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ABSTRACT

We calculate correlation functions in minimal topological field theories. These
twisted version of N = 2 minimal models have recently been proposed to describe
d < 1 matrix models, once coupled to topological gravity. In our calculation we
make use of the Landau-Ginzburg formulation of the N = 2 models, and we find
a direct relation between the Landau-Ginzburg superpotential and the KdV differ-
ential operator. Using this correspondence we show that the minimal topological
models are in perfect agreement with the matrix models as solved in terms of the
KdV hierarchy. This proves the equivalence at tree-level of topological and ordinary
string theory in d < 1.
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1. Introduction

The recent progress in the study of low dimensional string theories using matrix
models [1] has led to a number of remarkable discoveries. Not only has it revealed a
new connection between two-dimensional gravity and generalized KdV hierarchies
[2]-[4], in addition it was found that both subjects are intimitely linked with 2-d
topological field theory [5]-[8]. So far these relationships have been only partially
clarified, and to make further progress a better understanding seems necessary. In
this paper we will examine and try to elucidate the connection of 2-d topological
field theory with the multi-matrix models and KdV equations.

Soon after Witten’s observation [5] that the one matrix model can be identified
with the topological theory of 2-d gravity, it was recognized [7] that the multi-matrix
model corresponds to topological gravity coupled to some matter system, although
precisely which system was unknown. Recently, however, it was proposed by Li [9]
that the appropriate topological theories are the so-called twisted versions of the
N = 2 minimal superconformal models, introduced in [10]. In [9] Li supported
this conjecture with convincing arguments, most of which were based on specific
properties of 2-d topological gravity. However, already at the level of the pure
topological matter theory, the correspondence with the multi-matrix model has quite
non-trivial consequences. In particular, when combined with Douglas’ work [4], it
provides a definite prediction for all the amplitudes in the topological models. One

of our aims is to verify this prediction.

The topological properties of a N = 2 minimal superconformal model are most
evident via its identification with the renormalization group fixed point of a Landau-
Ginzburg field theory [11]-[13]. In particular, this allows one to characterize the
ring of chiral primary fields in terms of the LG superpotential W (z). Since in
the topological counterparts of the N =2 models one is essentially left with only
the chiral ring, it is natural to expect that in this case the superpotential W (z)
will play an even more prominent role. As one of our main results we will show
that the form of the superpotential is indeed sufficient to determine all physical
correlation functions in the topological model. Furthermore, in comparing these
results with the amplitudes obtained in the multi-matrix models, we will find an
intriguing connection between the superpotential W and the differential operator @
of the KdV hierarchy.

The organization of this paper is as follows. In section 2 we review some of the



properties of topological conformal field theory. We describe its symmetry algebra,
which is given by a twisted version of the N = 2 algebra [15, 10], and the set of
physical operators. Here we borrow extensively from existing results in the N =2
literature, in particular [13]. In section 3 we consider the correlation functions in
these models and show that all information about them can be stored into a finite
dimensional associative ring, whose structure coefficients depend on the physical
couplings. We proof some specific properties of these topological correlation function
using techniques from conformal field theory. Section 4 is devoted to the analysis
of the twisted N =2 minimal models. After deriving some selection rules, we will
develop an explicit method for calculating all physical amplitudes in these models,
which makes use of the Landau-Ginzburg formulation of the N =2 discrete series.
The proof that these amplitudes are identical to those of the matrix models is given
in section 4.4. Section 5 contains some concluding remarks.

2. Topological Conformal Field Theory

Topological field theories were introduced by Witten some years ago [14, 15].
These theories possess a nilpotent symmetry () satisfying

Q? =0, (2.1)

and the physical observables are the cohomology classes of the operator () as it
acts in the full Hilbert space. For that reason these models are also refered to as
cohomological field theories. Since the stress-energy tensor 7,z is ()-exact

Top ={Q, Gag}, (2.2)

correlation functions of the observables are independent of the two-dimensional met-
ric gog. The topological theories therefore have a much larger symmetry than con-
formal theories. However, even in the category of topological quantum field theory
there is a counterpart of conformal invariance, since we can distinguish the special
class of models in which T},3 is traceless even before restricting to the )-cohomology.
These are what we will call topological conformal field theories (TCFT’s).
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In the same way that the conformal field theories correspond to the critical
points in the space of ordinary quantum field theories, the topological CFT’s are the
critical points in the space of topological QFT’s. One can consider perturbations of a
TCF'T by turning on the couplings of the appropriate physical fields. This maintains
the topological symmetry but in general destroys the conformal invariance, so one
obtains a parameter family of more general ‘massive’ topological theories. In this
space, the conformal models are distinguished by the fact that all their correlation
functions scale as a function of the couplings.

2.1. THE SYMMETRY ALGEBRA OF TOPOLOGICAL CFT.

The combined presence of conformal invariance and the topological symmetry
implies that the generator () can be written as a sum

Q=QL+Qr (2.3)

of left- and right-moving charges. We will restrict our discussion to the left-moving

sector. The charge @)y, is expressed as a contour integral of a holomorphic current
Q(z)

Q= $ Q). (2.4)
The presence of the nilpotent ()-symmetry tells us that in addition we must have two

other holomorphic fields: a fermionic spin-2 field G(z) and a bosonic U(1)-current

J(z) which are the Q-partners of the stress-tensor 7'(z) and and the fermionic current
Q(2)

T(z) = {Q,G(2)},

Q(z) = [Q,J(2)]. (2:5)

All these fields have an integer moded Laurent expansion. Without introducing any
other fields there is a unique consistent commutator algebra for these models. It

reads
[Lma Ln] - (m - TL) Lm-i—m [Jma Jn] - dm5n+m,07
[Lma Gn] = (m - n>Gm+n> [Jma Gn] = _Gm—i-na
[Lma Qn] = _an+n7 [Jmu Qn] = Qm—i—m



(L, Jn] = —ndpan + gm(m+ 1)0m-4n0-

In fact, this algebra (2.6) can be obtained from the N =2 superconformal algebra
by modifying the N =2 stress-tensor as follows

T(z) = T(2)+ %&](z). (2.6)

As a result of this modification the super-currents G*(z) of the N = 2 algebra
acquire conformal spin 2 & 1, and become identified with G(z) and Q(z). It has
been noted previously [15, 5, 10] that by twisting a N =2 SCFT in this way one gets
a topological field theory. However, we have just argued that any two-dimensional
conformally invariant topological field theory is of this kind*. This observation will
enable us to take over much of the N =2 technology that has been developed in the
literature [13] to topological CFT’s. Before we can do so, one has to understand in

more detail what the effect of the modification (2.6) is.

