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Hydrodynamics for RHIC

Hy dr o dy marksbstaging from some initial time t, » 0.5 -2 fm/c
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P. Romatschke, U. Romatschke, PRL 99 (2007) 172301,
see also Luzum, Romatschke, arXiv:0804.4015 [nucl-th]

) almost ideal hydrodynamics for p; . 1-2 GeV
What are the essential assumptions for ideal fluid hydrodynamics?



AEquation of state relating pressure p to energy density e



AEquation of state relating pressure p to energy density e

E.g. SU (2) £ SUg(2) quark-meson model in 3+1d (NLO 2PI 1/N), isotropy:
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Berges, Borsanyi, Wetterich, PRL 93 (2004) 142002



AEquation of state relating pressure p to energy density e

E.g. SU (2) £ SUg(2) quark-meson model in 3+1d (NLO 2PI 1/N), isotropy:
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Anisotropy?
Berges, Borsanyi, Wetterich, PRL 93 (2004) 142002



Alsotropy of the stress tensor in the local fluid rest frame

T, Pd

i) oblate anisotropy ! T, » T, A T,

i) prolate anisotropy ! T, A T, » T,

|sotropization time t._,? In the absence of nonequilibrium instabilities:

ISO *

4
1:iso » 1:relax » qllg T) |weak coupling QCD near equilibrium



Alsotropy of the stress tensor in the local fluid rest frame

T, Pd

i) oblate anisotropy ! T, » T, A T,

i) prolate anisotropy ! T, A T, » T,

Isotropization time t.,? In the absence of nonequilibrium instabilities:

4
1:iso » 1:relax » 0(1/9 T) |weak coupling QCD near equilibrium

Plasma instabilities: exponential growth of small T; ! isotropization?

Mrowczynski 6 9 Romatschke, St r i ¢ k|1 a nLénagh&n3 ; MA o nMrdwdzPn3ki,
St rReckkH aam,d ROMgt s ¢ h kBumitrs Naraio © IBbneatsctike,d O °

Rebhan,
Schenke, SO unmictkrlua,n dN a rGar,e i Ster

Venugopal an 606;
B°deker, Rummukainen 007; MewzaywslsdO0 B cheffl er,

» qllgT)Meak coupling, 1) anisotropy
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Earliest use of hydrodynamics set by isotropization time due to
plasma instabilities
Arnold, Moore, Yaffe, PRL 94 (2005) 072302



Plasma instabilities

E.g. Weibel instability in electrodynamics:

Weibel, PRL2 (1959) 83; ¢€

Initial fluctuating current:
i(x) = j cos(kx) e,

) generated magnetic field:
B(x) =] sin(kx)/k e,

- ﬁ@iﬁm

) Lorentz force acts such that i/

current grows: B e o %

F(xX)=qvE£B=-qv,]jsin(kx)/k e,

) B-field grows, etc. _
[Mrowczynski]



Simulating nonequilibrium pure gauge theory

A ) 0 @assfcdl gauge fields + havddclassical particles

Arnold, Moore, Yaffe; Rebhan, Romatschke, Strickland; Dumitru, Nara, Strickland:;
Bodeker, Rummukainen

B) Classical-statistical gauge field evolution
Romatschke, Venugopalan; Berges, Scheffler, Sexty



Simulating nonequilibrium pure gauge theory

A ) 0 @assfcdl gauge fields + havddclassical particles

Arnold, Moore, Yaffe; Rebhan, Romatschke, Strickland; Dumitru, Nara, Strickland:;
Bodeker, Rummukainen

B) Classical-statistical gauge field evolution {1
Romatschke, Venugopalan; Berges, Scheffler, Sexty
. : 1
Wilson action: = TrU, 0 +TrU L) —1

, 1
+0s Z Z { 2Trl

Here: U2 SU(2); b= b,/ g= b, g= 4, axial-temporal/Coulomb gauge

Normalized Gaussian probability functional P[A(t=0),uA(t=0)] with
hA(t) A(t) © = s DA(0) DRA(0) P[A(0),A(0)] A(t) A(t) Such that

(Tr Upis + Tr U, ;) — 1}

ki + ki K2
AT 2a7)
withDA D,, e.g. D=1GeV and D, = 0.01GeV (oblate)

(|1A7(t = 0,k)[*) ~ Cexp{—



A(t,p) / A(t=0, p)|?

