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Classical field theory is all around

¥Gluon dynamics: heavy quark production?

¥Electroweak phase transition: 
travesing the wall beyond gradient expansion?

¥Dynamics topological defects:
do strings radiate fermions?
are superconducting strings stable?

Bosons only

Homogeneous systems: (preheating, fermionic thermalisation)
already solved: Hartree or 2PI.

Far from equilibrium only
where we do not have 2PI yet

The truly Þeld theory counterpart to soft SU(3)+vlasov
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Classical bosons + fermions

eiS eff [! ] =
!

D ! D ø! eiS [! ," , ø" ]

I t is straightforward to solve a bosonic classical !eld theory.

We "just# need:

Semiclassical approximation: classical bosonic sector,
with exact fermions on the bosonic background.

quad. divergen!log divergen!

Se! [! ] is built of e$ective vertices %non&local action'

The scalar loops are integrated non&perturbatively by the classical simulations.

Analogous bosonic approximation exists, too. �#�B�B�D�L�F�
���)�F�J�U�N�B�O�O�
���1�B�U�[�P�M�E����������
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1 Semiclassical appr oxi mati on

Since the action is always quadratic in the fermion Þelds, it is (in principle)
possibleto integrate out the fermion degreesof freedomin the path integral. We
deÞneour semiclassicalapproximation by usingan entirely classicaldynamics for
the bosoinic Þelds,that are sourcedby the quantum fermion Þeldspropagating
on that bosonicbackground.

We work out the details of this schemeon the examplewherethe background
consistsin a complex scalar Þeld. Then we have the following Lagrangian:

L =
1
2

! ! ! ! ! ! V (! ) + i ø" " µ ! µ " ! ø" (M PL + M ! PR )" (1)

Here the M complex fermion massis a function of the background:

M (x) = m ! g! (x) . (2)

The projectors are deÞnedas PL = 1
2 (1 ! " 5) and PR = 1

2 (1 + " 5).
The fermions then obey the following Dirac equation:

(i " µ ! µ ! m + gRe! (x) ! igIm ! (x)" 5)" (x) = 0, (3)

i ! µ ø" (x)" µ + ø" (x)(m ! gRe! (x) + igIm ! (x)" 5) = 0. (4)

Instead of using anticommuting operators, we rewrite the Dirac equation so
that it applies to the symmetrised two-point function:

(i " µ ! x,µ ! m + gRe! (x) ! igIm ! (x)" 5)D (x, y) = 0, (5)

i ! y ,µ D (x, y)" µ + D(x, y)(m ! gRe! (y) + igIm ! (y)" 5) = 0, (6)

where D(x, y) is deÞnedas

D(x, y)ij =
1
2

!
D >

ij (x, y) ! D <
ij (x, y)

"
=

1
2

#$
" i (x), ø" j (y)

%&
(7)

D < (x, y)ij =
#ø" j (y)" i (x)

&
(8)

D > (x, y)ij =
#
" i (x) ø" j (y)

&
. (9)

1
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(Seff is nonlocal)



Integrating the fermion determinant
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operator equations:

D(x, y) =
1
2

! [! (x), ! (y)]"symmetrised propagator:
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1 Semiclassical appr oxi mati on

Since the action is always quadratic in the fermion fields, it is (in principle)
possible to integrate out the fermion degrees of freedom in the path integral. We
define our semiclassical approximation by using an entirely classical dynamics for
the bosoinic fields, that are sourced by the quantum fermion fields propagating
on that bosonic background.

We work out the details of this scheme on the example where the background
consists in a complex scalar field. Then we have the following Lagrangian:

L =
1
2

! Φ! ! Φ ! V (Φ) + i Ψ̄" µ ! µ Ψ ! Ψ̄(M PL + M ! PR )Ψ (1)

Here the M complex fermion mass is a function of the background:

M (x) = m ! gΦ(x) . (2)

The projectors are defined as PL = 1
2 (1 ! " 5) and PR = 1

2 (1 + " 5).
The fermions then obey the following Dirac equation:

(i " µ ! µ ! m + gRe Φ(x) ! igIm Φ(x)" 5)Ψ(x) = 0 , (3)
i ! µ Ψ̄(x)" µ + Ψ̄(x)(m ! gRe Φ(x) + igIm Φ(x)" 5) = 0 . (4)

Instead of using anticommuting operators, we rewrite the Dirac equation so
that it applies to the symmetrised two-point function:

(i " µ ! x,µ ! m + gRe Φ(x) ! igIm Φ(x)" 5)D (x, y) = 0, (5)
i ! y ,µ D (x, y)" µ + D (x, y)(m ! gRe Φ(y) + igIm Φ(y)" 5) = 0 , (6)

where D (x, y) is defined as

D (x, y)ij =
1
2

!
D >

ij (x, y) ! D <
ij (x, y)

"
=

1
2

#$
Ψi (x), Ψ̄j (y)

%&
(7)

D < (x, y)ij =
#
Ψ̄j (y)Ψi (x)

&
(8)

D > (x, y)ij =
#
Ψi (x)Ψ̄j (y)

&
. (9)

1

same Dirac 
equation

standard 
Dirac 

equationHere we worked out the Dirac (as well as ßavour) indices.
If the initial condition is the free vacuum of a massive Dirac fermion Þeld,

we have

D(x0, !x, y0, !y)|x 0 = y0 =0 =
!

dp3

(2" )3 e! i !p(!x ! !y ) m + pi #i

2$!p
, (10)

with $2
!p = m2 + |!p|2.

Then the scalar background has a simple equation of motion:

%2
x ! (x) + V "(! (x)) + Nf J (x) = 0 (11)

whereNf is the number of equivalent ßavoursand the current J is a combination
of the scalar and pseudoscalarcurrents:

J (x) = ReJ S(x) + i Im J PS(x) , (12)

J S(x) = ! g
" ø" (x)" (x)

#
= gTr

"
" (x)" + (x)#0#

, (13)

J PS(x) = ! g
" ø" (x)#5" (x)

#
= gTr

"
" (x)" + (x)#0#5#

. (14)

The scalar current is always real the pseudoscalarcurrent is always imaginary.

1.1 Mo de functi on expansi on

One can solve Eqs. (5), (6) and (11) numerically without any further informa-
tion. The standard strategy is to intro duce mode functions &u,s (x, !p) and
&v,s (x, !p) so that they together build the fermion Þeld operator:

" (x) =
!

!p

$

s

%
bs(!p)&u,s (x, !p) + d+

s (!p)&v,s (x, ! !p)
&

(15)

Here bs(!p) and ds(!p) obey the usual anti-commutin g relations:
'

bs(!p), b+
s! (!q)

(
= (2" )3' (!p ! !q)' s,s ! , (16)

'
ds(!p), d+

s! (!q)
(

= (2" )3' (!p ! !q)' s,s ! , (17)

and all other anti-commutators vanish. We intr oduced the spinor index s that
runs from 1 to 2. The non-interacting vacuum is deÞnedin terms of the ex-
pectation valuesof thesestep operators. The only non-vanishing combinations
are

)*
bs(!p), bs! +

(!q)
+,

= (2" )3' (!p ! !q)' s,s ! (1 ! 2ns
+ (!p)) , (18)

)*
ds(!p), ds! +

(!q)
+,

= (2" )3' (!p ! !q)' s,s ! (1 ! 2ns
! (!p)) . (19)

At initial time we set the mode functions to

&u,s (x, !p)|x 0 =0 = us(!p)e! i !p!x , (20)

&v,s (x, !p)|x 0 =0 = vs(!p)e! i !p!x . (21)

2

back reaction:
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2

This is the %inhomogenous' Hartree approximation.
(known limitations: no efÞcient particle scattering) �4�B�M�M�F�
�4�N�J�U�
�7�J�O�L����������



The standard approach
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Ψ(x)Ψ+ (x)#0#
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Then the scalar background has a simple equation of motion:

%2
x ! (x) + V "(! (x)) + Nf J (x) = 0 (11)

whereNf is the number of equivalent ßavoursand the current J is a combination
of the scalar and pseudoscalarcurrents:

J (x) = ReJ S(x) + i Im J PS(x) , (12)

J S(x) = ! g
" ø" (x)" (x)

#
= gTr

"
" (x)" + (x)#0#

, (13)

J PS(x) = ! g
" ø" (x)#5" (x)

#
= gTr

"
" (x)" + (x)#0#5#

. (14)

The scalar current is always real the pseudoscalarcurrent is always imaginary.

1.1 Mo de functi on expansi on

One can solve Eqs. (5), (6) and (11) numerically without any further informa-
tion. The standard strategy is to intro duce mode functions &u,s (x, !p) and
&v,s (x, !p) so that they together build the fermion Þeld operator:

" (x) =
!

