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Abstract A wide class of well-posed operator equations can be solved in optimal computa-
tional complexity by adaptive wavelet methods. A quantitative bottleneck is the approximate
evaluation of the arising residuals that steer the adaptive refinements. In this paper, we con-
sider multi-tree approximations from tensor product wavelet bases for solving linear PDE’s.
In this setting, we develop a new efficient approximate residual evaluation. Other than the
commonly applied method, that uses the so-called APPLY routine, our approximate residual
depends affinely on the current approximation of the solution. Our findings are illustrated
by numerical results that show a considerable speed-up.
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1 Introduction: Adaptive wavelet Galerkin methods

For some countable set V, f € £5(V), and an A € £ (¢»(V),£2(V)) that is symmetric and co-
ercive, i.e., (A, V), (v) 2 Hvaz(V) (v € £5(V)), consider the problem of finding the solution
uc((V)of Au=H.
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Such a problem arises from the equivalent formulation of an elliptic operator equation
as a well-posed bi-infinite matrix-vector problem. Indeed, for some real Hilbert space H, let
A € Z(H,H') be such that (Av)(v) = ||v||3, (v € H), let f € H', and let ¥ = {y : L € V}
be a Riesz basis for H, where we have in mind ¥ to be a wavelet basis. Then Au = f is
equivalently formulated as Au = f, where A = (A%)(¥), u =u' ¥ and f = f(¥).

Recall that ¥ being a Riesz basis for H means that H' — 6,(V) : g — [g(W2)]aev, or
equivalently, its adjoint £>(V) — H : v+ v ¥, is boundedly invertible.

The (idealized) adaptive wavelet-Galerkin method for solving Au = f reads as follows.
For A C V, let Iy € £(2(A),6(V)) be the extension with zeros, Ry :=I|, f4 := Ryf,
and Ay := RApAIy. Let u € (0, 1) be some constant, and Ag C V.

fork=0,1,...do
solve A up, =fy,
find the smallest Ayy1 D Ay such that
IRA, (F= ALy up )l (A ) = BIE— ALy up, [|o )
enddo

This algorithm, with an additional recurrent coarsening step, was introduced in [9],
where in [18] it was demonstrated that this coarsening can be omitted. For p being suf-
ficiently small, the algorithm was proven to converge optimally in the following sense: If,
for whatever s > 0, u belongs to the (unconstrained) non-linear approximation class,

el(V): 1= N* inf —IAR < oo},
{vebL(V) vy ]5;130 {Acvlzr;A:N}Hv ARV gy (v) < oo}

then the sequence of Galerkin solutions satisfies

sip(#Ak)‘YHufIAkuAk||52(V>< oo, 1)

The same statement is true when inside the algorithm, as well as in the definition of the
approximation classes, only A from some subset of &?(V) are considered, which subset of
“admissible” A should be closed under taking unions. The idea is to take this subset such
that on the one hand it allows a more efficient implementation of the adaptive algorithm,
whereas on the other hand the approximation classes become only “slightly” smaller. Ex-
amples of such a constrained approximation are given by tree or multi-tree approximation,
where the latter applies with tensor product approximation as will be discussed later. This
tree or multi-tree structure allows to switch in optimal computational complexity from the
wavelet representation to a locally finite single scale representation, or to do this in each
coordinate separately.

The above optimally converging adaptive wavelet Galerkin method is not an imple-
mentable algorithm, which is why we called it an idealized method. Indeed, already the
residuals that are used to steer the adaptivity are generally infinitely supported, and there-
fore not computable.

It was, however, shown that convergence with the best possible rate is maintained un-
der the following relaxations. The sequences (uy,)r and (f — Al uy, )i of exact Galerkin
solutions and residuals can be read as (w,, ), and (r®)), when, for some sufficiently small
constant 7 > 0,

1= ALy wa, — 10wy < NIIF— ATA, WA |y (v). )

[ua, = wallesag < I Vg 3
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Moreover, instead of finding a truly smallest Ay D Ay such that ||Ry, +lr(k)|| BAesr) =

wlr®|| 0,(v)» itis sufficient when such a A1 D A is found with #(Ag1 \ Ax) being minimal
up to some constant factor (actually, this condition can be relaxed further, see [27, Algorithm
3.7D).

Condition (2) can be realized by an inner loop in which f— Al w,, is approximated
within some absolute tolerance &, that is halved in each iteration until € < % Hl'(k) ||42(V)’
which implies (2).

Concerning (3), since for any A, the matrix A, is symmetric, positive definite, and well-
conditioned, uniformly in A, the arising Galerkin problems can be efficiently approximately
solved by the application of an iterative method, as the simple Richardson method. Such a
method requires the approximate evaluation of residuals restricted to the current set A, i.e.,
residuals of type Ry (f—AIyw, ) =f4 — Ay Wy, which task is easier than the approximation
of an infinite residual f — AI, w, required for (2).

For the resulting practical adaptive wavelet Galerkin method (AWGM), it was shown that
if for fixed, sufficiently small i > 0, and for s for which u € &7, for any w, € £3(A),

“

{ f— Al W, can be approximated within any absolute tolerance

£> T]Hf*AIAWAH@(V) at cost ﬁ(&'il/‘vﬁﬂ#/\),

only dependent on the exact solution u or, equivalently, on the right-hand side f, then the
AWGM is of optimal computational complexity in the sense that

Slzp(#OPSk)sHu —Ia,Walley(v) < oo,

where #ops;, is the number of arithmetic operations used to compute w, . The task (4) is the
topic of the current paper.

Least-squares problems

Before focussing on task (4), we briefly discuss a more general setting. For real Hilbert
spaces H and K, let A € £ (H,K’) be a homeomorphism onto its range, i.e., ||Av||x = ||v||
(v € H), meaning that in case this range is K’, A is boundedly invertible. Let ¥ = {y; :
A e€Vygland E ={&; : A € Vz} be Riesz bases (of wavelet type) for H and K. Equipping

K' with the (equivalent) norm [|f||x := supy ek %

f € K’ the problem of finding u = argmin,cy || f — Av||x (i.e., Au = f when A is invertible)
is equivalent to AT Au = ATf, where A = (A¥)(E),u=u'¥, and f = f(Z).

The matrix ATA is symmetric and coercive, so the adaptive wavelet Galerkin method
can be applied to solve these normal equations. The residual from (4) now reads as AT (f —
AIpw,). The task of its approximate evaluation can be viewed as the concatenation of
two subtasks; first the approximate evaluation of the primal residual f — AI,w,, yielding
r; €0, (K) for some A C Vz, and then the approximate evaluation of the dual residual
g— ATIA r;, where g happens to be zero.

Although both subtasks look similar, the second one is easier. Recalling that inside the
adaptive wavelet Galerkin method, it always suffices to evaluate residuals up to some, suf-
ficiently small, relative tolerance (cf. the lower bound on € in (4)), and that [|rg|,, 1) <

, where w = w' &, for given

lu—Tawallpyvy) S AT (f— AIAWa)ll¢,(vy), We infer that the second task is performed
by replacing the multiplication with AT by that with Ag, when, for some sufficiently small
N >0, [|A=Apll 2, (v).6(vz)) < N- Under usual assumptions on the operator A and on



4 Sebastian Kestler, Rob Stevenson

the collections ¥ and =, which already will be needed to perform the first subtask, such an
A, exists which is sparse, dependent on 7). We infer that the second task can be performed
in 0 (#/i) operations. So we conclude that also in this more general setting of least squares
problems, the main task is the approximate evaluation of the primal residual satisfying (4).
To end this excursion into more general settings, we note that the adaptive wavelet
Galerkin method can also be applied to solve non-linear (least-squares) problems, see [27].

Residual evaluation using the APPLY-routine

Returning to the task (4), for the unconstrained approximation setting already in [10] an
approximate matrix-vector multiplication routine APPLY was developed for approximating
Al wy, . It consists of an approximation scheme for the individual columns of A with accu-
racies that are increasing as function of the modulus of the corresponding entry in the input
vector. The resulting approximate multiplication of A with the vector I, wy, is therefore a
non-linear mapping on £ (Ay).