Let us discuss some of the features of the symmetry algebra (2.6). Note that
there is no central charge in the Virasoro algebra, i.e. ¢ = 0. However, we do have
a central extension d showing up in some of the other relations.! In particular the
last commutator tells us that the U(1)-current has an anomalous conservation law:
there is a background charge equal to d. This has important consequences for the
correlation functions and the Hilbert space of the theory.

2.2. HILBERT SPACE AND PHYSICAL OPERATORS.

The Hilbert space H is divided into sectors corresponding to different U(1)-
charge ¢

Jol¢) = ql9). (2.7)

The theory has a unique (right) vacuum state |0) with ¢ = 0 corresponding to the
identity operator. The presence of the background charge d implies that the left

*As an aside we note that the algebra (2.6) is present in any conformal invariant theory with a
BRST symmetry, so in particular in the bosonic string where G = b, J = bc and d = —3.

TWe have denoted the central extension by d because in specific examples it equals the complex
dimension of the target space.



vacuum state (ool that is dual to |0) carries U(1)-charge ¢ = d. For each local
operator ¢ we introduce the states

[9) = ¢(0)]0),
(@7 = {o0l¢*(0). (2.8)

We now assume the the theory is unitary in the sense that the norm defined by

o) 7= (¢"|¢) > 0 (2.9)

is positive definite. This inner product coincides with the usual one in the corre-
sponding N = 2 theory.

We are now in the position to take over the arguments of [13] to derive various
results for the physical states of the theory. The physical states |¢;) in the Hilbert
space are defined by the condition that they are ()-closed and equivalent up to
(Q-exact states

Q|<Z5z'> = 0,
[9)  ~ [¢i) + Q). (2.10)

We now make use of the fact that with respect to (2.9) the hermitean conjugate of
Q@ is Q* = Gq to choose a representative for each physical state that satisfies

Gol¢i) = 0. (2.11)

The fact that such a ‘Hodge-representative’ exists was shown in the case of the
N = 2 CFT’s by Lerche, Vafa, and Warner [13], and their proof goes through in this
situation. In the N =2 context the conditions (2.10) and (2.11) precisely single out
the so-called ‘chiral primary fields.” For these fields it is known that the U(1)-charge
q takes its values in the interval

0<g<d (2.12)

Furthermore, each chiral primary field ¢; with charge ¢ has a unique ‘Poincaré dual’
field ¢ = n;;¢; with charge d — ¢, with

(9id;) = mij- (2.13)
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All this also holds in the topological CFT. An alternative characterization of the
physical states |¢;), which is equivalent to (2.10) and (2.11), is that they satisfy

Lo|¢;) = 0. (2.14)

In usual CFT’s the vacuum |0) is the only state that is annihilated by L, but
apparently this axiom does not hold for topological CFT’s. Here we find that the
physical states, of which there are more than one (except for d = 0), can be made to
satisfy (2.14) and are then also annihilated by the positive modes of the stress-tensor
and the other currents. A useful identity, which we will need later on, is that the
states |¢;), when acted upon with L_;, give QQ-exact states

L_i1l¢i) = Q(G-1]9:). (2.15)

We further note that a physical field will have left- and right-moving U (1)-charges
q, g. Since before twisting the conformal dimensions are given by h = ¢/2, the spin
and according the statistics of the physical fields is determined by s = (¢ — q)/2.
This can be either integer or half-integer. Twisting will not alter the statistics of the
operators, so we can have both world-sheet bosons and fermions in our topological
field theory, even though after twisting h = h = 0. In order to keep our formulas
tractible we will assume subsequently that all fields are commuting. This will also
turn out to be the situation for the minimal models we consider in section 4, which
satisfy ¢ = q.

The relation between the symmetry algebra (2.6) and the N =2 superconformal
algebra suggests that topological CF'T’s also have super-field formulations. Indeed,
we can introduce an odd coordinate 6 which is related to usual complex coordinate
z by the Q-symmetry

gz =0, , 00 =0. (2.16)
The group of transformations generated by 7'(z) and G(z) is a simple generalization
of the conformal group, and is represented on (z,0) as

z = f(2),
0 — 9f(2)0+ f(2). (2.17)

Note that 6 transforms as a (—1)-differential, and not as a spinor. The U(1)-current
J(z) is associated with the global rotations of 8, i.e. § — 0. To the physical state
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|¢;) one can associate not just a scalar field ¢;(z,Z) but a complete ‘super-field’
®;(2,7,0,0) with the expansion

=0 + 00" +86,” + 606, (2.18)
where the first component is just ¢Z(p) = ¢;. The other components (¢§1),$§1)) and
gbZ@) build up a 1- and 2-form respectively. Their corresponding states in the Hilbert
space H are obtained from |¢;) by acting with G_; and G_;. For example gbl@)
corresponds to the state G_;G_1|¢;). Now from (2.15) we learn that the different

components of the superfield are related by the descent equations, which read [15]

' = {Q,0"},

") = {Q,"}. (2.19)
In fact, together with (2.16) these equations express simply the fact that the super-
field ® is Q-invariant. Furthermore, the above equations show that the line resp.

surface integral of () and ¢® commute with Q. Hence, for each physical operator
¢ in TCFT we can associate three types of observables

o(P) = ¢,
(0) = ]geb(”, (2.20)
oz) = [ 0.

where P is a point and C' is a contour on the surface . In the next section we will
study the correlation functions of these observables.

3. Correlation Functions

We will now discuss some general properties of the correlation functions of the
various physical operators in a two-dimensional conformal-invariant topological field
theory. We consider only the zero and two-form operators ¢§°> and ¢E2).



3.1. FACTORIZATION AND THE CHIRAL RING.

Let us start with the correlators of the zero-form operators. The first important
observation is that these correlation functions are independent of the positions of
the operator insertions, i.e.