!p

$

s

%
bs(!p)&u,s (x, !p) + d+

s (!p)&v,s (x, ! !p)
&

(15)

Here bs(!p) and ds(!p) obey the usual anti-commutin g relations:
'

bs(!p), b+
s! (!q)

(
= (2" )3' (!p ! !q)' s,s ! , (16)

'
ds(!p), d+

s! (!q)
(

= (2" )3' (!p ! !q)' s,s ! , (17)

and all other anti-commutators vanish. We intr oduced the spinor index s that
runs from 1 to 2. The non-interacting vacuum is deÞnedin terms of the ex-
pectation valuesof thesestep operators. The only non-vanishing combinations
are

)*
bs(!p), bs! +

(!q)
+,

= (2" )3' (!p ! !q)' s,s ! (1 ! 2ns
+ (!p)) , (18)

)*
ds(!p), ds! +

(!q)
+,

= (2" )3' (!p ! !q)' s,s ! (1 ! 2ns
! (!p)) . (19)

At initial time we set the mode functions to

&u,s (x, !p)|x 0 =0 = us(!p)e! i !p!x , (20)

&v,s (x, !p)|x 0 =0 = vs(!p)e! i !p!x . (21)

2

"eigenfunctions of th# 
Dirac operator$

Here we worked out the Dirac (as well as ßavour) indices.
If the initial condition is the free vacuum of a massive Dirac fermion Þeld,

we have

D(x0, !x, y0, !y)|x 0 = y0 =0 =
!

dp3

(2" )3 e−i !p( !x−!y ) m + pi #i

2$!p
, (10)

with $2
!p = m2 + |!p|2.

Then the scalar background has a simple equation of motion:

%2
x ! (x) + V ′(! (x)) + Nf J (x) = 0 (11)

whereNf is the number of equivalent ßavoursand the current J is a combination
of the scalar and pseudoscalarcurrents:

J (x) = ReJ S(x) + i Im J PS(x) , (12)

J S(x) = ! g
" ø" (x)" (x)

#
= gTr

"
" (x)" + (x)#0#

, (13)

J PS(x) = ! g
" ø" (x)#5" (x)

#
= gTr

"
" (x)" + (x)#0#5#

. (14)

The scalar current is always real the pseudoscalarcurrent is always imaginary.

1.1 Mo de functi on expansi on

One can solve Eqs. (5), (6) and (11) numerically without any further informa-
tion. The standard strategy is to intro duce mode functions &u,s (x, !p) and
&v,s (x, !p) so that they together build the fermion Þeld operator:

" (x) =
!

!p

$

s

%
bs(!p)&u,s (x, !p) + d+

s (!p)&v,s (x, ! !p)
&

(15)

Here bs(!p) and ds(!p) obey the usual anti-commutin g relations:
'

bs(!p), b+
s! (!q)

(
= (2" )3' (!p ! !q)' s,s ! , (16)

'
ds(!p), d+

s! (!q)
(

= (2" )3' (!p ! !q)' s,s ! , (17)

and all other anti-commutators vanish. We intr oduced the spinor index s that
runs from 1 to 2. The non-interacting vacuum is deÞnedin terms of the ex-
pectation valuesof thesestep operators. The only non-vanishing combinations
are

)*
bs(!p), bs! +

(!q)
+,

= (2" )3' (!p ! !q)' s,s ! (1 ! 2ns
+ (!p)) , (18)

)*
ds(!p), ds! +

(!q)
+,

= (2" )3' (!p ! !q)' s,s ! (1 ! 2ns
−(!p)) . (19)

At initial time we set the mode functions to

&u,s (x, !p)|x 0 =0 = us(!p)e−i !p!x , (20)

&v,s (x, !p)|x 0 =0 = vs(!p)e−i !p!x . (21)

2

�"�B�S�U�T�
���4�N�J�U����������Usua%y solved in 1+1 dimensions.

Here we worked out the Dirac (as well as ßavour) indices.
If the initial condition is the free vacuum of a massive Dirac fermion Þeld,

we have

D(x0, !x, y0, !y)|x 0 = y0 =0 =
!

dp3

(2" )3 e! i !p(!x ! !y ) m + pi #i

2$!p
, (10)

with $2
!p = m2 + |!p|2.

Then the scalar background has a simple equation of motion:

%2
x ! (x) + V "(! (x)) + Nf J (x) = 0 (11)

whereNf is the number of equivalent ßavoursand the current J is a combination
of the scalar and pseudoscalarcurrents:

J (x) = ReJ S(x) + i Im J PS(x) , (12)

J S(x) = ! g
" ø" (x)" (x)

#
= gTr

"
" (x)" + (x)#0#

, (13)

J PS(x) = ! g
" ø" (x)#5" (x)

#
= gTr

"
" (x)" + (x)#0#5#

. (14)

The scalar current is always real the pseudoscalarcurrent is always imaginary.

1.1 Mo de functi on expansi on

One can solve Eqs. (5), (6) and (11) numerically without any further informa-
tion. The standard strategy is to intro duce mode functions &u,s (x, !p) and
&v,s (x, !p) so that they together build the fermion Þeld operator:

" (x) =
!

!p

$

s

%
bs(!p)&u,s (x, !p) + d+

s (!p)&v,s (x, ! !p)
&

(15)

Here bs(!p) and ds(!p) obey the usual anti-commutin g relations:
'

bs(!p), b+
s! (!q)

(
= (2" )3' (!p ! !q)' s,s ! , (16)

'
ds(!p), d+

s! (!q)
(

= (2" )3' (!p ! !q)' s,s ! , (17)

and all other anti-commutators vanish. We intr oduced the spinor index s that
runs from 1 to 2. The non-interacting vacuum is deÞnedin terms of the ex-
pectation valuesof thesestep operators. The only non-vanishing combinations
are

)*
bs(!p), bs! +

(!q)
+,

= (2" )3' (!p ! !q)' s,s ! (1 ! 2ns
+ (!p)) , (18)

)*
ds(!p), ds! +

(!q)
+,

= (2" )3' (!p ! !q)' s,s ! (1 ! 2ns
! (!p)) . (19)

At initial time we set the mode functions to

&u,s (x, !p)|x 0 =0 = us(!p)e! i !p!x , (20)

&v,s (x, !p)|x 0 =0 = vs(!p)e! i !p!x . (21)

2

Mode functions

Initial time:

Evolution:
!
i ! µ " µ ! m + gRe! (x) ! igIm! (x)! 5"

#u/v ,s (x, $p) = 0

Price: ! volume2/ timestep

�4�B$•�O�
�5�S�B�O�C�F�S�H����������

(one mode / momentum-space site)



The stochastic approach
Notice, that in the back-reaction we have: J (x) !

!"
ö! (x), ö! (y)

#$%
%
%
y= x

(Anti-commutator decouples!)

We replace the ladder operators by stochastic variales:

Here we worked out the Dirac (as well as ßavour) indices.
If the initial condition is the free vacuum of a massive Dirac fermion Þeld,

we have

D(x0, !x, y0, !y)|x 0 = y0 =0 =
!

dp3

(2" )3 e! i !p(!x ! !y ) m + pi #i

2$!p
, (10)

with $2
!p = m2 + |!p|2.

Then the scalar background has a simple equation of motion:

%2
x Φ(x) + V "(Φ(x)) + Nf J (x) = 0 (11)

whereNf is the number of equivalent ßavoursand the current J is a combination
of the scalar and pseudoscalarcurrents:

J (x) = ReJ S(x) + i Im J PS(x) , (12)

J S(x) = ! g
" øΨ(x)Ψ(x)

#
= gTr

"
Ψ(x)Ψ+ (x)#0#

, (13)

J PS(x) = ! g
" øΨ(x)#5Ψ(x)

#
= gTr

"
Ψ(x)Ψ+ (x)#0#5#

. (14)

The scalar current is always real the pseudoscalarcurrent is always imaginary.

1.1 Mo de functi on expansi on

One can solve Eqs. (5), (6) and (11) numerically without any further informa-
tion. The standard strategy is to intro duce mode functions &u,s (x, !p) and
&v,s (x, !p) so that they together build the fermion Þeld operator:

Ψ(x) =
!

!p

$

s

%
bs(!p)&u,s (x, !p) + d+

s (!p)&v,s (x, ! !p)
&

(15)

Here bs(!p) and ds(!p) obey the usual anti-commutin g relations:
'

bs(!p), b+
s! (!q)

(
= (2" )3' (!p ! !q)' s,s ! , (16)

'
ds(!p), d+

s! (!q)
(

= (2" )3' (!p ! !q)' s,s ! , (17)

and all other anti-commutators vanish. We intr oduced the spinor index s that
runs from 1 to 2. The non-interacting vacuum is deÞnedin terms of the ex-
pectation valuesof thesestep operators. The only non-vanishing combinations
are

)*
bs(!p), bs! +

(!q)
+,

= (2" )3' (!p ! !q)' s,s ! (1 ! 2ns
+ (!p)) , (18)

)*
ds(!p), ds! +

(!q)
+,

= (2" )3' (!p ! !q)' s,s ! (1 ! 2ns
! (!p)) . (19)

At initial time we set the mode functions to

&u,s (x, !p)|x 0 =0 = us(!p)e! i !p!x , (20)

&v,s (x, !p)|x 0 =0 = vs(!p)e! i !p!x . (21)

2

We reproduce D(x, y) =
1
2

!
[ø! (x), ! (y)]

"
= ! ø! (x)! (y)"ensemble

! ! s("p)! +
s! ("p!)" = (2#)3$("p # "p!)$ss!

!
1
2

# n("p)
"

! ! s("p)! +
s! ("p!)" = # (2#)3$("p # "p!)$ss!

