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1. Introduction

Two dimensional quantum gravity can be formulated as a sum over random surfaces.

In the matrix model approach to 2-d gravity [1, 2] this partition function is defined

by an appropriate double scaling limit of the matrix integral

Z =
∫
dφ e−NtrV (φ) (1.1)

where φ is an N × N hermitean matrix and V (φ) =
∑
n gnφ

n is some potential.

This double scaling limit, discovered in [3, 4, 5], amounts to taking the large-N

limit combined with the continuum limit in which the couplings in V approach their

critical values. The usual 1/N -expansion of the free energy F = − logZ then goes

over into the genus expansion F =
∑
g λ

2g−2Fg in the string coupling constant λ.

The multi-critical behaviour of the matrix model was first studied by Kazakov

[12], who made the important observation that these multi-critical points describe

2-d gravity coupled to conformal matter. In the one matrix model these points are

labeled by an integer k and are believed to correspond to the (p, q) = (2, 2k−1)

minimal models. In order to describe the general (p, q) minimal model coupled to

gravity, one has to consider multi-matrix models [8]-[11]. For this general case,

Douglas has proposed a solution in terms of the generalized KdV equations [11].

In this proposal, the non-perturbative partition function of 2-d gravity is given by

the square of the τ -function of the KdV hierarchy, satisfying an additional equation

called the string equation.

Although there are many points of agreement, several of the matrix model results

are still poorly understood from the continuum point of view. Important features,

such as the presence of an infinite number of scaling operators and the relation with

integrable systems, have not been satisfactory explained up to now. Also, a clear

geometrical interpretation of the string equation is still lacking. The purpose of this

paper is to gain some insight into these issues.

As our central result we will show that the string equation of [3]-[6] for the

one-matrix model can be translated into the form of a loop equation [13, 12]. The

advantage of this reformulation is that, in contrast with the string equation, the loop

equation has a very clear geometrical interpretation in terms of joining and splitting

of loops. We also show that our loop equation, which is a small modification of

that found by David [14], can be written as an infinite set of linear constraints on
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the square root τ =
√
Z of the partition function Z. Rather surprisingly, these

constraints, which uniquely characterize Z, generate a Virasoro algebra [15].

An interesting aspect of these ‘Virasoro conditions’ is that in the higher multi-

critical points they naturally single out the finite number of scaling fields correspond-

ing to the primary fields of the minimal model. The other scaling operators turn out

to be redundant fields, in the sense that their correlation functions are determined

by the loop equation of motion. Our results therefore give a useful refinement of

Kazakov’s original analysis of the multi-critical points [12], which in fact was also

based on the loop equation.

An elegant interpretation of the results of [3, 4, 5] has been given by Witten [17].

He showed that the amplitudes at genus g ≤ 1 of the one-matrix model are identical

to those of two-dimensional topological gravity (in a non-trivial background), and

conjectured that this was true to all orders. In [19] this result was generalized to

the n-matrix models, which were found to have the structure of topological gravity

coupled to topological matter. In this paper we will show that the loop equations

of the one-matrix model imply certain recursion relations for the amplitudes, which

strongly indicate that in topological gravity all operators interact purely via contact

terms. Motivated by this result, it has been shown recently that such a formulation

of pure topological gravity can indeed be given [20], and furthermore that one can

derive the same recursion relations as in the one-matrix model, thereby establishing

the equivalence of the two systems.

For the n-matrix model there are n different types of loops, and one therefore

expects as many loop equations. We have not been able to find a derivation of these

general loop equations, but we conjecture that the appropriate generalization of the

Virasoro constraints in the one-matrix case is given by a similar set of constraints on

τ=
√
Z satisfying the Wn algebra. In section 5 we present some evidence supporting

this conjecture, and speculate about a possible topological interpretation.

The organization of this paper is as follows. In section 2, after a short review

of the results of [4]-[6], we write down the loop equation of the one-matrix model.

Its reformulation in terms of Virasoro constraints is given in section 3. In section 4

we discuss the multi-critical points and topological gravity; the multi-matrix models

are discussed in section 5. We end with some concluding remarks. In the Appendix

we describe the derivation of the loop equation from the string equation.
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2. The loop equation in two-dimensional gravity

In this section we will present an exact loop equation for the double scaling limit of

the one-matrix model, which is compatible with its non-perturbative solution. First

we will review the most important results of [4]-[6].

The partition function Z(x) at these critical points is determined as a function

of the (renormalized) cosmological constant x through the so-called string equation.

This is a differential equation written in terms of the ‘specific heat’

u(x) = −λ2D2F (x) ; D ≡ ∂

∂x
(2.1)

The specific heat u can be identified with the two-point function 〈PP 〉 of the punc-

ture operator. For the kth critical point the string equation reads

Rk[u] = x (2.2)

where Rk[u] = Rk(u, u
′, u′′, . . .) are the so-called Gelfand-Dikii differential polyno-

mials of the KdV hierarchy. These are defined through the recursion relations

DRk+1[u] = (1
2
λ2D3 + 2uD +Du)Rk[u] (2.3)

The first few polynomials are R0 = 1, R1 = u, R2 = 1
2
(3λ2u2 + u′′).

