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ABSTRACT

I review how recent results in quantum field theory confirm two gen-
eral predictions of the mirror symmetry program in the special case of
elliptic curves: (1) counting functions of holomorphic curves on a Calabi-
Yau space (Gromov-Witten invariants) are ‘quasi-modular forms’ for the
mirror family; (2) they can be computed by a summation over trivalent
Feynman graphs.
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1. INTRODUCTION

As discussed in detail by Kontsevich in this volume [1] the moduli space M,
of algebraic curves of genus ¢g has an interesting generalisation to a moduli space
M,(X,d) of pairs (C, f) with C' a curve and f : C' — X a degree d map into a
variety X. Tautological cohomology classes in the stable compactification M, (X, d)
are known as Gromov-Witten invariants. They appeared in Gromov’s fundamental
work on pseudo-holomorphic curves in symplectic geometry [2] and Witten’s equally
fundamental study of topological sigma models [3]. In the special case of genus zero,
Gromov-Witten invariants are directly related to the quantum cohomology of X [4]
and the symplectic Floer cohomology of the loop space LX [5].

The space My(X, d) is also the primary object of study in the mirror symmetry
program [6]. Mirror symmetry is concerned with counting the number of holomor-
phic curves on Calabi-Yau manifolds, i.e. compact Kéahler manifolds X with trivial
canonical bundle Kx. One tries to define and calculate the generating functions

F,(t) = Z Ny.d qd, q= 62””, (1.1)
d

where N, 4 is the appropriately defined ‘number’ of genus g, degree d curves on X.
It can for example be given by the (orbifold) Euler character of M, (X, d).

[In the above we assumed for convenience that H?(X) is one-dimensional and
generated by the Kahler form w; otherwise, the degree is actually a multi-degree and
F, a multi-variable function. The above definiton should also be slightly modified in
the case g = 0 or 1, since these curves are not stable. For rational curves C' = P! we
pick three hypersurfaces Hy, Hy, H,, C X, Poincaré dual to w, and consider maps
z: P! — X such that z(z) € H, for 2 = 0,1,00. This defines the third derivative
F" of Fy. In case of an elliptic curve we pick a point P and demand z(P) € Hy,
which then gives F}. In this note we will however be mainly concerned with the case
g>1]

The generating functions Fy () are more or less by definition topological or, more
precisely, symplectic manifold invariants of X. They do not depend on the complex
structure of X, i.e. on the particular point in the moduli space M x of manifolds
of type X, but there is the obvious dependence on the parameter t € H?(X), that
labels the symplectic class. The mirror conjecture states that the functions Fy(t)
for a Calabi-Yau manifold have an alternative interpretations as complex manifold
invariants of a family of ‘mirror’ Calabi-Yau manifolds Y;, where ¢ is interpreted as
a suitable coordinate on My, the moduli space of manifolds of type Y.

Until recently all calculations were concerned with genus zero, where mirror sym-
metry is suppose to relate the function Fy(t), that computes (part of) the quantum
cohomology of X, to variation of Hodge structures for the family Y;. Actually, the



precise formulation of the mirror symmetry conjecture for higher genus, i.e. the in-
terpretation of the objects F,(¢) in terms of the geometry of the mirror family Y;,
was not even clear. This has changed remarkably with the beautiful work of Ber-
shadsky, Cecotti, Ooguri and Vafa [7]. They have indicated the nature of the objects
associated to Y that are conjecturally equivalent to the invariants Fy associated to
X, at least for the case of Calabi-Yau three-folds. This leads to two interesting
predictions:
First, F,(t) should be a meromorphic object that can be obtained as the limit

F,(t) = lim F(1,7) (1.2)

t—o0

of a non-holomorphic section F; of the line bundle L®(9-2) over My. Here L is the
bundle of holomorphic 3-forms with fiber H°(Ky). Sections of powers of this line
bundle can be considered as generalized modular forms. The limiting objects Fj, will
have anomalous transformation properties, and will be named quasi-modular forms.
So, roughly we have

Claim I: The counting functions Fy(t) on X are quasi-modular (1.3)
forms for the mirror family Y;. )

Second, on the mirror manifold we should count ‘constant’ maps f : C — Y.
For genus zero, these maps just send P! to a point y € Y. However, for genus g > 0
there appear non-trivial ‘constant’ maps when the curve degenerates completely into
thrice-punctured P'’s and each rational component is mapped to a different point in
Y. Such a completely degenerated curve is combinatorically described by a trivalent
graph, where the vertices correspond to P'’s. This reduces the calculation to a sum
over (Feynman) graphs with vertices labelled by points in Y