!
1
2

# n("p)
"

Here we worked out the Dirac (as well as ßavour) indices.
If the initial condition is the free vacuum of a massive Dirac fermion Þeld,

we have

D(x0, !x, y0, !y)|x 0 = y0 =0 =
!

dp3

(2" )3 e! i !p(!x ! !y ) m + pi #i

2$!p
, (10)

with $2
!p = m2 + |!p|2.

Then the scalar background has a simple equation of motion:

%2
x ! (x) + V "(! (x)) + Nf J (x) = 0 (11)

whereNf is the number of equivalent ßavoursand the current J is a combination
of the scalar and pseudoscalarcurrents:

J (x) = ReJ S(x) + i Im J PS(x) , (12)

J S(x) = ! g
" ø" (x)" (x)

#
= gTr

"
" (x)" + (x)#0#

, (13)

J PS(x) = ! g
" ø" (x)#5" (x)

#
= gTr

"
" (x)" + (x)#0#5#

. (14)

The scalar current is always real the pseudoscalarcurrent is always imaginary.

1.1 Mo de functi on expansi on

One can solve Eqs. (5), (6) and (11) numerically without any further informa-
tion. The standard strategy is to intro duce mode functions &u,s (x, !p) and
&v,s (x, !p) so that they together build the fermion Þeld operator:

" (x) =
!

!p

$

s

%
bs(!p)&u,s (x, !p) + d+

s (!p)&v,s (x, ! !p)
&

(15)

Here bs(!p) and ds(!p) obey the usual anti-commutin g relations:
'

bs(!p), b+
s! (!q)

(
= (2" )3' (!p ! !q)' s,s ! , (16)

'
ds(!p), d+

s! (!q)
(

= (2" )3' (!p ! !q)' s,s ! , (17)

and all other anti-commutators vanish. We intr oduced the spinor index s that
runs from 1 to 2. The non-interacting vacuum is deÞnedin terms of the ex-
pectation valuesof thesestep operators. The only non-vanishing combinations
are

)*
bs(!p), bs! +

(!q)
+,

= (2" )3' (!p ! !q)' s,s ! (1 ! 2ns
+ (!p)) , (18)

)*
ds(!p), ds! +

(!q)
+,

= (2" )3' (!p ! !q)' s,s ! (1 ! 2ns
! (!p)) . (19)

At initial time we set the mode functions to

&u,s (x, !p)|x 0 =0 = us(!p)e! i !p!x , (20)

&v,s (x, !p)|x 0 =0 = vs(!p)e! i !p!x . (21)

2

! (x) =
!

!p

"

s

("s(#p)$u,s (x, #p) + %s(#p)$v,s (x, #p))

No such ! ! 
WeÕll need to do something special about the antifermions...
(No such problem with scalars)



The gender index
We represent a two&point function as the expectation value of the 
product of two di$erent complex stochastic spinor variables.

steps. The fermions are described by one such Þeld per mode, which results in
a demand of ! V 2 stepsper update. Our aim now is to provide an alternativ e,
cheaper solution to the equations.

Let us intro duce a set of classical (complex) spinor stochastic variables:
! M (x) and ! F (x). Only together can theseÒmaleÓand ÒfemaleÓÞeldsform a
sensefulphysical quantit y:

D (x, y) =
!
! M (x) ø! F (y)

"
=

!
! F (x) ø! M (y)

"
. (32)

These spinor Þeldsare not of Grassmannnature, which is possiblebecauseD
is a symmetrised propagator in the senseof Eq. (7). The role of male and
female spinors is interchangeable, their only feature is their relationship: i)
their correlator equals D(x, y); ii) Male/female couples do not correlate with
any other members of the ensmebleof couples.

So that D in Eq. (32) obeys Eqs. (5) and (6) we require that both the male
and femalestochastic spinors follow the usual Dir ac equation:

(i " µ #µ " m + gRe! (x) " igIm ! (x)" 5)! (x) = 0. (33)

The g (gender) index represents M or F .
The currents expressedin terms of the stochastic Þeldsread

J S(x) = gTr D(x, x)" 0 = g
!
! +

F (x)" 0! M (x)
"

, (34)

J PS(x) = gTr D(x, x)" 0" 5 = g
!
! +

F (x)" 0" 5! M (x)
"

. (35)

Due to the interchangeability of ! M and ! F the scalarand pseudoscalarcurrents
are manifestly real and imaginary, respectively.

We have to make sure to satisfy Eq. (10). For this we deÞnethe Fourier
transformed stochastic Þelds:

! g($p) =
#

!x
ei !x !p! g($x) ! g($x) =

#

!p
e! i !x !p ø! g($p) . (36)

To reproduce Eq. (10) we require

!
! M ($p)! +

F ($q)
"

= (2%)3&($p " $q)
1
2

M ($p) (37)

On the lattice we have volume times a Kronecker-& for the Þrst two factors.
Both inverseFourier transformations will carry a 1/V factor, too.

The eigenvaluesof (m" 0 + pi " i " 0)/ 2' !p are + 1
2 , + 1

2 , " 1
2 and " 1

2 . The Þrst
two correspond to the two spin eigenstatesof the fermion, the secondtwo belong
to those of the antifermion. We denote the eigenspinorsas u(1) ,u(2 ) , v(1 ) and
v(2) , respectively.

With the lattice normalisation we can expressthe stochastic spinor Þeldsin
terms of the eigenspinorsas follows:

! M ,F ($p) =
1

#
2

$

s

((s($p)us($p) ± ) s($p)vs($p)) (38)

4

M: male, F: female: D"x,y$ may have negative eigenvalues

steps. The fermions are described by one such Þeld per mode, which results in
a demand of ! V 2 stepsper update. Our aim now is to provide an alternativ e,
cheaper solution to the equations.

Let us intro duce a set of classical (complex) spinor stochastic variables:
! M (x) and ! F (x). Only together can theseÒmaleÓand ÒfemaleÓÞeldsform a
sensefulphysical quantit y:

D (x, y) =
!
! M (x) ø! F (y)

"
=

!
! F (x) ø! M (y)

"
. (32)

These spinor Þeldsare not of Grassmannnature, which is possiblebecauseD
is a symmetrised propagator in the senseof Eq. (7). The role of male and
female spinors is interchangeable, their only feature is their relationship: i)
their correlator equals D(x, y); ii) Male/female couples do not correlate with
any other members of the ensmebleof couples.

So that D in Eq. (32) obeys Eqs. (5) and (6) we require that both the male
and femalestochastic spinors follow the usual Dir ac equation:

(i " µ #µ " m + gRe! (x) " igIm ! (x)" 5)! g(x) = 0. (33)

The g (gender) index represents M or F .
The currents expressedin terms of the stochastic Þeldsread

J S(x) = gTr D(x, x)" 0 = g
!
! +

F (x)" 0! M (x)
"

, (34)

J PS(x) = gTr D(x, x)" 0" 5 = g
!
! +

F (x)" 0" 5! M (x)
"

. (35)

Due to the interchangeability of ! M and ! F the scalarand pseudoscalarcurrents
are manifestly real and imaginary, respectively.

We have to make sure to satisfy Eq. (10). For this we deÞnethe Fourier
transformed stochastic Þelds:

! g($p) =
#

!x
ei !x !p! g($x) ! g($x) =

#

!p
e! i !x !p ø! g($p) . (36)

To reproduce Eq. (10) we require

!
! M ($p)! +

F ($q)
"

= (2%)3&($p " $q)
1
2

M ($p) (37)

On the lattice we have volume times a Kronecker-& for the Þrst two factors.
Both inverseFourier transformations will carry a 1/V factor, too.

The eigenvaluesof (m" 0 + pi " i " 0)/ 2' !p are + 1
2 , + 1

2 , " 1
2 and " 1

2 . The Þrst
two correspond to the two spin eigenstatesof the fermion, the secondtwo belong
to those of the antifermion. We denote the eigenspinorsas u(1) ,u(2 ) , v(1 ) and
v(2) , respectively.

With the lattice normalisation we can expressthe stochastic spinor Þeldsin
terms of the eigenspinorsas follows:

! M ,F ($p) =
1

#
2

$

s

((s($p)us($p) ± ) s($p)vs($p)) (38)

4

gender index

steps. The fermions are described by one such Þeld per mode, which results in
a demand of ! V 2 stepsper update. Our aim now is to provide an alternativ e,
cheaper solution to the equations.

Let us intro duce a set of classical (complex) spinor stochastic variables:
! M (x) and ! F (x). Only together can theseÒmaleÓand ÒfemaleÓÞeldsform a
sensefulphysical quantit y:

D (x, y) =
!
! M (x) ø! F (y)

"
=

!
! F (x) ø! M (y)

"
. (32)

These spinor Þeldsare not of Grassmannnature, which is possiblebecauseD
is a symmetrised propagator in the senseof Eq. (7). The role of male and
female spinors is interchangeable, their only feature is their relationship: i)
their correlator equals D(x, y); ii) Male/female couples do not correlate with
any other members of the ensmebleof couples.

So that D in Eq. (32) obeys Eqs. (5) and (6) we require that both the male
and femalestochastic spinors follow the usual Dir ac equation:

(i " µ#µ " m + gRe! (x) " igIm ! (x)" 5)! g(x) = 0. (33)

The g (gender) index represents M or F .
The currents expressedin terms of the stochastic Þeldsread

J S(x) = gTr D(x, x)" 0 = g
!
! +

F (x)" 0! M (x)
"

, (34)

J PS(x) = gTr D(x, x)" 0" 5 = g
!
! +

F (x)" 0" 5! M (x)
"

. (35)

Due to the interchangeability of ! M and ! F the scalarand pseudoscalarcurrents
are manifestly real and imaginary, respectively.