One can interpolate between the different multi-critical points by switching on

sources tn, n≥ 1 which couple to scaling operators σn. These operators σn can be

thought of as creating microscopic loops. Insertion of σn correspond to differentiation

with respect to the coupling tn, and is identified with the nth KdV flow of u. That

is, we have∗

〈σnPP 〉 =
∂u

∂tn
= DRn+1[u], (2.4)

and the equations (2.3) imply therefore certain recursion relations for the two-point

functions 〈σnP 〉 = Rn+1[u]. The differential equations (2.4) determine the specific

heat u and therefore the partition function Z for arbitrary values of the couplings

tn. The string equation for a general massive model is [6]

−x =
∞∑
n=1

(2n+ 1)tnRn[u] (2.5)

∗Here the operators σn differ from those in [4]-[6] by a factor (2n+ 1)!!/n!
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Here the couplings are chosen such that tk = −1/(2k + 1), tn = 0, n 6= k for the kth

multi-critical model.

The equations (2.5) and (2.4) encode the information about all the correlation

functions of the scaling fields σn. We now want to show that from these results one

can extract the exact loop equation of the one-matrix model.

The expectation value of a loop w(`) is defined in continuum gravity as the sum

over all surfaces with a boundary of fixed length `. In the matrix model macroscopic

loops are represented by operators w(`) = trφM where the length ` = Ma is kept

fixed in the continuum limit. Here a−2− 1
k = λN for the kth critical point. The

macroscopic loop w(`) can be expanded in terms of the scaling operators σn as [7, 6]

w(`) =
∞∑
n=0

`n+
1
2

Γ(n+ 3
2
)
σn (2.6)

Loop equations are relations between the correlation functions of one or more loops.

Before taking the continuum limit, they can be derived very directly as Schwinger-

Dyson equations from the matrix integral [13]. Here we will be interested in the

equations for the continuum model.

We will discuss the loop equations first for the multi-critical models. In order to

write them in a compact way it is convenient to introduce a source J(`) for the loop

w(`), so that 〈
w(`1) . . . w(`s)

〉
= λ2 δs logZ[J(`)]

δJ(`1) . . . δJ(`s)
(2.7)

Here the expectation value 〈. . .〉 is defined in the presence of the source J(`), where

J(`) = 0 correspond to, say, the kth multi-critical point. Now let us re-express

the KdV recursion relations and the string equation in terms of the macroscopic

loops. Combining (2.3), (2.4) and (2.6) we find after a short calculation that the

expectation value of the loop w(`) satisfies the differential equation.

D2 ∂

∂`

〈
w(`)

〉
=
(

1
2
λ2D4 + 2uD2 + (Du)D

)〈
w(`)

〉
+

Du√
π`

(2.8)

This relation can be used to express 〈w(`)〉 in terms of the function u and its

derivatives, and is equivalent to the KdV equations (2.3) and (2.4). From the string
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equation (2.5) we can derive

1
2

( ∂
∂`

)k− 1
2
〈
w(`)

〉∣∣∣
`=0

=
∫ ∞

0
d`′ `′ J(`′)

〈
w(`′)

〉
+ 1

4
x2 (2.9)

where we substituted (2.4) into (2.5) and integrated once with respect to cosmo-

logical constant x. The source term on the right-hand side arises by expanding the

general string equation (2.5) around the kth critical point. The half-integer power

of ∂/∂` is defined by

( ∂
∂`

)k− 1
2 `n−

1
2

Γ(n+ 1
2
)

=
`n−k

(n− k)!
, n ≥ k (2.10)

while for n<k the result is zero. The two equations (2.8) and (2.9) contain all known

information about the continuum limit of the one-matrix model, and in particular

they imply the string equation (2.5).

Let us now turn to the loop equation. In fact, equation (2.9) is already a special

case of the loop equation, namely for ` = 0. The idea is to use the KdV relation

(2.8) to perturb away from ` = 0 and derive the complete equation for arbitrary

values of `. We give the details of this derivation in the Appendix. The exact

non-perturbative loop equation for the kth critical point is

1
2

( ∂
∂`

)k− 1
2
〈
w(`)

〉
=
∫ ∞

0
d`′ `′ J(`′)

〈
w(`+ `′)

〉
+ 1

8
λ2`+ 1

4
x2 (2.11)

+
∫ `

0
d`′
(

1
2
λ2
〈
w(`′)w(`−`′)

〉
+ 1

4

〈
w(`′)

〉〈
w(`−`′)

〉)
¿From (2.11) one can derive equations for the correlation functions of any number of

loops by differentiating with respect to the source J(`). The physical interpretation

of the loop equation (2.11) is as follows. The left-hand side represents the infinites-

imal variation of the loop w(`). Because one integrates over all geometries, this will

have no effect except when the loop touches other loops or itself. The first term on

the right-hand side describes the ‘contact term’ with the other loops, while the last

two terms describe the splitting of the loop w(`) itself. The terms 1
8
λ2` + 1

4
x2 may

at first appear a bit out of place, but find their origin in the fact that the sphere and

the torus admit global conformal transformations. Their presence has the important

consequence that the loop equation is inhomogeneous.

In (2.11) there is an unusual relative factor of 2 between the connected and

the disconnected splitting term. This factor is one of the many indications that

6



in the one-matrix model there is in fact a doubling of all degrees of freedom, that

is, it appears to consist of two identical subsystems. In [21] this doubling effect is

attributed to the fact that the string equation is derived for a matrix model with

only even potentials. For nonsymmetric critical potentials the partition function

will be
√
Z and the factor 2 disappears. We will continue to work with the doubled

partition function Z.