Clawm II: The counting functions F; and F, can be computed

. . 1.4

with trivalent Feynman graphs on Y. (1.4)

It is useful to combine the functions F; into the so-called partition function
Z*=expy N9TPFY (1.5)

g=1

(where ) is a section of L™!). This partition function has then a physical interpre-
tation as the path-integral for the Kodaira-Spencer quantum field ¢ € Ql(/\2Ty>,

7* — / [dgle=S), (1.6)
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with a cubic action
_ 1 3 A
S(p) —/}/(58%7/\&04-5&0/\&0/\8@). (1.7)

Here the holomorphic 3-form is used to ‘integrate’ a section of Q3(A*Ty). According
to standard arguments of perturbative quantum field theory, the objects F;, and
therefore also the derived quantities F}, should be computable by evaluating cubic
Feynman diagrams. We expect an expression of the form

— ]F

reG,

where G| is the set of closed connected trivalent graphs with Euler number 1 — g.
I is the weight of the diagram I' and is computed using geometric objects on Y.

Finally, the failure of holomorphicity of the physical objects F is related to
effects due to the compactification of M (X) and is expressed in the so-called holo-
morphic anomaly equation [7]. It reads symbolically (for g > 1)

OF* 9. OFF OF* O*F*_
“rg h g—h g—1
ot > Z ot ot ot?

h=0

(1.9)

Equivalently, the partition function Z* satisfies a linear differential equation of the
form ,
oz* o0°zZ*
— oc \? : 1.10
or " o (1.10)

The precise details of all these formulas are rather intimidating and are to a large
extend not computable, in the sense that the weight function I is not explicitely
known and that the definition is plagued with the usual divergencies and indetermi-
nacies of a non-renormalizable quantum field theory. Although these problems are
likely to be overcome in the future, it would be an overstatement to say that the
mirror symmetry conjecture leads at this moment to directly calculable predictions
for the functions Fj for all genera in the case of general Calabi-Yau space X, even
if the mirror family Y is known. (Although some beautiful formulas were obtained
in special examples in low genus [7].)

However, here we will be concerned with a model that is computable and rig-
orously defined. In fact, our aim will be to show how the above two claims are
concretely realized in the simplest example of the mirror symmetry program, the
torus or elliptic curve — the unique one-dimensional Calabi-Yau space. In our anal-
ysis we will make use of the renewed interest in counting covers of Riemann surfaces

4



(not necessarily of genus one) inspired by the fundamental work of Gross and Taylor
on two-dimensional U(N) Yang-Mills theory in the large N expansion [8]. In this
remarkable development the classical 19th century work of Hurwitz, Schur et al.
on the combinatorics of Riemann surfaces has been rediscovered and expanded. It
allows us to compute the objects Fy, and Fy; and verify their conjectured properties.
It also introduces some interesting modular objects.

Finally a warning: There is hardly any new mathematics in this note. Most of
the material is already in the literature. However, the matter is usually not presented
from the point of view of mirror symmetry, and it might be useful for (algebraic)
geometers in its present form.

2. THE MIRROR OF AN ELLIPTIC CURVE

We should stress that mirror symmetry for elliptic curves is a simple, but cer-
tainly not a vacuous statement. Recall that a Calabi-Yau space X has two kinds of
moduli. First of all, we have the moduli space M x of inequivalent complex struc-
tures. In the case of elliptic curves this is the familiar space My = H/PSL(2,Z).
That is, we represent the elliptic curve E as C/(Z & Zt) and identify 7 in the
upper-half plane H by

at +0b a b
—_ PSL(2,7). 2.1
o d ( d)e (2,2) (2.1)

c

We write 7 = 7 + 475 with imaginary part 75 > 0. The second modulus of a Calabi-
Yau space is the (complexified) Kéhler class [w] € H*(X,C). In our case we choose
to parametrize w with t € H as

t
w=—""dz A dz, / w = 2mit. (2.2)
T2 E

Again, we write t = t; + ity, now with ¢35 > 0, the area of the surface. The one-
dimensional Calabi-Yau space we so obtain is denoted as E.;. Mirror symmetry for
elliptic curves is simply the interchange of 7 and ¢ [9]

X - E’T‘,t < Y - Et,T' (23)

This is already a remarkable formula, since it interchanges two variables with an
alltogether different interpretation. It implies that the modular group PSL(2,7Z)
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acts naturally on the Kéhler modulus ¢ and thus on the counting functions F(t).
The transformation ¢ — ¢ + 1 is rather obvious, since in the definition of F, we
only use the exponent ¢ = e*™. But the interpretation of the second generator of
the modular group, t — —1/¢, is much less evident. It interchanges large area with
small area, and is the most well-known example of a so-called duality transformation
in string theory [10]. In fact, the corresponding quantum field theory is defined by
a four-dimensional lattice in C? with a metric of signature (2,2) spanned by the
vectors (1,1), (7,7), (¢,%), (t7,¢7). It has an automorphism group O(2,2,Z) that
contains the Z, mirror symmetry (2.3), see [9].