We have to make sure to satisfy Eq. (10). For this we deÞnethe Fourier
transformed stochastic Þelds:

! g($p) =
#

!x
ei!x!p! g($x) ! g($x) =

#

!p
e! i!x!p ø! g($p) . (36)

To reproduce Eq. (10) we require

!
! M ($p)! +

F ($q)
"

= (2%)3&($p " $q)
1
2

M ($p) (37)

On the lattice we have volume times a Kronecker-& for the Þrst two factors.
Both inverseFourier transformations will carry a 1/V factor, too.

The eigenvaluesof (m" 0 + pi" i" 0)/ 2' !p are + 1
2 , + 1

2 , " 1
2 and " 1

2 . The Þrst
two correspond to the two spin eigenstatesof the fermion, the secondtwo belong
to those of the antifermion. We denote the eigenspinorsas u(1) ,u(2), v(1) and
v(2), respectively.

With the lattice normalisation we can expressthe stochastic spinor Þeldsin
terms of the eigenspinorsas follows:

! M,F ($p) =
1

#
2

$

s

((s($p)us($p) ± ) s($p)vs($p)) (38)

4

Back reaction:

steps. The fermions are described by one such field per mode, which results in
a demand of ! V 2 steps per update. Our aim now is to provide an alternative,
cheaper solution to the equations.

Let us introduce a set of classical (complex) spinor stochastic variables:
! M (x) and ! F (x). Only together can these “male” and “female” fields form a
senseful physical quantity:

D (x, y) =
!
! M (x)!̄ F (y)

"
=

!
! F (x)!̄ M (y)

"
. (32)

These spinor fields are not of Grassmann nature, which is possible because D
is a symmetrised propagator in the sense of Eq. (7). The role of male and
female spinors is interchangeable, their only feature is their relationship: i)
their correlator equals D (x, y); ii) Male/female couples do not correlate with
any other members of the ensmeble of couples.

So that D in Eq. (32) obeys Eqs. (5) and (6) we require that both the male
and female stochastic spinors follow the usual Dirac equation:

(i " µ #µ " m + gRe ! (x) " igIm ! (x)" 5)! g(x) = 0 . (33)

The g (gender) index represents M or F .
The currents expressed in terms of the stochastic fields read

J S(x) = gTr D (x, x)" 0 = g
!
! +

F (x)" 0! M (x)
"

, (34)

J PS(x) = gTr D (x, x)" 0" 5 = g
!
! +

F (x)" 0" 5! M (x)
"

. (35)

Due to the interchangeability of ! M and ! F the scalar and pseudoscalar currents
are manifestly real and imaginary, respectively.

We have to make sure to satisfy Eq. (10). For this we define the Fourier
transformed stochastic fields:

! g($p) =
#

!x
ei !x !p! g($x) ! g($x) =

#

!p
e! i !x !p !̄ g($p) . (36)

To reproduce Eq. (10) we require

!
! M ($p)! +

F ($q)
"

= (2%)3&($p " $q)
1
2

M ($p) (37)

On the lattice we have volume times a Kronecker-& for the first two factors.
Both inverse Fourier transformations will carry a 1/V factor, too.

The eigenvalues of (m" 0 + pi " i " 0)/ 2' !p are + 1
2 , + 1

2 , " 1
2 and " 1

2 . The first
two correspond to the two spin eigenstates of the fermion, the second two belong
to those of the antifermion. We denote the eigenspinors as u(1) ,u(2) , v(1) and
v(2) , respectively.

With the lattice normalisation we can express the stochastic spinor fields in
terms of the eigenspinors as follows:

! M ,F ($p) =
1

#
2

$

s

(( s($p)us($p) ± ) s($p)vs($p)) (38)

4

Initialisation "Fourier space = eigenspace of the Dirac operator$:

spin index

primary stochastic variables

opposite sign for Male and Femal#

This recipe guarantees that: 

steps. The fermions are described by one such Þeld per mode, which results in
a demand of ! V 2 stepsper update. Our aim now is to provide an alternativ e,
cheaper solution to the equations.

Let us intro duce a set of classical (complex) spinor stochastic variables:
! M (x) and ! F (x). Only together can theseÒmaleÓand ÒfemaleÓÞeldsform a
sensefulphysical quantit y:

D (x, y) =
!
! M (x) ø! F (y)

"
=

!
! F (x) ø! M (y)

"
. (32)

These spinor Þeldsare not of Grassmannnature, which is possiblebecauseD
is a symmetrised propagator in the senseof Eq. (7). The role of male and
female spinors is interchangeable, their only feature is their relationship: i)
their correlator equals D(x, y); ii) Male/female couples do not correlate with
any other members of the ensmebleof couples.

So that D in Eq. (32) obeys Eqs. (5) and (6) we require that both the male
and femalestochastic spinors follow the usual Dir ac equation:

(i " µ #µ " m + gRe! (x) " igIm ! (x)" 5)! g(x) = 0. (33)

The g (gender) index represents M or F .
The currents expressedin terms of the stochastic Þeldsread

J S(x) = gTr D(x, x)" 0 = g
!
! +

F (x)" 0! M (x)
"

, (34)

J PS(x) = gTr D(x, x)" 0" 5 = g
!
! +

F (x)" 0" 5! M (x)
"

. (35)

Due to the interchangeability of ! M and ! F the scalarand pseudoscalarcurrents
are manifestly real and imaginary, respectively.

We have to make sure to satisfy Eq. (10). For this we deÞnethe Fourier
transformed stochastic Þelds:

! g($p) =
#

!x
ei !x !p! g($x) ! g($x) =

#

!p
e! i !x !p ø! g($p) . (36)

To reproduce Eq. (10) we require

!
! M ($p)! +

F ($q)
"

= (2%)3&($p " $q)
1
2

M ($p) (37)

On the lattice we have volume times a Kronecker-& for the Þrst two factors.
Both inverseFourier transformations will carry a 1/V factor, too.
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Both inverseFourier transformations will carry a 1/V factor, too.
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2 , + 1
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2 and " 1

2 . The Þrst
two correspond to the two spin eigenstatesof the fermion, the secondtwo belong
to those of the antifermion. We denote the eigenspinorsas u(1) ,u(2 ) , v(1 ) and
v(2) , respectively.
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matches the pert. vacuum at t=0

EoM:



Thus we simulate fermions

¥ Number of spinor equtions: 
E <<  # of sites (as in Hartree)

"  E ~ linear lattice size (rule of thumb)
"  No beneÞt in 1+1 dimensions
"  Similar idea for bosons proved useful in 2+1 

¥ Chemical potential: no problem
 (microcanonical instead of grand canonical)

¥ This is not lattice QCD! 
 (no straightforward generalisation)



What can these equations do for us?

Close to thermal fermion produciton!

Sphaleron transitions.

Fermion spectrum after a Brane-collison.

Decay of defects into radiation.

(see also: bosonic decay of kinks)
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Vortons: string loops that refuse to collapse

Fermions can be trapped in a string loop.
Their centrifugal force prevents contraction.

T0i

doublers... they go the other way around
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Vortons: string loops that refuse to collapse

Fermions can be trapped in a string loop.
Their centrifugal force prevents contraction.

T0i

doublers... they go the other way around
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Cosmic strings: do they exist at all?
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FIG. 7: The temperature power spect ra from semilocal st rings
(thick) and textures (thin), showing the scalar (dash-dot red),
vector (dashed blue) and tensor (lower solid green) compo-
nents.

st rings are taken from Ref. [37],3 whereas the texture
spectra have been calculated by using new simulat ions of
the texture linear-! model obtained by set t ing to zero the
gaugeÞelds in the semilocal model Eq. (1) (see Appendix
for details on the texture calculat ions).

The Þrst thing to not ice from these graphs is that ,
at Þxed Gµ, the Abelian Higgs strings give signiÞcant ly
higher anisotropies than the other two by a factor of
about 5. Semilocal st rings and textures are quite sim-
ilar, with the former being slight ly lower. This is in good
accord with the intuit ion that semilocal st rings ought to
be similar to textures, but with some of the anisotropies
cancelled by the gauge Þeld. Ult imately, this di! erence
in anisotropy amplitude will result in a weakening of ob-
servat ional constraints on Gµ for semilocal and texture
as compared to Abelian Higgs strings.

Going beyond theamplitude, it isclear that thesemilo-
cal temperature power spectra shape shares propert ies
with both the Abelian Higgs and the texture predict ion.
It is close to the texture predict ion in, e.g., the level of
the power of the anisotropies at Þxed Gµ, although it
does not have the small oscillat ions. On the other hand,
it peaks for larger values of " than textures, more like
Abelian Higgs strings.

Figure7 showsa direct comparison between thesemilo-

3 Refs. [15, 37] employed a code in which a bug has been discov-
ered, and this had a small e! ect in Ref. [13] since it used their
result s direct ly (see the respect ive errata). Here we have used
the corrected power spect ra from Refs. [15, 37] and quote the
corrected result s from Ref. [13].

