UNIFORM PRECONDITIONERS FOR PROBLEMS OF POSITIVE ORDER

ROB STEVENSON, RAYMOND VAN VENETIE

AsstracT. Using the framework of operator or Caldéron preconditioning, uniform
preconditioners are constructed for elliptic operators of order 2s € [0, 2] discretized
with continuous finite (or boundary) elements. The cost of the preconditioner is
the cost of the application an elliptic opposite order operator discretized with dis-
continuous or continuous finite elements on the same mesh, plus minor cost of
linear complexity. Herewith the construction of a so-called dual mesh is avoided.

1. INTRODUCTION

This paper deals with the construction of uniform preconditioners for operators
of positive order, using the framework of ‘operator preconditioning” as described in
[Hip06], see e.g. [SW98, CN00] for earlier work. It will build on our experiences
with this approach for problems of negative order reported in [SvV19].

For some d-dimensional domain (or manifold) €2, a measurable, closed, possibly
empty v C 99, and an s € [0, 1], we consider the Sobolev space

V= [L2(Q), Hy ()], ,,

with Hy () being the closure in H'(Q2) of the smooth functions on €2 that vanish
aty. For ¥ C 7 a closed, e.g. finite dimensional subspace, and Ay : ¥ — 77
some boundedly invertible linear operator, we are interested in constructing a pre-
conditioner Gr: V7 — ¥7. More specifically, thinking of a a family of spaces ¥
and operators A7 : #7 — ¥, our aim is to construct preconditioners G such that
G1A7: V7 — V7 is uniformly boundedly invertible.

It is well-known that such preconditioners of multi-level type are available. The
advantage of operator preconditioning is, however, that it does not require a hier-
archy of trial spaces.

In order to apply the operator preconditioning framework, one needs to con-
struct families of closed subspaces #7 C # := ¥’, uniformly boundedly invert-
ible By : #7 — #;, and uniformly boundedly invertible D7 : ¥7- — #7. Then the
resulting preconditioners G are of the form

Gr = D7'Br(Dy) ",
The canonical setting is that for A: ¥ — ¥”, i.e., an operator of order 2s, and

an opposite order operator B: # — #’, both boundedly invertible and coercive, it
holds that (A7u)(v) = (Au)(v) (u,v € ¥7), (Bru)(v) := (Bu)(v) (u,v € #7),
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and (D7u)(v) = (u,v)r,0) (u € ¥7,v € #7). A typical example for s = 1/2 is
that A is the Hypersingular Integral operator, and B is the Weakly Singular Integral
operator, see [SW98].

A careful selection of %7 has to be made to ensure that Dy : ¥ — #7 is uni-
formly boundedly invertible. A suitable family of (¥7, #7) pairs has been intro-
duced in [Ste02, BC07]. Here 7 is a triangular partition of a two-dimensional domain
or manifold, 77 is the space of continuous piecewise linears w.r.t. 7, and #7 is a
subspace of the space of piecewise constants w.r.t. a barycentric refinement of 7,
constructed by subdividing each triangle into 6 subtriangles by connecting its ver-
tices and midpoints with its barycenter. It has been shown in [Ste02, HUT16] that
the preconditioner arising from these pairs (¥4, #7) is a uniform preconditioner
for families of partitions that satisfy a certain mildly-grading condition.

A problem with the constructions from [Ste02, BC07] appears when one consid-
ers the matrix representation G in the standard bases, i.e. G = D}lBTD}T.
Indeed, this matrix D is not diagonal, and its inverse is densely populated so that
it has to be approximated. Moreover, in order to get a uniform preconditioner, since
G, being spectrally equivalent with A7', gets increasingly ill-conditioned with a
decreasing minimal mesh-size, the accuracy with which D' has to be approxi-
mated increases with a decreasing minimal mesh-size. As a result, an application
of D' cannot be expected to execute in linear time.

Another (practical) issue with these constructions is the need for the construc-
tion of the non-standard barycentrical refinement of 7. This refinement increases
the number of elements by a factor 6, and therefore also increases the cost of eval-
uating By : #1 — #7.

1.1. Contributions. With 77 being the space of continuous piecewise linears, the
construction of #7 presented in this paper improves on the existing approach
from [Ste02, BC07] concerning the following aspects:

o The matrix representation D of D7 will be diagonal, allowing one to (ex-
actly) evaluate D7_—1 in linear time;

o The operator G+ will be a uniformly well-conditioned preconditioner for
families of uniformly shape regular partitions, without requiring a mildly-
grading assumption on the partitions;

e By using a stable decomposition of an enclosing space of #7 into a stan-
dard finite element space % w.r.t. T (either being the space of piecewise
constants or % = ¥7) and some bubble space, our By will be the sum
of the corresponding Galerkin discretization operator of the opposite or-
der operator B, and an operator whose representation is a diagonal, with
which the undesired barycentrical refinement is avoided;

e The construction of #7 applies in any space dimension, and extends to
non piecewise planar manifolds.

We will extend the preconditioners to higher order finite element spaces by ap-
plying a subspace correction framework.

Due to the interchanged roles of primal and dual spaces, compared to our work
[SvV19] on preconditioning operators of negative order, here the stable construc-
tion of #7 is simpler, but, on the other hand, the stable decomposition of an en-
closing space of #7 is more delicate.
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1.2. Outline. Sect. 2 recalls some notation that will be used throughout the article.
In Sect. 3 the general theory of operator preconditioning is summarized. In Sect. 4,
the framework is specialized to operators of positive order discretized with contin-
uous piecewise linears. Sect. 5 give two constructions of By € Lis.(#7, #7) that
avoid any refinement of the partition 7 that underlies the trial space #7. In Sect. 6
the preconditioners are generalized to higher order finite element spaces, and to
spaces defined on manifolds. Finally, in Sect. 7 we report some numerical results
obtained with the new preconditioners.

2. NortATIONS

Notations 2.1. Inthis work, by A < pwe will mean that A can be bounded by a multi-
ple of i, independently of parameters which A and ; may depend on, with the sole
exception of the space dimension d, or in the manifold case, on the parametriza-
tion of the manifold that is used to define the finite element spaces on it. Obviously,
A2 pisdefinedasp SN and A~ pas A S pand A 2= p.