We now come to the precise definition of the counting functions F(t) for elliptic
curves, see also [11]. First of all let us consider the case g > 1. A holomorphic map of
degree d from a genus g curve C, to an elliptic curve £ is simply a d-fold, connected
cover of E. This reduces the problem to combinatorics of Sy, the symmetric group
on d elements. Let X, 4 be the set of simple branched (topological) covers of genus ¢
and degree d. Simple means here that all branch points have branching number one.
The precise definition of the set X, ; in terms of representations of the fundamental
group is as follows. Choose b unordered points P,..., P, € E and let 7% be the
fundamental group of the b-punctured curve E — {Py, ..., P,}. We now have

X,.q = Hom!/ (7%, S4)/Sa, (2.4)

where the prime indicates that: (i) the holonomy around all punctures P; lies in the
conjugacy class of single transpositions in Sy; (i7) the resulting cover is connected.
The group S; acts on the homomorphisms by conjugation. The number of branch
points b is determined by the Riemann-Hurwitz theorem,

b=2g—2. (2.5)

We see that the number of branch points does not depend on the degree d of the map.
This is a general feature of Calabi-Yau spaces: by the Riemann-Roch theorem the
(virtual) dimension of M, (X, d) is independent of the degree of the map C;, — X.
The set X, 4 can also be considered as the fibre in the fibration

Xga— Hgq — Esg s, (2.6)

where H, 4 = My(E,d) is the Hurwitz space of simple branched covers and E,, is
the configuration space of n points on E.
We now define the number N, 4 of genus ¢, degree d curves on E as

1
Nya= Y. .
g X HAut €
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Here Aut &, the group of automorphisms of a homomorphism &, is the product of the
centralizer of the image &(7?) C Sy and the group S, permuting the branch points.
Alternatively, one can say we have defined Ny 4 as the volume of the Hurwitz space
M, (E, d) with respect to the normalized Kéhler volume form induced from E. A
definition as the Euler characteristic does not make sense here, since that vanishes
identically.

The generating functions Fy for ¢ > 1 are now given by

Fy(9) =Y Nyaq’,  q=¢€"" (2.8)
d=1

The case g = 1 should be treated separately, since these covers are unbranched and
there is consequently also a contribution of degree zero (constant) maps. These
maps are not stable and, as explained in §1, the prescription is to first compute the
first derivative dFy/dt. Here we count the constant maps by —i = x(Mj). After
integration F} is obtained as

1

Fi(g) = —5;logqa+ > Niag" (2.9)

d=1

In these counting functions F, we consider only connected covers. However, as
already remarked by Hurwitz [12], it is convenient to combine all functions Fj in a
two-variable partition function Z that counts all covers

Z(q,\) = exp i N972F (q). (2.10)

_L

If we write Z(g,\) = ¢ 2 Z(g, ), then by nature of the exponential function the
partition function Z has an expansion

Z(g,)) = Y Noag'\, (2.11)

g,d=1

where ]/V\gd is the weighted number of all, not necessarily connected covers of E with
Euler number 2 — 2¢g and degree d,

oo #Hom (7792, Sy)
dl(2g—2)!

d = (2.12)
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where the holonomy around the b punctures is a cycle of length two in Sj.

3. THREE THEOREMS

We are now in a position to state three theorems about the function Z that
originated in quantum field theory. We will briefly sketch the relation with physics.