Gµ10

Abelian Higgs st ring 2.7 ! 10! 6

Semilocal st ring 5.3 ! 10! 6

Textures 4.5 ! 10! 6

TABLE I I : Normalizat ion of di! erent defects to match the
observed ! = 10 mult ipole value.
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FIG. 8: The temperature power spect ra for Abelian Higgs
st rings, semilocal st rings, textures and the best Þt inßat ion-
ary model. The points represent the three-year W M A P ex-
perimental data [65]. The curves for defects are normalized
to match the data at ! = 10.

cal st rings predict ion and the texture predict ion for the
temperature power spectrum. As discussed before, the
texture model can be obtained by set t ing to zero the
gauge coupling constant in the semilocal model, so the
di! erences appearing in the curves arise from coupling
the scalar Þelds to the gauge Þelds. The overall shape of
the curves for each model is roughly the same, with that
for textures being somewhat higher and peaking earlier
than that for the semilocal st rings. If the Abelian Higgs
model predict ion was plot ted in the same graph, it would
lie way above this curve, since the overall scale of the
spectrum is much higher.

However, bear in mind that the normalizat ion of the
spectra is a free parameter, and one would like to com-
pare the relat ive shapes of the predict ions to understand
their detailed observat ional implicat ions. For example, it
is customary to encode the informat ion about the overall
power coming from the defects by Gµ10. The normal-
izat ion of the strings is proport ional to (Gµ)2. Thus,
Gµ10 is the value of the normalizat ion by which the de-
fect spectra matches the W M A P data [65] at mult ipole
" = 10, shown in Table I I for each type of defect . This
is merely a tool to compare di! erent predict ions. Fig-
ure 8 shows pictorially the di! erent defect predict ions
with these normalizat ions, together with the experimen-
tal data and the inßat ionary best-Þt model. Note that
for textures it is not natural to talk about Òenergy per

10

Parameter PL PL+ SL PL+ AH PL+ TX
f 10 0 0.14 ± 0.06 0.09 ± 0.05 0.18 ± 0.08
ns 0.96 ± 0.02 1.02 ± 0.04 1.00 ± 0.03 1.04 ± 0.05
h 0.74 ± 0.03 0.85 ± 0.06 0.84 ± 0.06 0.87 ± 0.08
! b h2 0.0223 ± 0.0007 0.0263 ± 0.0021 0.0258 ± 0.0020 0.0264 ± 0.0026
! m h2 0.126 ± 0.007 0.122 ± 0.007 0.122 ± 0.007 0.118 ± 0.008
ln(1010A2

s ) 3.09 ± 0.06 2.96 ± 0.08 2.99 ± 0.08 2.94 ± 0.09
! 0.09 ± 0.03 0.11 ± 0.04 0.11 ± 0.04 0.12 ± 0.04

TABLE I I I : Mean and standard deviat ions of the power-law model parameters, using CM B data only.
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FIG. 10: The 2-dimensional const raints from the M CM C
chains using CM B only data (bot tom), and using
CM B+ BBN+ HK P data (top).

fore, in order to quant ify the allowed level for a st ring
component , we int roduce a parameter f 10 [13]: the frac-
t ional contribut ion of st rings to the temperature power
spectra at mult ipole ! = 10. We then use a modiÞed
version of CosmoMC [68] to perform a mult i-parameter
Markov Chain Monte Carlo (M CM C) likelihood analysis
for CM B data (W M A P, ACBAR, BOOMERANG, CBI
and VSA projects [65, 69, 70, 71, 72, 73]) when semilocal
st rings or textures are included. We also reproduce the
results for Abelian Higgs strings from [13] for compari-
son. The likelihood analysis is performed for the usual
six-parameter Power-Law (PL) model (! bh2, h, ns, " ,
! m h2, As), plus the new extra f 10. We vary only the
normalizat ion of the string (or texture) power spectra
and keep the form of them Þxed, following Refs. [9, 13].
This approach is just iÞed since the strings (or textures)
contribute only a small fract ion to the total power, and
the changes in the cosmological parameters are not large
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FIG. 11: The 1-dimensional marginalized likelihood plots for
the fract ion of semilocal st rings f 10 allowed at mult ipole " =
10 from the M CM C chains using CM B only data (dark), and
using CM B+ BBN+ HK P data (light ).

enough that the changes in the form of the string or tex-
ture spectra are relevant . The best-Þt values of the pa-
rameters can be found in Table I I I for PL alone, and
for PL with semilocal (SL) st rings, Abelian Higgs (AH)
strings and textures (TX).

Table I I I shows that , as in previous results [9, 13], the
degeneracies of the cosmological parameters with respect
to the CM B data allow for a rather high value of f 10 =
0.14± 0.06, which corresponds to Gµ = [1.9± 0.4]! 10! 6.
In order to accommodate the defect contribut ion, other
parameters (most notably ! bh2, h, and ns) get shifted
to higher values, as was the case for the Abelian Higgs
strings [13].

Figure 10 shows the marginalized 2D likelihood dist ri-
but ions for the parameters ! bh2, h, and ns versus f 10.
It is clear in the Þgure that there is ample space for a
not icable value of f 10. In fact , it can be seen in the 1-
D marginalized likelihood plot (Fig. 11) that the CM B
data alone prefers to have semilocal st rings at a 2-# level.

However, asment ioned before (see Table I I I), the best-
Þt values of ! bh2 and h are high compared to the con-
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cordance model: Non-CM B experiments for those two
quant it ies yield h = 0.72 ± 0.8 (the Hubble Key Project
HK P [62]) and ! bh2 = 0.0214 ± 0.0020 (measurements
of deuterium abundance in high-redshift gas clouds to-
gether with big bang nucleosynthesis BBN [63]). If we
include these two non-CM B experimental values into our
M CM C scheme (as gaussian likelihoods), we conÞrm
that the new set of data is more constraining also for
semilocal st rings (as seen in Figs. 10 and 11). However,
the95% conÞdence level upper bound on f 10 for semilocal
st rings remains rather high, going from Gµ < 2.6 ! 10! 6

(f 10 < 0.25) for the CM B only case to Gµ < 2.0 ! 10! 6

(f 10 < 0.14).

We may now use these upper bounds to compare the
strengths of the power spectra of di" erent models. Ta-
ble IV summarises the values of f 10 and Gµ we obtain for
our analysis of semilocal st rings and textures, together
with that for Abelian Higgs strings from Ref. [13]. The
parameter f 10 depends mainly on the form of the de-
fect power spectra, and we see that the data allow for a
higher contribut ion from semilocal st rings (and textures)
than from Abelian Higgs strings. Besides, the values
of Gµ10 are also higher for semilocal st rings (and tex-
tures) than for the Abelian Higgs strings. Therefore, the
expectat ion that the constraints on the Abelian Higgs
string tensions would be alleviated by semilocal st rings
is conÞrmed: the 95% upper bound limit for semilo-
cal st rings is Gµ < 2.0 ! 10! 6 for CM B+ BBN+ HK P
(Gµ < 2.6 ! 10! 6 for CM B only) whereas for Abelian
Higgsstring it isGµ < 0.9! 10! 6 for CM B+ BBN+ HK P
(Gµ < 1.1 ! 10! 6 for CM B only).

Figure 12 shows the temperature power spectrum
and the bb polarizat ion spectrum for semilocal st rings,
Abelian Higgs strings and textures, normalized by using
the upper bounds obtained from performing the M CM C
likelihood analysis for both CM B and non-CM B (BBN
and HK P) data. In the temperature power spectrum Þg-
ure it can be seen that due to the di" erent shapes of the
curves, even though the textures are allowed the high-
est level of power at ! = 10, the semilocal and Abelian
Higgs strings go up to higher peaks. The signal is high-
est for textures for ! ! 60, for semilocal st rings for
60 ! ! ! 250 and then for Abelian Higgs for 250 ! ! . On
the other hand, for the bb polarizat ion, the normaliza-
t ion makes the trend of the power coming from the three
cases just the reverse of the temperature case: textures
have the highest peak, followed by semilocal st rings and
then Abelian Higgs strings. Needless to say, the normal-
izat ion does not change the value of ! at which each case
peaks, and we Þnd that textures peak Þrst , then semilo-
cal st rings, and then Abelian Higgs strings.

It is worth ment ioning that , in all cases studied, the
value for the spectral index ns is higher than the one ob-
tained for cases without defects; and ns = 1 is not ruled
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FIG. 12: Temperature power spect ra (top) and bb polariza-
t ion power spect ra (bot tom) for semilocal st rings (solid red),
compared to Abelian Higgs st rings (dashed black) and tex-
tures (dot -dash blue). The curves are normalized using the
95% conÞdence level upper bound from a M CM C analysis
using CM B , BBN and HK P data.

CM B only CM B+ BBN+ HK P
Model f 10 Gµ ns f 10 Gµ ns

SL 0.25 2.6 ! 10−6 1.09 0.14 2.0 ! 10−6 1.01
TX 0.33 2.5 ! 10−6 1.14 0.16 1.8 ! 10−6 1.02
AH 0.17 1.1 ! 10−6 1.06 0.10 0.9 ! 10−6 1.00

TABLE IV: 95% upper bounds on f 10, Gµ and ns for PL+ X,
using CM B only, and using CM B+ BBN+ HK P.

out5 (see table IV). Therefore, when comparing di" er-
ent cosmological models, one should also consider the
(scale-invariant) HarrisonÐZelÕdovich (HZ) model with 5
parameters (! bh2, h, " , ! mh2, As) and a Þxed ns = 1.