For a general massive model with couplings tn = tn one finds an identical loop

equation, except that the differential operator on the left-hand side is replaced by

1
2

( ∂
∂`

)k− 1
2 −→ −V ′

( ∂
∂`

)
(2.12)

where the potential has the expansion V (z) =
∑
tnz

n+ 1
2 . This form of the loop

equation is, up to a slight modification, identical to that derived by David from the

loop equation in the discrete matrix model.

Notice that by shifting the source J(`) we can go from one model to another.

In fact, one can formally absorb the potential V into the definition of the J . This

is most easily done by reformulating the loop equation in terms of the Laplace

transform of the loop

w(z) =
∫ ∞

0
d` e−`z w(`) =

∞∑
n=0

z−n−
3
2σn (2.13)

By shifting the Laplace transform of the source J(z) → J(z) + V (z) we find that

the potential term indeed drops out of the loop equation, which takes the form

[
J ′(z)

〈
w(z)

〉]
<

+ 1
2
λ2
〈
w2(z)

〉
+ 1

4

〈
w(z)

〉2
+

λ2

8z2
+
x2

4z
= 0 (2.14)

where the subscript < denotes the truncation to the Laurent powers zn with n ≤ −1.

Correlation functions of a finite number of loops for a particular potential V (z) are

obtained by taking derivatives with respect to J(z) and then putting J(z) = V (z).

The Laplace transform of the source has the expansion

J(z) =
∞∑
n=0

tnz
n+ 1

2 (2.15)
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in terms of the couplings tn, where from now on we denote the cosmological constant

x by t0 ≡ x. In comparing eqn. (2.14) with the results of [6, 7, 14] one has to redefine

the loop operator as ŵ(z) = w(z) + V ′(z).

In [14] David has shown that non-perturbative solutions to the string equation

with double poles on the real axis are inconsistent with the loop equations. Since

we deduced these loop equations from the string equation, our results seem to be

in contradiction with [14]. However, it is important to realize that our proof (as

given in the appendix), although non-perturbative in the string coupling constant

λ, only applies to the asymptotic expansion of the loop operator in ` or z [22]. This

implies that the string equation is consistent with the microscopic loop equations,

formulated in terms of the local scaling operators σn, which we will consider in the

next section.

3. Virasoro constraints and the τ -function

In this section we will study the loop equation and its consequences for the partition

function Z of the continuum one matrix model in more detail. We will find that the

loop equation is equivalent to an infinite set of linear constraints on the square root

of Z.

¿From the partition function Z one can derive the correlation functions of the

scaling operators σn by expanding logZ in the couplings tn, n ≥ 0. More precisely,

for a general massive model with couplings tn = tn we have

〈
σn1 . . . σns

〉
tn

= λ2 ∂s

∂tn1 ..∂tns
logZ(t0, t1, . . .)|

tn=tn
(3.1)

Here we should note that the point tn = 0 is not a suitable point for an expansion

in the couplings tn, because the partition function Z is highly singular for tn → 0.

This point would correspond to a matrix model without a potential V (φ) ≡ 0, which

is of course ill defined.

It has been suggested in [11] that the partition function of the one-matrix model

is related to the τ -function of the KdV-hierarchy. The precise relation appears to
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be that the τ -function is equal to the square root of Z

Z(t0, t1, . . .) = τ 2(t0, t1, . . .) (3.2)

The statement that τ(t0, t1, . . .) is a τ -function of the KdV-hierarchy means that the

function u = 2D2 log τ is a solution of the generalized KdV equation (2.4). Using

(2.3) we can re-write the KdV equation in the form of a recursion relation for τ

D2 ∂

∂tn+1

log τ =
(

1
2
λ2D4 + 2uD2 + (Du)D

) ∂

∂tn
log τ (3.3)

In fact we are dealing with a very special τ -function namely one for which u also

satisfies the string equation (2.5). This fact uniquely fixes τ(t0, t1, . . .). An inter-

esting geometric interpretation of the τ -function and the string equation has been

given in [16].

Now let us see what we can learn about the τ -function from the loop equation.

By expanding the Laplace transformed loop equation (2.14) as a Laurent series in

z we obtain an infinite set of relations for the one- and two-point functions of the

operators σn. Using (3.1) and (3.2) we find that these relations can be expressed

as linear, homogeneous differential equations for the τ -function. They take the

suggestive form

Lnτ = 0 (n ≥ −1). (3.4)

where Ln denotes the differential operator

L−1 =
∞∑
m=1

(m+ 1
2
)tm

∂

∂tm−1

+ 1
8
λ−2t20

L0 =
∞∑
m=0

(m+ 1
2
)tm

∂

∂tm
+ 1

16
, (3.5)

Ln =
∞∑
m=0

(m+ 1
2
)tm

∂

∂tm+n

+ 1
2
λ2

n∑
m=1

∂2

∂tm−1∂tn−m
,

The fact that these relations are not linear on the partition function Z but on its

square root τ =
√
Z is a consequence of the relative factor of 2 in (2.14) between

the connected and disconnected two-point function of w.

The equations (3.4) are a consistent set of constraints by virtue of the fact that

operators Ln satisfy a closed algebra, namely the Virasoro algebra, truncated to
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n ≥ −1

[Ln, Lm] = (n−m)Ln+m (3.6)

Hence we can think of the τ -function as an SL(2,C) invariant highest weight state

of the Virasoro algebra!