Theorem 1: ‘Yang-Mills’ [8] — Let G = U(N) act on itself by conjugation,
let H = L*(G)Y be the Hilbert space of invariant, square-integrable functions on G,
and let A be the Laplacian on G (as constructed from the Haar measure) considered
as a self-adjoint operator on 'H, then

Tr¢®N = Z(q,1/N)% (3.1)

The idea to treat the classical Lie groups in perturbation theory around infinite
rank is a very productive idea in physics conceived of by 't Hooft [13]. The left-hand
side of the equation is actually the partition function of quantum Yang-Mills theory
with gauge group G. That is, if A is a connection on a (trivial) principal G bundle
over | with curvature F', then Z is given by a path-integral

Z:/[dA]e-NS<A>, S:/ETr (F A %F). (3.2)

We will not say anything here about the relation with gauge theory in the large
N limit. The material is excellently covered in [11]. The second, closely related
theorem gives an explicit representation for Z:

Theorem 2: ‘Fermions’ [14] —

d
Z(q,\) = g i I a+ 2PN (14 2 e ), (3.3)
pGZZO-‘r%

This second result is due to an alternative formulation of the partition function
as a path-integral in terms of free fermions b, c € T'(E, K'/?),

7+ = / [dbdde 5, § = / bde + \bdZe. (3.4)
E



The above expression is simply the Hamiltonian representation. The integrand in
(3.3) is a natural generalisation of the usual theta-function. More generally one can
define for t(p) = 3 txp* an arbitrary polynomial (with z = e and ¢ = ')

)= T A—¢") JI Q+eP)a+e P, (3.5)

n€Z>O p6220+%

These generalized theta-functions appear naturally as characters of modules of the
Wi algebra [15, 18]. The familar theta-function identity

=> 2q7, (3.6)

neL

immediately shows that
Fi(q) = —logn(q), (3.7)

with 7(q) Dedekind’s eta-function. In fact, the expansion of Z in terms of the
functions Fj, can be considered as a generalization of (3.6). The modular properties
of F, are given by the following corollary to Theorem 2 [16, 17, 18]

Corollary — The functions Fy(q) for g > 2 are quasi-modular forms of weight
6g - 67 Fg € Q[E27 E47 Eﬁ]

This corollary is the realization of the first claim of mirror symmetry, namely
that the counting functions have modular properties in terms of the mirror manifold,
which here happens to be again an elliptic curve. The first few cases are given by

1
Foa) = 153650 (10F2 — 6E2Ey — 4F),

1
Fy(q) = geoorene(—6Ey + 15E, By — 12E5 B} + TE]

+4AE Es — 12E,E, B + 4E3).  (3.8)

Here the familar Eisenstein series Ej(q) are defined for even k > 2 as

2k,00 - n

Ei( _1_72

kn 11_(]

(3.9)

If £ > 2, they are modular forms of weight k. As is well-known F, and Fjs generate
the ring of modular forms. Fj is ‘quasi-modular’ of weight two

ar +b\ 9 12
Fy <c7' n d) = (et +d)*Ex(T) + %C(CT +d). (3.10)



E5 can be easily made into a proper modular form by allowing a mild anholomor-
phicity and defining

Ei(r7) = By(r) — % (3.11)

By replacing Fj by E3 we similarly get an anholomorphic partition function F; with
Fr e T(My, L¥7?). (3.12)

Here L is the line bundle over M; with fibre Ly = H*(E,T3).
The third theorem expresses the fact that the functions Fj, can be computed by
Feynman diagrams.

Theorem 3: ‘Bosons’ [14] — F, can be expressed as a sum over cubic graphs

Ir
|Aut |

(3.13)

Fy= Z

reG,

with weights

r= ]I 7{ I Pzoie) — 2o_)- (3.14)
vertices v’ #0 €T edges e

Here the 3g—3 vertices v of I' are labeled by points z, € E. To each of the 29—2 edges

e correspond two vertices vi(e). The contours 7y, are to be taken non-intersecting

and in the homotopy class of the cycle [0,1]. The propagator P(z) is given in terms

of the Weierstrass p-function as

(3.15)

LEQ, ZfZ = 0.

P(z):{ w(2) + 5B, 2 £0,
12

This theorem is due to the famous boson/fermion correspondence in two dimen-
sions, which gives a third path-integral expression for the partition function as

AR /[dgo]e_s(‘”, S(p) = / ;090590 + 2(—2’&0)3. (3.16)

We will now sketch how these results are proven, with emphasis on theorem 2. For
more details see [14, 18].
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4. COUNTING COVERS

Let G be any finite group, R the set of irreducible representations of G, and C
the set of conjugacy classes of G. We denote the character of an element in a class
¢ € C in a representation 7 € R as x,(c). It is furthermore convenient to follow
Schur and introduce the notation