Table V shows the goodness of Þt for the concordance
PL model, as well as for the HZ model, when Abelian
Higgs strings, semilocal st rings and textures are added;
for both CM B only and CM B+ BBN+ HK P data. In
most cases, the inclusion of the defects makes the Þt bet-
ter, with semilocal st rings obtaining marginally the best
Þt . This is not too surprising for the cases where defects

5 See Ref. [74] for a discussion about ns in light of W M AP3 from
a Bayesian model select ion point of view.
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Vortons: nothing/disaster/dark matter
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FIG. 2. Same as Þg.1, but for realistic Wit ten-type superconduct ing st rings (i .e., this is the correct plot ). The st ring network
forms at tc , and the onset of mat ter dominat ion is brought forward to unacceptably early t imes for an intermediate Gµ range,
which depends on the phase t ransit ion order.
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CMB Þt: 0.65á10 -6

Vortons wonÕt spoil the British string



How do cosmic strings decay?

d

! ! d

!
Birth:

early phase transition at 1/d scale
as topological defect

Death:
Perturbative radiative:

Cusp annihilation:

Gravitational:

Nonperturbative scaling:

! ! M 2(M ! )! 1
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! ! M 2(M ! )! 1/ 3
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! ! M 2

Scale separation: ! (t) = t f (t/d )
! "# $

const if t ! d�,�J�C�C�M�F����������

in ! 3 volume : ! a long loop
string energy in ! 3 box ! M 2!

energy loss/ loop ! M 2

scaling : ! ! t



Scaling is universal
Nambu-Goto solutions: (zero-width string dynamics)

Classical Þeld theory:
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FIG. 12: Correlat ion length ! (t) with expansion of the box technique. The best-Þt st raight line is
! (t) ∼ 0.34t

The scale behaves similarly to ! (t) in our simulat ion, except that there are signiÞcant jumps
at each expansion because smoothing eliminates the small-scale structure.

Oneway to interpret this situat ion is to take thepart of the run before theÞnal expansion
as preparat ion of init ial condit ions for the part that comes afterward. Our init ial conÞgu-
rat ion was not very close to the conÞgurat ion of the scaling network because there is too
much structure at the init ial correlat ion length. After the last expansion if our choice of the
init ial condit ion matches the one of the scaling network we would get into the scaling regime
fast enough before running into the problem of Þnite box size. With this interpretat ion we
would not have to worry too much about jumps in d(t) (or in ! (t), although the deÞnit ion
above most ly eliminates those).

V . D I SCU SSI ON

Given our results for ßat space, what can we say about the situat ion in an expanding
universe? We might hope that our results could be taken over into an expanding space-t ime
with our spat ial and temporal coordinatesbecoming conformal distances and comoving t ime,
but there is potent ially an important di! erence because the expansion of the universe can
damp the oscillat ing wiggles.

A simple model [13] would be to imagine that intercommutat ions act at the horizon scale
to producea spectrum in which P depends only on kt aswefound above. A modethusenters
the horizon with P(kt) = P when k ∼ 1/ t, where t is the conformal t ime. Assuming that
the mode is not a! ected by larger-wavelength modes that are being damped as in [22], its
comoving k is unchanged. Comoving mode amplitudes, however, decrease with the increase
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Closer look on the lattice:

Classical with fermionic ßuctuations
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units). This is because all the oscillons start init ially at
the same phase and there is considerable variat ion in the
hight and width of the energy density within the period
(see [33]). Some oscillat ions are st ill visible left in Fig-
ure 10, where the same data is plot ted on a logarithmic
scale. All the curves yield similar t ime evolut ion thus
we conclude that there is no sensit ivity to the thresholds
chosen. As the dispersive waves do not contain such en-
ergy concentrat ions that would exceeds these thresholds
ascan beseen in Figure8 wefurther arguethat thesignal
must be due to oscillons.

The data in Figures 9 and 10 clearly show that there is
decrease in number of lat t ice sites where energy density
exceeds the thresholds corresponding demise of oscillons
in collisions. However, the main result is that there are
two phases: steeply declining slope ßat tens around t ime
t = 103 to a much less rapid decay. At the end of the sim-
ulat ion there is st ill almost 20 % left of the init ial number
of lat t ice points where the thresholds are exceeded.

In the region of fast decline the slopes have values ap-
proximately ! 0.7. This is marginally consistent with a
decay law inversely proport ional to t ime. Such a power
law is be predicted by a simple annihilat ion picture: os-
cillonshaveconstant velocity v and crosssect ion ! . Then
in two dimensions their number density N = N (t) obeys
the di! erent ial equat ion

úN = ! "v! #N 2, (8)

which yields t ime dependece N $ t! 1.
While the steeper slopes can be understood on the

basis of the di! erent ial equat ion (8), we do not have
any quant itat ive explanat ion for the cross-over. On the
qualitat ive level there are at least two e! ects that could
lengthen the life t ime of oscillons at a later stage of the
simulat ions. First ly, collisions between oscillons, though
not necessarily leading to a demise, cause considerable
perturbat ion and oscillon radiates strongly before it set -
t les back into a long-living state. If there occurs another
collision during this relaxat ion stage that is then presum-
ably highly likely to destroy the already perturbed oscil-
lon. In simulat ion it has been withnessed that the second
collision indeed is often the fateful one. Lower number
density and consequent ly a longer mean free path can
yield an enhancement of the survival probability in colli-
sions. More important ly, due to the interact ions oscillons
slow down drast ically (a decrease in the average velocity
"v# can be part ially responsible of the ßat ter slope than
the expected ! 1 at the earlier stage). The reduced colli-
sion rate in turn increases the lifet ime.

VI. OSCILLON COLLISIONS - MERGING AND
SCATTERING

The simulat ions presented in previous sect ion show
that collisions between oscillons can, apart from scat ter-
ing or demise, result to merging. O! -axis collisions of os-
cillons were brießy studied in [33] report ing an at t ract ive

scat tering. Reducing the velocity causes the trajecto-
ries of oscillons to bend more after the encounter. There
is a crit ical velocity, below which the oscillons do not
scat ter anymore, but merge together. Figure 11 shows
snapshots of the value of the Þeld as well as the energy
density in an o! -axis collision of two oscillons with ve-
locity v % 0.2 when the displacement in the alignment
between the centers of oscillons, the impact parameter,
is 5.0 units. Considerable amount of energy is leaked in
the process as can be seen from the spiral waves in the
Þeld. However, the energy density is simultaneously st ill
concentrated in a very narrow region. Eventually, the
result ing oscillon is deformed and the energy density is
spread to a larger area.

VII. OSCILLONS CROSSING THE DOMAIN
WALLS

As oscillons are made by domain walls and survive
collisions, it is natural to pose the quest ion what hap-
pens when an oscillon meets a domain wall. Figure 12
shows snapshots of an oscillon with an init ial velocity
v % 0.75 crossing a domain wall. Oscillon isclearly recog-
nisable both before the encounter and afterwards oscil-
lat ing around the other vacuum. Snapshots of the total
energy density show that crossing has caused a pertur-
bat ion on the domain wall that propagates at the speed
of light along the wall away from the interact ion point .
Snapshots in the kinet ic energy where the stat ic domain
wall is init ially invisible show that while oscillon has shed
some energy to the domain wall, that is a relat ively t iny
fract ion as the ripples along the domain wall are barely
visible. Though the direct energy transfer between the
oscillon and the domain wall is in this case relat ively
small, oscillon is deformed, slight ly elongated in the di-
rect ion of the domain wall, and potent ially radiates some
its energy. It should be emphasised that the presented
encounter is not necessarily a typical one. Apart from
the velocity, the relat ive phase of the oscillon seems to
strongly control the amount of energy transfer in a colli-
sion. There are two e! ects that readily seem to enhance
the crossing probability at higher velocit ies. Lorentz con-
t ract ion shortens the length of the disturbace oscillons
creates and the lower frequency and thus slower t ime-
evolut ion of the wavedecreases the energy transfer to the
domain wall. In any case, just the potent ial of oscillons
crossing domain wallsand propagate from one vacuum to
another demonstrates how surprisingly persistent objects
they are.

VIII. CONCLUSIONS

We have studied the Þeld dynamics of a quart ic dou-
ble well potent ial with random init ial condit ions in two
spat ial dimensions. We have shown good evidence that
when the Þeld is undamped the collapse of domains takes

Classical: N~1/t
Semicl: N~exp(-t)
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FIG. 7: Snapshot from a classical (left ) and the corresponding quantum (middle) run. To the right the part icle content is
characterized by

!
! 2("x, t)

"
E

. The darker points mean higher value. (These images were taken at t = 40 on a L = 128 lat t ice.
We cropped out a piece of 75 ! 75)

Our numerics suggests that the scale of these classical
waves are on the microscopic scale M . We observe that
these wavesareemit ted from structuresof size ! , present-
ing us with the challenge of explaining energy transport
over a huge scale separat ion, M ! ! 103 at the end the
simulat ion.