Notations 2.2. For normed linear spaces % and %, in this paper for convenience

over R, L(#, %) will denote the space of bounded linear mappings % — 2 en-

dowed with the operator norm || - ||z(#,#). The subset of invertible operators in

L(¥, %) with inverses in £(Z, %) will be denoted as Lis(#', Z). The condition

number of a C € Lis(#%, Z) is defined as ko (C) = ||C|l i, 2)|C Iz (2,2)-
For % a reflexive Banach space and C € L(%, %) being coercive, i.e.,

(Cy)(y)
o£yer  |lyll3,

both C'and R(C):=3(C + C’) are in Lis(#, %) with
1RO .2 S NCll w20,
B _ . Cy)(y)\
1 , < 1 , _ ( Y _
IC e o) < IR(C) e 2) <0¢13efgf W, )

The set of coercive C € Lis(#,%") is denoted as Lis.(#,%"). If C € Lis (¥, %),
then C~' € Lis.(%", %) and [|R(C™) ez 27) < ClI7 @ 0 [IR(C) o229

Given a family of operators C; € Lis(%;, Z;) (Lisc(%;, %)), we will write C; €
Lis(%;, %) (Lis.(%;, 25)) uniformly in ¢, or simply “uniform’, when

>0,

sup max([|Cil| o, 2., |C; Hl oe2,)) < 00,
(3

or
sup max([|Cill £, 2,), IR(C) 7|2 (2:,2)) < oo

Notations 2.3. Given a finite collection T = {v} in a linear space, we set the synthesis
operator
Fr:R*¥Y S gpanT:ic—c' Y= Z Cy.
veY
Equipping R#T with the Euclidean scalar product (-,-), and identifying (R#T)’
with R#T using the corresponding Riesz map, we infer that the adjoint of Fr,
known as the analysis operator, satisfies

Fy: (spanT) = R¥T: f o () = [f(v)]ver-
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A collection T is a basis for its span when Fy € Lis(R#*Y,spanT) (and so F €
Lis((span Y)’,R#T).)

Two countable collections T = (v;); and T = (#;); in a Hilbert space will be
called biorthogonal when (Y, T) = [(v;,¥;)]:; is an invertible diagonal matrix, and
biorthonormal when it is the identity matrix.

3. OPERATOR PRECONDITIONING

We shortly recap the idea of opposite order preconditioning, which is based on
the following result, see [Hip06, Sect. 2].

Proposition 3.1. Let ¥, % be reflexive Banach spaces.
IfBe Lis(W,#')and D € Lis(V, W), then

G:=D'B(D) e Lis(V, V),
and
Gl 2wy <UD Zowr ) 1 Bleow wrys
IG N eor vy S ADNZey wn 1B~ oo w)-
If additionally B € Lis.(# , W), then G € Lis.(¥', V), and
IR(G) 2wy < IDNZr ) IRB) "l eowr -

Let be given families of finite dimensional spaces #7 for 7 € T, and operators
A € Lis(¥7,77) uniformly in 7 € T. Then in light of Proposition 3.1 we will seek
preconditioners for A7 of the form

(3.1) Gr = Dy'Br(Dy) ™,
where By € Lis(#7,#7) and Dy € Lis(¥7, #7) (both uniformly in 7 € T), and
(3.2) dim WT = dim '7/7—.

A typical situation is that for some reflexive Banach space 7" and A € Lis (7, 7”),
it holds that ¥7 C ¥ (thus equipped with || - || ) and (Aru)(v) := (Au)(v) (u,v €
¥7), so that indeed A € Lis (¥, 77) uniformly in 7 € T. Then for a suitable
reflexive Banach space %, an operator B € Lis.(#',#"), and a subspace #7 C #
(thus equipped with || - || ), one can take (Brw)(z) := (Bw)(z) (w,z € #7), giv-
ing By € Lis.(#7,#;) uniformly. A possible construction of Dy € Lis(¥7, #7)
uniformly is discussed in the next proposition.

Proposition 3.2 (Fortin projector ([For77])). For some D € Lis(¥',#"), let Dy €
L(V7, W) be defined by (D7v)(w) := (Dv)(w). Then

D7\ v wpy S NIDlley w-
Assuming (3.2), additionally one has D € Lis(¥7, #7) if, and for W being a Hilbert

space, only if there exists a projector Py € L(W , W) onto W7 with (D¥7)((I1d — Pr)#) =0,
in which case

(3.3) IDF e vy S NPTl cow i) ID ™ Hleowrv)-

In our applications, the choices for #" and D will be obvious, and the key ingre-
dient for the construction of a uniform preconditioner G will be the selection of
W7 that allows for a uniformly bounded Fortin projector Pr.
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3.1. Implementation. Let & = (¢;); and ¥+ = (v);); be bases for ¥ and #7,
respectively. Then in coordinates the preconditioned system reads as
FolGrArFe, = GrAr := DY'ByrD; " A7,
where
AT = ]:</I>TAT]:<I>T7 BT = f\llfTBT]:\I/Ta DT = .F‘II,TDTJ:@T.
By identifying a map in £L(R#*®7 R#®7) with a #®1 x #®7 matrix by equip-
ping R#®7 with the canonical basis (e;); one has,
(A7)ij = (Fo, ArFarej, i) = (ArFo,e;)(Forei) = (Are;)(¢:),
and similarly,
(B1)ij = (Brv;)(¥i),  (D7)ij = (D765)(1hi).
Preferably D is such that its inverse can be applied in linear complexity, as is the

case when D1 is diagonal. A goal of this paper is to construct such a diagonal D

Remark 3.3. Using o(-) and p(-) to denote the spectrum and spectral radius of an
operator, clearly o(Gr A7) = o(GrA7T). So for the spectral condition number we
have
ks(GTAT) = p(GTAT)p(GTAT)™") < Ky 9y (GT AT),

which thus holds true independently of the choice of the basis ® for ¥7. Further-
more, in view of an application of Conjugate Gradients, if A and B are coercive
and self-adjoint, then A7 and Gr are positive definite and symmetric. Equipping
RImMIT with ||| := |[(G7) "% - || or ||-]| := ||(A7)z - ||, in that case we have

KR 97 ), R o7 ) (GTAT) = Ks(GTAT).
4. APPLICATION TO OPERATORS DISCRETIZED WITH CONTINUOUS PIECEWISE LINEARS

For a bounded polytopal domain €2 C R?, a measurable, closed, possibly empty
v C 9Q, and an s € [0, 1], we take

V= [La(), Hj ()] W=y

which forms the Gelfand triple ¥ — Ly(Q2) ~ Lo(Q2)) — #. We define the opera-
tor D € Lis(¥,#") as the unique extension to ¥ x # of the duality pairing

5,27

(Dv)(w) = (v,w) 1,

which satisfies | D|| 2y ) = D7 zowr,9) = 1.