The first Virasoro constraint L−1τ = 0 is, given that τ is a τ function of the

KdV-hierarchy, equivalent to the string equation. As mentioned before, this al-

ready uniquely characterizes τ and indeed is sufficient to derive the other Virasoro

constraints. Namely, the KdV relation (3.3) implies the following recursion relation

D2
(Ln+1τ

τ

)
=
(

1
2
λ2D4 + 2uD2 + (Du)D

)(Lnτ
τ

)
(3.7)

The proof of this relation is described in the Appendix. Equation (3.7) shows that

starting from the L−1 constraint one can use KdV to obtain the other Virasoro

constraints in (3.4) by induction.

An interesting question is whether conversely the Virasoro constraints contain

enough information to derive the KdV equations. In the next section we will show

that the Virasoro constraints (3.4) determine τ uniquely. Therefore, the KdV equa-

tions must somehow be contained in them, but we have not been able to find a

direct derivation of this result.

The expressions (3.5) have the same form as the Virasoro operators of a free

bosonic scalar field ϕ(z) in two dimensions with anti-periodic boundary conditions

ϕ(e2πiz) = −ϕ(z). In that case the field ϕ has a mode expansion in half-integer

powers of z

∂ϕ(z) =
∑
n∈Z

αn+ 1
2
z−n−

3
2 , (3.8)

If we make the correspondence (here n ≥ 0)

α−n− 1
2

= λ−1(n+ 1
2
)tn , αn+ 1

2
= λ

∂

∂tn
(3.9)

the Virasoro generators Ln in (3.5) become identified with the negative Laurent

coefficients of the stress-tensor

T (z) =: 1
2
∂ϕ(z)2 : +

1

16z2
(3.10)
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The presence of the 1
16

in the expression for L0 is directly related to the fact that

the ground state in the twisted sector has conformal dimension 1
16

. The τ -function

defines a state |Ωt〉 in this sector for each value of the coupling tn = tn via

τ(t0, t1, . . .) = 〈 t−t |Ωt 〉 (3.11)

where 〈t| denotes the coherent state

〈 t | = 〈 0 | exp
( ∞∑
n=0

tnαn+ 1
2

)
(3.12)

Here | 0 〉 is the ground state in the twisted sector satisfying αn+ 1
2
| 0 〉 = 0 (n ≥ 0).

The Virasoro constraints (3.4) imply for the state |Ωt 〉 the following relations

Ln|Ωt 〉 = λ−1
∑
m

(m+ 1
2
)tmαm+n+ 1

2
|Ωt 〉 (3.13)

Note when all couplings tn vanish these constraints have no solution: there is no

state in the twisted sector which is annihilated by all Virasoro operators Ln with

n≥−1. Indeed, as mentioned before, the theory with all tn = 0 makes no sense. As

all couplings tn approach zero the state |Ωt 〉 will disappear from the Fock space.

It is interesting to elaborate on the relation between the scalar field ϕ(z) and

the loop operator w(z). Combining (2.13), and (3.9) gives

〈 0 |∂ϕ(z)|Ωt 〉
〈 0 |Ωt 〉

= λ
〈
w(z)

〉
t

(3.14)

We may interprete this equation as the statement that the positive frequency modes

of the field ∂ϕ(z) create a loop w(z). Correspondingly, the (canonically conjugated)

negative frequency modes of ϕ(z) annihilate a loop. It appears, therefore, that the

scalar field ϕ(z) plays the role of a second quantized string field. It is tempting to

speculate that this may be an explicit realization of the wormhole idea [28] that the

effect of topology change in quantum gravity is that the coupling constants become

dynamical variables, or, in other words, that classical string backgrounds become

dynamical because of string loop effects [29]. There also seems to be a close relation

between our considerations and the work of Polchinsky [24] and Das and Jevicki [25]

on d = 1 string theory, who consider a (two-dimensional) string field very similar to

our ϕ(z).
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4. Multi-critical points and topological gravity

The Virasoro constraints (3.4)-(3.5) are recursion relations for the amplitudes of the

scaling operators σn. We will now analyse these relations in the multi-critical points

and discuss their geometrical interpretation.

Let us recall that in the kth multi-critical point all tn’s vanish except for tk =

−1/(2k + 1) and the cosmological constant t0 = x. Hence, to obtain the recursion

relations for the σn in this theory, we expand (3.4)-(3.5) in the couplings around

this point and in the string coupling constant λ. We find

〈σn+k

∏
m∈S

σm〉g = x〈σn
∏
m∈S

σm〉g +
∑
j∈S

(2j + 1)〈σj+n
∏
m6=j

σm〉g (4.1)

+
n∑
j=1

{
〈σj−1σn−j

∏
m∈S

σm〉g−1 + 1
2

∑
S=X∪Y
g=g1+g2

〈σj−1

∏
m∈X

σm〉g1〈σn−j
∏
m∈Y

σm〉g2

}

which holds for all n ≥ −1 (if we define σ−1 ≡ 0), and on any surface. Exceptions

to (4.1) are some 1-, 2- and 3-point functions on the sphere and 1-point functions

on the torus. Namely, one has 〈σk−1〉g=0 = 1
2
x2 and 〈σk〉g=1 = 1

4
.

An important observation is that the relations (4.1) can be used to eliminate all

operators σn with n ≥ k−1 from the correlator. Thus we can express all correlation

functions in the theory in terms of those of a finite set of operators, namely the σn
with n ≤ k−2. Notice that these are precisely the operators which are identified with

the primary fields in the (2, 2k−1) minimal model! So we find the (4.1) naturally

singles out the dressed primary fields of the CFT among the infinite set of operators

present in the matrix models. In fact, it makes sense to call the other, non-primary

fields redundant, since their correlators are determined by the above ‘equations of

motion’. This identification of the σn’s with n ≥ k−1 as redundant operators is also

supported by the form of the recursion relations. Namely, (4.1) strongly suggests

that their correlation functions vanish except for ‘contact interactions’ with the other

operators (represented by the second term on the r.h.s), or with the possible nodes

of the surface (corresponding to the last two terms). The primary fields, on the

other hand, are the true physical fields, in the sense that their correlation functions

are supported everywhere in moduli space.