Characteristic time scales
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Characteristic time scales
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Bottom-up isotropization of pressure

Spatial Fourier transform of the stress tensor T™{x): P (t,p) for m=n=3, P.(t,p)
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p,. 1GeV for e= 30 GeV/fm3

| .e. (optimistically) about the ran



Bottom-up isotropization of pressure

Spatial Fourier transform of the stress tensor T™{x): P (t,p) for m=n=3, P.(t,p)
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Slow: Nonthermal scaling behavior

Simulation:
128 lattice
o =1.52+0.07 , %2 /dof = 1.1
10% b 0=1.69+0.03, % /dof = 1.7 -~
t=940¢ " —a—
10‘5 1 L PR L L 1 L L 1 L M|
0.1 1
p/81/4
UV: power-law agrees well with perturbative turbulent spectrum
a=3/2 s I talk by Sebastian Scheffler

uoa v b

However Arnold, Moore PRD 73 (2006) 025006; Strickland J Phys G34 (2007) S429: a = 2
See also: Bsdeker, Rummukainen, JHEP 0707 (2007) 022



Slow: Nonthermal scaling behavior
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However Arnold, Moore PRD 73 (2006) 025006; Strickland J Phys G34 (2007) S429 : a = 2
See also: Bsdeker, Rummukainen, JHEP 0707 (2007) 022



Il. Heating the Universe after inflation:
scalar inflaton dynamics as a quantum example

Schematic evolution:

o (numbers6 6i | | ustr at Accelerated Expansion
! Aetaios c ot ar es Development of
§ 1 O 20 400,0F;)a0n::sn. s Galaxies, Planets, etc. y
o p— p Y b‘.’"ﬂ il
o= . " o A e 8 R e :
= =" CEERR GRS
—O P b .',
H a8 2 ,..t " . Y \'1”4;~
o O . H MEEN 4
29 —20 ™~ Inflationary Theory quantl e P |y Y
O E 10 Fluctuations A T P N
— .
o
‘ g 1 0 _40 about 400 million yrs.
o) . N Big Bang Expansion
QCE / -— Inﬂathl’laI'y PerlOd 13.7 billion years

: 10 T
10 10 10 10 1 10

. Present
Time (seconds)

AEnergy density of matter (» a3) and radiation (» a#) decreases

AEnormous heating after inflation to get dot-big-b a n apsimology!



Parametric resonance preheating

eff. Potential

Kofman, Linde, Starobinsky, PRL 73 (1994) 3195

E.g. scalar | F#inflaton dynamics:

AField expectation value f = HFi

AFluctuation F » HF,F}

parametric resonance:. F() » e9d!

Classical oscillator analogue (exact early): w(t) $ 7(t), x@{) $ F(@)

periodic

i —— i~

©

F+w(re=0, wit+T)=uw(t)
invariant under t — t+ 1"

~ xt + T) = cuxt), Iie.
w(t) = TTI(), T(t+T) =T(t)
for real ¢ > 1:

instability with exponential growth!



Inflaton dynamics in the quantum theory

(N=4)-component | (F 2‘F g)2 quantum field theory

Energy: Occupation numbers:
fast @§ slow
T | | | e | 0
2Fnonpert 8 fcollect AT e _
1 O - VAWML, 100 + 4 Po
| - p
S \ X
\._, '\: Jp{)
N ‘ E. 4
:*5 05 - Po
= f 3 5,
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t t
(Approximation: 2Pl 1/N to NLO) Berges, Serreau, PRL 91 (2003) 111601

Tachyonic preheating: Arrizabalaga, Smit, Tranberg, JHEP 0410 (2004) 017



nonperturbative regime:

nonlinear regime:

pElI‘EllTlCtl‘iC resonance

linear regime:

tune

quasistationary evolution

A
[avy) NN, N slow
™ T - :
ij’i ) /| hE @QJHQ _:j .. ~0O(xXh Nonperturbative: saturated
NS — occupation numbers » 1/|
toonpert ~ 101 (A71)/2 5, N ONOAY) /' universal: | drops out
E~ONA™ e ! all processes (1)
(D) R 00 |
Ceollect ~ 2 tnonpett lll(N) 670 l\ ,/ N ()(N )\ ) faSt

1/3 y—2/3 1 da ) L ) .. )
E~ONTAT) for NS A © rate: 6 for E(p7Po) || Nonlinear i perturbative:
L occupation numbers < 1/

(II) X~ X

source induced amplification

Cource ~ Laonpert/2 —_ )~ ~ ON °A%) || secondary growth rates

E ~ O(NO)\_I"Q) rate: 4 7, for F (< 2130) C (290) with c=2, 3, é
(D Classical/linear:

E (t.t;py) ~ exp( 27, 1) rate: 2, primary growth rate

t=0, E~ONO9 )\ f» (N/I )2



Comparison quantum/classical dynamics

Classical-statistical simulations: Khlebnikov, Tkachev 6 9 Brokopec,Roos 6 9 7 ;
Tkachev, Khlebnikov, Kof man, Linde 698,; €

10°

3n'on'pért'u'rb'ative | classical simulation
t=90 e _ quantum (NLO) ===

10° ____________________________

e

F . [t.tp]

Berges, Rothkopf, Schmidt, PRL 101 (2008) 041603
Practically no qguantum corrections at the end of preheating

Accurate nonperturbative description by 2Pl 1/N to NLO



Comparison quantum/classical dynamics

Classical-statistical simulations: Khlebnikov, Tkachev 6 9 Brokopec,Roos 6 9 7 ;
Tkachev, Khlebnikov, Kof man, Linde 698, &