Let (7)1 be a family of conforming partitions of 2 into closed uniformly shape
regular d-simplices. Thanks to the conformity and the uniform shape regularity,
for d > 1 we know that neighbouring 7', 7" € T, ie. T NT'" # (), have uniformly
comparable sizes. For d = 1, we impose this uniform ‘K-mesh property” explicitly.

For some 7 € T, denote N% as the subset of vertices that are not on ~, where
we assume that v is the (possibly empty) union of (d — 1)-faces of T' € 7. For
T € T, write Ny for the set of its vertices, set N := N% N N, hy := |T|*/¢, and
the piecewise constant function hy by hr|r = hy (T € T). For any vertex v € NY,
define the patch wr, := Ugreriery T’ and the local mesh size hr, = | |14,
We omit notational dependence on 7 if it is clear from the context, and simply write
wy, and h,,.
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Let the discretization space #7 be the space of continuous piecewise linears, zero
on -,

V=S ={uec H (Q):ulr e PL(TeT)}CV,
equipped with the nodal bases
(bT:{d)u: VGN'%)’}’

defined by ¢, (V') := 8,.» (v,v/ € N$). For future reference, define the space of
discontinuous piecewise constants by

S = u € Lo():ulr € Po (T ET)} C A,
equipped with the basis
(4.1) YSr={1r:TeT},

where 1 is defined by, for any K C Q, 1, := 1 on K, and 1k := 0 elsewhere.

4.1. The subspace #7. We will construct the preconditioning space #7 as
Wi =span VW C ¥, with dim #7 = dim ¥+

for a collection U7 C L2 (£2) that is biorthogonal to ®, and for which the biorthog-
onal projector Pr € L(#',#') onto #7 is uniformly bounded. We require the col-
lection U7 := {¢, € #: v € NY} to satisfy

(bu, o) Lo )| = v 0wl Lol o) (Vv € N,

(4.2) .
suppy, Cw, (v € Nj).

Existence of such collections will be shown later in Sect. 5.

4.2. Bounded Fortin projector. From (4.2) it follows that the biorthogonal Fortin
projector Pr: Hj_ () — Ly(2) onto #7 with ran(l — Pr) = "//7—“2@) exists, and
is given by

(U, u) Ly ()
Pru= Y SOI@
= D T it

veNS

Uniform boundedness of || Py ») follows from uniform boundedness of its
adjoint P, which can be shown similarly as in [SvV19, Thm. 3.2]"

Theorem 4.1. It holds that suprct | Prllcow wy = subret | Prllcev,v) < oc.

Proof. Let T € T. Define wgn =T forT € 7,and fori = 1,..., denote w(Ti) =

Uirrer: mrwi-1 gy T’ The adjoint Pr: Ly(Q) — Hj,(Q) onto ¥7 is given by
: g :

/ <uawu>L2(Q)
Pru= Yy oiola@
T Z <¢uku>L2(Q)¢

VEN%),

INote that the roles of # and # are interchanged compared to [SvV19].
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Properties of the nodal basis functions, |¢,[|7, o) = i and |6, 131 ) < by 72, in
combination with (4.2), can be used to show that, for 7' € T and k € {0,1},

]l 2o (supp wu) 190 | Lo ()
| Prul| iy < bull % .
() 1/621;0 () ‘<¢V?¢V>L2(Q)|
T

- —k
S Z hukHu”Lz(suppwy) ShT Hu||L2(w£F1))7
veNY.

(4.3)

from which we may directly conclude that

sup || P < 0.
TeTH Tl e(za@).La(2))

For proving boundedness in Hj . (£2), we consider the Scott-Zhang ([SZ90]) in-
terpolator T : Hj ., (€2) — #7. From (4.3) and properties of the I [SZ90, (3.8)
and (4.3)], we deduce that

|1 Prull s ry = [Myu + Pr(Id — Or)ul g r)
S HUHHl(w%})(T)) + hj_“l H(Id - HT)U”L2(w£r1)(T))
S ||UHH1 (wgg)(T))’
and consequently

/
ilél; HPTHL(H(}W(Q),H&V(Q)) < 0.
An application of the Riesz-Thorin interpolation theorem yields the result. O
The basis U7 has the crucial benefit that the matrix representation of D, i.e.

Dy =(®7,Y7) 1,0,

is diagonal, and thus easily invertible, cf. Sect. 3.1.
Combining the theorem with Proposition 3.2 gives the following corollary (with-
out requiring additional assumptions on the family of partitions T).

Corollary 4.2. Suppose we have By € Lis.(#7, W) uniformly. With D V7 — W7
defined by (D7v)(w) := (v,w) 1, (), wefind that Gy = D' By (D) ™" € Lis.(V4, ¥7)
is a uniform preconditioner of A1 € Lis.(V7, V7).

Given some B € Lis.(#',#"), a possible choice for By € Lis.(#7,#7) uni-
formlyin 7 € T,is (Byu)(v) := (Bu)(v) (u,v € #7). Ford € {2,3}and #' =¥ =
H= (), asuitable B is given by the Weakly Singular Integral operator, whereas for
W =Y = HO%O(Q) = [LQ(Q),H(%(Q)}%’Q, the recently in [HJHUT18] introduced
Modified Weakly Singular Integral operator can be applied. Similar comments ap-
ply to screens.

5. CoNsTRUCTION OF B € Lis.(#71, W7T)

We expect it to be impossible to construct a basis W7 in the (standard) spaces .- 1o
or 5@0—’1 that is local and biorthogonal to @7 as required in (4.2). One remedy is to
construct ¥ in a (finite element) space w.r.t. a refined partition 7. > 7. How-
ever, this implies that some opposite order operator B € Lis.(#',#") has to be
discretized on a space w.r.t. the refined partition 7.. This increases the cost of the
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preconditioner, and moreover, increases implementational complexity as one has
to actually construct this refined partition.

To circumvent (explicit) dependence on the refined partition 7., we shall apply
the idea described in [SvV19, Sec. 3.3]. That is, we will construct an operator By €
Lis.(#7,#7) by decomposing an enclosing space of space #7 into a a standard
finite element space %, either .7/ 1Y (in Sect. 5.2) or Yf?’l (in Sect. 5.3), and some
bubble space #7. On %7 we will apply the Galerkin discretization operator of the
opposite order operator B, whereas on the bubble space %7 a diagonal scaling will
suffice.

