SOME NOTES WITH NUMERICAL METHODS FOR
STATIONARY PDES

ROB STEVENSON

1. INTERPOLATION ESTIMATES IN SOBOLEV SPACES

Theorem 1.1 (Bramble-Hilbert “lemma”). Let Q C R™ be a Lipschitz
domain, and for some m € N, ¢ € [1,00] and a normed space Y, let
L:W™MQ) — Y be a bounded linear mapping with P, 1 C KerL.
Then 3C' = C(Q2) such that

L]y < CllLllwp@—ylvlwp@) (v e W ().

Lemma 1.2 (transformation lemma). Let G(Z) = Bi+c with det B # 0,
and Q and Q be Lipschitz domains in R with G(€) = Q.

Form >0, pé€[l,00] andv e W(Q), v:=vol € W;”(Q)

AC = C(n,m,p) with

[0y < ClIBI3 det Bl Plolwpe) (v e WH(Q)),
[vlwp < CIBHE det BIY7[o]yy ) (0 € W)

Theorem 1.3. Let 2,9 C R and G as in Lemma 1.2. Let

hq = inf{diam(S) : S ball containing Q}

po = sup{diam(S) : S ball in Q}
and let hg, and pg be defined similarly. Then || By < Z—g, |1B7Y2 < Z—g.
Theorem 1.4. Let (), Q C R and G as in Lemma 1.2. A
Let k,m € No and p, q € [1,00] be such that WFT () — W(S2), and
let 11 : WIf“(Q) — W;”(Q) be a bounded linear mapping that preserves
polynomials of degree k. R
Define I1 by II(v) o G = II(v o G).
Then 3C = C(I1,£2), thus independent of Q, such that

l_lhk+1
o = Ty < COOU) T fuengy (0 € WE(Q).

m
Q
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2. APPLICATION TO ESTIMATE LOCAL INTERPOLATION ERRORS

Theorem 2.1. Let (K, P, N) be a finite element with s denoting the

mazimal order of partial derivatives occurring in the definition of N.
For some m,k € Ny, p,q € [1,00], let

Wk:-l—l( ) < C3(K)
W K) — W (K)
P.(K) c P c WM(K)
Then 3C = C(K,p, N) such that for all (K,P,N) that are affine

interpolation equivalent to (K , ﬁ N ),

) lthrl
v — [KU‘qu(K) < C(VO](K))Qi?

‘U’Wkﬂ K) (UEW§+1(K)).
K

Definition 2.2. A family of finite elements (K, P, N) is called uni-
formly shape regular when sup g hy /px < 0.

Corollary 2.3. For a family of uniformly shape regular affine inter-
polation equivalent finite elements, result from Theorem 2.1 reads as

v — Igv|wp ) < C(VOI(K))TEh’}‘;’l_mlv\wﬁl(m (ve W;“(K)).

3. APPLICATION TO ESTIMATE GLOBAL INTERPOLATION ERRORS

Theorem 3.1. Consider family (14,), of conforming subdivisions of a
domain 0 C R™ into n-simplices or n-rectangles that are uniformly
shape reqular, and such that all ﬁmte elements are affine interpolation
equivalent to a reference element (K P, N)

Let the global finite element spaces V;, be continuous,

P (K) c P c HY(K)

HYK) — C*(K) (s as in Thm 2.1)
Then for k+1>m € {0,1}, with h := supg,, diam(K),
D) T = I)ollamey S B olgene) (v € HSH(Q).
Remark 3.2. In these notes, by C' < D we will mean that C' can be
bounded on some absolute multiple of D, independently of parameters

which C'and D may depend on. Obviously, C' 2 D is defined as D < C,
and C<DasC <D and C 2 D.

Remark 3.3. If the global finite element space is C*, then a statement
similar to Theorem 3.1 is valid with the condition m € {0, 1} reading
asm € {0,...,0+1}.

Remark 3.4 (homogeneous Dirichlet boundary conditions). Let V;, o
be a Lagrangian finite element space V;, as in Thm 3.1 in which the
degrees of freedom that are function evaluations in boundary nodes
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as well as the corresponding global basis function are removed. Then
restricted to Hg (), I, maps into V;, o. Formula (1) now reads as

(= Ly ol S B el (0 € HH1() 0 HY(9)).
Moreover, V;, o C H}(S2).