Additional evidence for this interpretation is found in recent results obtained in

the study of two-dimensional topological gravity, which has been shown to corre-
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spond to the first critical point, k = 1, [17]-[20]∗. In this case, equation (4.1) for

n = −1 is known as the puncture equation, and has been derived from the topo-

logical viewpoint in [19]. It indeed expresses the fact that the puncture operator

P only interacts through contact terms. However, since for k = 1 all operators are

redundant (in the sense of equation (4.1)) it is a natural suggestion that in fact all

interactions in topological gravity are essentially contact interactions.

In [20] it is shown that such a formulation can indeed be given, and this re-

sult is furthermore used to give a field theoretical derivation of the above recursion

relations.† The key step in this derivation is that the contact interactions between

the σn’s define a non-commutative algebra, isomorphic to the Virasoro algebra. This

non-commutativity is consequence of the fact that the operators σn ‘create’ curva-

ture, as well as ‘measure’ curvature. Related to this is that the contact term of σn
at σm, given by (2m+1)σm+n−1, is not symmetric in n and m. As shown in [20], the

recursion relations (4.1) follow from the presence of this ‘contact term algebra’ via

a simple consistency requirement. This result, together with the derivation of (4.1)

given here, establishes the equivalence, conjectured by Witten, of the one-matrix

model with topological gravity.

The geometric picture suggested by these results is that the measure of 2-d

topological gravity may be thought of as being fully concentrated on degenerate

surfaces. From this viewpoint, the fact that the Virasoro constraints are quadratic

in the tn and ∂/∂tn follows from the specific structure of the compactification of

the moduli space Mg,s of s-punctured surfaces. Namely, if a puncture (say at xs)

approaches one of the other punctures or a node of the surface, this is described

via the formation of a new node, splitting off a sphere with three punctures (one of

which is the point xs) from the rest of the surface. The other two points on this

sphere can be either attached to other components of the surface or represent the

other operator insertion. These two different possibilities correspond to respectively

annihilation (∂/∂tn) and creation operators (tn) in the expressions of the Ln’s. The

fact that these relations are always bilinear in the creation and annihilation operators

is because, besides the point xs, there are always exactly two other points on the

sphere. This observation will become useful in the next section, where we will discuss

a possible geometrical interpretation of the multi-matrix models.

∗In fact, the correct correspondence is that the total partition sum Z = e−F of the one-matrix
model is the square of the partition function of topological gravity [27]
†In (4.1) the normalization of the σn’s differs from that in [20] by a factor 3n.
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Notice that in the k = 1 critical point with x = 0, the equations (4.1) are in

fact recursion relations, in the sense that the right-hand side contains correlation

functions with either one operator or one handle less than the left-hand side. Thus we

can repeatedly use the above recursion relation to reduce any amplitude to a (unique)

expression in terms of the basic building blocks 〈PPP 〉g=0 = 1 and 〈σ1〉g=1 = 1
8
.

Hence, (4.1) determines all correlation functions in the k = 1 critical point, and

therefore the complete expansion of the τ -function in terms of the couplings. It is

reasonable to assume that τ is analytic in this point, and thus we conclude that the

loop equations uniquely determine the partition function of pure 2-d gravity to all

finite orders in the string coupling.

Finally, we notice that we can re-introduce the loops w(`) in topological gravity

by the formal expansion (2.6) in terms of the operators σn. ¿From the above recur-

sion relations (4.1) one then recovers the loop equations discussed in section 2. It is

an intruiging fact that, although ` is introduced as a formal expansion parameter,

via the loop equations it acquires the interpretation of the length of a boundary.

For example, the L−1 and L0 components of the loop equations read

〈
Pw(`1) . . . w(`s)

〉
=
( s∑
i=1

`i
)〈
w(`1) . . . w(`s)

〉
(4.2)

〈
σ1w(`1) . . . w(`s)

〉
=
(
−1

2
x
∂

∂x
+

s∑
i=1

`i
∂

∂`i

)〈
w(`1) . . . w(`s)

〉
The first equation expresses the fact that the puncture operator measures the length

of the boundary loops, whereas the second equation shows that σ1 generates overall

dilations of the surface as well as the loops. Thus, somewhat surprisingly, we see

that in a topological theory, in which a priori there is no notion of length, one

can nevertheless introduce loop operators. Note, however, that in pure topological

gravity with zero cosmological constant x there is no length scale, but as soon as

x 6= 0 one can measure length in units of x−
1
2 .

