms: (6Z3,573), (6Z2,672), (6Z1,071), (6Z0,520).

e Additional counterterms: 631, 6g-, 67, and 5\ ~.

The renormalization procedure is consistent:

e All these new features are allowed by the symmetry:
der (FzPI + 0l'2p1 — Ser [A]) =0

e No new parameters in the game.

— | Systematic application of 2PI techniques to abelian gauge theories | <=
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2Pl in a nutshell

Renormalization

Urko Reinosa — 2008

Gauge-fixing dependence

Example: Consider the pressure of the system

Popr = —Tt [mD—l(g) +Dy! D(s)} + %Tr [m G+ Gy (6) C:(g)}

—I—O—I— + ...

At a given order of approximation, there is a residual gauge-fixing dependence

At order e, dié_PQPI = O(e")
d
At order e*, d—§7)2PI = O(e®), andsoon

Convergence —- The residual gauge-fixing dependence is an asset rather than a problem.

2P| effective action for gauge theories: Renormalization — p. 18




% amam: Two-loop result (1/2)

In the range of converge £ € [0, 2], the £-dependence is not dramatically big:

2Pl in a nutshell

comparable to the pi-dependence in the range p € [1, 47|

Renormalization

1
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UR & Sz. Borsanyi, PLB 661 (2008)
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sy Two-loop result (2/2)

Minimum sensitivity obtained for & = 0 (Landau gauge):

2Pl in a nutshell
0.93 ‘ ‘
p=mtT
Renormalization (VP 1 JEEEE
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