Using the Lax-Milgram lemma and Cea’s lemma, we arrive at the
following corollary.

Theorem 3.5. Consider the situation of Th 3.1. Let a : HY(Q) x
HY(Q) — R be bilinear, bounded, coercive, F: H'(Q) — R linear and
bounded. Let uw € H'(Q), u,, € V,, be the solutions of

alu,v) = F(v) (v HY(Q),

a(up,vp) = F(vy)  (vn € Vy,),

respectively. Then

Hu — uhHHl(Q) S hk‘u‘Hk+1(Q)
assuming u € H*1(Q).

Remark 3.6. Same conclusion when variational problem is formulated
on H}(Q2) and V,, reads as V/, o.

Under additional assumptions, higher order convergence can be demon-
strated in the weaker Ly(€2)-norm:

Theorem 3.7 (Aubin-Nitsche duality ‘trick’). Let a(, ,) be asin Thm 3.5.
Suppose that for f € Ly(Q), the solution uy € HY(Q) (or in H}(Q)
in case of hom. Dir.) of the adjoint problem a(v,uy) = [, fvdx
(ve HY(Q)) (H}(Q)) is in H*(Q) with

(2) lusllm2) S Il o)

(this is known as a regularity condition). Let (V;,)n ((Vx,
that
(3)

inf |Jw— v ) S hllwllpeg for all w e H*(Q) (H*(2) N Hy(2)).

Vh GVTh

0)n) be such

Then for u and uy as in Thm 3.5, we have
lu = unll o) S hllu — unllmg)-

Proof. Let w € H*(Q) (H3(€2)) be the solution of the adjoint problem
a(v,w) = (u—1up, V)1, (v e H(Q)) (Hy(2)). Then for any wy, € V;,
(VTh70)7

lu—unll?, ) = alu—un, w) = alu—un, w—wy) S [u—unl| (o) [ w—wn g1

Using that inf,, |w — wp|m@) S bllwllmze S hllu — un||r.@), the
proof is completed. U
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Ezample 3.8. If Q C R™ has a C? boundary or is convex, then for
f € Ly(Q), the solution u € Hj(Q) of [, Vu - Vvdr = [, fvdr (v €
H§(Q)) is in H?*(2) and satisfies HUHHQ(Q S |1 fllea- (Without such
conditions on €2, this regularity result is generally not true).

4. INVERSE INEQUALITY

Theorem 4.1. Let (V;, ), be a family of affine equivalent f.e. spaces
w.r.t. family (1) of uniformly shape reqular subdivisions of Q C R™,
Let hpin = ming e, diam(K). Let V,, C W]*(Q). Then on V;,,

I llwp@ S huinll - 2,00

Proof. By the transformation lemma, equivalence of norms on finite
dimensional spaces, and again the transformation lemma, for v € V,,
we have

[0y = D Ikl S D IB7H™| det B\\U|K\Wm(K
Ker, Ker,
~ > BT det Blllvlxl} o S D IB7H™I0lxllZ, e
Ker, Ker,
h
S D ™l ) S R 10117 -
Ker,

Literature with Sections 1-4:

REFERENCES

[Cia78] P.G. Ciarlet. The finite element method for elliptic problems. North-
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5. MATRIX-VECTOR FORMULATION OF FINITE ELEMENT
DISCRETIZATION

Let V' be some finite dimension subspace of some real Hilbert space
H,let a : V xV — R be bilinear, bounded and coercive, and let
f 'V — R be linear and bounded (e.g., a and f are restrictions to
V' of (bi)linear forms on H having those properties). We consider the
problem of finding u € V' s.t.

(4) a(u,v) = f(v) (veV)
Defining A : V' — V' by (Au)(v) = a(u,v) an equivalent formulation is
given by

(5) Au=f.