In the first subsection we present this construction of B for some abstract #7.
In the subsequent subsections, we will present two viable options for #7, leading
to two different preconditioners.

5.1. Stable decomposition. The role of the space ‘%" is the next abstract proposi-
tion is going to be played by #7.

Proposition 5.1. Let & be an inner product space, Q) € L(Z, Z) a projector, and with
U =ranQ, let # :=ran(ld — Q), B¥ € Lis.(%,%"), and B? € Lis.(%#,%"). Then
for any subspace ¥ C Z,

(By)(3) == (B* Qu)(Qp) + (B*(1d - Q)y) (1A~ Q)7) (y,7 € ¥),
is bounded and coercive — B € Lis (¥, %) — with
|1Bllzew 2 <
(1QI + VIQIF = TRTZ) max (1B |l e ), 157l e, 00,
||§R(B)_1HL(@/’,@) <
(14 VI=TQI2) max(IR(B™) ™ lecar a0, IRBZ) ™ | egar)):
where Q]| == |Qllc2, ).

Proof. Lety,g € #. Write u = Qy, b = (Id — Q)y, and similarly @ = Qy, b =
(Id — Q)g. We have

((BE)@) <max (1B a2, 1Bl e ) - (Il ll 2 + 6] 2 5]

<max(- - )y/ullly + 16l - /Il + 1Bl

and
(B 2 min (IREX) 2ty a0 IRB) sl ) - Ul + 101%):

w,b) | |u+b|\§z

Wlth’)’ = Sup075(u bYEU X B m for 0 7é (U b) € U x B we have m S
[1 —~,1+ ~]. Using that ’/W = ||@Q|| (see e.g. [Szy06, (5.5), (5.7), (6.2)]), the
proof is easily completed. O

Remark 5.2. For a quantitatively weaker result as Proposition 5.1 to hold it is ac-
tually sufficient when @ is only defined on %/, and neither is it needed that it is a
projector. Under these relaxed conditions, obvious estimates show bounds as in



UNIFORM PRECONDITIONERS FOR PROBLEMS OF POSITIVE ORDER 9

Proposition 5.1 with the factors | Q[|? +/[|Q|* — ||Q|? and 1 + /1 — || Q| ~2 read-
ing as | Q| ||> + (1 + |Q|#||)? and 2, respectively. Both original factors are equal
to 1 when @ is an orthogonal projector.

We are going to apply this abstract proposition with ‘%= #7, ‘% ’= %7 being
a standard finite element space, ‘%’= %7 being a suitably constructed ‘bubble
space’, and ‘' Z’'= 27 = Ur+ %, all equipped with the norm on #'. The resulting
‘B’ will be the B € Lis.(#7, #]) we are seeking.

In order to apply above proposition, what is left is the construction of a (uni-
formly) bounded projector defined on Z7. Furthermore, to allow for a simple pre-
conditioner on %7 we would like to find a setting in which on this bubble space
the #-norm is equivalent to a weighted Ly-norm. Both issues will be dealt with in
the next two lemmas. The operator 1|, in the first lemma will play the role of
Q)" in Proposition 5.1.

Lemma 5.3. Let Q7 € L(L2(Q), H&,,Y(Q)’) be a projector, %1 C ran Qg and B C
ran(Id — Q) be subspaces of Lo (Y), and with 27 = U+ + B, let

(1) |7 (1d - Qe @), 222) S 1 (approximation property)
(2) suprer Q7|2 e 2y ) L2(2) S 1 (boundedness in L (2))
Q3) Nh1 o) S - ||H577(Q), on Zr. (inverse inequality)

Then Qr|z, : &5 — %7 is a projector, ran Q7| 2, = U7, ran(ld — Qr|2,) = ST,
and

(1) suprer [|Q7 27 [l ez -1 ).7) < 00
(@) |-l = [IhF - Loy on B

Proof. The first three statements are easily verified. From (1) it follows that for
u e Hj_(Q):

(u, (Id — QF)v) L, ()

[(Id — Q7)ullg: (@ = sup
02() veH] () ol ()
- [h7ul Ly lh7 (1d = Q)0 L,(0)
 veH] () HUHH(},W(Q)

S hrullz,@)-

Together with the inverse inequality on 27, this gives (uniform) boundedness
of [(1d=Qr)lor llezr 1y oy 18, ) and thus of [Q7 [l ey 0ot 20

The first result then follows from (2) and an interpolation argument.
By the inverse inequality on %7 and the previously derived inequality, we have
for b € A1 C ran(Id — Q) that

1671y @) = 10d = @M)brllmy 2y S 7T lIL200) S 107 (02 -
Another interpolation argument yields the second result. O

Lemma 5.4. Suppose that ||-||y = ||h5||1,(q) holds on B, and that © is a uniformly
|25 - || £, ()-stable basis for Z7, i.e.

‘%T = Spall G)T and Hh;’ 29697' CQGHiQ(Q) ~ ZQE@T |CG|2||hﬁ7’9||i2(Q)7
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then, for any 51 > 0, an operator B? € Lis.(ABr, B ) is given by

(5.1) (BE D cof) (Y dob) =51 Y codsllh56]7,c)-

0cO 0cO 0cO

Remark 5.5. It is not possible to construct By € Lis(#7, #7) directly as a diagonal
scaling operator. Indeed, this would require ||wr|» < ||h5wr|| L, ) for wr € #7.
Suppose this to be true, then by L, (€2)-boundedness of the biorthogonal projector
Py, we would find for vy € 77 that

{hy"or, Prw)n, @) {h7" v, Prw) 1, (0)

lh*v7 || Loy =  sup < sup
T 2D L) o0 welo (@)  IPTwlLy0)

(VT WT) Ly (0 (U7, WT) Ly (0
sup oL < sup LT < gy,
wrey 1Wrwrllia@) ~ wrewsr  llwrlw

which is known not to be true for smooth functions in ¥7.

Concluding: If, given a family of subspaces #7 C L2(£2), one can find a family
of projectors Q7 € L(L2(2), Hj ., (2)'), subspaces % C ran Q7 (of finite element
type) and %7 C ran(Id — Q) such that

(5.2) Wy C %= Ur + By

(with these spaces equipped with [|-||4-norm) and the conditions of Lemma 5.3 are
satisfied, then given B¥ € Lis.(%r, %) and BE € Lis.(%7, #'y), the operator
BY defined by
(5.3)

(Brw)(@) := (BY Qrw)(Qr®) + (B (Id — Qr)w)((Id — Qr)d) (w,w € #7),

is in Lis.(#7, #7). Moreover, assuming a uniformly ||h5- - ||, )-stable basis for
%7, the operator BZ can be of simple diagonal scaling type, where a natural def-
inition for B¥ is by (Byu)(@) := (Bu)(@) (u,@ € %) for some opposite order
operator B € Lis.(# ,#"). Finally, since Q7 enters the implementation, we search
this projector to be of local type.

