Additional exercises with Num. PDE’s, 2012

May 15, 2012

1. (a) WithneN, h=1/n, x; =ih (i=0,...,n), show that {¢1,...,0,}
illustrated in Figure 1 is a basis for
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Figure 1: “Nodal” basis with zero boundary condition at the left end.

Sp:={v € C([0,1,R) : v(0) = 0, v|[z,_, o) € PL(i=1,...,n)}.

(b) With a(u,v) := fol u/(z)v'(z)dx compute the stiffness matrix w.r.t.
{1, Pn}-

2. (barycentric coordinates) Let {z1,...,zn+1} C R™ be n+1 points not on a
hyperplane. For i € {1,...,n+ 1}, let A\; € P; be defined by A;(z;) = d;5.
Show that for any n € N, and any p € P, 22-11 p(zi)\i = p.

Note that in particular 2" ' \i(z) = 1 for any = € R”. The (n + 1)
tuple (A1 (z), ..., Apt1(x)) are called the barycentric coordinates of  w.r.t.
{21,y Znt1}-

The set {x € R" : \;(z) > 0,Vi} is called an n-simplex. What is it for
n=1,2,37



3. (Friedrich’s inequality) Show that on a bounded Lipschitz domain 2 C R™

and p € [1, 00],

[v="2llwi) < CQ)vIwr ),
where ¥ = ﬁ Jov(z)d.
. Let p € [1,00] and m € Ny such that m+1>2/porm+1>2ifp=1.
For a triangle K, and x1,...,2ny C K, invariant under permutations of
the barycentric coordinates, weights wi,...,wy independent of K, let

Qk(g) = vol(K) Zfil w;g(x;) be a quadrature formula that is exact on
P, (K). Show that

] ote)ds — Quela)] < Crol()' P diam(K)™ gl

where C' is a constant that is independent of K.

. For some domain € C R", and with

)
Lu::—za ”a +Zb

ij=1
where a;; = aj;i € Loo(Q), b € WL(Q), ¢ € Loo(Q), for f € La(Q)

consider the bvp
Lu=f onQ,
u=0 on Q.

(a) Show that the corresponding variational formulation is given by the
problem of finding u € Hj(£2) such that

a(u,v) = /vada: (v € HY(Q)), (1)

where
a(u,v) = / (AVu) - Vo + (b - Vu)v + cuvdz
Q

where A(l‘) = (aij(l‘))lgi’jgn, b(l‘) = (bl(l‘), RPN ,bn(x)T.

(b) Assuming that &- (A (z)€) > C||€||? for some absolute constant C' > 0
independent of £ € R™ and x € Q (uniform ellipticity), b = 0 and
¢ = 0, show that (1) has a unique solution with |[ul| g1 () < || fllz.(0)-

(c) Show the same result when the assumptions b = 0 and ¢ = 0 are
replaced by —3divb(z) + ¢(z) > 0 on Q. (Hint Show that for u €

Q), [o(b Vu ude = 3 [, b V(u?)dz = —3 [, u*divbdz)

(d) What are the natural boundary conditions correspondlng to the dif-
ferential operator L7



6. Consider the following variational formulation of the Biharmonic problem

AN2u=f onQCR? . )
{u:gzzo on 90 : Find w € HF(Q) s.t

= ulvdx = vdr =: F(v) (v 2(Q)).
a(u,v) .7/QA Avd /Qfd F(v) (ve H5Q) (2)

Show that for v € D(2 Q 83518“;2 2dm = Jq glf; gzv dx, and with that,

that |v]%, < BHAU”Lz(Q (v € HZ(Q)). Assuming that say f € La(Q),
using Poincaré’s inequality conclude that (2) has a unique solution u with
ull 2 @) S Lo

7. Let @ : (r,¢) — (x,y) = (rcos ¢, rsin¢).
(a) With @ = uo @, prove that

10,6 0Ou 1 0%u

(b) Let a > 1. Prove that u(z,y) = (1 — r?)rsin a¢ solves

—Au = 4(a+1)r*sinag  on Q= {(z,y):7€(0,1),¢0 € (0,%)}
u = 0 on 0§,

(c) Sketch Q. Show that the right hand side function 4(a+1)r®* sinag €
Lo(Q,), but that u ¢ H2(Q,) when a < 1, i.e, when ©,, is not convex.