Let ® = {¢1,...,¢n} be abasis for V. The corresponding dual basis
={¢},..., ¢y} for V' is defined by ¢.(¢;) = ;5
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Ezercise -1. Let A € RV*N be defined by A;; = a(¢;, ¢;), called the
stiffness matriz.

e Show that A is the representation of A w.r.t. primal and dual
bases of V and V”, respectively, i.e., if v = Zj V;¢;, then Av =
> ;(Av);¢.. Conclude that an equivalent formulation of (4) or
(5) is given by Au = f, where u =", w;¢;, f = > fid,.

e With u = Zz ui¢i7 v = ZZ Vi¢i> f - Zz fl¢;> Le., fl = f(¢2)7
and (-, -) the standard scalar product on RY, show that (Au, v) =
a(u,v) and f(v) = (f,v).

Unless stated otherwise, with the norm || - || on RY (or on RY*¥)
we will always mean the standard norm (or the corresponding operator
norm).

Ezercise 0. e Show that a(-,-) is symmetric iff A = AT,
e Show that a(-,-) is coercive iff A is positive definite (denoted
as A > 0), ie. (Av,v) >0 forall 0 # v € RV,

Remark 5.1. With the notations of Exercise -1, we have
(Au,v) = @(Z w;;, Z vigi) = Z u;Vv; Z a(9jlx; Gili)-
j i ij K

The (set of non-zero entries of) the matrix a(¢;|x, ¢i|x) is known as
the element stiffness matrix.

6. CONDITIONING OF THE STIFFNESS MATRIX

Let V' C Ly(2). M € RV*N defined by My; = (¢, ¢:)1,() s called
the mass matriz. Note that M is SPD.

Lemma 6.1. If {¢1,..., Y} is an independent set in a normed space
(Vo -1, then || >, el = 32 el (i.e. uniformly in ¢ € R™).

Proof. ¢ +— || Y . cith;]| is continuous, so it attains a maximum and
minimum on the unit ball in R™. By the independence of the set, the
minimum is strictly positive. 0

Theorem 6.2. Let (V;,), be a family of affine equivalent f.e. spaces
w.r.t. a family of quasi-uniform, uniformly shape reqular subdivisions of
Q CR". Then M = M, corresponding to the nodal basis is uniformly
well-conditioned, i.e., sup, k(M) < oo, where k(M) = |M|||M™}|| =
Amax (M)

S (M) 15 the spectral condition number of M.
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Proof. By the choice of the basis, in the relation v = ), v;¢; we have
v; = N;(v) where N; denotes the ith global degree of freedom.

(Mv, v) = [[v][7,0) = Z 1]kl ) = Z | det B[[v]x|?, &)
Lemma 6.1 _ loc 2
~h" Z||U|KHL & ~ h ZZ“VJ (U‘K)‘
M e e ZZ [N (0] )2 = R Z IN;(0)]? = h"||v 2.0

Theorem 6.3. For Q C R”, let (V;,), C H™(Q) (or C HJ*(Q)) be a

)
family of f.e. spaces. Let a(-,-): H™(Q2) x H™(2) — R be bil., bound.
and coercive (or with H™(QY) reading as HJ*(2)). Then the stiffness
matric A = Ay, w.r.t. a basis of V,, satisfies |A| < h?™||M|| and
AT < IM7Y|, with M being the corresponding mass matriz.

Proof. Using Theorem 4.1, we have

[{Av, w)| = |a(v,w)| S [[vllzm@lwllmm@ S " vl L@l wl L@
S T A (M) |V [[w ],

or [|A|| < 72" Apax(M). On the other hand
(Av,v) 2 [0llFm) = 10l 2 Amin(M)]IVI?,
and so
IATVIZ S A (M) TV, A7) < A (M) [V [[AT ]
or [ATV] S A (M) v or JATH] S Awin (M)~ u

Remark 6.4. If the basis in Theorem 6.3 is the nodal basis, then under
the conditions of Theorem 6.2 we have k(A) < h™?™. Generally, this
estimate is sharp.

7. ITERATIVE METHODS

Let be given a linear system

where A € R™" is SPD w.r.t. a scalar product (-,-) on R" (e.g., the
standard scalar product (-,-)). We define the energy scalar product

1

1
(-, )a = (A-,-) and (vector) norms || - || = (-,-)2z and || - []a = (-, *)&-
We will always use the same notation for a vector norm as for the
associated matrix norm.
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7.1. The damped Richardson iteration. This iteration is defined
by
X" =x" + w(b - Ax").