£<¢§?)(zh§1) . ..¢§S)(ZS,ES)> —0. (3.1)

Namely, when we differentiate with respect to one of the positions, then, according to
the descent-equation (2.19), we can write the result as a )-variation, which vanishes
because all the other insertions are )-invariant. This implies that the correlation
function

(D1, .- ¢s.) (3.2)
(where we write ¢; = ¢(0)) is simply a constant. A related property is that the

(2
correlation function does not depend on the choice of representative of a particular

()-cohomology class, since operators of the form {Q, A} decouple.

In general only some of the correlators (3.2) are non-vanishing. Conservation of
the U(1)-current J(z) tells us that, in order to have a non-zero correlation function
on a genus g surface, the U(1)-charges must satisfy

> =d(l—g). (3.3)

Hence we see that because all ¢; > 0 there are only non-trivial correlators of this type
on the sphere. Of course, in genereral there will also be other selection rules besides
U(1)-charge conservation, but their form will be different for each topological CFT.

Correlation functions of the ¢;’s can be simply determined using factorization in
terms of the three-point function

Cijk = (0iD;Px)- (3.4)

We insert a sum over a complete set of states in each intermediate channel. Induc-
tively one shows that at each vertex at least two of the three states are ()-closed,
and hence only the physical states contribute. Thus we can write the insertion as

1=>"|o)n" (¢l (3:5)
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where 7;; = (¢;¢;) is the metric defined by the two-point function. For example,
the factorization of the four-point function is given by

<¢i¢j¢k¢l> Z<¢z¢g¢m ¢m¢k¢z ZCU Cmkl, (3-6)

where we have used 7;; to raise the index. Consistency of the factorization of this
four-point function in the s-channel and ¢-channel implies the condition

> i =D Cik™ Cmyi- (3.7)
m m

This property of the ¢;;;, can be reformulated as the statement that the operator
algebra of the fields ¢;, given by

¢i¢j = Zcijk¢k> (3-8)
k

is associative. This algebra is known in the N = 2 context as the chiral primary
ring, and has been discussed extensively in [13, 16]. In the conformal topological
models this ring has very special properties, namely, it respects the U(1) counting
and furthermore it is always nilpotent.

3.2. PERTURBED CORRELATION FUNCTIONS.

Let us now consider the more general correlation function of the type*

6o i [ 05 [ 63): (39)

The selection rule in this case reads
Z ¢+ Z d(1 — g). (3.10)

Note that these correlation functions can exist at higher genus. Again we can learn
a lot about these correlation functions by considering their factorization properties.

*In the following all integrated operators will be understood to be two-forms, and we will in
these cases drop the superscript of ¢(2).
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Let us illustrate this with the example of the insertion of one integrated operator
J &, into a multi-point function of zero-form fields. It is clear that if the number
of zero-form operators is bigger than three (or g > 0), we can still apply the same
procedure of inserting (3.5) in each channel and factorize it into lower amplitudes.
The only difference now is that when the factorization is done at a dividing cycle
there will be two terms corresponding to the contributions of the integral [¢,, over
the two components of the surface. So for example, the four-point point function in
the presence of [¢,, can be factorized as

(i0; D1 /¢n> = (¢™ n Comtt + Cij" Conkin) (3.11)
where we introduced the notation
Cijkn = (Pij Ok /an)‘ (3.12)

In order to derive (3.11) we have assumed that at the dividing node of the surface
there is no extra contribution due to the integral [¢,. This is equivalent to the
statement that the expression 7;;,, = (¢i¢; [¢,) vanishes. We will indeed show in a
moment that this property holds.

In a similar way as in (3.11), all amplitudes with one integrated operator can
be decomposed into the fundamental amplitudes ¢;j, and ¢;jx,,. Notice that (3.12)
cannot be factorized any further, since it is given by the integral of a volume-form
over Mo 4.

Given the three-point functions c¢;j;, the consistency of the above factorization
procedure imposes a strong restriction on the four-point functions ¢;j ,,, namely that
the right-hand side of (3.11) is symmetric in the labels 4, 7, k and [. The form of this
consistency condition shows that the insertion of [¢, acts like a derivation. Indeed,
we can introduce coupling constants ¢, for each of the operators [¢, and consider
the perturbed three-point functions

ciinlt) = (Sis0nexp(Eta [ 60)). (3.13)
We now have relations of the form
Cijkym = amcz'jk\tzo (3.14)
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with 0, = 0/0t,,. With this definition the consistency of the factorization formula
(3.11) can now be recognized as the first derivative with respect to t,, (at all t; = 0)
of the associativity condition (3.7) of the perturbed three-point amplitudes c¢;;x(t).

We could now repeat the same kind of reasoning for correlations functions with
more than one insertions of integrated operators. They can again be decomposed
into fundamental amplitudes of the form (¢;¢;¢r [@y . .. [¢Ps), which in turn can be
written as multiple derivatives of the perturbed three-point function c;;x(t). One
then finds that the consistency of the factorization procedure implies that for all
values of ¢, the coefficients ¢;;x(¢) define an associative ring. We will refer to it as
the perturbed chiral ring.

We can understand that the functions (3.13) define an associative ring from
the fact that they represent the three-point functions of the perturbed topological
theory. Although this perturbed model is no longer conformal, one can still show
[17] that its three-point amplitudes satisfy (3.7). It is interesting to note that, in
general, the perturbed chiral ring is no longer nilpotent. We now want to derive two
important additional properties.

(7) The two-point function in the perturbed theory is independent of the couplings

cijo(t) = 1ij- (3.15)
(#7) The coefficients satisfy the integrability condition

8mcijk(t) = 6kcijm(t). (316)

This second property guarantees that one can integrate c¢;;; = 0;g,5. Since the three-
point functions themselves are symmetric, we can in fact integrate twice moref.
Therefore we arrive at the important conclusion that there exists a unique function
F(t) such that

THere we assumed that the space of coupling constants is an affine space and has no cohomology.
Although in all generality this need not be true, it will be a correct assumption in the case of the
d < 1 models that we consider in the next section.
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and F(t) = get't/th + O(t*). We will sometimes refer to this function as the
generating functional, since with an appropriate definition it can be written as

F(t) = <exp(§n: tn /¢n)> (3.18)

In topological string theory F' will correspond to the (tree level) free energy.