Generally, each column of A has infinitely many non-zero entries. Under standard con-
ditions on the wavelet bases and on the operator A, however, A is close to being a sparse
matrix in the sense that these entries, re-ordered by decreasing modulus, form a sequence
that rapidly tends to zero. Assuming a sufficient near-sparsity of A, depending on s from
(4), and that of wy_, the latter in the sense that sup; [Ix, W4, | s < oo, the cost of this APPLY-
routine with prescribed absolute tolerance £/2 is €(e~'/5 +#Ay).

Given a Hilbert space H and a Riesz basis ¥, there is a maximum spy,x on the value of s
for which u € .&7* can be generally expected. For large classes of singular integral operators,
and partial differential operators with smooth coefficients, for s < sp,x the sufficient near-
sparsity of A has been verified for bases of wavelets that are sufficiently smooth, and have
sufficiently many vanishing moments. The condition supy, |Iy, Wa, | s < oo is a consequence
of u € «/* and the convergence inside the adaptive wavelet Galerkin method of (I, WAk) k
towards u with rate s.

Usually, approximating f does not pose any problem. From the aforementioned near-
sparsity of A, it follows that if, for s < spax, 0 € &7°, then f = Au € &/, where in many
cases even f € &7 for some § > s can be demonstrated. Membership of f € /* means that
there exists an fe with [|[f —fe||,v,) < €/2, where suppfe C A with #A €1/, and in the
constrained approximation case, with A being admissible. Assuming that this f¢ can also be
constructed in €(g~'/%) operations, which involves a quadrature issue, we conclude that (4)
is realized.

Alternative approaches

Although qualitatively fully satisfactory, quantitatively the approximate evaluation of the
residual by means of the application of the APPLY-routine turns out to be quite demanding
as has been observed by many researchers. Various attempts were made to improve the
efficiency of the APPLY-routine, or to avoid its use.

In [7,8,14], we considered the case of ¥ (and =& when K # H) to be a tensor product
of bases of univariate functions. The advantage of this tensor product setting is that dimen-
sion independent convergence rates are obtained. On the other hand, the application of such
bases requires that the operator equation is posed on a product domain. Recently, in [6],
it was demonstrated that also non-product domains can be considered by equipping them
by piecewise tensor product bases constructed via a domain decomposition technique. The
present work, however, will be restricted to product domains.
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In the aforementioned papers, tensor product bases were constructed such that for A
corresponding to a partial differential operator with constant coefficients, A = (A%)(¥) (or
A = (AWP)(&E)) is truly sparse, and so can be applied exactly in linear complexity, yielding
an adaptive wavelet Galerkin method that is also quantitatively efficient.

This approach, however, is restricted to the use of specific wavelet bases. So far, for
operators of second order, we were able to construct them as globally C', piecewise polyno-
mials of degree 4 (or higher), with relatively large supports. The bases are biorthogonal, i.e.,
not L-orthogonal. The use of L,-orthogonal univariate wavelets has the important advan-
tage that the condition number of the resulting tensor product basis is bounded, uniformly
in the number of factors, i.e., in the space dimension.

Residual evaluation in this paper

In the current paper, we consider constrained tensor product approximation, with the con-
straint being that only approximations from spans of collections of tensor product wavelets
are considered with index sets that are multi-trees. The natural index set of a tensor product
basis is the Cartesian product of the index sets of the univariate bases that are the factors
in the product. A subset of this index set is a multi-tree when “frozen” in all but one of its
coordinates, it is a tree in the remaining “free” coordinate.

For ¥ = {y; : ie Ve}, E={: ie Vz} being tensor product bases for H and
K, an A € Z(H,K') that corresponds to a linear partial differential operator with poly-
nomial coefficients, and f = Au, let A := (A¥)(Z), u=u'¥, and f:= f(&). Under the
assumption of the functions in ¥ to be sufficiently smooth (C' for a second order oper-
ator), we will prove that for u € &%, Ay C Vy being a multi-tree, wu,, € £2(Ay), and
€ > n||f— Alx, Way [, (v5), there exists a multi-tree Az C Vz, with #Az < #Ay + e /s,
such that (f — AL, Wa,, )|a; approximates f — Al Wy, in £(Vz) within tolerance €.

Apart from the computation, or sufficiently accurate approximation of f|,, the evalu-
ation of this approximate residual requires the multiplication with A|4; x A - Thanks to the
multi-tree structure of both Az and Ay, the application of this linear mapping can be per-
formed in O (#Az +#Ay) operations by using a generalization of an algorithm for matrix-
vector multiplication on sparse grids (e.g., see [3-5,30,31]). Because of the way in which
multi-trees are traversed, the idea of this algorithm is known as the unidirectional principle.
Generalizations to adaptive sparse grids can be found in e.g. [1-4,19,17,24]. A generaliza-
tion to multi-tree wavelet index sets as needed here, together with a formal proof of its linear
complexity can be found in [21].

The idea behind the construction of the approximate residual evaluation is as follows.
Firstly, for A and ¥ as above, where additionally ¥ consists of piecewise polynomials, there
exists an auxiliary tensor product basis @ for K, with dual © = {éi A€ V4 }, such that for
any given multi-tree Ay C Vi, there exists a multi-tree Ag C Vg with #A5 < #Ay and

SA] Cspan{é;L :ZGA@}. 3)

span{w}v:iem{/}
In particular, we have A((In, wa, ) %) € span{é;L e A}
Another consequence of (5) is that u € «7* implies that f(®) € o7*. So there exists a

multi-tree in Vg, with cardinality & (8*1/ %), such that f can be approximated within tol-

erance € in || - ||g by a linear combination f; of éi with A from this multi-tree. By re-
defining Ag as the union of the latter multi-tree and the previous Ag, we conclude that
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fe —A((IayWay)TWP) € span{é;l e Ap } approximates the residual within tolerance €,
where #Ag S #Aw + e/,

The second ingredient behind the construction is the proof of (:)(E ) being close to a
sparse matrix, in the sense that for arbitrary, fixed 7 > 0, for any multi-tree Ag C V5, there
exists a multi-tree Az C Vz with #Az 5 #A@ and HQ(E”VE\AE xAg |$(32(V@),€2(V5)) <n.
So with f¢ := f¢(E), the approximation (fz —A((In, Way ) ")) (Z)|az = (fe — ALy, WAy, )| Az
to fe — Al Wy, has a relative error of order 1. By [|f — felx = [|f —fel[,(v), we arrive
at the estimate ||(f — ALy, Way ) lvo\az ey (ve) S €+ N [(E— AL, Way )[4y (v5) as required.

Remark 1 In view of the use of tensor product bases and the unidirectional principle to eval-
uate the matrix-vector multiplication, our adaptive wavelet algorithm has similarities with
adaptive sparse grid methods. There are, however, also important differences. In general,
within adaptive sparse grid algorithms new degrees of freedom are added in neighborhoods
of those current degrees of freedom that correspond to the largest coefficients, e.g., see [1-
5,19,17,20,24,25,31]. This is due to the fact that in (most cases) adaptive sparse grids are
based on (infinite) tensor product collections that are not Riesz bases for the closures of their
spans. Consequently, the norm of the residual vector is not equivalent to the norm of the er-
ror, and so the residual cannot be used as a reliable and efficient a posteriori error estimator
to steer the adaptive process. Nevertheless, as shown in the above mentioned references,
this adaptive approach improves upon non-adaptive sparse grid methods in various practical
examples. However, other than with the adaptive wavelet algorithm, in general, convergence
and so in particular optimal convergence rates cannot be guaranteed.

Organization

The remainder of this paper is organized as follows: In Section 2, a general criterion is de-
rived for our approximate residual to realize (4). In Section 3, the conditions of this criterion
are verified in the setting of tensor product bases and an operator that corresponds to a par-
tial differential operator with polynomial coefficients. The results of various experiments
illustrating the performance of the new approximate residual evaluation are presented in
Section 4.