#c - x(c)

o) = TN (4.1)
Now let ¥ be a closed, oriented, topological surface of genus h. Pick N marked
points P, ..., Py € ¥ and conjugacy classes c¢i,...,cy € C. Let X be the set of
equivalence classes of principal G-bundles over ¥ with holonomies around the point
P; in the class ¢;. That is, if we recall that the fundamental group 7 of the N times
punctured surface is freely generated by elements ay,...,ap, 51, ..., Bry V15, IN

with the single relation

h N
[[eiBioy 67" =TI, (4.2)
i=1 Jj=1

then X is defined as

X =Y/G, Y ={¢eHom(r,G)|&(v) € ¢}, (4.3)

where the GG action is by conjugation. We now want to count all such bundles by
computing the ‘partition function’

1
Zh(Cl,...,CN) = Z

> e Y #G. (4.4)

The automorphism group Aut & of a bundle £ is by definition the centralizer of the
image of ¥ under €. There is an elegant formula according to the following lemma:

Lemma [19, 20] —

Zh(Cl,...,CN) = Z

reER

( #G )Qh_zﬁfr(cj)] (4.5)

dimr

The proof follows essentially the argument of the Verlinde formula [21]. Consider
the center H of the group algebra C[G], generated as a vector space by the elements

Ze= Y4, ceC. (4.6)

gec
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This so-called class algebra is a commutative, associative algebra with identity e
and invariant inner product n given by a linear form (-, -},

n o / _ 1
n(z,2") = (z- 2", (ze) = %5076. (4.7)

The class algebra H is semi-simple and diagonalized by going to an orthogonal basis
{z,} labelled by the irreducible representations r € R,

=Y xr(9)9 (4.8)

geG

with multiplication
#G
T
(One should be careful to distinguish H with this multiplication from the usual
representation ring z, - 2 = Y. 2v.) The calculation of the function Z for
a general punctured surface now follows from Verlinde’s argument by decomposing
the surfaces in 2g — 2 + N pairs of pants. One should carefully check that it takes
into account the right automorphism groups [20].

The above data define a two-dimensional topological field theory, with ‘Hilbert
space’” H and ‘correlation functions’ Zj(cy,...,cn). Note that we have for genus
Zero

(4.9)

By Byt = 57‘,1"’

Zo(cty o oyen) = (2o Zen ) (4.10)

and — more relevant to our interests — for genus one
Zi(cryoooyen) =Try(ze, - 2ey)- (4.11)

One can think of this model as a two-dimensional gauge theory for the finite group

G.

5. FERMIONS AND BOSONS

We now apply the lemma of §4 to the case of a simple d-fold covering of an
elliptic curve. That is, we choose G to be the symmetric group S; on d elements
and write Cy, Ry and H, for the set of conjugacy classes, irreducible representations
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and the class algebra. We further put the genus h = 1, all conjugacy classes ¢; = c,
where c is the conjugacy class of a simple transposition, and N = b = 2g — 2, the
number of branch points and minus the Euler number of the cover. We now want
to compute (with Z = ¢~1/242)

N 00 d)\b
Z(q,\) = Z 0] ~ T #Hom(nb, S,). (5.1)
d,b=0

With the use of the above lemma that computation reduces simply to to

2N = 3 qf )

d,b=0 reR(Sq)
d=0  reR(Sy )

Equivalently, we can express the partition function as

- i ¢ Try, (). (5.3)
d=0

If we define universal objects C' = UgZ, Cq, R = U2, R4, and the infinite-dimensional,
graded algebra

H = ém, (5.4)

then the partition function can be written as
20 3) = Tow (6™ 55

with L the degree operator (L = d on Hy) and W = @,4z.. The vector space ‘H
has two natural bases: the representation basis {z,},cg and the conjugacy class
basis {z.}.cc. Both are naturally labeled by partitions. Physically they correspond
respectively to fermions and bosons.

More precely7 let in the following I be the set of positive half-integers, I =
Z> + {2, 5,---}. Bvery irreducible representation 7 of the permutation group
Sy is glven by a partition of d, or equivalently a Young diagram with d boxes with
rows of length m; > my > ... > 0. Such a Young diagram gives us two subsets
PQcCI,P={pr>p>-},Q={q >q >}, by slicing the diagram through
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the middle and counting the fraction of boxes respectively in the rows and columns
of the two halves, as indicated below

o S
2 = P3
ms —
o D) q3
0
For a representation r labelled by such a pair of subsets P, () we can define the
numbers
wi =Y p" =Y (-p)". (5.6)
peP pEQ
These numbers have surprisingly interesting properties
wy = #P —#Q =0,
w! = d,
wz = fr(c)7 (57)