The proof of (i) and (i7) follows from the Ward identity of the spin-2 field G(z).
On the sphere the Ward identity takes the form

(§ )G w)oi (). 60, (2)) =
Zs<zn><¢h<zl> O () 1, (2)) = 0, (3.19)

n=1

where &(w) is a globally defined holomorphic vector field, necessarily of the form
£(w) = aw® + bw + c.

One can choose a suitable vector field that vanishes at the positions of two of the
operators, say, at z; and zo. In the case of a 3-point function this choice leads to
the result

(61(21)85(22)0}” (23)) = 0. (3.20)

Here we have applied the Ward identity for both left- and right-movers. This es-
tablishes that the first derivative of ¢;jo vanishes, and that indeed to first order
cijo(t) = m;;. However, we now note that

 €)G)o? () = 0, (3:21)

since the left-hand side corresponds to the state G2 ||¢,) = 0. Therefore we see that
the Ward identity (3.19) remains unchanged under insertion of two-form operators.
This is sufficient to proof property (i) for arbitrary values of the couplings t,.

In case of a four-point function the Ward identity gives us

2

5(23) <¢i<21)¢j(22)¢§€2)(23)¢m(z4)> (3.22)

£(z4)

(61(21)85(22) b (23) 0 (24) ) = ‘
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with {(w) = (w— z1)(w — 23). To see that this implies the symmetry of the quantity
Cijk,m We can use the conformal Ward identities to write both sides of the equation
in terms of the anharmonic ratio

(21 - 23)(22 - 2’4)

(= (3.23)

(21 — 22)(23 — 2)

One finds

2

26T Gml(©) (3.24)

(01(21)0;(22)0n(23)03) (20)) = ‘824

with Gjjim some function. Using (3.22) and the identity

§<Z3)7 +&(2) =0 (3.25)

we infer the symmetry Gijxm = Gijmi. Then, since we can write

Cishm = / &%C Gijom(C) (3.26)

this establishes 0y,¢;jx = Ocijm for t = 0. Finally, again with the aid of (3.21) we
conclude that the above arguments are still valid at non-zero values of the couplings
which proves the integrability condition (i7).

4. Topological minimal models

We will now consider what can be properly called topological minimal models
— the twisted versions of the N = 2 discrete series. These models were introduced
in a recent paper by Eguchi and Yang [10], following suggestions of Witten [15, 5].
Subsequently it was proposed by Li [9] that, when coupled to topological gravity,
these minimal models in fact correspond to the matrix chain models. Douglas’ solu-
tion of these matrix models [4] provides us with definite answers for all correlation
functions, in particular for the operators that would correspond to the topological
matter fields. The goal of this section is to actually calculate these n-point functions
in the topological model, and verify that they agree with the matrix model results.
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4.1. TWISTED MINIMAL N = 2 SUPERCONFORMAL MODELS.

Let us begin with recalling some facts about minimal N = 2 SCFT. The clas-
sification of the unitary N = 2 superconformal field theories with central charge
d = ¢/3 < 1 follows the familiar ADFE pattern. The models occur at the values

d= " (4.1)

(k = 1,2,...) and the different modular invariant partition functions are in one-
to-one correspondence with simply-laced Lie groups G with dual Coxeter number
h related to &k by h = k 4+ 2. The chiral primary fields ¢; are labeled by integers
0 <1 < k for the Ay;1 model. For the D and E invariants we have one chiral
primary ¢; for each exponent i 4 1 of the Lie group GG. Recall that the exponents of
a group equal the orders of the Casimirs minus one. The number of chiral primary
fields equals the rank of G. The field ¢; has U(1)-charge given by

?
k+2

A convenient representation of the N = 2 minimal models is that in terms of Z,
parafermion fields ¢! together with a free boson ¢ [18]. Here the boson ¢ is obtained

by bosonizing the U(1)-current of the N = 2 algebra, J = i,/ k%z@go. In the minimal

topological theory the boson ¢ is coupled to a background charge k—i2 Primary fields
in the N = 2 models are products of primary parafermion operators and bosonic

vertex operators, i.e. they are of the form
o = gh el 43)
where v = \/k(k + 2). (For convenience of notation, we suppress all anti-holomorphic

labels.) The parafermion operators 1! are labeled by integers [, m satisfying 0 <
[ <k, —k+1<m<k, l—m=0 (mod 2), and are subject to the identification

wvl’n = wfn;ll (4.4)
with m taken modulo 2k. The conformal dimension of ¢! is given by i&fg) — T—,:.

The chiral primary operators in the NV = 2 models correspond to the special primary
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fields ¢! with [ = m, [ + 1 an exponent of G
l(O) — wlleilgo/a_ (45)

In the minimal topological theory these operators have zero conformal dimension:
they are the zero-form versions of the physical fields in the model. The supercurrent
G(z) has the parafermionic representation G = ¢° ,e"***+2¢/« and from this we find
that the two-form version gbl@) = G_E_lqs,(o) of the field ¢; is given by

= gyl (4.6)

This field has U(1)-charge ¢ — 1 and, after twisting, conformal weight (1,1). The
main virtue of this parafermion representation of the N = 2 models is that it
naturally divides the selection rules of the theory into U(1)-charge conservation and
those encoded in the parafermion fusion rules, which are basically those of the SU(2)
level k current algebra. We will consider both selection rules in the next subsection.

4.2. SOME SELECTION RULES

Our final aim in this section is to determine the general s-point functions in
minimal topological conformal field theories

(1, .-, /¢lr+1 e /¢ls>g (4.7)

Let us first consider the selection rules satisfied by these correlators. The most
obvious one is of course U(1)-charge conservation. Applying the general rule (3.10)
we see that at genus g (4.7) is non-vanishing only if

li=Q-g9k+(s—7r)(k+2). (4.8)
n=1
In particular, on the sphere we have that
(Di9s) = nij, Nij = Oiyjk- (4.9)

Hence the operator ¢; is conjugate to ¢p_;.
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As explained in section 3, we can use the factorization expansion, obtained by
inserting a complete set of states in intermediate channels, to decompose a general
amplitude (4.7) into a sum of products of lower, fundamental amplitudes of the form

(onnon [on.. [o) (4.10)

at genus zero. These correlation functions are fundamental because they are the
integrals of a volume form on the moduli space of the punctured sphere, since
dim My = 2(s — 3), and for this reason cannot be factorized into lower ampli-
tudes. As we have shown in section 3, the fundamental amplitudes (4.10) do not
depend on which three operators ¢; are represented as zero-forms, that is, they are
symmetric in all labels [, ..., .