2 Approximate evaluation of the residual

We take up the issue outlined in the introduction, and present a method that realizes task (4).

Theorem 1 For some (real) Hilbert spaces H and K, let A € £ (H,K'). Let

(A). E={E: 2 €Vz} CK besuchthat ||[g(E)]revs oy ve) = lgllk (g €K', ie, Eisa
ffame ]ior X, e.g., a Riesz basis, ~

(B). © ={0,: 1 € Vg} CK' be such that ||Z]|,v4) < |Z"O| |k Z € (V)

(©). 'y:{l[//l A Gle} CH.

We consider classes of “admissible” finite subsets of Vz, Vg, and Vi, respectively,
which classes should be closed under taking unions, such that

(D). for any admissible Ay C V, there exists an admissible Ag C Vg such that A(span{y, :
A € Ap}) Cspan{f : A € Ay}, and #Ag < #Ay,
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(E). for any 1 > 0, and any admissible Ag C V g, there exists an admissible Az C V= with
#Az S #Ag, generally dependent on 1, such that
110 (E1)]reva\az. peng |2 vg).mws) <N

Now let u € H be such that for some s > 0, for any € > 0, there exists an admissible
Ay C Vy with#Ayp < e V% and infvespan{wl:/leAq/} lu—v|n <e.

Then for f = Au, an arbitrary, fixed 11 > 0, and any admissible Ay C Vy, wy,, €
span{y; : A € Ay}, and € > 0, there exists an admissible Az C Vz with

[[(f = Away ) (E1)]aev= — [(f —Away ) (E1)]reaz o vs)
SN —Away ) (E)lrevz e vs) + (1+1)e,
and #Az S#Ayp €~ 1/s (generally dependent on 1), i.e., task (4) is realized.

(6)

Proof By the assumption on u, and f = Au with A € .Z(H,K"), Condition (D) implies that
there exists an admissible Ag) C Vg with #Ag) <& '/5, and an f, € span{f; : A € Ag)}
with [[f — fellx < e.

With A g> denoting the set from (D) corresponding to Ay, let Ag = A g> UA g), and let
Az correspond to Ag according to (E). Then we have #Az S #Ay + e /5 and

1[(fe —Away ) (E)]revaraz love) S nllfe —Away Ik < 1l f —Away [k +1€

by (E) and (B). The proof is completed by [|[(fe — f)(E2)]aeva\az o ve) SIfe—flle <€
by (A), and || fe —Away |k S I[(fe —Away)(E1)]nev: |6, (v5) again by (A).

Remark 2 For completeness, to show that with Theorem 1 indeed task (4) is realized, note
that (6) means that for some constant C > 0,

[[(f —Away ) (En)lrevs — [(f —Away ) (E)]renz 6 (vs)
<CMISf —Away ) (G )aevs o ws) +(L+m)el. (T)

Now given 7,€ > 0, set N = lﬂ—c €= ﬁ/(l + 7). By substituting these 1) and € into
the upper bound (7), for & > |[(f —Awa, ) (82)]aevs |le,(vs) We find that this upper bound

is less or equal to € as required.

Remark 3 The verification of Conditions (D) and (E) in the next section gives information,
in any case qualitatively, how to construct A g) from Ay, and Az from Ag = A ((;)l) UA g).
g> depends on the right-hand side at hand, which is, however, known

to the user. Fortunately, in many applications it suffices to take Ag = A (532) .

Remark 4 Condition (B) is satisfied when there exists a @ = {6, : 1 € Vg} C K with
0(@)=Idand ||z70|x < HZHZZ(V@) (z € £2(Vg)) (so, in particular when © is a Riesz ba-

. - (Z2)1)(v5) #T0)(270)
sis for K). Indeed, then HZH@(V@) = SUPgL4ety (V) 7\\ZH£2(V§) = SUP) 0 (V) Ty <

The construction of A

|27 ®||x . Both © and © are auxiliary collections that will not enter the computation.

Remark 5 In the proof of Theorem 1, in order to conclude that if u can be approximated in
H from span ¥ at rate s, then so can f in K’ from span®, we assumed that f = Au. In the
setting of least squares problems discussed in the introduction, the assumption that f = Au
requires that the problem is consistent in the sense that f € 3A. When this does not hold
true, an approximation rate s for the right-hand side has to be added as a separate condition.
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3 Application in the tensor product setting

We verify the conditions of Theorem 1 for A being a linear partial differential operator
having polynomial coefficients on a rectangular domain, and collections of tensor product
functions.

3.1 Assumptions and verification of Condition (D)

For some n € N, and O := [, (a;, b;) for some a; < b; € ZU{—o0,00}, let A € Z(H,K'),
where
H,K — L,(0) ~ L, (O) < K.
For some invertible diagonal mat~rices DY = (dif ) Do = (d? )3 and D% = (df)i’ we
assume that the collections ¥ C H, ®, and & are of type

DY =g w0 W0 = [y A e Vyi}df vy = Qv (L € Vi =] Vo),
i=1

i=1

PG = 61,60 = (81 1 € Voo, d98; = @8 (i € Vo = [[Veu).
. . ; - N n
D*=E = ®§l:15(1)7 E(’) = {éi) = VE(,-)}, di éi = ®67(L,> (l S VE = HVE(i))’

where ¥0) @) z() Ly (a;,b;) are collections of functions normalized in Ly (a;, b;).

We assume that ‘I’@, @)(i), and = are local in the sense that

sup 214 diam supp l//y) < oo, 8)
A€V
sup sup #{A € Vy :|A] =L Asupp l//)(f) NB(x;27) # 0} < oo, 9

LeNg )CG(ai,b,')

where |A| € Ny denotes the level of A, and similarly for @) and Z (),
We assume that for 1 < i < n, there exists another local collection ol c Ly (a;,b;) that
is dual to @0, Consequently, i
©:=p°%g! 0l

is dual to 6.
We add the harmless assumptions that for all £ € Ny
U swpyy = (@b, (10)
{A€Y, 1A=t}
U suwppg” = (@b, (1n
{AeV_py: A=t}

and, with SE{) = supp 6;") Usupp éii) (L e Vg),

S = (ai,by). (12)
{A€V (A l=t}



An efficient approximate residual evaluation 9

Finally, we make the assumptions that for some p € N,

span{y! : X € Vi, [A| = £}
C {g: (ai,b)) = R:gljo-t (jr1)o-t) € Py J € [a2", b2 = 1]NZ} (13)
Cspan{6)" : A € Vg, |2 < €3, (14)

with the assumption (14) concerning the inclusion of all (discontinuous) piecewise polyno-
mials being crucial.

We call a collection A C V) a tree, if whenever A € V) with |[A| > 01isin A, then
the support of l//)(Ll> is covered by the supports of q/}[) for some u € A with |u| =|A|— 1.
The definition of a tree A C V) is similar, whereas for the definition of a tree A C V5,
supp é!(f) and supp é}@ should be read as Sif) and ng), respectively.

A collection A C Vy is called a multi-tree, and similar for A C Vg or A C Vg, if when
“frozen” in any n — 1 coordinates it is a tree in the remaining coordinate. In the current
setting, as admissible subsets of Vi, Vg, or V= mentioned in Theorem 1, we consider

multi-trees.

Remark 6 The restriction to index sets that are multi-trees is harmless in the sense that it
still allows to approximate a wide class of functions, that includes solutions of PDEs, at
optimal, n-independent rates (cf. [6, Thm. 3.2]).

Proposition 1 In addition to the assumptions of A € £ (H,K'), ¥ C H, the collections
w0 00 and its dual @) being local, and (10), (13), and (14), let, for some densely
embedded H C H, A(H) C Ly(0), and Az be a linear partial differential operator with
constant coefficients. Let span¥ C H. Then for any multi-tree Ay C Vy, there exists a
multi-tree Ag C Vg with#Ag S #Aw and

A(span{ys; A €Ayp}) C span{éﬁ Tl €A, (15)
i.e., condition (D) from Theorem 1 is valid.