5. Multi-Matrix Models and W -algebras

We will now turn to the extension of our results to multi-matrix models. According

to Douglas [11] the p−1 matrix model is related to the pth generalized KdV hierarchy.
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The spectrum of scaling operators is given by an infinite set of operators Φn, with

n ≥ 1, n 6= 0 (mod p). The qth multi-critical point of the p−1 matrix model

corresponds to the (p, q) minimal CFT coupled to gravity [11, 23]. The (dressed)

primary fields φr,s of the CFT are identified with the operators

φr,s ≡ Φ−rp+sq ;
1 ≤ r ≤ [ sq

p
]

1 ≤ s ≤ p−1
(5.1)

where [y] is the integer part of y. The scaling dimensions of the φr,s are given by the

KPZ-formula [30] ∆r,s = (−rp+ sq − 1)/(p+ q − 1). The remaining, non-primary

operators are conveniently labelled as

Φrp+sq ;
r ≥ 0
1 ≤ s ≤ p−1

(5.2)

The origin of these non-primary operators is not yet understood from the view point

of continuum 2d gravity. On the other hand, from the view point of the matrix

models there seems to be no clear reason to distinguish the primary fields from the

other operators. In this section we propose a generalization of the loop equation,

which, as we will argue, could somewhat clarify these issues.

Similarly as for the one matrix model the partition function is related to a τ -

function of pth KdV hierarchy by

Z(t1, t2, . . .) = τ 2(t1, t2, . . .) (5.3)

Here tn is the coupling constant of the operator Φn. (Note that in the case of the

one-matrix model this implies we have relabeled the coupling constants tk → t2k+1.)

The string equation proposed by Douglas can be represented as a linear con-

straint on τ . By an analogous calculation as described in the Appendix for the

case of the one-matrix model, we find that the KdV equations allow us to derive an

infinite set of Virasoro constraints.

Lr−1τ = 0 r ≥ 0 (5.4)

where

L−1 =
∞∑

n=p+1

n

p
tn

∂

∂tn−p
+ λ−2

p−1∑
n=1

n(p− n)

2p2
tntp−n,
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L0 =
∞∑
n=1

n

p
tn

∂

∂tn
+
p2 − 1

24p
, (5.5)

Lr =
∞∑
n=1

n

p
tn

∂

∂trp+n
+ 1

2
λ2

rp−1∑
n=1

∂2

∂tn∂trp−n
,

Here all summations run over n 6= 0 (mod p). This c = p− 1 Virasoro algebra is the

coherent state realization of the Virasoro algebra of p− 1 free bosons ϕs, twisted by

the different non-trivial elements of Zp. Such scalar fields have a mode expansion

∂ϕs(z) =
∑
r∈Z

αr+ s
p
z−r−

s
p
−1 (5.6)

with αr+ s
p

= ∂/∂trp+s, α−r− s
p

= (r + s
p
)trp+s (k > 0). The Virasoro generators (5.5)

are the components of the stress-tensor

T (z) =
p−1∑
s=1

: 1
2
∂ϕs∂ϕp−s(z) : +

p2 − 1

24pz2
(5.7)

Note that the intercept (p2 − 1)/24p equals the sum of the conformal dimensions of

the Zp twist fields.

Again we would like to interprete the fields ∂ϕs(z) as creating and annihilating

loops. Because we now have p−1 different scalar fields we should also have p−1

loops ws(`). (Note that this number equals the number of matrices in the matrix

model.) The Virasoro constraints can in the qth critical point be cast into the form

of a loop equation for one of the loops ws(`), namely s = q (modp). For example for

the topological point q = 1 equation (5.4) gives the following loop equation for the

first loop w1(`)

( ∂
∂`

) 1
p
〈
w1(`)

〉
=

p−1∑
r=1

∫ `

0
d`′
(

1
2
λ2
〈
wp−r(`

′)wr(`−`′)
〉

(5.8)

+1
4

〈
wp−r(`

′)
〉〈
wr(`−`′)

〉)
+
p2 − 1

12p
`λ2

where we have put all sources Js(`) equal to zero. However, one expects that there

are also loop equations describing the effect of infinitesimal deformations of the

other loops ws(`) with s 6= 1. We will now give a concrete proposal for these loop

equations.
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It is reasonable to expect that the additional loop equations are again given by

certain linear constraints on the τ -function. Furthermore, these constraints should

be compatible with the Virasoro conditions (5.4). Hence, we are looking for a natural

extension of the Virasoro algebra, which can be expressed in terms of the twisted

scalar fields ϕr(z). We conjecture that the appropriate extension is the Wp-algebra.

We will present some arguments supporting this conjecture below.

Let us first recall some facts about the Wp algebra. Its generators are most easily

obtained via the free field realization of the k = 1 SL(p,R) current algebra in terms

of p− 1 (twisted) bosons, via the Casimir construction of [31]. The algebra Wp has

p − 1 generators W (s+1)(z), 1 ≤ s ≤ p − 1, of conformal spin s + 1, where W (2)(z)

is the stress-tensor T (z). For instance, in the first nontrivial case, p = 3, the W3

algebra is realized on two (Z3-twisted) scalar fields ϕ1(z), ϕ2(z) and is generated by

T (z) and the W3-generator W (3) =: (∂ϕ1)3 + (∂ϕ2)3 :. The general W -generator

W (s+1) has the Laurent expansion

W (s+1)(z) =
∑
n

W (s+1)
n z−n−s−1.

We now propose that the loop equations in the general multi-matrix model are

equivalent to the following W -constraints on the corresponding τ -function (τ =
√
Z)

W (s+1)
r τ = 0 ;

r ≥ −s
1 ≤ s ≤ p−1

(5.9)

This set of constraints is a closed subset, that is, their commutators do not contain

any new constraints. ¿From (5.9) one can derive the corresponding loop equations

via the identification ∂ϕs(z) = ws(z) + J ′p−s(z).

It is very interesting to consider these W identities in the qth critical point of a

p−1 matrix model, with p, q relatively prime. In this way we will obtain some more

insight into the operator identification of the (p, q) minimal CFT coupled to gravity.