Thus we may restrict our attention to the correlation functions of the form (4.10).
Conservation of U(1)-charge tells us that

S0 = k4 (s — 3)(k + 2). (4.11)

In addition, as we will now show, there is a second important selection rule which
states that the amplitude (4.10) vanishes unless

s <3+1,, foralln. (4.12)

That is, whenever the operator ¢; occurs, the correlation function can be at most of
order [ + 3. Notice that one special case of this rule is that the identity ¢y = 1 has
only two and three-point functions, as was already shown in the previous section.
The above selection rule will be helpful in finding the explicit solution of the models.

There are a number of ways to prove (4.12). Here we present a derivation which
uses the above parafermion representation®. From equations (4.5) and (4.6) we
find that the correlator in (4.10) contains as a factor the parafermionic correlation
function

(W 2 U s - Vi) (4.13)

Parafermions are subject to selection rules both in the [ and m quantum number [18].
We have that, modulo the identification (4.4), the m-charge is conserved modulo 2k

*An independent derivation using N =2 null-state equations has been given by N. Warner [19].
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and the I’s satisfy the affine SU(2) level & fusion rules. It is not difficult to see that
the m-charge conservation is guaranteed by the U(1) selection rule (4.11). So we
can focus on the labels [,,. Next we use the identification (4.4) to replace all but two
of the [,,’s into [,, = k — I,,, and put (4.13) in the following form

(hplyls gt =k —1, (4.14)

where we suppressed the m labels. The U(1)-charge counting (4.11) now reads

n=3

and in addition we know that the labels (I1,[s,13,...,[;) have to satisfy the fusion
rules of SU(2),. This in particular means that it must be possible to produce, say,

I, by fusing I, I3, ...,l;. This condition implies the inequality

L<b+> L, (4.16)

n=3

since the isospin produced from fusing is bounded by the sum of the contributing
isospins. Combining (4.15) with (4.16) we deduce the selection rule s —3 — Iy < 0.
Since we could have taken any operator to be ¢,, this establishes condition (4.12).

4.3. CONSTRUCTION OF THE CORRELATION FUNCTIONS

We will now determine the correlation functions in the d < 1 topological models,
using the several properties we have established so far. All information about these
correlators is encoded in the partition function F(t), or equivalently in the structure
coefficients ¢;;;(t) of the perturbed chiral ring, as a function of the coupling constants
t,, of the physical fields. These coupling constants t,, provide a parametrization of
the space of topological models, which are described as deformations of the twisted
minimal N = 2 models. The structure constants c;;;(¢) can be represented as the
expectation value in the conformal point

cialt) = (616, 61 exp (3t / ) (4.17)
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First let us summarize what we know so far. It was shown in sections 3 and 4.2
that (i) the two-point function cy;; = 7;; is independent of the couplings t,,; (i¢) the
four-point amplitude a1 = Opcij is symmetric in all indices; (iii) at ¢, = 0 the
ring respects the U(1)-charge conservation of the twisted N = 2 model; (iv) ¢;;(¢)
is a polynomial of finite order p in the t,’s, where p equals the minimum of i, j,
and [. Whereas the first three properties are true for general topological models,
the last property is characteristic only of the models at d < 1 and follows from
the selection rule (4.12). Because of all these constraints the construction of the
correlation functions will be in fact an overdetermined problem.

A very convenient way of encoding the information of the chiral ring of the
minimal N = 2 models is in terms the corresponding Landau-Ginzburg potentials.
The LG description of the A,, minimal models uses one single LG field x and in that
of the other models there are two fields x;. The action of a general N = 2 LG model
reads

S = /d22d46 K(z;, @) + [/ d=d*0 W (x;) + c.c. (4.18)

with K (z;,T;) the kinetic term and W (x;) the so-called superpotential. The fields
x; are chiral N = 2 superfields and their dynamics is entirely determined by the LG
superpotential W (x;) at the fixed point of the renormalization group. In particular,
the chiral ring R is isomorphic to the ring of polynomials in the LG fields x;, modulo
the equation of motion 9,,W =0,

Clx;]

R = : 4.19
The potential W (z;) for the separate cases is given by
A, "t
D, : "' 4 ay?
Es : 2+, (4.20)
E; 23+,
Eg : 23 4+4°.

The chiral primary fields ¢; are given by the monomials in x and y, and the U(1)-
charges of = and y are such that the superpotential W has charge equal to one.

Our strategy for obtaining the structure constants c;;(t) of the general models
will be to construct a perturbed potential W (x;,t) that encodes all information of
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the perturbed chiral ring. Let us explain this in detail for the simplest case, the Ag,
model. In this case the LG potential will be a function of one variable . Before
turning on the couplings ¢, the potential isf

oh+2
Wi(x) = 4.21
(@)= 1 (4.21)
and the chiral primaries are identified with ¢; = ¢, i = 0, ..., k, and generate the
ring
QSH— j 9 i +] S ka
oy =1 0 (4.22)
0, 1+ 5 > k.

We will now write the perturbed potential as

W(x,t) = Z+ 5= 2 a0, (4.23)

The functions g;(t) are a priori arbitrary functions of the coupling constants ¢;. The
only thing we know is that to first order they are given by g;(t) = t;, since the first
order deformations of W are in one-to-one correspondence with the chiral primary
fields. This is not true in higher order because the operators ¢; will no longer be
described by simple powers z?, but acquire a non-trivial dependence on the couplings
t,. Therefore, in general we have to define the operators as

giz;t) = ;W (1), (4.24)
with 9; = 9/0t;. The polynomial ¢;(z,t) will be of weight ¢; = i/(k + 2), where x

has weight 1/(k 4+ 2) and ¢; weight 1 — ¢;. We have ¢; = z* + O(2'~2). The chiral
ring will now be given by the polynomial ring of the ¢;’s modulo W’ = 0, W

di(x,t) pj(x, 1) ch ) du(z,t) (mod W'). (4.25)

Here the coefficients ¢;;'(t) are to be identified with the perturbed three-point func-
tions (4.17) via ¢;jp = 3, MimCi;™ = ¢;;”'. Thus we find that all information of the

fThe prefactor I%&-Z is introduced for later convenience.
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amplitudes in the topological theory is encoded in the potential W as a function of
xr and the t,’s.