Proof With C; := SUPuev 2lul diamSﬁ), given a multi-tree Ay C Vy, we take
e l

Ap={li € Vg : 34 € Ay st |fi] = [A| Ad(supp ) S}1)) < C2 7wl (v},

where |7] := (|71],--.,|%l), and for sets X, Y C R", d(X,Y) := infyex_ yey |x—y|. Note that in
view of (10), and since Ay is a multi-tree, A5 does not change when the condition |fi| = |A|
reads as [[i| < [A].

The assumptions of A|; being a linear partial differential operator with constant coeffi-
cients, A(span'¥) C L»(0J), and (13)-(14) show that for 2 € Vi, one has Ay; € span{6); :
B € Vg, |H] < [A]} and suppAy; C supp ;.

Now let v € span{l//;L tA € Ayl e, v = ZZGAW v; ¥; . From A being linear, and ©

being dual to @, we have

Av = ) Y vi(Av;. 8a)1, )0

(Ve llAlll<max; ,  [lIA]ll} A€AY
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Now let [i & Ag. Then for all A € Ay there exists an i with either || > |Ai| or | supp l///({)

ﬁS,(fi)\ =0, and so (Ay;,6;) 1,y = 0 from supp Gﬁ? QSL?. We conclude that (15) is valid.
To show that Ag is a multi- tree let I € Ag, ¥ € Vg with, for some i, y; = My for
Jj#i and |)/,| |ui| — 1 and \S ﬁSy | > 0. There exists a 7L e Au,p with |fi] < |/'L| and
d(supp l//k , ) < €274l forall i. We infer that d(supp IV,L , Y, ) < d(supp l[//1 ) ”l ) +

diam S\ < ¢2- il - c;2-Iml = 27111, and so 7 € Ag. Now apply (12).
By the locality of @@, @), and Y1), the definition of Ag shows that #A5 < #Ay,
which completes the proof.

Example 1 WithH =K = H(} (O), a model example of an A as in Proposition 1 is given by
(Au)(v) = o Vu-Vv+ ouv for some @ > 0, and @ 2 1 when O is unbounded (see [22]
for the application of adaptive wavelet schemes for such domains). With A := H*(() N
H}(O), integration by parts shows that A(H) C L,(0) 7 = —A+wmlI. Note that for the
latter two properties it is essential that the boundary conditions on d(] are of homogeneous
Dirichlet type.

Remark 7 If Al is a linear partial differential operator with polynomial coefficients, say of
maximal degree p, then the statement of Proposition 1 is still valid, assuming that (14) holds
for p reading as p + p. We expect that for any fixed p + p suitable biorthogonal collections
(@0, 61)) can be found such that this second inclusion i 1s valid, cf. Remark 8.

If, for some fixed k € N, (14) is valid with span{@l : |A| < £} reading as span{é)(tl)
|A| < €—k},ie., if the coarsest scale in the (O, @) system is increased with k levels, then
the statement of Proposition 1 is still valid when the coefficients of the partial differential
operator are piecewise polynomial w.r.t. the partition (] = U{aeznzsz(aq-il)ci}zik(a +0).

It is tempting to combine both above generalizations, and to approximate general smooth
coefficients of a partial differential operator by piecewise polynomials. Yet, since for the
multi-trees A¥ and A€ from Proposition 1 it holds that #A© / #AY — o when j or k tend
to infinity, it is not clear whether this yields some useful results.

3.2 Further assumptions and verification of Conditions (A), (B), and (E) of Theorem 1

We will consider a space K of the following form. For 1 < i < n, for some m; € Ng and
6,' = (O','J, Gi,r) € {0, e ,mi}z, let

HY (ai,bi) i= {v € H" (i, bi) :v(ai) = - = V(%1 "V (a;) =0,
v(bi) == WGir— 1)( b;) =0},
I = [Lz(a,-,bi),H Haisbi)lsym (s € [0,my]).
For some finite I C [T} [0, m;], let
n
K=[Q#", (16)
gel i=1

equipped with the usual norm on an intersection space. Examples of applications will be
given in Subsection 3.3.
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We assume that

I'Y 22 0% < Y |l (1<i<nse{0,m)). (17)
IJ'GV@([) [JEV(:)(,-)
Then, taking
~ n
@)= Y [T4H, (e vy), (18)
geli=1

we infer that ||z ©||x < HZH@(V@)’ and so (B) is valid by Remark 4. (For (B), it suffices

when (18) holds with “<” reading as “2>”, whereas for the proof of (E) the inequality “<”
will be used.)
Additionally, we impose the (mild) piecewise smoothness conditions

sup 27‘”‘/2Héi<j>||Lw(ai,b,~) < oo, (19)
i,eré(i)
~sup 273l sup Hé;(;)||W;(jzf\u\,(j+1)zf\u\) < oo, (20)
LIEV 5() {iez:(j27 Ml (j+1)27 Ikl e(ai bi) }

at the “dual” side, the Jackson estimate
inf =Wl a5y S 27" tll sy (4 € H (i, b)) 21
wespan{e!(l'):\u\gﬂ}
at the “primal” side, and
- ~
I Y w6 Benms Y P (22)
{nevg =t} {1eV 5 lul=6
uniformly for all £ € Ny.

Remark 8 Auxiliary biorthogonal collections (@), @) that are both local, satisfy (12),
(14), (17), (19), (20), (21), and (22) have been constructed in [7] for m; = 2, 6; € {0, 1}2,
and p = 4, and so obviously for m; <2, 6; € {O,min(l,mi)}z, and p < 4. (The case G; =
(1,1) considered in [7] is extended to G; € {0, 1}2 in [6, §7]). Instead of (17) and (22),
for s € {0,m;}, {2*\#\39‘(11) 1 € Vg } is even a Riesz basis for 7°. We expect that such
(01, @) exist for any m; € No, G; € {0,...,m;}? and p € No.

Concerning =, we assume that

=0 C HY (ai,bi), (23)
so that = C K, the Bernstein inequality
1 ey S 2N Ny o0 span{&y” : (4] =23, (24)
I Y aqBwms L lab (25)
{AeV_:lA =0} {AeV_g:lAl=0}

uniformly for all £ € N,

(dZE)Z > Zﬁ4\lr’|qi (_i €Vz), (26)

Geli=1
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and N
/'gl{”dx:o (i, A € Vo) with [A] > 0), @7

the latter possibly with the exception of those A for which d({a;,b;},supp éf)) <2717l

Remark 9 1f, for s € {0,m;}, {27 *€() - 2 € V_y} is a Riesz basis for 7, then (24)
and (25) are valid (even with “<"). Taking (d5)* ~ Yge, T} 4l%ilai - (26) is valid and =
is a Riesz basis for K, so that in particular Condmon (A) is valid. The condition (27) of
the functions to have at least one vanishing moment, with the exception of functions on the
coarsest level and possibly those with supports near the boundary, is a standard condition on
a wavelet basis.

Proposition 2 Assume (12), the locality of .00, and @Y, and (17)~(27). Then, for any
N > 0, and any multi-tree Ag C Vg, there exists a multi-tree Az C Vz with #Az S #Ag,
generally dependent on 1, such that

11> 8) 1o @) )5 v S\ fieag 1 2(0Vg)6v=) <M
i.e., condition (E) of Theorem 1 is valid.