FExercise 1. Show that the error satisfies
x —x" = (I —wA)F(x —x%),

and that the method converges if and only if w € (0, LA))

p(
Ezercise 2. Proof that for both || - || = || - || and for || - || = || - ||a it
holds that sup,o_, B2l = [|(7 — wA)*||, and that

. 1 r(A)—
win (7 — A = pl7 — o A) = 2L,

where wop; = This means that the average convergence

2
)\min(—'A)‘i’)\max(A)‘ X L.
factor over an arbitrary number of k steps is minimal for w = wgps.

7.2. Preconditioning. We saw that the rate of convergence of the
optimally damped Richardson iteration is determined by x(A). Note
that x — 21 is a monotonically increasing function on [1,00) with
limit 1. An obvious idea therefore is to apply damped Richardson on
the equivalent system B~'Ax = B~'b, where B is an approximation
for A such that x(B™'A) < k(A), and such that system By = z can
be solved cheaply. Such an B is called a preconditioner. The resulting

preconditioned damped Richardson iteration is given by
(6) xF = x" + wB7 (b — AXF).

In the remainder we will consider B that are SPD w.r.t. (-,-). We
define ~ _
A=B'A, b=B%

and [-, -] = (B, ).
Erercise 3. Show that A is SPD w.r.t. [-,-] and so also w.r.t [, ]z =
[A- -]
1

Erercise 4. Show that for both [|-]| = [-, ]2 and for [|-]| = |-z == [, 1%

: ~ kL ~ r(A)—
™) min (1 — R = p(I - wpeR) = 2R
where Wopt = m Also show that H . HA = H . HA

7.3. (Preconditioned) Chebychev iteration. As we have seen, the
error in the iterands of the preconditioned Richardson iteration satisfy
(]) x — xF = pp(A)(x — x°),

where pip()\) = (1 — wA)*. The idea behind the Chebychev iteration is
to vary in (6) the damping w per iteration. Let w; the damping in the
ith iteration, and let pp(\) = [T, (1 — wi)).
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Ezercise 5. Show that for both || - || = [-,-]2 and for || - || = || - &

fx—x*] _

SUP Tt = ok (AN = max [pe(A)]

Preferably, we would choose the w;’s such that with Pk1 ={p€ Py:

p(0) =1},
max [p(A)| = min max [gx(A)],
Aeo(A) aEPL Neo(A)

but this seems not realizable, since then we should know o(A) (ct,,
however, §7.5). Often estimates 0 < u and v are available for Ay, (A)

and )\maX(A), respectively. Now the idea is to choose py in such a way
that

a = a.
Jnax X [pe(A)| = qﬁlﬁlf?[fi |k (N)]-

It can be show that this minimalization problem has the following
unique solution:

Pe(N) = T (ZH=2Y) /7 (),

where Ty(§) = 3[(€ + /& — 1)F — (£ — /&2 — 1)*] is the Chebychev

polynomial of degree k. It holds that

1% Ck
Jnax (V)] = 1/Ti(75) = 3%

: 1
where ¢ = e and so limy o (maxyep, [pe(A)]) ¥ = c. For p =

)\min(A) and v = )\maX(A), compare this result with (7). The iteration
with error recursion (8) and this py is called (preconditioned) Cheby-
chev iteration.

7.4. Practical implementation. Given A, b and xY, let x* denote
the kth iterand of the Chebychev iteration.

Fxercise 6. Given k, what are the damping parameters w%k), e ,w,(gk)

in terms of the zeros of T}, whose are needed for the implementation
(6) of this iteration?

The zeros of T}, interlace the zeros of Tj ;. As a consequence, one
has to restart the whole computation if instead of x; one would like to
have the more accurate x;,;. A solution is provided by the following:
The Chebychev polynomials satisfy the following recursion:

To(z) =1, Ti(z) = =
(9) { Trs1(2) = 22T0(2) + Tpei(2) =0 k=1,2....