5.2. A space #7 enclosed in a space decomposable into the piecewise constants
and bubbles. In this subsection, we construct #7 = span ¥+ such that both ¥
is biorthogonal to &7 ((4.2)), and #7 is enclosed in a space that allows an ap-
propriate decomposition into the space of piecewise constants % := .7/ "0and a
bubble space %r.

Fix T € T and let 7. > T be a uniform red-refinement, i.e. every simplex T" € T
is subdivided into 2¢ subsimplices.” We define U7 = {17, : v € N9} C .7 "0 by
taking a weighted difference of ‘patch indicator” functions:

(5.4) Grp =21, —1,., (veN3)
Lemma 5.6. The collection U satisfies (4.2) with supp Y1, = wr,, and

(55) (T 0T 0 ) La(Q) = Ouvr|lwr | (v, € NY).

2Red-refinement is not uniquely defined for d > 3, but the refined simplices at the corners of the
‘parent simplex” are uniquely determined which suffices for our goal.
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Proof. Clearly supp ¢, = w7 ., so we are left to show the biorthogonality condi-
tion. Fix some vertex v € Ng—. For a simplex T}, € T with v € T}, we have

T, |
d+1°

Let T, , € 7. be the (unique) simplex with v € T, C T,. From the refinement
equation satisfied by the nodal hats, and |T. ,| = 27¢|T, |, it follows that

2|7, |

(1, 0T 0)La(0) =

A1, 0T )10 = A1 OTw + Y. 2707 0) 100 = T (14271d),
v#VENT,
2-4T,|
A1, dT ) o) =+ = ﬁQ Y (v#£V ENQ).
From these relations (5.5) follows. O

By Lemma 5.6 it has been established that the Fortin interpolator is uniformly
bounded, and that D is represented by a diagonal matrix. The next proposition
verifies the conditions imposed in Sect. 5.1 for the construction of B

Proposition 5.7. Let %1 := /1 YO e .= span U as constructed above, Q be the
L4 (2)-orthogonal projector onto Uy, ©1 := (Id — Q1)U r, and Bt := span O 1. Then
Wr C % = Ut + B ((5.2)), the conditions of Lemma 5.3 are satisfied, in particular
Q7Y = 1o, and O is a uniformly ||h3 - || 1, q)-stable basis for A1 as required for
Lemma 5.4.

Proof. The first statement follows from #7 C Ly(€2). The first two conditions of
Lemma 5.3 are obviously valid. Concerning the third condition, the inverse in-
equality ||h7 - ||, S| - ||H31W(Q), holds, for general d, on 5’%1’0, see e.g. [SvV19,
Lem. 3.4], and thus in particular on 27. The property Q7v, = 1, is easily
checked.

We are left to show that the collection of bubbles {6, := (Id—Q7)v,: v € N¥}is
|h%- - || L, (o) -stable. Pick some T" € T, then the normalized ‘bubble element matrix’
satisfies

i|T‘71<9V70U’>L2(T) = |T|71<2d1w7**,y - 1w7*71,72d1w7—*yv/ - 1UJ7—,V/>L2(T)
(5.6) ]2t —1 v=1 e Ny,
-1 v#v € NJ.

For d > 2, this constant (symmetric) (d + 1) x (d + 1) matrix is strictly diagonally
dominant, and therefore positive definite. We conclude this proposition by

2 2
hi-c,0, =) n¥F b, ~ ) h¥E 6.3
DILETE WD L DILTE D DL DRI LA N
€T TET

veENT IIGN% VEN,%

= > el Y 1h0lL,m = D lalInrbuli, o) U

I/EN%{ TeT I/EN%

Remark 5.8. For d = 1, the bubbles arising from V7 as given in (5.4) do not form
a ||h% - || 1,(n)-stable collection. Instead, with 7.. ~ 7T being the two times uni-
form red-refinement, one can consider 7, = %LUT*M — %1w , for which the
statements of Lemma 5.6 and Proposition 5.7 are again valid.

T,
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5.2.1. Implementation. The matrix representation of preconditioner F ! G7(Fy,, )~
is given by
Gr=D;'BrD;'.
With W7 as constructed in (5.4), we find that Dy = Fy,_ D7 Fg, is given by
D7 = diag{|w,|: v € N¥}.

Given some BY € Lis.(%r, %4) (recall that %y = ./ 19y, then by taking Br
as described in (5.3), we have

Br:=F}, BrFu,
= Fiu (QrBY Q7 + (1d = Qr)'BF (1d - Q7)) Fu
=prBYpr+ BY,
where, using that ]-"e_i (Id - Q7r)Fu, =ldby O =1 — Q7)¥7,
BY =74, BY Foro pri=Fyo QrFur, BY = Fo Bf For,
Recall the canonical basis X7 for % from (4.1). Using Q7. = 1,,, shows that

1 ifT Cw,y,
0 else.

(PT)T0 = {

From (5.6), we infer that ||h§—9u||2L2(Q) ~ |w, [T By making a harmless modifi-

cation to the definition of B in (5.1) based on this equivalency, we obtain that
Bf =Dy 7.

The matrix B¥ depends on the operator BY € Lis.(%r, %) that is selected. The

canonical choice is the Galerkin discretization operator on %7 ofa B € Lis (%', #").

The cost of the application of G is the cost of the application of B¥ plus cost that
scales linearly in #7.

5.3. A space #7 that is enclosed in a space decomposable into the continuous
piecewise linears and bubbles. We follow the same program as in the previous
subsection Sect. 5.2 but now with %7 := 5”7(171, being the space of continuous piece-
wise linears.

Other than in Sect. 5.2, we cannot apply Proposition 5.1 for ) being the or-
thogonal projector onto %7, since with the current choice of this space it will not
be a local projector. As an alternative, we take ()7 to be some biorthogonal projec-
tor. The question whether it enjoys an approximation property is answered in the
following lemma.