In order to make this more explicit, let us introduce an inner product on the
polynomial ring R = Clz]/W'(z). For two polynomials ¢ and x in R we define
their inner product

(¢lx) = res (%) = ;;W (4.26)

One easily shows that this indeed defines an inner product on R, i.e. it is independent
of choice of representatives; terms proportional to W' clearly don’t contribute. It
follows from res(¢;/W') = d; that the polynomials ¢; have inner product

<¢Z|¢j> = Zcijl res (%) = CijO- (427)
l

Now we use the non-trivial input that the coefficients ¢;;; are completely symmetric,
since they represent three-point functions. This implies c¢;jo = cpi; = 7;5, and we

find
(il D7) = mij- (4.28)

This allows us to express the ¢;;(t) as

—Wbm) . (4.29)

ciji(t) = res ( oz

It is important to note, that, for given W (x,t), the orthogonality condition (4.28)
together with the leading behaviour ¢; ~ ' uniquely determines the polynomials
¢;. The fact that we also have to satisfy relation (4.24) can in principle be used
to solve the potential W (z,t), as well as the polynomials ¢;(z,t). We will use this
angle of attack in the next subsection when we discuss the relation with the matrix
model. Here, however, we will proceed along a slightly different route, using the
selection rules that we derived in the previous section.

A useful way to think about the representation of the chiral ring in terms of
polynomials in z is that it provides the diagonalization of the coefficients ¢;;'. In
other words, we may interpret the equation

or=u (4.30)
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as the formal identification of x with (one of) the eigenvalues of ¢; = c1;7. An impor-
tant conclusion we can draw from this interpretation is that the equation W’ (x) = 0
has to coincide with the characteristic equation determining the eigenvalues of c;;?
[16]

W' (z) = det (x67 — c157). (4.31)

Thus, if we succeed in determining the structure coefficients c1;7(t) of ¢, = x, we
have obtained the superpotential W (z,t) and, via (4.24), the polynomials ¢;. We
know already that, because of the selection rule (4.12) of the previous subsection,
all coefficients c;;; are at most linear in the coupling constants; correlation functions
featuring the field ¢, are at most of order 4. This result, combined with U(1)-charge

conservation, implies that the product of ¢; = x with some other field ¢; is of the

form
-1
TP = Giy1 + D alti_iyk1 05, (4.32)
=0
where i = 0,...,k and ¢yy; = 0. The coefficients a;; (= a;""7) are identified with
the four-point amplitudes
Qij = <¢1¢z¢j¢2k+1_i—j>7 (4-33)

where the position of one of the four operators is integrated over. All that remains is
to compute the amplitudes a;;. The crucial requirement which uniquely determines
them is consistency with the associativity of the perturbed ring. To this end let us

consider the situation in which all couplings t,, vanish, except for ¢;. The chiral ring

¢i+'> 1 +] S k;
Gith; = ’ o (4.34)
010 Pigj—k—1, i+J > k.

then becomes

By direct inspection we see that this algebra is associative if and only if all a;; are
equal. We may set?

0, i+ <k,

1, i+j>k

Inserting this into (4.32) we obtain a recursion relation from which we can explicitly

We will return to the issue of normalization in a moment.
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solve the ¢;(x)

—x 1 0 0
tk —XT 1 . .
gi(z,t) = (=1)'det | ¢, ¢, - 0 |- (4.36)
' 1
Tk—it2 them1 tp —x
Furthermore, we find that
W(z,t) = dpsa(z, 1), (4.37)

where ¢p.1(z,t) is defined by putting i = k+1 in (4.36). We can now integrate
W’ and O;IW = —¢; to obtain W (z,t). Together with equation (4.29) this gives the
complete solution of the Ax,, topological minimal models. We leave it to the reader
to verify that the above result for the ¢;;(t) indeed satisfies the properties (i) — (iv)
described at the beginning of this subsection. Their associativity is guaranteed by
construction.

Let us return to the issue of normalization. We have seen that in (4.35) we
could as well have put a;; = p, with p arbitrary. In this way our expressions for the
polynomials ¢;(z,t) and structure coefficients ¢;;(¢) will be modified by a rescaling
of all coupling constants t; — ut;. This implies that all correlation functions rescale
with a factor u”, where n is the number of two-form operators. However, we always
have the freedom to change the normalization of the operators and to rescale the
absolute expectation values on a genus g surface by a factor A2972. Here X is known
as the string coupling constant. If we rescale ¢; — ¢;u~% and put A = p~ %2, the
factor pu™ is canceled due to the anomalous U(1) conservation law (3.10). So we see
that the ambiguity in the normalization that we encountered in our solution of the
minimal model is directly related to the string coupling constant .

4.4. CORRESPONDENCE WITH MATRIX MODELS

There is an alternative way to express the result of the previous subsection, which
not only makes clear that the c;;; can be integrated with respect to the couplings t,,,
but also directly proves that the amplitudes of the topological models are identical
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to the ones found in the matrix models. We introduce the quantity L(z) by

1 0\
mL’“* (z) = W(x). (4.38)

Of course, L is no longer a polynomial but has an infinite Laurent expansion
Lz)=xz+) bz (4.39)
j=1

We now claim that the polynomials ¢; defined by (4.36) can be expressed in terms
of this fractional power of the superpotential as

¢i(z) = [L'0:L] (4.40)

where the subscript 4 indicates a truncation to non-negative powers of . It is clear
that ¢; ~ z', so in order to establish (4.40) it suffices to verify that the inner product
is given by (¢;|¢;) = n;;. Indeed, we can calculate

(@i|p;) = res (%) = res(Li—k—1¢j)

= res(L"F19, L) = ;. (4.41)

Here we used the identity
LMo, L =W’ (4.42)