Exercise 7. Show that with d;, = Tk(”“)

di(x—x") = (B2 - ZA)(x—x")
di11

(x o xk“) —

= (MI — HA)dk(x —xF) —dp (x —xP1) &k

1,2....
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By using (9) again, show that

dix! = Z”_LZX + = (b Ax°)
di11

xktl = Q(fr:dx — dp_1x* 1+ﬁdk(B—Axk) k=1,2...,

This leads to the following practical (preconditioned) Chebychev al-
gorithm

xt = x"+36B(—Ax?)
Xkt — akxk+<1—ak>x’€—1+ﬁ B7(b—-Ax*) k=1,2..., "

where using (9) it holds that G, = and

1/+u
ﬁk (VJFH (V N) ﬁk 1) y O = VJFTMB]W k= 1727‘ s

7.5. The (preconditioned) conjugate gradient ((P)CG) algo-
rithm.

Ezxercise 8. Using (8), show that for both the (preconditioned) damped
Richardson and Chebychev iteration,

x* = x* + p_1(A)(b — Ax)
for certain py_q 6 P,_1. Note that x* can also be computed as x

%% 4+ x0, where ¥ is the kth iterand of the process applied to A% =
with b =b — Ax? en %° = 0.

k .

O"> I

So w.l.o.g. we may assume that x° = 0. From this we have
(10) xF e K,

where ), = span{b Ab,. Ak’_lf)} is the so-called Krylov subspace
of order k (ICy = {0}).
Given a norm, the optimal x* € K;, would satisfy

11 — x*|| = mi — .
(1) i~ = min x — |
We now choose the energy norm | - ||z We denote #* = b — Ax*, i.ec.

* is the residual of x* w.r.t. the preconditioned system.
Ezercise 9. Show that tF € KCpy1, and that (11) is equivalent to
[ K] = [x — x" K]z = 0.

Suppose that x* € K, is optimal, and let ¥* # 0 (otherwise ready).
Let 0 # p* € Kiy1 such that [p*, Ki]z = 0.

Ezercise 10. With of = [lgﬁi’;?_ , show that
PEIA

k+1

_ ok ok ok
X" =X+ gy p” € Ky

is the next optimal iterand, and that

=k+1 _ =k
't =r" — aoptAp
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The question is how p* should be determined. We take p’ = b

and, using induction, assume that {p°, ..., p*~'}isan [, -|5-orthogonal
basis of ICj.
Exercise 11. From t* # 0, show that
k—1 i~k
NPEE L o) L

jZO [pj7 p]]A

Prove that [p’, "] = 0 when j < k — 2, and thus that
k=1 k).

pF = — [p T ]A ph1.

[P, P&

The resulting algorithm, known as the (preconditioned) conjugate
gradient ((P)CG) algorithm?, is therefore given by the following

x0:=0; ¥ := b; p° := ;
Fork =0,1,... whent* # 0, compute
k._ _[pEF ]
Yopt -~ [pF pk]
xEHL = k4 O/gptpk§
Rl .— Fk tAp
op )
k1 . =k+1 _ [PEFEE g
L b= PFpfls P

Exercise 12. Show that, in exact arithmetic, the PCG algorithm yields
the exact solution after at most n iterations. (In practice, one would
like to compute much less iterations) . Prove that

k k =
HX_X HA < 2 , withe = 7W.
Ix[[z — 14+c* w(A)+1

In contrast to damped Richardson and Chebychev iteration, note
that the PCG iteration is non-linear; x* is a linear combination of
b,Ab, ..., A* b (cf. (10)) where the coefficients also depend on b.

In view of obtaining an efficient implementation we now slightly
rewrite the iteration.

Ezercise 13. Show that [p*, ¥*] = [¥*, %], and thus that

! [, 7]
aopt = B
[P*, P*&
Show that [F**' ¥ = —al  [f**!, p”|z and so that
Skl =kl
k1 _ =k+1 [, e

IThe name (P)CG algorithm can be explained by interpreting solving Ax =D
as minimizing F(x) := %[Ax, x] — [b,x]. Note that the gradient of F in y equals
minus the residual of y w.r.t. Ax = b, i.e. F'(y) = —(b — Ay). Vectors that are
orthogonal w.r.t. to an energy scalar product are also called “conjugate”.
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We write [-, -] and [, ]z in terms of (-,-), A and B, and introduce
r* = b — Ax*, i.e. r* is the residual of x* w.r.t. the unpreconditioned
system. The final PCG algorithm now reads as

x" = 0; ¥ := b;
Compute ° from BT’ = r% p° = 1?;
Fork =0,1,... whenr* # 0, compute

ko _(RER)
opt "~ (Apk,pk)’

k41 . ok E k.
X =X+ g P

ktl._ ok k k.
=1 — ag AP

«

Compute ¥+ from BrF+! = rk+!