It is clear from the shown numerics that the domain
wall decay wasnot enhanced by thequantum ßuctuat ions
and this conclusion we checked to stay t rue with øh = 2
or " = 12. There is no indicat ion for a direct decay chan-
nel into part icles. A direct decay might also manifest in
the sensit ivity to the choice of the lat t ice spacing as we
switched between aM = 0.5 and 0.7, but we found no
signiÞcant di! erence. However, the decay of the classi-
cal waves and oscillons is no longer protected by scale
separat ion.

Finally, let us at tempt to understand Fig. 6. The
energy density associated to macroscopic D-dimensional
defects in d dimensions is ! M 1+ D tD ! d. Their decay re-
leases energy at a rate of ! M 1+ D tD ! d! 1. This energy is
used to produce high amplitude classical st ructures (e.g.
oscillons) that may have been counted as small domains.
Since they emerge on the microscopic scale, their number
density has a source of Csour ceM D tD ! d! 1, where Csour ce

and the other constantswe int roduce here are dimension-
less numbers of O(1). These small st ructures can decay
in variousways: a) In thequantum calculat ion weinclude
the direct quantum mechanical decay into part icles with
a rate of " ! M ; b) The small objects can be hit by a
domain wall or st ring, its rate is proport ional to the de-
fect density: Cdef ect M D ! d+ 1tD ! d; c) These objects can
also hit each other and annihilate. The probability of a
given small object to meet an other one is proport ional
to its density n, which givesa rate of Ccol l M 1! d n. These

together give the following equat ion for the density n

ún+ " n+ Cdef ect
M D ! d+ 1

td! D n+ Ccoll M 1! dn2 = Csour ce
M D

td! D + 1

(13)
If the quantum decay into part icles dominates giving a
Þnite life t ime to these small classical st ructures, the den-
sity n simply follows the source. Indeed we see n ! t ! 2

in Fig. 6. In the absence of " , however, we Þnd that
n ! M / t solves Eq. (13) in consistence with our observa-
t ion. Since in this case n shows the same scaling as the
domain wall density, count ing them as defects does not
spoil the observat ion of scaling. The classical approxi-
mat ion of Eq. (13) suggests that for d > 2 the collision
term would dominate, giving n ! t ! 2. In higher dimen-
sions, however, oscillons and other analogous structures
are less stable, which int roduces a decay term of classical
nature bluring di! erence between classical and quantum
scaling.

V I . CON CL U SI ON

In this paper we integrated the classical Þeld equa-
t ions as well as the Hart ree approximated quantum evo-
lut ion of a scalar Þeld in the broken phase, start ing from
a network of domain walls. The scaling of macroscopic
observables was manifest also in the quantum theory.
Our numerical results suggest that the direct decay of
domain walls into part icles is insigniÞcant , as the per-
turbat ive est imates predict . We can instead at t ribute
the decay to the emergence of classical waves and other
st ructures, such as oscillons. Since these coherent exci-
tat ions of the quantum Þeld theory are produced at the
microscopic scale, their perturbat ive decay is no longer
suppressed by the separat ion of scales. The product ion
of large-amplitude classical oscillat ions is a genuine non-
perturbat ive phenomenon that deserves further invest i-

n: density of the %zero&dimensional' small structures,
e.g. osci%ons

d: space dimensions
D&dimensional defects

Energy 
&om decaying 

defects
Co%isio'Hit by a 

defec!

Energy density of the defects:M D +1 tD ! d %from the scaling law'

Direc! 
decay

In the end: all energy from the strings is transferred to radiation
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FIG. 7: Snapshot from a classical (left ) and the corresponding quantum (middle) run. To the right the part icle content is
characterized by

!
! 2("x, t)

"
E

. The darker points mean higher value. (These images were taken at t = 40 on a L = 128 lat t ice.
We cropped out a piece of 75 ! 75)

Our numerics suggests that the scale of these classical
waves are on the microscopic scale M . We observe that
these wavesareemit ted from structuresof size ! , present-
ing us with the challenge of explaining energy transport
over a huge scale separat ion, M ! ! 103 at the end the
simulat ion.

It is clear from the shown numerics that the domain
wall decay wasnot enhanced by thequantum ßuctuat ions
and this conclusion we checked to stay t rue with øh = 2
or " = 12. There is no indicat ion for a direct decay chan-
nel into part icles. A direct decay might also manifest in
the sensit ivity to the choice of the lat t ice spacing as we
switched between aM = 0.5 and 0.7, but we found no
signiÞcant di! erence. However, the decay of the classi-
cal waves and oscillons is no longer protected by scale
separat ion.

Finally, let us at tempt to understand Fig. 6. The
energy density associated to macroscopic D-dimensional
defects in d dimensions is ! M 1+ D tD ! d. Their decay re-
leases energy at a rate of ! M 1+ D tD ! d! 1. This energy is
used to produce high amplitude classical st ructures (e.g.
oscillons) that may have been counted as small domains.
Since they emerge on the microscopic scale, their number
density has a source of Csour ceM D tD ! d! 1, where Csour ce

and the other constantswe int roduce here are dimension-
less numbers of O(1). These small st ructures can decay
in variousways: a) In thequantum calculat ion weinclude
the direct quantum mechanical decay into part icles with
a rate of " ! M ; b) The small objects can be hit by a
domain wall or st ring, its rate is proport ional to the de-
fect density: Cdef ect M D ! d+ 1tD ! d; c) These objects can
also hit each other and annihilate. The probability of a
given small object to meet an other one is proport ional
to its density n, which givesa rate of Ccol l M 1! d n. These

together give the following equat ion for the density n

ún+ " n+ Cdef ect
M D ! d+ 1

td! D n+ Ccoll M 1! dn2 = Csour ce
M D

td! D + 1

(13)
If the quantum decay into part icles dominates giving a
Þnite life t ime to these small classical st ructures, the den-
sity n simply follows the source. Indeed we see n ! t ! 2

in Fig. 6. In the absence of " , however, we Þnd that
n ! M / t solves Eq. (13) in consistence with our observa-
t ion. Since in this case n shows the same scaling as the
domain wall density, count ing them as defects does not
spoil the observat ion of scaling. The classical approxi-
mat ion of Eq. (13) suggests that for d > 2 the collision
term would dominate, giving n ! t ! 2. In higher dimen-
sions, however, oscillons and other analogous structures
are less stable, which int roduces a decay term of classical
nature bluring di! erence between classical and quantum
scaling.

V I . CON CL U SI ON

In this paper we integrated the classical Þeld equa-
t ions as well as the Hart ree approximated quantum evo-
lut ion of a scalar Þeld in the broken phase, start ing from
a network of domain walls. The scaling of macroscopic
observables was manifest also in the quantum theory.
Our numerical results suggest that the direct decay of
domain walls into part icles is insigniÞcant , as the per-
turbat ive est imates predict . We can instead at t ribute
the decay to the emergence of classical waves and other
st ructures, such as oscillons. Since these coherent exci-
tat ions of the quantum Þeld theory are produced at the
microscopic scale, their perturbat ive decay is no longer
suppressed by the separat ion of scales. The product ion
of large-amplitude classical oscillat ions is a genuine non-
perturbat ive phenomenon that deserves further invest i-

Classical: no %signi!cant' direct decay: n ( 1/t, "d=2, D=1$

d = 2, D = 1In our model:

Note that in higher dimensions "d>2$ classical osci%ons do decay.
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FIG. 7: Snapshot from a classical (left ) and the corresponding quantum (middle) run. To the right the part icle content is
characterized by
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. The darker points mean higher value. (These images were taken at t = 40 on a L = 128 lat t ice.
We cropped out a piece of 75 ! 75)

Our numerics suggests that the scale of these classical
waves are on the microscopic scale M . We observe that
these wavesareemit ted from structuresof size ! , present-
ing us with the challenge of explaining energy transport
over a huge scale separat ion, M ! ! 103 at the end the
simulat ion.

It is clear from the shown numerics that the domain
wall decay wasnot enhanced by thequantum ßuctuat ions
and this conclusion we checked to stay t rue with øh = 2
or " = 12. There is no indicat ion for a direct decay chan-
nel into part icles. A direct decay might also manifest in
the sensit ivity to the choice of the lat t ice spacing as we
switched between aM = 0.5 and 0.7, but we found no
signiÞcant di! erence. However, the decay of the classi-
cal waves and oscillons is no longer protected by scale
separat ion.

Finally, let us at tempt to understand Fig. 6. The
energy density associated to macroscopic D-dimensional
defects in d dimensions is ! M 1+ D tD ! d. Their decay re-
leases energy at a rate of ! M 1+ D tD ! d! 1. This energy is
used to produce high amplitude classical st ructures (e.g.
oscillons) that may have been counted as small domains.
Since they emerge on the microscopic scale, their number
density has a source of Csour ceM D tD ! d! 1, where Csour ce

and the other constantswe int roduce here are dimension-
less numbers of O(1). These small st ructures can decay
in variousways: a) In thequantum calculat ion weinclude
the direct quantum mechanical decay into part icles with
a rate of " ! M ; b) The small objects can be hit by a
domain wall or st ring, its rate is proport ional to the de-
fect density: Cdef ect M D ! d+ 1tD ! d; c) These objects can
also hit each other and annihilate. The probability of a
given small object to meet an other one is proport ional
to its density n, which givesa rate of Ccol l M 1! d n. These

together give the following equat ion for the density n

ún+ " n+ Cdef ect
M D ! d+ 1

td! D n+ Ccoll M 1! dn2 = Csour ce
M D

td! D + 1

(13)
If the quantum decay into part icles dominates giving a
Þnite life t ime to these small classical st ructures, the den-
sity n simply follows the source. Indeed we see n ! t ! 2

in Fig. 6. In the absence of " , however, we Þnd that
n ! M / t solves Eq. (13) in consistence with our observa-
t ion. Since in this case n shows the same scaling as the
domain wall density, count ing them as defects does not
spoil the observat ion of scaling. The classical approxi-
mat ion of Eq. (13) suggests that for d > 2 the collision
term would dominate, giving n ! t ! 2. In higher dimen-
sions, however, oscillons and other analogous structures
are less stable, which int roduces a decay term of classical
nature bluring di! erence between classical and quantum
scaling.