10°

3n'onbért'u'rb'ative | classical simulation
t=90 e _ quantum (NLO) ===

F . [t.tp]

Berges, Rothkopf, Schmidt, PRL 101 (2008) 041603
Practically no quantum corrections at the end of preheating

Accurate nonperturbative description by 2Pl 1/N to NLO



Nonequilibrium evolution equations

Propagator: spectral function » h[F ,F]i

. _ ] .
(T(.X'?y) — F(X}’) o Zp (.?C?y) S1gN¢ (xo _yo)

statistical propagator » h{F ,F}i

Tremendous simplification if thermal equilibrium G€9)(x,y)=G(€9)(x-y) with

1 - . L o
FC9 (@, p) = —i (5 +nBE(a))> p'“Y(w.p) fifluctuation-dissipation relationfi
J‘JI}
(O 8ac + Mz (x)] pep(x,y) = — ., dz3P (x.2)pes(z. V)
’
= g. . 2 3 o o . - H o -
Nonequilibrium: | [BbetMe@))Foplxy) = — |° d=X (x.2)Fop(z.)

F % p +.o dz3E (x,2)pen(z.v)

([D_mt M(DZ(A‘)] Sup + M2y (x: ¢ = OEF)) Op(x)

.\‘0
= —/0 dyZl (x.3:0 =0,F.p) ¢p(»)




Understanding slow dynamics

Time and space translation invariant solutions require:
S0 (0, D) Foe (D) = S (0, ) pie (p) = 52 (0,0) + I (0,0) = O

Neglecting quantum corrections and F_ » d_F, r» d_,r, 1/N to NLO:

TP (p.p) = 18]3?;)4 /d4k‘ d*qd*(p—q— k) " P
Nett (K) + At (q) + Xett ()] [p(K)F(q) F(p)
+E'(k)p(q) F(p) — F(k)F(q)p(p)]

A 47, 14 14, 4 .
18(27r)8/d Ed*qd*ré*(p+k—q—r)

Aar(p + E){[F(0)p(k) + p(p) F(K) F(0) F(7) O

—F(p)F(k)[F(q)p(r) + pla) F(r)] | £ (1-D(F))
(1 —-A(9,p))

Aen(p) = 1+I_?R(p)|2 :(H>< ><>Q<

T (p,p) =




Scaling solutions F(p) = s2t F(sp)

p(p) = s p(sp)
Aef(P) = 87 Aett(8D)

S—"

)  Igr(p) = s*IIz(sp) ,i.e.l scales differently in UV and IR:

I: v =0 for Tlr(p) < 1 (UV)
JB (s, p) = s Jéi)(s@, sp) A dominates UV fora >0

(1) _ B g 3

thermal nonthermal

IT : v = —2a for Igr(p) >1 (IR)

p) = 5" J5a (50, 5p)
JD0,p) = s*J2(0,sp) A dominates IR for a > 0

JH0,p)=0 = [@:1,@:4,@:5]

Berges, Rothkopf, Schmidt, PRL 101 (2008) 041603 thermal  nonthermal
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Comparing simulation and analytical results

10° .
_:' O=3/2 e
108 (X=4 ...........
10’ t=8 000\ wt‘:'}'"".‘;“-‘_\classical-statistical simulation Simulation:
108 ‘l““%:{—:ff—analytical infrared solution | 460 lattice
E N -
=, ultraviolet
=10° solution
10*
10°
10° b — -
0.1 1 10

P Berges, Rothkopf, Schmidt 6 0 8
IR: well characterized by nonthermal infrared fixed pointa =4

UV: a = 3/2 coincides with perturbative (Boltzmann) analysis exponent
Micha, Tkachev 6 0 4

Critical slowing down delays thermalization:

T > 10MeV (BBN!) difficult to achieve in simple inflaton models

reheat



Nonthermal fixed points from large
class of nonequilibrium instabilities

E.g. spinodal/tachyonic instability: classical-statistical simulation (quench)

10°

t=500
t=1000 (Dt=1000)

eff. potential

0.1

10

) IR fixed point rather stable, while UV (a,, = 1) already dhermalizedo



Universality far from equilibrium

Nonequilibrium theories can exhibt new infrared fixed points
Acharacterized by strongly enhanced infrared fluctuations (a = 4 )
Aapproached from substantial class of initial conditions (no fine tuning!)

Schematically:

nonequilibrium

instabilities
n(t,p) » e . .
- S | ) non-thermal fixed point
1 \\\ Dt n(t,p) » p_a “
initial
conditions
n(t=0,p)

Nge(P)
thermal equilibrium



IA(t,p) / A(t=0, p)|?

Inflaton

Fast dynamics driven by instabiltities

n(1.p)

0 50 100 150 0 20 40 f 60 80

Slow dynamics governed by nonthermal fixed points