Proof With D; := SUprev_, 21* diam supp §}(f), for a multi-tree Ag C Vg and £ € No, let
Az = {k € Vz: 3l € Ag st ¥i, || < || + £ Ad(supp&)” sy < D2 M} (28)

Letd € Az with for some i, |A;| > 0, and let [i € Ag correspond to 2 as in the definition
of Az. From Ag being a multi tree, we infer that there exists aVeVgwith v; = pu; for j#i,

Vil = || — 1, d(suppék , )<D2 i, and \S ﬁS |>0 Now for any y; € V() with
I = \Mfl and \suppén ﬁsupp«ﬁl1 | > 0, we have d(supp.ﬁ% , vl)<d1amsupp§/l

(supp&ll , ) < D271, showing that 7 := (11,...,%) with y; = A, for j # i is in Az.
From (1 1) we conclude that Az is a multi-tree.
The locality of & (i), @<i>, and ©() shows that #Az < #Ag, dependent on /.
In order to prove the last statement, with I 7, := [(§5,, 01)1,0)] (i |7 ji|—F 1t s sufficient
to show that for sufficiently large ¢, '

sup ), gglixsup ) BRI <. (29)
k{73 s.t >k} K {e3i st ki >kj+0}

Indeed, for the corresponding block partitioning of [(&;, denoted

i) 20 ieva\az.ieay’
by [IAH,]; > one has that I}{}, is equal to I T possibly with some columns or rows being re-
moved. In particular, from supp éﬁ? QS,(L,,) one has that IAM, =0 when k; <k + ¢ for all i. Now
an application of the Schur lemma shows that [|[(&;, éﬁ>L2(D)]ieV5\Ag,ﬁeA@ l.2(2v).0(72))
is less or equal to the left hand side from (29).

With 1 = [(&”,0") 1, 4,5 }a1=t Juj—v'> We have

G)
zz l/d* A= ® l/d |Ti|=k"
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and so by (18) and (26),

\/ Lger [T 4kiai n

NS Hlll k/ll (30)
k I

A /Zq Hl l4 iqdi =

For k > k', we split I,E',z, into 1% k,) and [ ,E k/)
entries (I,E 2,)1 u of 1511’ with (supp ﬁx )°N2¥Z £0ord({a;,b;},supp é)@) <2711 (cf. line
following (27)) and the second one contains the remaining “regular” entries.

The matrix 1.} k,) is sparse, uniformly in k, ', and from (19) and the locality of = =, for

|A| =k, |u| =Kk, we have

15z

, where the first matrix contains the “singular”

g 5 1k
D 8V L o < MESIL, (s ) 1087 ) S 22K 0. (31)

For the regular entries with [A| = k, || = &/, from (27), the locality of Z(), and (20),
we have

|<‘§/1 > ;(1 >L2 (aj,b ‘w”é/l ||L1 (aj,b ,2_ sup/ ”0;1 HWI (27 (j+1)2V)
jelai2¥ pi2K —1)nz (32)

< 23—k,

Using, by the locality of @) and £(), that the number of non-zeros per row and column of

I,E'kr,) is ©(1) or @(2¥¥), from the Schur lemma we infer that HIS}? | < 2%k We conclude
that L
Il $2:479 (k= k). (33)
Forve span{ép {1 € Vg, || =K'}, by the biorthogonality of @), @) and (21), we
have
M2y ab)

IVl i gy = sUP
(Hail(al-,h)), O#ZEH~_ a;,b;) ”Z”Hml (a;,b;)

<V, = W>L2 ((l,‘,b,‘)

sup inf 5 27k/m,l ||VHL2(11,-,b,-)'

O#zeH(i,”l_f(a,-.b;)w'ESpan{eﬁ’):pev@(,.),|u|<k/} HZHH'"i(a,,b,-)

Now from Z1) C HY'(a;,b;), (24), (25), and (22), for k < k' we estimate

Z,d)|=|( ) d/léﬁ Y /Zﬂél(li)>L2(a,-ﬁb[)’

|A|=k || =K
S Y & lama2 1 Y 28 st
Ml:k ‘“‘:k’
27 Y a8 s " L 20 s
‘M:k “J‘:k/

<28 0m a2,

or

I | < 2%K0m (e < K). (34)
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~ n kt/‘qi /
From (30), VIt <y [pn 2(i—k)ai| (33), and (34), we infer that

\/ Dger T 4

Lk~
Bzl S TT 225
{i:k[Zkg}

We conclude that the left-hand side from (29) is & (2’%[ ), and so that (29) is valid when ¢
is sufficiently large, with which the proof is completed.

Remark 10 We assumed K to be the intersection of tensor products of Sobolev spaces of
univariate functions of nonnegative orders. Now consider the case that in (16) some g; is
negative. Then with (alg’)*2 as in (18), k, X can be selected with k; > k;and k; < k} for j#1i

/S T, 45
such that YEeetliid 7 k[
\/ Lger [T 444

(30), for ¢; < —% the growth 2(Ki=k1)di a5 function of k; — k} is not compensated by the bound

is arbitrarily close to 2k —%)4i_Thus, in order to bound ||F; | in

(94

||I]£?_)k{ I < 23~k from (33). Since for discontinuous 8", as needed for (14), generally the
estimate (33) is sharp, we conclude that our assumptions on K seem hard to avoid.
Actually, the above reasoning shows that for ¢; < f% it cannot be expected that

(&5 éﬁ)Lz(D)heVLﬁevé € Z(r(Vg),£2(Vz)). Assuming that ||z" Z||x < [[2]4y(vs). this

means that it is not possible that ||Z" O] < Z]l6, (v s)-

3.3 Examples

We give two examples of settings where K is the intersection of tensor products of univariate
Sobolev spaces of nonnegative orders.

Example 2 When the operator A results from a variational formulation of a second order
elliptic boundary value problem, e.g. Poisson’s equation, on [] with homogeneous Dirichlet
boundary conditions, the natural spaces are

H=K =H(} (D) :H(lu)(a],b])@Lz(az,bz) ®~~®L2(an,bn) n

NLy(ai,b1)®---@Ly(ap—1,ba—1) ®H(1171)(an7bn)-

Example 3 With “spatial domain” [] = [T’ 5 (ai,b;), and —oo < ay, by < oo, fort € (ay,by)
a.e. let b(t;-,-) be a bilinear form on H} (1) x H} (0J) such that for some constant g and for
ae.tr e (ahbl),

6(:0,0)| S ol @) 1Sl @) (0,8 € Ho (D),

b(t:0.0) + 2o|0]}, ) 2 0l3 0 (0 €H) ().

With B(t) € £ (H}(O),H 1 (0)) defined by (B(t)®)($) = b(t;®,), given a right-hand
side g(¢) and an initial datum &, we consider the parabolic problem of solving

i)+ B(u(t)=g(t) inH YD), u(a)=hinLy (D).
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A well-posed simultaneous space-time variational formulation reads as finding u € H :=
Ly(ay,by) ®Hé (OYNH"(a1,b1) ®H~ (D) such that for all v = (v,v2) € K := Ly (a1, b1) ®
H}(O) x Ly (D),

by
(Au)(v) = /a1 /j%(r,)'c’)vl(t,ic')—I—b(t;u(t,)'c’),vl(t,)?))dtd)'c’+/ju(al,f)vz(f)di

- / lbl /D g(t,%)vi (1, %) drdT+ /D h(R)va(¥)dE = f(v).

This problem needs a little massage to fit in the setting that has been considered. The

space K is the Cartesian product of K := Ly(ay,b;) @ H} (0) and K» = Lr(0), A = Bl ] ,
2

h

into corresponding tasks for both equations. The first equation fits in the framework pre-
sented so far, and so this task can be performed assuming suitable tensor product collections
on H and K7, and assuming that the spatial differential operator B has coefficients that are
polynomials in ¢ and X.