where c is the class of transpositions, cycles of length two. This last formula was first
derived by Schur (?). (For general k the quantity w” is again expressed in terms of
characters.) We can now replace the sum of over all representation of all symmetric
groups Sy by a sum over all subsets P,Q C I with #P = #Q, i.e. with w® = 0.
Since every element p € [ either appears once or not, we have a simple formula for
the generating functions. If we use the notation

tp) = tp"  w = twl =Y tp) - D t(-p), (5.8)

peP PeEQ

then we find a simple generating function identity

SO e = L+ @)1 4 e D), 59)

d=0reR(S4) pel

Using the result (5.2) and specializing to z = €', ¢ = €'* and \ = t5 gives immedi-
ately the proof of Theorem 2.

To obtain Theorem 3, we have to consider bosons. That is, we have to evaluate
the trace (5.5) in the conjugacy class basis. The problem is now that the operator
W is no longer diagonal. The corresponding expression (Theorem 3) is therefore
much more complicated. Unfortunately, we do not have the space to explain this
relation precisely, but have to refer to [14, 18].

14



References

1]
2]

[3]

12)
13]
14]
15)

[16]

M. Kontsevich, Enumeration of rational curves wvia torus actions, in this volume,
hep-th/9405035.

M. Gromov, On the topological phase of two dimensional gravity, Nucl. Phys. B340
(1990) 281.

E. Witten, Topological sigma models, Commun. Math. Phys. 118 (1988) 411; On
the topological phase of two dimensional gravity, Nucl. Phys. B340 (1990) 281; Two
dimensional gravity and intersection theory on moduli space, Surveys In Diff. Geom.
1 (1991) 243.

W. Lerche, C. Vafa, and N.P. Warner, Chiral rings in N = 2 superconformal theories,
Nucl. Phys. B324 (1989) 427.

A. Floer, Symplectic fized points and holomorphic spheres, Commun. Math. Phys.
120 (1989), 575.

Essays on Mirror manifolds, Ed. S-T Yau (International Press, Hong Kong, 1992).

M. Bershadsky, S. Cecotti, H. Ooguri, C. Vafa, Holomorphic anomalies in topological
field theories, Nucl. Phys. B405 (1993) 279-304, hep-th/9302103; Kodaira-Spencer
theory of gravity and exact results for quantum string amplitude, Commun. Math.
Phys. 165 (1994) 311-428, hep-th/9309140.

D.J. Gross and W. Taylor IV, Two dimensional QCD is a string theory, Nucl. Phys.
B400 (1993) 181-210, hep-th/9301068.

R. Dijkgraaf, E. Verlinde and H. Verlinde, On moduli spaces of conformal field theories
with ¢ > 1, in Perspectives in String Theory, P. Di Vecchia and J.L. Petersen Eds.
(World Scientific, 1988).

A. Giveon, M. Porrati, E. Rabinovoco, Target space duality in string theory, Phys.
Rep. 244 (1994) 77-202, hep-th/9401139.

S. Cordes, G. Moore, S. Rangoolam, Large N 2-D Yang-Mills theory and topological
string theory, hep-th/9402107; Lectures on 2-D Yang-Mills theory, equivariant co-
homology and topological field theories, hep-th/9411210

G. Moore, 2-D Yang-Mills theory and topological field theory, ICM 1994 contribution,
hep-th/9409044.

A. Hurwitz, Ueber die Anzahl der Riemannschen Flichen mit gegebener Verzwei-
gungspunkten, Math. Ann. 55 (1902) 53.

G. 't Hooft, A planar diagram theory for strong interactions, Nucl. Phys. B72 (1974)
461.

M.R. Douglas, Conformal field theory techniques in large N Yang-Mills theory,
hep-th/9311130.

H. Awata, M. Fukuma, Y. Matsuo, S. Odake, Representation theory of the Wi4too
algebra, hep-th/9408158.

R. Rudd, The String Partition Function for QCD on the Torus, hep—th/9407176

15



[17] D. Zagier, private communication.
[18] R. Dijkgraaf, Chiral deformations of conformal field theories on a torus, to appear.

[19] R. Dijkgraaf and E. Witten, Topological gauge theories and group cohomology, Com-
mun. Math. Phys. 129 (1990) 393.

[20] D. Freed and F. Quinn, Chern-Simons gauge theory with a finite gauge group, Com-
mun. Math. Phys. 156 (1993) 435-472.

[21] E. Verlinde, Fusion rules and modular transformations in 2d conformal field theory,
Nucl. Phys. B300 (1988) 360.

16