k1 . =k+1 . (@FPLERTL gk
p =T + ke P

Y

\
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8. SUBSPACE CORRECTION METHODS

For a real linear space V of finite dimension N, a : V x V — R
bilinear, bounded, symmetric and coercive (i.e., a is a scalar product
on V), and f € V', consider the problem of finding u € V' such that

a(u,v) = f(v) (veV)

(e.g., a and f are the restrictions to V' of such (bi)linear forms on an
enclosing infinite dimensional Hilbert space). With ® a basis for V', u
(v) denoting the representation of u (v) w.r.t. ®, f the representation
of f wrt. ® and A the stiffness matrix, an equivalent formulation is
given by

Au=Tf,

where A is SPD w.r.t. (-,-) (cf. exercises -1 and 0).
Remark 8.1. If the problem is just given as a matrix vector problem
Au = f with A being SPD, then V can be taken as RY and & =
{er,...,en}. Then u = > . we;, v = >, vie;, a(u,v) = (Au,v),
flw) = (£, v).

Let
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be a space decomposition, where N; = dimV;. Given 0 < i < J, let
P?:V — V; be defined by

a(P'w,v;) = a(w,v;) (v; € V).
Ezercise 14. Show that P? is the a-orthogonal projector onto V;.

Let @ be some approximation of u. Define u™*" by

~New

u' " = u + w,
where w; is the solution of
(12) a(ws, vi) = f(vi) — a(@,v;)  (v; € V)
Noting that w; = P(u — @), we infer that
u— " = (I — P")(u— ).

Unless V; = V, this subspace correction iteration cannot be conver-
gent. Indeed, components in the error © — u that are a-orthogonal to
V; are not affected.

Before we consider iterations involving corrections on all subspaces,
we consider the implementation of this basic step. Let I, : RY: — RY
denote the representation of the inclusion of V; into V' w.r.t. some basis
®’ of V; and the basis ® of V, respectively.

Ezercise 15. Let V; be the space of continuous piecewise linears that
vanish at the boundary w.r.t. a subdivision of [0, 1] into 3 equal subin-
tervals, and let V' be such a space with 6 equal subintervals. Give the
matrix I; when the finite element spaces are equipped with nodal bases.

Recall that A is the stiffness matrix of @ w.r.t. ®, and that f denotes
the representation of f w.r.t. ®. Let w; (v;) denote representations
of w; (v;) w.r.t. ®. Let A; denote the stiffness matrix of a (restricted
to V;) wr.t. ®'. Let @ (0™") denote the representation of @ (a"")
wrt. @ Then a(w;,v;) = (A;wy,vi), f(v;) = (£, Lv;) = I7f,vy),
a(i,v;) = (AQ, Lv;) = (IT A, v;), ie., (12) reads as

or

The representation of w; w.r.t. ® is given by I;w;, so that

(13) 0" =0 + LA T/ (f — Ad).
Remark 8.2. From a(w;,v;) = (ALyw;, I;v;) = (I' AT,w;, v;), note that
A, = ITAT,,

which gives an alternative way to compute A; once A is available.
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Often, one replaces the application of A; ! by that of some approxi-
mation R;, i.e.,
(14) 0" = i+ LRI (f — Aq).

Having more than one subspace, one can choose to perform the cor-

responding (approximate) subspace corrections in parallel ((damped)
Parallel Subspace Correction method)

J
" =d+w) LRI (f— Ad),

1=0

or successively (Successive Subspace Correction method)

VvV« u,
for i=0:J do v« v+ LRI/ (f — Av) endfor,
a"v — v.

With the latter method, we have

u— utev —

(15) (I-LR/GA)I—1, 4R, 417 A) - (I - T ReIjA)(u—1).

Remark 8.3. Without damping the PSC does not necessarily converge.
Instead of applying a simple damping, assuming that the R; are SPD,
usually Z;‘]:o LR,I! is used as a preconditioner in CG.