Concerning the second equation, H and K, are function spaces on the different domains
O = (ay,b1) x O and [, which does not fit into the setting we have assumed from the very
beginning of this section. The operator A, however, reads as IdoR, with Id : L, ((J) — L, (CJ)
and R : H — L,((J) defined by (Rv)(¢,x) = v(aj,x). It is known that R is bounded (e.g.
see [12, Ch.XVIII, §1, Th.1]), and its representation w.r.t. the collections ¥ = (DlP)’1 )
P c Hand @/, %" c L(D),ie., (RY)(@)_,PV) = (@) Wi: J(an) T, Sl 7 vy
has at most one non-zero in each column. Results concerning the sparse evaluation of
(Id @7, P)(Z), with E being some tensor product collection on K> = Ly(CJ), which
obviously can be derived in the framework that has been developed, now directly imply
corresponding results for the evaluation of (A,V)(E).

and f = [g} . The task of the approximate evaluation of the (primal) (see §1) residual splits

3.4 Cost of the approximate residual evaluation

In the main Theorem 1, for wy,, € span{yj; : [l € Ay}, we established an upper bound 2 &
on the error in the approximate residual

[(f =Away ) (&) ca, > (35)

as well as the bound #Az < #Ay 4 £/% on the cardinality of Az. Below we show the same
bound for the number of arithmetic operations to compute this approximate residual, or an
approximation of it that keeps its error on the same level.

Recall the setting of A being a linear partial differential operator with constant or polyno-
mial coefficients, tensor product collections D¥¥ = @ ¥, D& = @" =), for some
local () and Z(). Then the bi-infinite system or stiffness matrix reads as

[(AY3) (& )i ey, gev, = (OF) " [Zj®sﬁ(<§§?, v (0%) ! (36)
JEJ i=1

for some finite index set J, and for bilinear forms s j,,(-7 -) that are local, i.e., give zero when
the supports of both arguments have empty intersection.
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As shown in [21], building on the earlier work in the (adaptive) sparse grid setting (e.g.,
see [1-5,17,24,30,31]) for multi-trees Ay C Vy and Az C Vz, the multiplication with each

of the matrices [®7; s;; (é)(tf), Wl(ili))]ie/\g,ﬁe/xqﬂ and so with the matrix [(Ay) (§;)15 ca. ica, -
can be performed in € (#Az +#Ay) operations, although the matrix is generally not sparse.

Let us briefly sketch the two principal ideas behind the realization of the matrix-vector
multiplication in linear complexity. Firstly, in the univariate case, say with ¥ = = and Az =
Aw, the idea is first to apply a transformation from the multilevel representation to a locally
finite single-scale representation, then to do the matrix-vector multiplication in single-scale
coordinates, and finally to return to a multi-scale representation by applying the transposed
transformation. Thanks to the tree constraint on Az = Ay, the basis transformations can be
performed in linear complexity, and so can the matrix-vector multiplication, since in single-
scale coordinates the matrix is sparse.

Secondly, to explain the generalization to the bivariate, and with that to the multivariate
case, we consider a simplified setting that essentially corresponds to pretending that for each
univariate wavelet basis, on each level there is only one wavelet. Fori = 1,2, let st g gmxm,
For k < m, let I : RF — R™ denote the extension with zeros, and P, = IkT . Motivated by our
observations for the univariate case, just explained, assume that multiplication with PS O
can be performed in &'(max(k,k’)) operations.

Now let A C {1,...,m}? be such that when frozen in either the first or second coordi-
nate, at any value, it is a set of the form {1,...,k} for some k < m, i.e., A is a “multi-tree”.
With 1, : RFXk — Rrmxm denoting the extension with zeros, and Py = IX, we are interested
in the matrix-vector multiplication with the matrix Py (S()) @ $())1,.

A straightforward matrix-vector multiplication, taking advantage of the tensor product
structure () @ S?) “as a whole™ is a m? 2 matrix), requires > m? operations, assuming
that max; c4 A1 = max; s A2 = m. This is even true in the extremal case that A = {4 €
{1,...,m}? :min(A;, ;) = 1}. To solve this problem, the idea is to split S(!) as L) 4 /(1)
where Lf}) = SEJU when i > j, and zero elsewhere. By definition of U"), L() and A being a
“multi-tree”, it holds that

Xm

U1, =1 PA(UV@Id), Py (LY R1d) = Py (LY @1d)I4 Py,
from which we infer that

PA(S<1)®S<2))IA =P, (U(l) +L(1>)®S(2))IA

The matrix-vector multiplication with each of the three matrices Py (L) @1d)I,, Py (Id®
S@NI4, and Py (UM ®1d)14 requires ¢ (#A) operations, and we conclude that so does this
way of multiplying Py (S!) ©5@)1, with a vector.

Concerning the first term of the approximate residual (35), only in cases where an ana-
lytic expression of f(y;) can be derived, the exact evaluation of [f(&;)]; . 4. Can be com-
puted in '(#Ag) operations. In general quadrature is needed, which is a delicate issue with
tensor product approximation. With @ being a tensor product of univariate single scale bases

such that span{&; : A € Az} C span, it is not recommendable to compute [f (&)5ens
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from [f(¢)]pcep, or from an approximation of the latter by the application of numerical
quadrature. The reason is that for the smallest of such @, #& can be of the order of (#Az)".

Assuming a continuous f, the following procedure can be applied instead. Approxi-
mate f from the span of a collection IT = {nﬁ : [ € V} of tensor product interpolets, i.e.
DIIT = @I (i>, for some invertible diagonal matrix D™, and collections of univariate
interpolets IT). A well-known example of a collection of univariate interpolets is given by
the continuous piecewise linear hierarchical basis. The duals of the univariate interpolets are
(uniformly) finite linear combinations of Dirac functionals, and so are the duals frﬁ of the
tensor product interpolets. So any coefficient in the expansion f = Y ;cv,, %5 (f)7; can be
computed in &(1) operations. Assuming a sufficient (mixed) smoothness of f, and taking
interpolets of a sufficiently high order, for any € > 0 there exists a multi-tree A;r C V7 such
that || f — Ygeay i (f) 7l < € where #A < £'/5 for some § > Smax. €.g. see [5]. Here
recall that sm,x 1s defined as the best possible rate that can be expected for approximation in
H from span ¥, so being an upper bound for s.

Now by replacing [f(éi)]iezxg by [Licay, T () nﬁ)Lz(D)heAE in the approximate
residual computation, we make an additional error that, by Condition (A) of Theorem 1, is of

order €. Its computation requires the multiplication with [Q' (& X% n,(f,) )La(arb))iens Ay’
which can be performed in & (#Az + #Ay7) operations by the application of the algorithm

from [21].

4 Numerical experiments

In this section, we illustrate our theoretical results by selected numerical experiments. A
crucial point is the construction of Az for the approximation (f — A4, Wa,, )|a; to the ex-
act residual £ — ATy, wa, = (f —A(W;\r‘}, ¥))(&). In particular, we investigate quantitative
properties of this multi-tree based residual approximation, and compare it to the standard ap-
proach for residual approximation being based on an APPLY routine. Moreover, we present
advantages of the usage of L-orthonormal (multi-) wavelet bases in this context.

We consider Poisson’s equation with homogeneous Dirichlet boundary conditions as
discussed in Examples 1 and 2. With H = K = H(}(IZI), O = (0,1)", for given f € H', we
seek u € H such that

(Au)(v) ::/Vu~Vv:/fv (veH). 37)
JO Jo
For our convenience, we shall choose f € H’' later on as a constant function and the
spatial dimension n € {2,3}. Since f does not vanish at the boundary of [J, we point out that
an adaptive (wavelet) method is required in order to obtain the best possible approximation
rate smax = p for piecewise polynomial wavelets of degree p (see [11]).

4.1 Representation of (37) in terms of L,-orthonormal multi-wavelet bases

To derive the equivalent ¢,-problem Au = f associated to (37), we use L, (0, 1)-orthonormal
multi-wavelet bases ) = {l///(f) 1A €V} CH*(O)NH}(O) fori€ {1,...,n} so that

wi= (DY) QWY = {y; = (@) ' oLy vy 1A eV,
i=1
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where d}l’” = |ly;(&) ®-® ll/}(hj) |1 (0)» 1s @ Riesz basis for H} (O). Moreover, we set  := .
The construction of an L, (0, 1)-orthonormal wavelet basis is based on a multiresolution
analysis (MRA) (V;) jen, Where V;, for integer p > 2, is given by

Vi [T Po(277k277(k+1))NC'(0,1)NHy (0, 1).
ke[0,2/-1]nZ

Following the guideline given in [15,16], a so called intertwining MRA (V;) jen, With V; C
V; C V4 for some m € N can be constructed such that the single scale spaces V; are spanned
by uniformly local, globally C!, orthonormal scaling functions which are moreover piece-
wise polynomials of degree p. The corresponding wavelets l///(f) eyl forie {1,...,n},
being finite linear combinations of these scaling functions, inherit these properties. More-
over, if y/)(Ll) does not correspond to a boundary adapted wavelet, it has p 4+ 1 vanishing
moments. A detailed description will be given in [29].