Lemma 5.9. For v € N7, so including vertices on -y, let 51, € Ls(Q) be such that

(57) vl ShZ Y0\ @ =1a, suppd, C B(viRhy)

for some constant R > 0, and

‘<$D} ¢V’>L2(Q)| ~ 5y1/’ |UJV| (1/, l// S N,(7)—)
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Denote Uy = span{%l,' v € N9}, so without vertices on ~y. The biorthogonal projector

Qr:u ZVGNO %f;ﬁ;%,for which ran Q1 = 5”%1 and ran(Id — Q1) =

?//;J_‘ L2 satisfies the approximation property

Ih! (1d — Q)0 e, (9),L20)) S 1

)

and ||Q7 (| £(z,(9).L.(2)) S 1

Proof. We use the same strategy as in [SvV19]. That is, we define a Scott-Zhang
type quasi-interpolator Il: H'(Q) — La(2), cf. [SZ90]. For every v € N7, select
a(d—1)-facee, of someT € T withv € ¢, and e, C 7y if v € 7. We define II by

Hrui= Y gro(Woér.. gr.(u) fZ][ u ds.
vENT ev

Since g7, (1) = 1, using the properties from (5.7) one can show, cf. proof of [SvV19,
Thm. 3.2] for details, that

1h7 (1d = Tr) (W) € lull ) (we HY(Q)).
By construction, g7, (u) = 0 for vonyand u € Hg_,(£2), and therefore ran IT| H (@) C

02;. Finally, combined with L,(£2)-boundedness and locality of Q’-, and the fact
that Q- reproduces %, we find that

Ih7'(1d = Q7 )vllry(0) = inf_ [|h7"(Id — Q) (v — wr)ll o)

wr EUT
S b7 (1 = ) (@) Loy S lvllag @) (v € Hy ().
The last statement can be proven similarly as in the proof of Theorem 4.1. O

As before, let 7. > T denote a uniform red-refinement of 7, and for any 7" € 7
and v € Np, let T, , € T, denote the simplex with v € T}, , C T. For v € N, so
including boundary vertices, define

Py . d21+d 21+d -1,0
OTw = d+1 E: 1T+ d+1 *u*d+1 E:lT gyﬂ :
TeT v ENp
TCwy e

These functions satisfy (5.7), and

<£T,Da ¢T,V/>L2(Q) = 5u1/’ (d + 1)71|W’T,u‘7

and so determine a valid biorthogonal projector () via Lemma 5.9.

For T.. > T. a uniform red-refinement of 7., we define O := {07 ,: v € N%}
by

d+2
01 = 2d,-|-2 (zdlofr**,u - 1wﬂ,u)'

Since red-refinement subdivides each simplex into d subsimplices, one infers that
(58) BT = span O J_L2(Q) yil’o,
so that in particular A7 C ker Q7.

Defining U7 := {¢7,: v € N3} by

¢T,V = ¢T,1/ + 97’,1/7

calculations as in the proof of Lemma 5.6 show the following result.
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Lemma 5.10. The collection U satisfies (4.2) with supp Y1, = w7, and

(5'9) <¢T,ua ¢T,u/>L2(Q) = 5uv/(d + 1)71|w7’,u‘ (I/, Ve Ng’)

So the Fortin interpolator is uniformly bounded, and D is represented by a
diagonal matrix. Next we verify the conditions imposed in Sect. 5.1 for the con-
struction of Br.

Proposition 5.11. Let %7, Q1, $1, and #7 := span U be defined as above. Then
W1 C 27 = Ur + B ((5.2)), the conditions of Lemma 5.3 are satisfied, in particular
O7 = Q7Vrand so O = (Id — Q7)Y 7, and lastly, O is an ||h5- - ||, (q)-0rthogonal
basis for # as required for Lemma 5.4.

Proof. The first statement is obviously true. We have already verified the first two
conditions of Lemma 5.3. The third condition follows from this inverse inequality
on 5’;11 (see e.g. [SVV1Y9, (5.14)]), and &7 = Q7T is a consequence of (5.8).
The last statement follows from | supp 8, Nsupp 8,/| = 0 when v #£ /. O

5.3.1. Implementation. Suppose that we have some operator BX € Lis.(%r, %})
uniformly (here %7 = 5”79’1). The matrix representation of the preconditioner
G, with By from (5.3) and the bases from Proposition 5.11, becomes

Gr=D;'BrD;",
By = Fy, (Q7B¥ Qr + (1d - Q7)' B (1d — Q7)) Fu,
= Bf +BY,
with these matrices given by

Dr = Fy, DrFa, —ding (i v € N9,

g p 2s
BY = Fj B¥Fs,, BY:=Fb BLFe, =Dy 7,
where we used that ]-";;QT]-'\I,T = Id and F(gi(Id — Q7)Fw, = Id, and where,
based on [|h50, (7, ) = |w, |+, we made an harmless modification to the oper-
ator B from Lemma 5.4.

6. ExTENSIONS

6.1. Higher order. Add the superscript 1 to the spaces defined so far, e.g. write 7}
for 5”7(1’1 with its nodal basis ®-, and similarly use G- for the associated precondi-
tioner from either Sect. 5.2 or Sect. 5.3.

We will now consider a (family of) higher order continuous piecewise polyno-
mials, i.e. for some ¢ € {2,3,...} let

Vo = 5”79’5 ={ue H&W(Q)l ulr €P(T€T)}CV.

Because we have an inverse inequality on ¥4, we can construct a uniform precon-
ditioner G+ € Lis(#7, ¥7) using an additive subspace correction method. That is,
we consider the overlapping decomposition #7 = ¥} + ¥, where these spaces
are given by

=07l Y7 =070y, 97 =07 h aw):
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Proposition 6.1. For k € {1,2}, let G& € Lis.((VF)', VF), then for IL - VF — V7 the
trivial embedding, we find that G == 7 _, IGE(IEY € Lis (¥4, V), with

k
1GTllcery, vy S max IGT N c(vy vy

—-1 ky—1
|R(GT) ||£(7/T,7/+)§1?3§||%(GT) e vy

Proof. We have the (standard) inverse inequality ||ul|v < ||h7ul| 1, o) for u € #7.
Let u € ¥7, then for any (uy,us) € ¥} x ¥2 with uy + uy = u we find

lully < llually + lluzlly S llually + [1h7 vl Lo @)-

Denote IT}-: Hj () — ¥7 for the Scott-Zhang interpolator ([SZ90]). For u € ¥7,
take u; = II%u € ¥3 and us = u—1ITk-u € ¥, then from approximation properties
of the interpolator we infer

[urlly + 1h7*uellLy@) < llully + [luzlly + 1h77us2]| L)
S lully +11h7 w2l L, @) S llull»-
Since apparently for u € #7,
[ully = inf {[[ully + [h7uall o) s w1 € A, w2 € Yo, ua + uz = uj,
the result follows from theory of subspace correction methods, e.g. [Osw94]. O

On the space ¥} we can apply the operator G- constructed earlier, whereas on
¥Z a simple scaling operator suffices. Denote N. ;)-’é for the set of canonical Lagrange
evaluation points of 5@9’(, andlet &5 = {¢’: v € Ng’é} be the corresponding nodal
basis. For some constant 3, > 0, define an operator Ry: ¥ — (¥?)' by

(Rru)(w) = By" Y Ih7* oL@ u()w(v).