Exercise 16. Consider the situation of Remark 8.1. Let J = N — 1,
Vi =span{e;11} (0 <i < J). Write A = L+D+ U, where Ly; = Ay,
when & > ¢, Dy o = Ay o when k = ¢, Uy, = Ay when k < ¢, and zeros
otherwise. With exact subspace solvers, i.e., “R; = Ai_l”, show that
the (damped) PSC or SSC is given by 0" = t+wD~(f— A1), known
as the (damped) Jacobi iteration, or a**% = u + (L + D) !(f — Aq),
known as Gauss-Seidel iteration, respectively.

Besides the Jacobi and Gauss-Seidel iterations, well-known classes
of methods that fit into the framework of subspace correction methods
are domain decomposition methods, and multigrid method, the latter
being discussed in the next section.

9. MULTIGRID

Let Vo c V4, C Vo C --- C H be a nested sequence of finite element
spaces on some domain ) C R"™ contained in some Hilbert space H,
with N; := dimV;.

Let a be a scalar product on H, ®’ be a basis for V;, for j > i let
I be the representation of the inclusion of V; in V}, I := (I])", A; be
the stiffness matrix of a restricted to V; x V; w.r.t. ®°, and, for i > 1,
let R;, R; be some approximate inverses of A;.
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We define multigrid in the form of a preconditioner B; for A, i.e.,
as an approximate inverse.

Algorithm 9.1. (multigrid) For J = 0, define By = Ry = A"
Assume that B;_; has been defined. For some fixed m, my € N, the
application of B to a vector g € RYi is defined as follows:

(1) Pre-smoothing: For v0 =0 and £ =1,2,...,my,
vi=vT +Ry(g — AV
(2) Coarse grid correction:
w! =v™ + 17 B, 17 (g — A,v™)
(3) Post-smoothing: For £ =1,2,... may,
w' = w4 Ry(g — Aywi)
B ;g is now defined as w2,

The matrices I}, and I77" are known as prolongations and restric-
tions, respectively.

Exercise 17. (i) For some p > 1, let N; =~ p’, and let the appli-
cation of any of A;, I''', I’ R, R, to a vector takes O(N;)
operations. Show that the application of B; to a vector takes
O(N;) operations (dependent on Nj).

(ii) With 0 < w < 1 being a constant, show that the forthcoming

condition (21) is satisfied for R; = AL

(iii) Consider the Poisson problem on a polygon in R% Let 15 be
some initial conforming triangulation of €2, and for ¢ € N, let
T;+1 be defined from 7; by connecting the midpoints of the edges
of each triangle from 7;. Let V; be the continuous piecewise
linear finite element space w.r.t. 7;, and ®’ be its nodal basis.
Let R; = R; be as in (ii). Show that the assumptions made in
(i) are satisfied.

Since m > 1 steps of a stationary iterative method can be rewritten
as a one step modified iterative method, it is sufficient to analyse the
multigid method for my, ms € {0, 1} with m; +mo > 0. We start with
considering the case that m; = 1 and my = 0. The general case will be
considered in Remark 9.5.

We will show that B ; can be used without CG acceleration or damp-
ing as a convergent “stand alone” iteration

X = x" + By(b — Ayxb).
With I; denoting the identity matrix on R/, one infers that
(16) B, =R, +17 B, 1771, — AjR)),
and so
(17) I,-ByA; = (1,17 B, I77'A))(I; — R,A ).
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Ezercise 18. For 0 <1 < J, set
Pf] = A;IIf]AJ.

(i) Show that PiI/ =1, and that I/P? is the (-, -)a -orthogonal
projector onto Imly. ‘ ‘
(ii) Show that I/T: | =T/ |, and so that I!"'T}, = I’ ",

7 i—1

(iii) From (16), with J reading as i, show that
(18) I, -I/B,AP, =1, -1/ B, 1A, P, (I, - T/R,APY).
Conclude that
(19) I,-BjA;=(1; -LRIYA;)---(I; - IJR,;IJA )

and thus that multigrid is an efficient implementation of SSC
with the space decomposition V; =V, +V; 1+ ...+ V.

Remark 9.2. A similar recursive implementation of PSC with the space
decomposition V; = V4V, _1+...+V} is known as the BPX (Bramble-
Pasciak-Xu) preconditioner.