At this critical point the coupling tp+q 6= 0, while other tn vanish. In this case the

linear terms in the W relations describe insertions the operators Φn, according to

W
(s+1)
r−s τ = 〈Φrp+sq〉 τ + . . . = 0 ;

r ≥ 0
1 ≤ s ≤ p−1

(5.10)

where the ellipsis denote higher n-point functions. Hence we see that in the linear

term only the non-primary operators (5.2) appear. This therefore implies that,
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similarly as in the one matrix case, we may use these constraints to eliminate the

non-primary operators from the correlator, and express all correlation functions in

terms of those containing only the primary fields (5.1). We consider this result, that

the Wp-constraints (5.9) precisely select the non-primary fields as the redundant

operators, an important indication that our conjecture is correct.

As a further check of our conjecture we have calculated the matrix model parti-

tion function for some small values of p with only the couplings ts, s = 1, . . . , 2p−1

different from zero, and verified that it coincides with the result following from the

string equation of [11]. (Note that it is sufficient to verify the condition W
(s+1)
−s τ = 0,

since the other equation are generated by commuting with the Ln’s.)

We end this section with a discussion of the above equations in the context of

topological gravity and indicate a possible geometrical interpretation. The multi-

matrix models have been given an alternative interpretation as a topological matter

system coupled to topological gravity in [19]. ¿From this point of view the primary

fields are given by Oα = Φα (α = 1, . . . , p − 1), with O1 = P . The other scaling

operators are identified with the (topological) descendants of the primary fields:

Φn = σr(Oα), with n = rp+ α. The metric on the primary fields is ηαβ = δα,p−β.

Given the identification of the scaling operators with the generalized KdV flows

it is easy to calculate that the ghost charge of the operator σr(Oα) in the topological

model equals (r−1)p+α−1, with a background charge of (2g−2)(p+1) on a genus

g surface. If one multiplies all charges with (p−1) one obtains as background charge

the (real) dimension of the moduli space of flat SL(p,R) connections. Indeed it has

been conjectured in [19, 26] that for the multi-matrix model the appropriate moduli

space underlying the problem is that of flat SL(p,R) bundles. In this picture the

different primary fields would correspond to different ‘punctures’ on the surface (e.g.

related to different holonomies of the gauge field).

Let us first consider the Virasoro relations in the topological point. They can

be translated into properties of the correlation functions, by expanding around the

q = 1 critical point. In this way we obtain the following recursion relations

〈σn+1(P )
∏

(r,α)∈S
σr(Oα)〉g =

∑
(r,α)∈S

(rp+ α)〈σr+n(Oα)
∏

(s,β) 6=(r,α)

σs(Oβ)〉g

+
n∑
s=1

∑
β,γ

ηβγ
{
〈σs−1(Oβ)σn−s(Oγ)

∏
(r,α)∈S

σr(Oα)〉g−1 (5.11)
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+
∑

S=X∪Y
g1+g2=g

1
2
〈σs−1(Oβ)

∏
(r,α)∈X

σk(Oα)〉g1〈σn−s(Oγ)
∏

(r,α)∈Y
σr(Oα)〉g2

}

Here S = {(r1, α1), . . . , (rn, αn)}. Since the form of these equations is very similar

to the recursion relation (4.1), the natural interpretation again seems to be that the

operators σn(P ) only interact via contact terms.

Finally, let us describe a possible geometrical interpretation along these lines

of the W -constraints (5.9). For definiteness, let us consider the special case of

the two-matrix model. Here the main novelty compared to the one-matrix case is

that the W -constraint is trilinear in the tn and ∂/∂tn, instead of bilinear. How

do we interprete these trilinear terms? As mentioned in the previous section, the

bilinear form the Virasoro recursion relations in pure topological gravity is related

to the fact that contact terms are associated with splitting off spheres with three

punctures. These thrice punctured spheres are rigid, i.e. have no moduli. In the

two-matrix case, we have two types of punctures P and Q, [19]. We can now deduce

from the topological correlation functions which punctured spheres are rigid in the

(alleged) moduli space underlying the topological theory. Namely, as shown in [19],

the nonvanishing correlators at genus zero are 〈P 2Q〉 and 〈Q4〉, which implies that

these are the (candidate) rigid punctured spheres.

Now we would again like to interprete the W -constraint as expressing the fact

that the fields σn(Q) only receive contributions from contact interactions. It is clear

that the trilinearity of W then implies that there are now also contact terms if more

than two fields and/or nodes come together. The point we would like to make is

that this is in fact natural if we assume that, in the compactification of the moduli

space, the special punctured spheres 〈P 2Q〉 and 〈Q4〉 play a similar role as 〈PPP 〉
in the ordinary case. Namely, in our geometrical picture, the correlation functions

of the theory are concentrated on fully degenerate surfaces, which are now built up

from spheres with three as well as four punctures. From this it indeed follows that

the recursion relations associated with the operators σn(Q) will contain bilinear as

well as trilinear terms. The precise form of the recursion relations is furthermore

restricted by ghost charge conservation and by consistency requirements of the type

discussed in [20]. Thus it indeed seems possible to understand the W -constraints

(5.9) geometrically, as being the implementation of (a suitable generalization of) a

‘contact term algebra’ on the amplitudes of a topological field theory.
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6. Concluding remarks

In this paper we have shown that the matrix model results of [3]-[11] can be

translated into the form of loop equations. These equations have a clear geometrical

interpretation in terms of splitting and joining of loops, and in addition reveal an

attractive algebraic structure. They also provide a natural way to divide the scaling

operators of the matrix model into redundant and physical operators, by implying

that the redundant operators interact solely through contact terms. Because of

their naturalness, we believe that the loop equations contain important hints for

how to make contact between the matrix models and the continuum formulation of

two-dimensional quantum gravity.