The choice of Ly-orthonormal wavelet bases W) (i € {1,...,n}) yields certain advan-
tages concerning quantitative properties of the AWGM which we detail next.

Efficient realization of matrix-vector products

As explained in Subsection 3.4, with A being a second-order differential operator with con-
stant, or polynomial coefficients, the application of the system matrix R ; AI4 can be real-
ized within &(#A +#A) operations, when A,A C Vy are finite multi-trees, and the ¥)
(i € {1,...,n}) are any univariate Riesz wavelet bases satisfying assumptions (8), (9), (10),
(13) (see [21]).

However, we observe that due to the L, (0, 1)-orthonormality of the univariate wavelet
basis, the bi-infinite system matrix A from (37) has the form

DY) MAVedP e eld™ +-.. +1dV @ -eld" Vea®] (D), (38)

where, for i € {1,...,n}, 1d") denotes a (bi-infinite) identity matrix indexed by V() and
A= 81//;(Li)8l//,(f)] A.pev,, & univariate stiffness matrix.

Having an A of this specqi’al form is very advantageous when it comes to the application
of R;Al, for A,A C Vy being two finite multi-trees. Indeed, computing e.g. R i [A(1)®
1d? .- -®Id<”)}l,\ requires only the application of A(!) w.r.t. the first coordinate which can
be implemented efficiently (see [21]). We refer to such an operation as unidirectional. Thus,
the number of unidirectional operations for the multiplication with R; Al is exactly n.

Conversely, choosing univariate bases w() that are only biorthogonal, we need to replace
1d®) in (38) by univariate mass matrices M) := [jol l[/}(f) y/;(f)],l#evw) forie{l,...,n}. In
this case, the application of R ; AI, by means of unidirectional operations is more compli-
cated and relies on the splitting of A() and MV into upper and strict lower triangular block
matrices for i € {1,...,n} (see Subsection 3.4): for S®) € {A®) M1} for i € {1,2}, we split
S™ into an upper and strict lower triangular matrix, S!) = U(") 4+ L1, so that we obtain:

R; [SWas@, =R;[(LYe1d?)(1dVesH, +R; [(1dVos@) (UM o1d®))1,.

Observe that the application of R;[S Des (2)}1,\ requires 2" = 22 = 4 unidirectional oper-
ations. For higher dimensions n > 2, the application of R;Al, is then realized by a recur-
sion requiring, however, &'(n-2") unidirectional operations. Thus, compared to the case of
L,(0,1)-orthonormal bases, we have an additional factor of 2".
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Remark 11 The usage of prewavelets as described in [17,23] can reduce the number of
unidirectional operations to @'(n) as in this case, the strict lower triangular block matrix
associated to M) for i € {1,...,n} is zero.

Condition numbers

For the adaptive wavelet Galerkin method (AWGM), the condition number kx(A) of A is of
great importance. Firstly, it constitutes an upper bound for the condition number of A4
arising in Galerkin systems A u, = f4 to be approximately solved by an iterative linear
system solver. Secondly, mainly k(A) determines how large we may choose the bulk chasing
parameter u (cf. line after (3)) in order to guarantee optimal complexity.

In our case, k(A) can be bounded independently of the spatial dimension n by means
of the Riesz constants c[?in, c%x of the |- | H1(0,1) normalized univariate Riesz bases (i)
(i € {1,...,n}). More precisely, with

<l Y v 1) Y o, < e,

lthP(l-) AEV‘PU)
for all (ZWV}L)ZGVMQ € £2(Vy (), it can be shown that k(A) < max; cl(%x/cf]?m (cf., e.g.,
[7,13]). For the constructions of ¥ for i € {1,...,n} used for the numerical experiments

below, we estimated these constants numerically and used the bounds cr(l?in >0.3, c[(f;)ax <21
for p=2and ) >0.3, . <2.0for p=3.

min

4.2 Approximate residuals

Let us now come to the approximation of the exact residual f4, — Al Wy, where, as above,
wp, €0 (Ay) denotes an approximate Galerkin solution of A AU, = fp fork=1,2,...
inside the adaptive wavelet Galerkin iteration.

The standard approach to approximate the exact (infinite) residual f— Al wy, is by
using a RHS and a APPLY routine that approximate f and Al w,, within prescribed absolute
tolerances. An APPLY based approximate residual evaluation then takes the form

r\ oy (€) := RHS[e/2] — APPLY[wy, , £/2]. (39)

As shown in [13], A is very close to a sparse matrix. Indeed, since l//}(j) € C'(0,1) for

all A; € Vg and i € {1,...,n}, it holds that ||A — Aj|| < 237 for all j € Ny where Ajare
sparse compressions of A having at most &'(nj) non-zero entries per row and column (cf.
[13, Remark 3.4 & Theorem 3.5]), which can be computed exactly at unit cost.

For our simple choice of f in (37) being a constant function, an entry f; = f (wi) of f
is only non-zero if all the indices A4, ..., A, correspond to either scaling functions or to so
called boundary wavelets which both do not have vanishing moments. Moreover, any entry
f; can be computed exactly at unit cost.

From both observations it can be inferred, see e.g. [26, Sect. 3], that the cost of evaluat-
ing rE\/;)PLY(s) is 0(e7 /51y, wa, |;/IS/S +#Ay), even without any restriction on € > 0. Know-
ing that for s > 0 for which u € 7%, one has sup; [Ty, Wa, | 7s S |u] s < oo, we conclude that
the condition (4) for being a valid approximate residual evaluation is satisfied.
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Restricting to sets Ay that are multi-trees, our focus is on the approximate residual eval-
uation of the form

) = (F— Ay wa)|5,» 0

where Ay C Vi (recall that & = W) with #4, <HAL+ e Vsisa sufficiently large multi-tree
as in Theorem 1. Since it is difficult to extract from the proof of Theorem 1 reasonably sharp
quantitative information for the construction of A, we do some experiments.

First of all, we take A, to be only dependent on A, which is justified since f has a
finite representation in the auxiliary collection @ (cf. Remark 3). For general sufficiently
smooth f, its representation w.r.t. @ will be that close to being sparse that also then it can
be expected that it is sufficient to select A; only dependent on Ay.

Our experiments are based on the construction Ay := U;lelilgj ) where for je{l,....n}

AV = A evVy:TpenstVic{l, .. n} k| <|w|+8;-t
Ad(suppyy) suppyy)) < D27 MY @l

where ¢ € N and D; := sup, .y o 2/* diam supp y/)(f) forie {1,...,n}. So, /i,ij) is a (multi-
'4 1
tree) extension of Ay by £ levels in the j-th coordinate direction. It can be shown that for all

J» /ijfj ) is a multi-tree and so is Ay, being a union of multi-trees. Moreover, for the cardinality
of Ay, we find that

#A, <n-2'#AL (42)

Although not exactly of the same type, the construction of the extension Ay of Ay is
similar to that of the extension Az of Ay via Ag from the proofs of Propositions 1 and 2.
The extension used here turns out to give quantitatively the best results.

4.3 Selected numerical results

We start with some remarks concerning the implementation and parameters of the AWGM.

Concerning the right-hand side f in (37), we choose f = 20 for n = 2 and f = 100 for
n = 3. We emphasize that the symmetry of the solution is not exploited here within the AWGM.