Below, we present the classical multigrid convergence theory showing
that the method has the unique property to converge with a rate that
does not deteriorate with an increasing problem size. The theory will
require a regularity assumption (cf. (26)) that can be avoided by an
analysis based on the concept of subspace corrections. This, however,
goes beyond the scope of these notes.

Theorem 9.3. For some constants ¢y and ¢y (i.e., independent of i),
let

(20) (@ =T, Py hvIfA, < allA AP (v e RY),
and let the R; be SPD, and satisfy

(21) Amin(Ri) > H;—OH and p(R;A;) < 1.
Then

C1
22 I,-B A A < )
(22) 1L =BAa,-n, < 5=

Proof. With E; :=1, — B;A;, S; :=1, — R;A;, from (17) we infer that
E;=0,-I_ P "+ 17 E;1P; 1S,

Using Exercise 18(i), we find that for v € R/,

(23) BV, = (L =L P57 )Suviia, + [Es Py 'SuvIA,

where we used that

(24) I wlla, = lIwlla,., (weRM).
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From the conditions of the theorem, it follows that
1Ty =I5, Py )SsvIA, < allAslI7H A S v
< ERyAS,v,AS,v) = (1 — S/)S%v,V)a,
(25) < s (IvIfa, = I8vIa,),

where in the last step we have used that o(R;A;) C [0,1], Sy is
symmetric w.r.t. (-,-)a,, and the inequality (1 —¢)t* < (1 — ¢?) for
te0,1].

Let 6 = 55— Obviously (22) is valid for J = 0. Assume that is
holds for J — 1. Then from (23), (24), Exercise 18(i) and (25), we have

IES A, < 1Ly =17 Py H)Suvla, + 0|17, P7 'SV,
< (1=9)T TPy )SyvlA, +4lSsvIA,
< (1= 0)55(IvIa, = IISsvlia,) +dlISsvlla, = dllvIa,.
which completes the proof. U

Theorem 9.4. Let H = Hj(Q). Let the solution uy € H}(Q) of
a(ug,v) = [, fode (ve Hy(Q)) be in H*(Q) with

(26) lugllez@) S 11 2@
(cf. (2)). Let hi—y < hy, and
(27
(cf.

i

) inf [lw—v'lme) S hillwllmag)  (we HY Q)N Hy(Q))
(3)).  Let sup; k(M;) < oo (c¢f. Theorem 6.2), and ||A;|| <

R 2V and [|ATY) S IM; Y| (¢f. Theorem 6.8). Then (20) is valid.
Proof. Given v' € R let vi~! = P{"'v. Write v’ = ). vi¢! and
v =30 vi gy From Exercise 18(i), we have

<AZI’L 1VZ laIz 1ZZ 1> <szz7Il 1ZZ 1> (Zi—l ERNi_l).
Deﬁne f? = AV, g = M; 'fi. Write ¢ = ., 8¢} and for any
z' € RN, 2t =37 2%¢%. Then
<fl7zl> = <Miglvzl> - (glv ZZ)L2(Q) (ZZ e Vi),

and
(28)  lg'llZa) = (Mig', g") = (£, M ') < [V ][I £7]]°.

Let v € Hg(Q) denote the solution of a(v,z) = (¢',2) ) (z €
Hi(£2)). We have

a(v',2') = (A", 2') = (1", 2") = (¢, ' )rai) (2" € VA),
and, writing 2*~1 Z 1¢ -1
a2 = (A V! 1,zi_ Y= (A I vTLT 2
= AV L_127Y) = (¢ 2 Do) (271 € Vim).
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From (26) and (27), we infer that

(29) [lv* =" Moy < [lv' = vllzey +llv =0 i@ < hillg'llza@-

From

IV T v la, = a(of — oot =0 s o — o e,

(29), (28), ' = A,;v' and the remaining assumptions of the theorem,
the proof is completed. O

(m1,mz2)

Remark 9.5. Let us denote B for general my,my € {0,1} as B}, )
Along the lines we derived (19), it is not hard to show that

1, -BYYA, = (1, - BPYA )T, - BYVA))

and that 1, — By’l)AJ = (A,(I; - B{(JLO)AJ)AEI)T, where ESI’O) is

BSI’O) with any R, reading as f{ZT A direct consequence is that ||I; —
0,1 = (1,0

BPVA o, —a, = 11— BYOA A, -4,
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