The dependence of the potential W on the couplings t; can now be determined by
requiring that we still have ¢; = —0;WW = —LFT19,L. This gives the relation

1 | |
— i ores(LT) = res(LTe5) = . (4.43)

By integrating once we thus find that the couplings ¢; are determined by

1 )
tes = —H_—lres(L’H). (4.44)

It is a straightforward calculation to verify that the ¢;’s defined above satisfy the
recursion relation (4.32) with a;; = 1.
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With the expression of the polynomials as derivatives of fractional powers of
the potential it now becomes possible to explicitly integrate the ¢;;; and obtain the
generating function F(t) (3.18). Hereto we have to use several times the useful
relations (4.42) and

0jb = 0y [— L]

The calculation now proceeds as follows, where we hope the reader is able to recon-

L (4.45)

struct the intermediate steps

Ciji = res (%) = Tes (Qﬁz’(ﬁj[/l*k*l) — res (% [Llax[/}_>

= —ires ((/ﬁﬁle“) + Lres (893 {Li_k_lquLLlH)

[+1 [+1
_ 1 I+1
= —H_—lﬁjres (gbiL )
1
= 9;0:res(LFHH3), 4.46
(I+1)(k+1+3) jres( ) (4.46)

So, we find for the first derivatives of F'(t) the result

reS<Lk+i+3)
(i+1)(k+i+3)

O,F = (4.47)

In topological string theory this will correspond to the one-point functions, (¢;) =
O;F, as a function of the coupling constants. Unfortunately, we are not able to
perform the last integration explicitly. We can however check the integrability con-
dition.

Let us proceed to show that the above results are identical to the ones obtained in
the matrix chain models. In fact, since we already formulated our answers in terms
of residues of fractional powers of the superpotential, the correspondence with the
KdV hierarchy that appears in the matrix model is easily established. The solution
of the k£ + 1 matrix model is expressed in terms of the (generalized) KdV operator

Q=D""?— (k+2) zk: u(t) D', (4.48)

=0

where D = A\0/0ty, and the coefficients w;(t) are functions which are eventually
determined through the so-called string equation [2, 3, 4]. Here A is the string
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coupling constant. In the matrix model, which should correspond to a minimal
topological field theory coupled to topological gravity, there is an infinite set of
operators. We do not only have the primary fields ¢; but also their ‘gravitational
descendants’ o,(¢;), n > 0 [5]. Correlation functions are in general computed with
the aid of the fractional power L = QY*2. In particular the two-point function of
the so-called puncture operator P = ¢y with any other field can, with a particular
normalization, be expressed as [7, 20]

<P0n(¢z)> = Cn,ires(ﬁn(k+2)+i+l) (449)

with
i =(—1)"" i+ D) (k+2+i+1)---(n(k+2)+i+1). (4.50)

Here the residue is defined as the coefficient of D=1 in the Laurent expansion of the
pseudo-differential operator. Since we will be interested in correlation functions on
the sphere, we can discard any derivatives of the u;, and the residues are polynomials
in these coefficients. In particular, we have

(Pi) =~ i res(E), (4.51)

In the special case that only the couplings ¢; to the ‘primary’ fields ¢; are non-zero
the string equation tells us that [7]

(Pi) = mijt;. (4.52)

These last two equations determine the functions w;(t) in (4.48). In this case it also
not difficult to calculate the free energy of the matrix model. Namely, since we only
couple to the primary fields ¢;, the so-called puncture equation [7, 8] tells us that
(Po1(¢i)) = (¢:). (This relation is no longer true if we introduce non-zero couplings
to the descendant fields.) We now conclude from (4.49)

res( zk+i+3)

(0i) = (i+1)(k+i43)"

(4.53)

If we compare the above equations with (4.44) and (4.47), we see that the equiva-
lence of the topological and matrix model can now be formulated in one remarkable
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statement. After we substitute D — x and u; — g; the KdV operator QQ and the LG
superpotential W are identical. With this identification we have shown that the free
energy of the matrix model equals the generating function of the topological model,
at least for the correlation functions of the ‘primary’ operators.

We can extend the correspondence between W and () to the polynomials ¢; and
the KdV flows. Recall that the general KdV flow is written as

9,Q = [zi:l, Q} . (4.54)

We have seen that () is of a special form, if only the primary couplings are non-zero.
In particular, the coupling ¢y only appears linearly in () and not at all in ﬁfl if
1 < k. With this observation we can rewrite the above equation as

0,Q = [Li 1) . (4.55)
With the identifications Q — W, L— L, D — x, and ty — 0, we find
¢ = —O,W = 9, L', (4.56)

which corresponds to our definition (4.40).

4.5. D,, MODELS

Now that we have solved the models in the A-series, it is not very difficult to
obtain the correlation function of the minimal TCF'T of D-type. Recall that the D,
models can be seen as orbifolds of the minimal models labeled by As,,_3; both have
Coxeter number h = k + 2 = 2n — 2. The spectrum of chiral primary fields is given
by the even fields ¢o;, 1 = 0,...,n — 2, together with one twist field ¢, = ¢,,_2. The

2 i

U(1)-charges are respectively ;=5 = %5 and 2’;;22.

We introduce again coupling constants to; and t, to the two-form versions of
these operators, and note that under the Z, symmetry of the model the fields ¢o;
(and consequently also the coupling constants ty;) are even, while ¢, and ¢, are odd.
The superpotential is now a two variable polynomial and is, before coupling to the
fields, given by

mn—l
W(x,y) = 573 + sxy’. (4.57)
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In general it will be a Zs-even function of U(1)-charge one. Giving these restrictions
the most general form of the perturbed potential will read in a suitable normalization

In—l n—2 .
Wi(z,y) = 9n—9 + %ﬂUyz - Z G2i(t)x" — t.y. (4.58)
=0

Here the functions g¢o;(t) only depend on the even couplings ts; and are in fact
identical to those of the corresponding A, 3 model, since for ¢, = 0 we should
reproduce the (even) correlation functions of the A-model. (Note that it is indeed
consistent to put all couplings to;11 = 0 in that model.) We further remark that
U(1)-charge counting and Zs behavior of W (x,y) imply that the odd coupling t.
can only appear linearly, as indicated.