An important open question is whether the loop equations can be given a space-

time interpretation, perhaps as Schwinger-Dyson equations or Ward identities of

some string field theory. The reformulation in terms of Virasoro constraints (or

W-constraints) and the correspondence of the partition function with a state in a

bosonic Fock space may be a first step in this direction. It is tempting to identify

the twisted boson(s) ϕ(z) as representing string field(s) on a one-dimensional target

space, where the coordinate z is related to the Liouville field. A dynamical picture

of string theory, however, does not seem to arise, which may be related to the fact

that for d < 1 there is no room for a (continuous) time evolution. For this reason

it would be interesting to extend our results to the case d = 1, where, as shown

recently in [24, 25], the string field ϕ naturally depends on two coordinates and has

a non-trivial time evolution.
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Note added

While this manuscript was being typed we were informed by J. Distler that results

similar to ours have been obtained independently by M. Fukuma, H. Kawai, and R.

Nakayama, [32].
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Appendix: derivation of the loop equation

In this appendix we describe the proof of the loop equation, starting from the KdV

and string equation. We will work with the Laplace transformed loop w(z). The

loop equation (2.11) can be written as

L(z) ≡
[
J ′(z)

〈
w(z)

〉]
<

+ 1
2
λ2
〈
w2(z)

〉
+ 1

4

〈
w(z)

〉2
+

λ2

8z2
+
t20
4z

= 0 (A.1)

Our proof of this loop equation is based on the fact that the KdV equations imply

the following differential equation for L(z)

(
1
2
λ2D4 + (2u− z)D2 + (Du)D

)
L(z) = 0 (A.2)

Before discussing its derivation let us explain why this equation together with the

string equation is sufficient to prove (A.1). This is most easily seen by representing

L(z) as a Laurent-expansion in z. The Laurent coefficients can be expressed in

terms of the τ -function and the Virasoro operators given in (3.4).

L(z) = 2λ2
∑
n≥−1

(Lnτ
τ

)
z−n−2 (A.3)

Inserting this Laurent expansion (A.3) into (A.2) gives the recursion relation

D2
(Ln+1τ

τ

)
=
(

1
2
λ2D4 + 2uD2 + (Du)D

)(Lnτ
τ

)
(A.4)

Since we know from the string equation that the first Laurent coefficient is zero,

L−1τ = 0, we may conclude that by induction all Laurent coefficients of L(z) vanish,

and thus L(z) = 0. We have checked explicitly for the first few constraints that there

are no integration constants. For the higher Ln’s the absence of integration constants

follows automatically from the Virasoro algebra.

Remains to prove (A.2). For this we need to use the KdV relation (2.8) which

after Laplace tranformation reads

(
1
2
λ2D4 + (2u− z)D2 + (Du)D

)〈
w(z)

〉
+
Du√
z

= 0 (A.5)
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The calculations are straightforward, but somewhat lengthy. In order to present

some of the details we will use a short-hand notation. We introduce the differential

operator ∆ given by

∆ ≡
(

1
2
λ2D4 + 2ũD2 + (Dũ)D

)
; ũ ≡ u− 1

2
z (A.6)

and we drop the explicit z-dependence in de notation of the loop w = w(z) and its

source J = J(z). In this short-hand notation the statement we want to prove is that

∆L = ∆
[
J ′〈w〉

]
<

+ ∆ 1
2
λ2〈w2〉+ ∆ 1

4
〈w〉2 + ∆

t20
4z

(A.7)

vanishes. For the separate terms we find

∆
[
J ′〈w〉

]
<

=
1√
z

(
λ2D3 + 2ũD + 1

2
Dũ

)
〈w〉 − 1

2
t0Dũ

∆ 〈w2〉 = − 1√
z
D3〈w〉 − 2(D2〈w〉)2 −D〈w〉D3〈w〉 (A.8)

∆ 〈w〉2 = −2Dũ〈w〉+ 4λ2D〈w〉D3〈w〉+ 3λ2
(
D2〈w〉

)2
+ 4ũ

(
D〈w〉

)2

∆ t20 = 2t0Dũ+ 4ũ

In the first equation we used (A.5) and L−1τ = 0; the terms on the right-hand

side arise from commuting ∆ through the source J ′(z) ∼ 1
2
t0/
√
z + . . . The second

equation follows by taking the functional derivative of (A.5) with respect to the

source J , where one uses δu/δJ = D2〈w〉. Finally, to obtain the third equation one

has to work out the left-hand side according to the chain rule and again use (A.5).

Inserting the different contributions into (A.7) yields

∆L =
1

z
ũ+

1√
z

(1
2
λ2D3 + 2ũD)〈w〉 (A.9)

+1
2
λ2D〈w〉D3〈w〉 − 1

4
λ2
(
D2〈w〉

)2
+ ũ

(
D〈w〉

)2

To see that this expression vanishes we take its derivative. The result is

D(∆L) =
(
D〈w〉+

1√
z

)(
∆〈w〉+

Du√
z

)
= 0 (A.10)

where we again used (A.5). Finally one can verify that there is no integration

constant, which completes the proof of (A.2) and thus the loop equation (A.1).
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