8. (“superconvergence”) Consider the bvp —u” = fon (0,1), u(0) = u(1) =0
in variational form. Let uj denote the finite element Galerkin approxi-
mation using continuous piecewise linears, and let Iru denote the inter-
polant of w in this finite element space. Show that u; = Iru by showing
that a(uh — Iyu,wy) = 0 for any function wy, in the f.e. space (where

fo / Id.’E

9. Consider the space of continuous piecewise linears w.r.t. the triangulation
of Q = (0,1)? illustrated below.

Use element mass and stiffness matrices to construct mass and stiffness
matrices (where a(u,v) := [, Vu - Vudz) for both homogeneous Dirichlet
boundary conditions and homogeneous Neumann boundary conditions.



10. Consider the continuous piecewise linear finite element discretization w.r.t.
n+ 1 equal sized subintervals of —u”(z) = f(x) on (0,1), u(0) = u(1) =0
in standard variational form. Show that the stiffness matrix A € R"*"
w.r.t. the nodal basis with a lexicographical numbering of the grid points

is given by
2 -1 0
1| -1 2 -1
h : ’
0o -1 2

where h = 1/(n + 1). Show that an orthonormal basis of eigenvectors
of A is given by {v(k) = [V2hsin(jkrh)]j=1,..n * kK = 1,...,n} with
corresponding eigenvalues \(¥) = 4h~'sin®(hkm/2).

11. Show that on shape regular triangles T,
ollzaory S b 20l acry + Ba 2 0l ) (v € HN(T))

12. For a triangle T, let {¢1, 2,03} C Pi(T) be the standard nodal basis
corresponding to evaluation in the vertices. Let {1,v9,13} C Pi(T)
let be the collection that is dual to {¢1, P2, @3}, ie., (Vi, d5)r,(r) = dij-
Express all ¢; as a linear combinations of ¢1, ¢, ¢3.

13. Show that any monotone, bounded function on (0, 1) can be approximated
in Lo,-norm at order O(N 1) with piecewise constant, free knot approxi-
mation with NV knots.

14. Let 179 be a conforming initial partition. In this exercise, we consider
exclusively partitions 7 that are created from 7y by newest vertex bisection.

(a) Show all 7 are uniformly shape regular (only dependent on 7). Hint:
Show that all descendants of a T' € 7y fall into 4 similarity classes.

(b) Assume that 7y satisfies the matching condition. Show that any
uniform refinement 7 of 7y (meaning that all its triangles have the
same generation) is conforming.

(¢c) Let 7 satisfy the matching condition, 7 be conforming, and T, T" € 7.
Show that if 77 contains the refinement edge of T, then either

o gen(7’) = gen(T), and T and T share their refinement edge, or

e gen(T’) = gen(T) — 1, and T shares its refinement edge with one
of both children of T".

(d) Let 7 satisfies the matching condition, 7 be conforming, and T' € 7.
Show that refine(r,T') terminates.

15. (Inverse inequalities) Show that for uniformly shape regular triangles T
and fixed k € N,

1Az 1,y S hptllzllmry (2 € Po(T)),
_1
IV2llLye)2 S he? l2llar )y (2 € Pu(T)).



16.

17.

Given some conforming triangulation 7 of some polygon that satisfies the
matching condition, let T be the set of all conforming partitions that can
be created from 7y by newest vertex bisection. Show that the smallest
common refinement 7 of 7/,7" € T is in T, and that

#T + #To < #T' + #T".

—Au=f onQ
u=0 on 0f)

f = 1. Compute the continuous piecewise linear finite element solution ug

w.r.t. the triangulation 7 of £ into 4 triangles by drawing the 2 diagonals.

Consider the model problem with Q = (0,1)? and

With the center of 2 being the newest vertex of all 4 triangles of 7y,
construct 7; by applying two uniform refinements, resulting in a trian-
gulation that has 16 triangles. Compute the continuous piecewise linear
finite element solution w1 w.r.t. the triangulation 7;. Compare ug and u.

The bulk chasing parameter 6 can be chosen such that ug and u; will be in
the sequence of finite element solutions produced by the AFEM. Is there
a contradiction with the convergence result we have seen for the AFEM?
Explain your answer.