We will now show that this solution indeed satisfies all conditions that we derived
up to now. To this end we first notice that the variable y only appears quadratically
and so can be integrated out. This will produce an inverse power of x in the potential

:L.n—l

n—2
W(z) = om—9 Y gailt)a’ — 3t (4.59)
i=0

Next we will substitute x = 22. Recall that z was the fundamental field in the
corresponding A-model. In fact, we have

W(z) = Wo(z) — L2272, (4.60)

with Wy(z) the superpotential corresponding to As,_3, as defined in the previous
subsection, with all couplings t9;11 set to zero. We again introduce the fractional

powers of W through
1

2n—2
We notice that in this case all powers of L contain inverse powers of z. The fields
are defined by

LP72(2) = W(2). (4.61)

du=[LY0.L] , b=tz (4.62)

which implies the relation

res(L*1). (4.63)

to; = — =
2 2 + 1
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It is easy to verify that indeed in these expressions for ¢o; and t5; the odd coupling
t, cannot appear, so that we just as well could have worked with the potential Wj,.
But, although the operators resemble the operators of the A-model, the chiral ring

is different, since the equation of motion 0,W has been modified.

To show that the structure coefficients of this chiral ring are still integrable we
can perform the same manipulations as in the previous discussion, at least in the

case of the even couplings. We find

reS(L21+2n71 )

Ol = (2i+1)(2i+2n—1) (4.64)
To obtain the derivative of I’ with respect to t, we calculate
[ 2i+2n—2 12i+1
0,09 " = —res (THakL> = res (22, n 1t*z_2> =
res (t*z’1L2i82L> = —0Oy; [res (t*z’1W)] . (4.65)
We now see that
0. F = —t.ves (z7'W) = tugo(t). (4.66)
This completes the solution of the D,-model. The full partition function is
F(t) = By(t) + Lao(0)F2 (167)

with Fy(t) the generating function of the A, s-model.

A very interesting point is that we can again translate the function L into a
pseudo-differential operator. This is ezactly the operator Drinfeld and Sokolov find
for the generalized KdV hierarchies of type D, [21]. In [20] this D,, hierarchy was
proposed to describe the correlation functions of the matrix model based on the
same Lie group. We have established here that this is indeed the correct answer for
the D,, minimal topological models.

Let us finally discuss the exceptional models Fjg, Fr, Eg. First it is clear that,
although we do not have some elegant scheme, the chiral rings for these models
can be uniquely determined by imposing all our constraints, since the problem is
overdetermined. For instance, for the Eg model we have found the superpotential

W(z,y) = 2% + 1y* — tioay® — trxy — (t6 — 3t3y)y°

—(ts — tetio + 15t10)7 — (ts — trtly)y
—(to — 313 + Lteth, — Statdy — Lt3to). (4.68)
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Similar concrete expressions can be given for E; and FEj.

Both the Fg and Eg model can be obtained as tensor products of A-series minimal
models. However, we note that correlation functions of tensor product models cannot
be simply determined once we know the correlators of the respective factors. This
is essentially due to the following phenomenon. Any physical zero-form operator in
the tensor product is necessarily of the form

0O = "ol (4.69)
where the ¢§0) are physical operators in the two factors. The two-form version reads
O = Py + 1A 0h) + o), (4.70)

and contains one-form components that we have not yet considered. We leave the
analysis of these one-form operators and tensor products in general for future study.

5. Conclusions

Topological string theories in d < 1 are described by the coupling of minimal
topological CFT’s to two-dimensional topological gravity. In this work we have
presented a complete solution of the correlation functions of the minimal TCFT’s.
The knowledge of these correlators is sufficient to determine the tree-level amplitudes
of all operators o,(¢;) in the corresponding topological string theory by means of
the set of recursion relations derived in [5]. The existence of the same recursion
relations in multi-matrix models [7] ensures that topological and ordinary string
theory in d < 1 are identical, at least at tree-level.

The extension of these results to arbitrary genus requires a careful reconsideration
of the factorization properties of the topological correlation functions in the presence
of gravity. As seen in the d = 0 theory the interactions of the gravitational fields
o, are governed completely by a contact term algebra, which is isomorphic to the
Virasoro algebra [8]. It has been proposed [22, 23] that for 0 < d < 1 this algebra will
be generalized to a W-algebra, in fact the W-algebra based on the same simply-laced
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Lie group G that labels the minimal model. The generators of the WW-algebra are
again labeled by the exponents of G and are in one-to-one correspondence with the
primary fields ¢;. Considerable evidence for the presence of such a W-structure has
been presented in [9]. Unfortunately, to obtain a complete and rigorous derivation
for arbitrary G seems to be a formidable task.

Even at genus zero the W-constraints have important consequences for the cor-
relation functions of the primary fields ¢;. If the couplings to all gravitational
descendants are put to zero, the W-constraint associated with ¢; attains the form

OF(t) = Wisa(t (5.1)

with W;,2(t) a polynomial in the coupling constants ¢,, at most of order ¢ + 2. This
immediately implies the selection rule that correlation functions with ¢; can contain
not more than ¢ + 2 other fields. This is precisely the relation we derived in section
4.2, and our derivation can be seen as substantial, independent evidence for the

presence of W-constraints in topological string theory in d < 1.

Let us finish with a few speculations and generalizations. The most striking result
we found was the direct correspondence at tree-level between the LG superpotentials
and the (algebraic truncation of the) KdV differential operators. An important
question is whether the N = 2 Landau-Ginzburg frame-work can be extended to
the quantum string theory, and can encompass the full KdV hierarchy of differential
equations. In this way one might perhaps arrive at a target space interpretation of
d < 1 topological string theory as some generalization of supersymmetric quantum
mechanics with superpotential W (x).

Many of our results can be generalized for TCFT’s with d > 1. In a large class
of models the chiral ring can still be characterized by a Landau-Ginzburg potential.
In principle, given the constraints we derived, it is still possible to construct the
perturbed superpotential and derive in this way the correlation functions. Of course,
there are new technical problems, e.g. the existence of marginal operators with
¢ = ¢ = 1. In these cases the ¢;;(t) are no longer polynomial functions. It would
be interesting to study the string theories based on these models, in particular for
d = 1, and see to what extend the relation with integrable hierarchies is still present.
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