V I . CON CL U SI ON

In this paper we integrated the classical Þeld equa-
t ions as well as the Hart ree approximated quantum evo-
lut ion of a scalar Þeld in the broken phase, start ing from
a network of domain walls. The scaling of macroscopic
observables was manifest also in the quantum theory.
Our numerical results suggest that the direct decay of
domain walls into part icles is insigniÞcant , as the per-
turbat ive est imates predict . We can instead at t ribute
the decay to the emergence of classical waves and other
st ructures, such as oscillons. Since these coherent exci-
tat ions of the quantum Þeld theory are produced at the
microscopic scale, their perturbat ive decay is no longer
suppressed by the separat ion of scales. The product ion
of large-amplitude classical oscillat ions is a genuine non-
perturbat ive phenomenon that deserves further invest i-

Quantum: direct decay, n follows the source: n ( 1/t2

d = 2, D = 1In our model:

1
t2

1
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1
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FIG. 7: Snapshot from a classical (left ) and the corresponding quantum (middle) run. To the right the part icle content is
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Our numerics suggests that the scale of these classical
waves are on the microscopic scale M . We observe that
these wavesareemit ted from structuresof size ! , present-
ing us with the challenge of explaining energy transport
over a huge scale separat ion, M ! ! 103 at the end the
simulat ion.

It is clear from the shown numerics that the domain
wall decay wasnot enhanced by thequantum ßuctuat ions
and this conclusion we checked to stay t rue with øh = 2
or " = 12. There is no indicat ion for a direct decay chan-
nel into part icles. A direct decay might also manifest in
the sensit ivity to the choice of the lat t ice spacing as we
switched between aM = 0.5 and 0.7, but we found no
signiÞcant di! erence. However, the decay of the classi-
cal waves and oscillons is no longer protected by scale
separat ion.

Finally, let us at tempt to understand Fig. 6. The
energy density associated to macroscopic D-dimensional
defects in d dimensions is ! M 1+ D tD ! d. Their decay re-
leases energy at a rate of ! M 1+ D tD ! d! 1. This energy is
used to produce high amplitude classical st ructures (e.g.
oscillons) that may have been counted as small domains.
Since they emerge on the microscopic scale, their number
density has a source of Csour ceM D tD ! d! 1, where Csour ce

and the other constantswe int roduce here are dimension-
less numbers of O(1). These small st ructures can decay
in variousways: a) In thequantum calculat ion weinclude
the direct quantum mechanical decay into part icles with
a rate of " ! M ; b) The small objects can be hit by a
domain wall or st ring, its rate is proport ional to the de-
fect density: Cdef ect M D ! d+ 1tD ! d; c) These objects can
also hit each other and annihilate. The probability of a
given small object to meet an other one is proport ional
to its density n, which givesa rate of Ccol l M 1! d n. These

together give the following equat ion for the density n

ún+ " n+ Cdef ect
M D ! d+ 1

td! D n+ Ccoll M 1! dn2 = Csour ce
M D

td! D + 1

(13)
If the quantum decay into part icles dominates giving a
Þnite life t ime to these small classical st ructures, the den-
sity n simply follows the source. Indeed we see n ! t ! 2

in Fig. 6. In the absence of " , however, we Þnd that
n ! M / t solves Eq. (13) in consistence with our observa-
t ion. Since in this case n shows the same scaling as the
domain wall density, count ing them as defects does not
spoil the observat ion of scaling. The classical approxi-
mat ion of Eq. (13) suggests that for d > 2 the collision
term would dominate, giving n ! t ! 2. In higher dimen-
sions, however, oscillons and other analogous structures
are less stable, which int roduces a decay term of classical
nature bluring di! erence between classical and quantum
scaling.

V I . CON CL U SI ON

In this paper we integrated the classical Þeld equa-
t ions as well as the Hart ree approximated quantum evo-
lut ion of a scalar Þeld in the broken phase, start ing from
a network of domain walls. The scaling of macroscopic
observables was manifest also in the quantum theory.
Our numerical results suggest that the direct decay of
domain walls into part icles is insigniÞcant , as the per-
turbat ive est imates predict . We can instead at t ribute
the decay to the emergence of classical waves and other
st ructures, such as oscillons. Since these coherent exci-
tat ions of the quantum Þeld theory are produced at the
microscopic scale, their perturbat ive decay is no longer
suppressed by the separat ion of scales. The product ion
of large-amplitude classical oscillat ions is a genuine non-
perturbat ive phenomenon that deserves further invest i-

Quantum: direct decay, n follows the source: n ( 1/t2

d = 2, D = 1In our model:

1
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1
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Our numerics suggests that the scale of these classical
waves are on the microscopic scale M . We observe that
these wavesareemit ted from structuresof size ! , present-
ing us with the challenge of explaining energy transport
over a huge scale separat ion, M ! ! 103 at the end the
simulat ion.

It is clear from the shown numerics that the domain
wall decay wasnot enhanced by thequantum ßuctuat ions
and this conclusion we checked to stay t rue with øh = 2
or " = 12. There is no indicat ion for a direct decay chan-
nel into part icles. A direct decay might also manifest in
the sensit ivity to the choice of the lat t ice spacing as we
switched between aM = 0.5 and 0.7, but we found no
signiÞcant di! erence. However, the decay of the classi-
cal waves and oscillons is no longer protected by scale
separat ion.

Finally, let us at tempt to understand Fig. 6. The
energy density associated to macroscopic D-dimensional
defects in d dimensions is ! M 1+ D tD ! d. Their decay re-
leases energy at a rate of ! M 1+ D tD ! d! 1. This energy is
used to produce high amplitude classical st ructures (e.g.
oscillons) that may have been counted as small domains.
Since they emerge on the microscopic scale, their number
density has a source of Csour ceM D tD ! d! 1, where Csour ce

and the other constantswe int roduce here are dimension-
less numbers of O(1). These small st ructures can decay
in variousways: a) In thequantum calculat ion weinclude
the direct quantum mechanical decay into part icles with
a rate of " ! M ; b) The small objects can be hit by a
domain wall or st ring, its rate is proport ional to the de-
fect density: Cdef ect M D ! d+ 1tD ! d; c) These objects can
also hit each other and annihilate. The probability of a
given small object to meet an other one is proport ional
to its density n, which givesa rate of Ccol l M 1! d n. These

together give the following equat ion for the density n

ún+ " n+ Cdef ect
M D ! d+ 1

td! D n+ Ccoll M 1! dn2 = Csour ce
M D

td! D + 1

(13)
If the quantum decay into part icles dominates giving a
Þnite life t ime to these small classical st ructures, the den-
sity n simply follows the source. Indeed we see n ! t ! 2

in Fig. 6. In the absence of " , however, we Þnd that
n ! M / t solves Eq. (13) in consistence with our observa-
t ion. Since in this case n shows the same scaling as the
domain wall density, count ing them as defects does not
spoil the observat ion of scaling. The classical approxi-
mat ion of Eq. (13) suggests that for d > 2 the collision
term would dominate, giving n ! t ! 2. In higher dimen-
sions, however, oscillons and other analogous structures
are less stable, which int roduces a decay term of classical
nature bluring di! erence between classical and quantum
scaling.

V I . CON CL U SI ON

In this paper we integrated the classical Þeld equa-
t ions as well as the Hart ree approximated quantum evo-
lut ion of a scalar Þeld in the broken phase, start ing from
a network of domain walls. The scaling of macroscopic
observables was manifest also in the quantum theory.
Our numerical results suggest that the direct decay of
domain walls into part icles is insigniÞcant , as the per-
turbat ive est imates predict . We can instead at t ribute
the decay to the emergence of classical waves and other
st ructures, such as oscillons. Since these coherent exci-
tat ions of the quantum Þeld theory are produced at the
microscopic scale, their perturbat ive decay is no longer
suppressed by the separat ion of scales. The product ion
of large-amplitude classical oscillat ions is a genuine non-
perturbat ive phenomenon that deserves further invest i-

Classical: no %signi!cant' direct decay: n ( 1/t, "d=2, D=1$

Quantum: direct decay, n follows the source: n ( 1/t2

Strings in 3 dimensions: n"t$ ( 1/t3
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Summary
¥Semiclassical corrections to

Classical Þeld theory

¥Particle production,
decay of topological defects, oscillons, vortons

¥EfÞcient algorithm to solve Hartree equations:

¥Application to string evolution:
scaling law is not altered by quantum corrections;
corrections are relevant in the small scale dynamics;

¥ Indirect radiative string decay (not gravitational)

¥ Increased conÞdence in the British stringy CMB Þt