I/EN;’JZ
Proposition 6.2. The operator G2 := R7" satisfies G% € Lis.((V?)', V#) uniformly.

Proof. Itis nothard to see that the result follows if ®4- is a (uniformly) |h7>|| 1, ()-
stable basis. Writing N%e = Nf}’e N T, this stability can be deduced from

[ Sest|| =3 ] et
¢ L) 7 ¢

0, 0,
vEN. VENT

~ D he™ D el = Yl éllLe). O

TeT VEN;]—JZ I/EN,(;—’Z

2
L2 (T)

6.1.1. Implementation. Equipping #7 and ¥ with ®%, and 7t with &, the matrix
representation of G := Y"»_| IEGE (IL) € Lis.(¥4, ¥7) is given by
Gr = qrGrqr + G7,
with GIT either from Sect. 5.2.1 or Sect. 5.3.1,
(@r)vw = ‘Z)ﬁ’(l/) (s N70*7€7 Ve Ngjl)-

and
G7 = s diag{”h}sd)fHZf(Q): ve N;)JZ}-



16 ROB STEVENSON, RAYMOND VAN VENETIE

6.2. Manifolds. Let I' be a compact d-dimensional Lipschitz, piecewise smooth
manifold in R? for some d’ > d with or without boundary dT'. For some closed
measurable v C OT" and s € [0, 1], let

V= [La(T), Hy . (D)]s2, # =7

We assume that I' is given as the closure of the disjoint union of UY_, x;(€2;), with,
for1 < i < p, xi: R* = RY being some smooth regular parametrization, and
Q; C R? an open polytope. W.1.o.g. assuming that for i # j, Q; N Q; = (), we define

X Q= UL Qs = U xa () by xlo, = X

Let T be a family of conforming partitions 7 of I' into ‘panels’ such that, for
1 <i <p,x Y(T)NQ;is a uniformly shape regular conforming partition of ; into
d-simplices (that for d = 1 satisfies a uniform K-mesh property). We assume that
7 is a (possibly empty) union of ‘faces” of T' € T (i.e., sets of type x;(e), where e is
a (d — 1)-dimensional face of x; *(T)).

The usual lowest order boundary element spaces are defined by

S0 = {u € Ly(T): wo x|y-1(r) € Po (T € T}y,
:5’70-’1 ={ue€ Hé’,Y(I‘): uo x|y-1ry €P1L (T €T)},

with their canonical bases denoted as ©7 = {17: T' € T} and &7 = {¢,: v € N}},
respectively, with N¢ the vertices of 7 not on 7.

The construction of the preconditioners in the domain case relied on the explicit
construction of a collection ¥ biorthogonal to @7, and on the explicit computation
of a (bi)orthogonal projection of #4- := span ¥ onto either .- ""* or 7', where
orthogonality was interpreted w.r.t. the L({2)-scalar product. Both the construc-
tion of ¥ and the computation of the (bi)orthogonal projection could be reduced
to computations on the individual elements in the partition, which yielded explicit
expressions.

When attempting to transfer everything to the manifold case, a problem is the
appearance of a generally non-constant weight 2+ |0x ()| in the L (I")-scalar prod-
uct

(u, v)Ly(r) = /Qu(x(w))v(x(x))\ax(x)l da.

To deal with this, following [SvV19], on Ly(I') we define an additional ‘mesh-
dependent’ scalar product

= & u xX))v x X
ot = 3 oy o O

TeT

which is constructed by replacing on each y~!(7), the Jacobian |9x| by its average
% over x (T), and interpret (bi)orthogonality with respect to this scalar
product.

Now all steps in the construction of the preconditioners carry over, and yield pre-
conditioners for the manifold case whose implementations are exactly as described
in Sect. 5.2.1 and Sect. 5.3.1, where the patch volumes |w7 , | now should be read as
the volumes of the patches onI".

To prove that the constructed preconditioners are indeed uniform precondition-

ers requires additional work due to the use of the mesh-dependent scalar product.
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We refer to [SvV19] for details. The key ingredient is that not only the norm asso-
ciated to (-, ) 1, (r) is uniformly equivalent to || - ||z, (r), but also that (-, -) ., ) and
(-, -)T are close in the sense that

(6.1) (v, ) = (0w L) S hrollomllellamy  (0,u € La(I)).

7. NuMERIicAL ResuLrs

Let I' = 9[0,1]> C R® be the boundary of the unit cube, ¥ := HY%(T"), # =
H=Y2(T"),and 77 = Y;)-’Z C ¥ the trial space of continuous piecewise polynomials
of degree ¢ w.r.t. a partition 7. We shall evaluate preconditioning of essentially a
discretized Hypersingular Integral operator.

The Hypersingular Integral operator A € £(¥,#") is only semi-coercive, since
it has a non-trivial kernel equal to span{1}. Solving Au = f for f with f(1) = 0
is, however, equivalent to solving Au = f with A given by (Au)(v) = (Au)(v) +
a(u, 1)1, ry{v, 1), for some o > 0. This operator A is in Lis.(¥, "), and we
shall consider preconditioning discretizations A7 € Lis.(¥7, #7) of A. By com-
paring different values numerically, we found « = 0.05 to give good results in our
examples.

As opposite order operator B we take the Weakly Singular integral operator,
which on compact 2-dimensional manifolds is known to be in Lis.(#,#"). We
will compare preconditioners G based on the discretizations B € Lis.(%r, %)
of B, for wr = 7 L0 or U = 5”79’1 equipped with the canonical bases ¥ =
{1r: T € T}and &7 = {¢,: v € N1}, respectively, cf. Sect. 5.2.1 or Sect. 5.3.1.