In view of (3), we compute an approximate Galerkin solution w,, such that ||fy, —
AA WAl (vy) < y|[r*k=D ll¢,(vy) by using the Conjugate Gradients (CG) method, where
we took y=0.1.

For computing A4 D Ay such that ”RAle(k) e Agy) = p|r® ll¢,(vy) and #(Agpq \
Ay) is minimal up to some constant factor, we choose pt = 0.7. This value of u is not within
the range for which (quasi-) optimality of the AWGM can be shown theoretically (cf., e.g., [26,
Theorem 4.1]), but it yields better quantitative results than with admissible values of p.

Finally, in order to keep the length of the multi-tree based residual as small as possible
(see (42)), we use £ = 1 for the residuals r®) defined in (40) in conjunction with (41).

The implementation of AWGM is obtained by using the C++-library LAWA ([28]). Numer-
ical results reported below were obtained on a PC with 2.83 GHz (Intel Core 2 Duo) and 8
GiB memory. Note that no parallelization techniques were used here and 4 GiB were suf-
ficient for the numerical results in 2d and 3d. Only for high accurate approximation of the
exact residual, 8 GiB of memory were required.
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Convergence

We start with investigating the approximate residual r®) defined in (40) quantitatively. In
Figure 1, the convergence history of the approximate residual ||r(*) | vy forallk=1,2,...
encountered in the course of the AWGM is shown where we set Nj := #A;. Observe that the
best possible (asymptotic) convergence rate being spm,x = p is attained by the AWGM quite fast
for n = 2. In the three-dimensional case, more degrees of freedom are required to see this
asymptotic rate. The fact that the asymptotic regime starts quite late for n = 3 is caused by

107 : : : ‘ 107
102t 102
10'3 t 10
10_5 r 10
105 5
106 10 X
107 | 10
108 107
10° | 10
10 -9 . . .
10 10" 102 108 10* 10° 10 102 10° 10* 10° 108
Ny Ny

Fig. 1 Convergence history of [|r(* || £(V)/ |Ifll 5 (v Within the AWGM for polynomial degrees p € {2,3} for
n =2 (left) and n = 3 (right).

|u|/» being large. Note that the underlying problem has singularities in all 8 corners and
also along all 12 edges of the cube (0, 1)3, see also the right part of Figure 2. In the left part of
Figure 2, we also show results of a (nearly) best N-term approximation. To this end, we first
computed a highly accurate approximation ug to u (with [[u—ugz||4,(v,,) < & for & sufficiently
small). Secondly, we compared [[uz — wa, [|¢,(v,,) and [[ug —ue N[, (vy)> (Ni == #Ay) and
uz y, is a best Ni-term approximation to ug (here, the Ny largest coefficients in modulus).
We observe that the approximate (Galerkin) solutions w,, are very close to corresponding
best N-term approximations. This illustrates both that the AWGM produces approximations
that are nearly as good as best N-term multi-tree approximations, and that, for this problem,
best N-term multi-tree approximations are nearly as good as unconstrained best N-term
approximations.

Next, we investigate numerically for which values of 7 the relative approximation er-
ror estimate (2) is valid. For this purpose we need a highly accurate approximation to the
exact residual which we realize by computing rg@ = rglf,)PLY(é). Here, € is (once again) a
sufficiently small tolerance. In Figure 3 we show the quantity

k k
I8 =ty w0 /16 ey o), “3)
as far as rg;) (requiring a very large amount of storage) was storable. Our choice r™®) is actu-
ally a good approximation of the exact residual f — Ay, wy, . In view of (2), asymptotically,
a value of 1 ~ 0.175 is estimated numerically for p =2 and 1 ~ 0.125 for p = 3.
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10°
best N-term (p=2) ——
107 multi-tree (p=2) ——
5 best N-term (p=3) —=—
10 aulti-tree (p=3) ——
10° ™
10*
10% “
10°
107 NG
108
102 10° 10* 10° 10°
NK

Fig. 2 Comparison of best-Nj-term and multi-tree approximation for n = 3 (left) and visualization of a multi-
tree Ay with #A; ~ 2 x 10° obtained by the AWGM with p = 2 (right). Here, the barycenters ("+") of supp vy

for 1 € Ay are plotted.
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Fig. 3 Relative error in r®) (see (43)) for n = 2 (left) and n = 3 (right).

Efficiency of the new approximate residual

We also compared the multi-tree based residual r'®) with the APPLY based residual as defined
in (39). To this end, we selected & such that Hrg;) — r,(QPLY(sk)HMV,{,) is close to Hrg;) —

| £5(vy)- To optimize the computation of rg@PLY(Sk), we used the APPLY routine stated in
[26, Section 3] which, by our experiences, yields quantitatively the best results. Moreover,
the special form of A stated in (38) is exploited to keep the length as well as computation
time for rgl;)PLY(ek) as short as possible (see also [13]).

It is clear that for an efficient implementation of the AWGM, residuals of short length are
mandatory. So, first we compare the lengths of the supports for the two different type of ap-
proximate residuals. The corresponding results are shown in Figure 4. For spatial dimension
n =2, we found for the relative length #suppr(") /Ny = 5 (N = #Ay), independent of the
polynomial degree p. For n = 3, we estimated #supp r®) /Ni = 10. The corresponding sup-
port sizes of the APPLY based residual approximation are much larger. As it can be seen from
Figure 4, for n = 2, the support length of the APPLY based approximate residual is about a
factor of 10 (p =3) to 11 (p = 2) times larger than the corresponding support length of the
multi-tree based one. For n = 3, we find corresponding factors #supp rg];)PLY /#supp r®) of
approximately 8 (p =3) and 9 (p = 2).
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Fig. 4 Relative length of residuals, i.e., #suppr¥) /N, and #supprg]?PLY(ek)/Nk where Ny := #A; for p €
{2,3} and n = 2 (left) and n = 3 (right).

Beyond support lengths of the approximate residuals, we also investigated the corre-
sponding computation times. Here, except for a multi-tree Ay of relatively small cardinality,
we observed for n = 2 that the computation of r®) is a factor of about 14 (p=3)to 16

(p = 2) times faster than the computation of r,(:;)PLY(sk). Correspondingly, for spatial dimen-
sional n = 3, the computation of the multi-tree based approximate residual is approximately
9 (p =3)to 10 (p = 2) times faster than the APPLY based one.
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Fig. 5 The residual approximation errors Hr(e];) - r(k)H[Z(Vw) ('New’) and Hr(e';) - rl(lkP)PLY(ek)Hfz(le) (CAP-

PLY”) are plotted against the corresponding computation times.
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Remark 12 Tt is possible to use larger values of £ (i.e., £ > 1) in (41) or alternative construc-
tions of Ay, e.g.,

Av={A € Vy: 3 € Acst. Vi, Al < [l €A d(suppys) suppygy) < D2 1),

However, we observed that the corresponding residuals have much larger supports and, cor-
respondingly, higher computations times than r(®). At the same time, this effort did not pay
off in form of faster convergence of the AWGM.

Computation times

In Figure 6, we show the computation times for the application of Ry, Al,, (required for
solving associated Galerkin systems) and for computing the residual r®) for n = 3. These
show that also for higher number of degrees of freedoms (#A; > 10°), an efficient imple-
mentation of the AWGM is possible. Here, we benefit from the structure of A being due to the
discretization of (37) by L,-orthonormal wavelet bases as described in Section 4.1.

100 P geian ‘ ‘ g : :
p=3 --e-- 100 | p=3 - 1
—~ 10} : -
4 &
2 T .f i
g 2 Ve
g r-"" ?Dj 1t ’.(‘{-
0.1 e ]
.-"d‘(-
0.01 ‘ s w 0.1 ‘ ‘ ‘
102 10° 10* 10° 108 102 10° 10* 10° 108
Nk Nk

Fig. 6 Computation times for the application of Ry Al,, (left) and for computing r®) (right) for n =3
(Ni = #Ay).
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