For ¢ = 1 (the lowest order case) and #7 being equipped with ®+, the matrix
representation of the preconditioner Gt reads either as (Sect. 5.2.1)

Gr =G = D;'(p;BY pr + $.D7*) D7

1 ifT Cw,,

where BY = (BX7)(Y7), D7 = diag{|w,|: v € N7}, (p7)10 = {o otherwise

and f; > 0 is some constant, or as (Sect. 5.3.1)

Gr=Gy' = D' (BY + /Dy*) D!

where BY = (B®7)(®7), D1 = diag{| 4
stant.

For ¢ > 1 denote the above G'1 by either G%i_l’o or G#O’l, then, with ¥ = y;)—’[
being equipped with the standard nodal basis {¢!, : v € N4}, the matrix represen-
tation of the preconditioner G € Liisc((&@w)’ ) Y7O—’Z) from Sect. 6.1.1 is

:v € Ny}, and 51 > 0 is some con-

. 1% T . -3 L=-2 . ¢
GT_QTGT qT"'ﬁleag{”hT ¢VHL2(Q)' Ve NT}a

where either x = —1,0 or x = 0,1, and (g7).,, = ¢% (v) (' € N4+, v € N+).
The (full) matrix representations of the discretized singular integral operators
A7 and BY are calculated using the BEM++ software package [SBA*15]. Condi-
1

tion numbers are determined using Lanczos iteration with respect to ||-|| := [|AZ-||.
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TaBLE 1. Spectral condition numbers of the preconditioned hyper-
singular system, using uniform refinements, discretized by con-
tinuous piecewise linears 5”%1, with @ = 0.05. The precondition-
ers G and G'' are constructed using the single layer oper-
ator discretized on %r = L0 (Sect. 5.2.1) and %y = 5’70—’1
(Sec 5.3.1), respectively, where have used 8; = 0.65 in the first
case and (7 = 0.34 in the second case.

dofs /is(AT) Hs(G;—l’OAT) Iis(GgilAT)

14 3.0 2.71 2.64

50 7.1 2.36 2.37
194 14.2 2.25 2.26
770 28.7 2.30 2.27
3074 57.8 2.29 2.27
12290 115.7 2.29 2.27
49154 231.4 2.30 2.27

TasLE 2. In the same setting as Table 1, but using compressed hi-
erarchical matrices.

dofs ks(A7) KS(G;-LOAT) ﬁS(GgllAT)

12290 115.6 2.29 2.27
24578 168.7 2.24 2.24
49154 231.3 2.30 2.27
98306 336.9 2.25 2.25
196610 461.7 2.30 2.28
393218 671.9 2.27 2.28
786434 751.6 2.30 2.30

7.1. Uniform refinements. Consider a conforming triangulation 7; of I" consist-
ing of 2 triangles per side, so 12 triangles with 8 vertices in total. We let T be the
sequence {7 }x>1 of uniform newest vertex bisections, where 75 > Tj_1 is found
by bisecting each triangle from 7;,_;.

With ¥+ = !, Table 1 compares the condition numbers for the precondi-
tioned system given by Sect. 5.2.1 (% = 5”7_1’0) and by Sect. 5.3.1 (%7 = 5”79’1).
We see that the condition numbers remain nicely bounded, and that both choices
give similar condition numbers.

Instead of using the ‘full matrices’, we can consider compressed hierarchical ma-
trices to approximate the stiffness matrices A7 and B¥ for finer partitions. Table 2
gives the condition numbers, again for uniform refinements, but now using hier-
archical matrices based on adaptive cross approximation [Hac99, Beb00]. We see
that even for large systems, our preconditioner gives very satisfactory results.

Finally, consider the (higher order) trial space ¥5 = .#;>". Table 3 gives condi-
tion numbers for the preconditioned system, using the method described in Sect. 6.1.1.
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TaBLE 3. Spectral condition numbers of the preconditioned hyper-
singular system, using uniform refinements, discretized by con-
tinuous piecewise cubics 17%3, with o = 0.05. The higher order
preconditioners G7_—1"0 and G%l are constructed as described in
Sect. 6.1.1, by using the preconditioners from Table 1 with con-
stants 51 = 0.65, B2 = 0.065 in the first case and 5; = 0.34, 85 =
0.065 in the second case.

dofs rs(A7) rs(Gy "Ar) rs(G7 A7)

o6 19.49 4.75 4.72
218 36.27 5.18 5.17
866 74.78 6.23 6.20

3458  150.73 6.55 6.48
13826  301.97 6.63 6.57
55298  603.86 6.65 6.58

TaBLE 4. Spectral condition numbers of the preconditioned hy-
persingular system discretized by .#*" using local refinements at
each of the eight cube corners. Both preconditioners G7_—1’0 and
Ggll are constructed with same parameters as in Table 1, and are
compared against diagonal preconditioning. The second column
is defined by hr i := minger hr.

dofs hT)mm ms(diag(AT)_lAT) Iis(G;—l’OAT) /ﬁs(GgilAT)

8 1.4-10° 2.15 2.83 2.68
14 1.0-10° 2.79 2.71 2.64
314 1.1-1072 12.11 2.21 2.20
626 1.2-107% 13.18 2.31 2.30
938 1.3-10°6 13.43 2.36 2.36
1250 1.4-1078 13.51 2.39 2.38
1562 1.6-10710 13.53 2.41 2.39
1850 2.5-1012 13.55 2.41 2.40

7.2. Local refinements. Here we take T to be the sequence {7 }x>1 of locally re-
fined triangulations, where 7, > 7Tj_; is constructed using conforming newest
vertex bisection to refine all triangles in 7;_; that touch a corner of the cube.

Table 4 gives condition numbers of the preconditioned hypersingular system
discretized by continuous piecewise linears, i.e. 75 = 54?’1. The condition num-
bers remain bounded under local refinements, confirming uniformity of the pre-
conditioner w.r.t. T.

8. CoNcLusioN

Using the framework of operator preconditioning, we have constructed uniform
preconditioners for elliptic operators of orders 2s € [0, 2] discretized by continu-
ous finite (or boundary) elements. The evaluation of the preconditioners requires
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the application of an opposite order operator plus minor cost of linear complex-
ity. Compared to earlier proposals, both the construction of a so-called dual-mesh
and the inversion of a non-diagonal matrix are avoided, and our results are valid
without constraints on the mesh-grading. For lowest order finite elements the com-
puted condition numbers of the preconditioned system are below 2.5.
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