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ABSTRACT

We consider string theory in the background of the two-dimensional black hole as
described by the SL(2, R)/U(1) coset theory recently introduced by Witten. We study the
spectrum of this conformal field theory, and give explicit representations for the tachyon
vertex operators in terms of SL(2, R) matrix elements. This is used to compute the
scattering of strings off the black hole and to show that the string propagator exhibits
Hawking radiation. We further discuss the role of winding states and the appearance of
bound states in the Euclidean solution. We find that target space duality in the Lorentzian
theory interchanges the black hole horizon with the space-time singularity. We conclude
with a comparison with the non-critical ¢ = 1 string and its formulation as a gauged

SL(2, R) WZW model.



1. INTRODUCTION

Much of the recent progress in string theory has been based on the insight that consis-
tent string theories can be constructed in dimensions much lower than the critical dimen-
sion. This observation has allowed us to study toy models of string theory, for example in
one spatial dimension, for which in particular the matrix model approach has proved to be
very successful [1]-[6]. These ‘non-critical’ string theories are conventionally formulated
on the worldsheet as a ¢ = 1 conformal field theory coupled to two-dimensional gravity.
However, their space-time interpretation is more clear if one thinks of these models as
critical string theories in a non-trivial 1 + 1 dimensional background [3].

The general sigma model for a 1 + 1 dimensional target space with coordinates x =
g g g
(', 2?) has an action of the form*

S = % /dZZ (Gij(:t)gxiﬁxj + ®(z)R® + T(m)), (1.1)

where G;;(x), and ®(z) are the space-time metric and dilaton field and T'(x) describes
the tachyon. The dynamics of the background fields is governed by the condition that
the [-functions of the worldsheet field theory vanish. At one-loop these g-functions can
be identified with the field equations of the target space action [7]

Sepp = /d% VGe® (R + (VO) + (VT)? - 27° - 8). (1.2)

What makes string theory special in d = 1 + 1 is that, because there are no transversal
directions, the string can not vibrate and classically is completely described by its center
of mass coordinates. As a consequence 1+1 dimensional string theory contains essentially
only one field theoretic degree of freedom, which by exploiting the gauge invariances of
the string action may be identified with the tachyon field 7'(z). The metric and dilaton
field (and all the other massive modes) only have global modes, and serve as a background
for the propagating tachyon.

A particularly interesting solution of the graviton/dilaton field equations has recently
been found in [8, 9]. It is given by (z' = (u,v))
du dv

2
pr— 1.
ds T un’ (1.3)

¢ = log(l—uv). (1.4)

The surprising observation of [8] is that this solution in fact exhibits all the characteristic

*We have not included an anti-symmetric tensor field B;;(z), because in the 1+ 1 dimensional target
spaces we will consider it can be gauged away.



Fig. 1: The two-dimensional black hole in (u,v)-coordinates. The horizon is
located at uv = 0, and the future and past singularities at uv = 1. The regions
I and IT describe the space-time outside of the horizon, whereas regions 171
and IV correspond to the future and past interior of the horizon.

features of a black hole geometry. In particular, as seen from the space-time diagram in
fig. 1, it possesses a horizon at uv = 0 as well as a curvature singularity at uv = 1 just as
the Schwarzschild black hole in terms of Kruskal coordinates. What makes the solution
(1.3) particularly interesting is that, as shown in [8], it in fact corresponds to an exact
conformal field theory, in the form of the SL(2, R)/U(1) gauged WZW-model. Thus the
exciting possibility opens up of addressing important issues in string theory, such as the
nature of space-time singularities, with the aid of conformal field theory techniques.

Our aim in this paper is to investigate the spectrum of the string theory described by
the SL(2, R)/U(1) coset model, and, in this way illuminate some of the physical aspects
of string propagation in a black hole geometry. What makes this problem non-trivial
is the fact that there is no global time coordinate ¢ such that the metric (1.3) is time-
independent. There is, however, a non-trivial Killing vector given by ud, + v9,, but this
is only timelike in the regions I and I of fig. 1. and spacelike in the regions /1] and
IV. In point particle theories this leads to physically interesting phenomena like Hawking
radiation, and one would like to know whether in string theory there is a similar effect. To
answer this question we will study the string propagator, which we define following Hartle
and Hawking [10] via analytic continuation to the Euclidean black hole. This analytic
continuation can be performed in region I where we can express u and v in terms of a
radial coordinate r and a time coordinate ¢ via

u = sinhre’, v = —sinhre™* (1.5)



Fig. 2: The Euclidean black hole geometry in which the momentum modes
of the tachyon propagate, as parametrized by the coordinates (r,6). This
geometry is regular at the point r = 0.

Then by rotating the time-coordinate to imaginary values t = —ifl one obtains the Eu-
clidean black hole [9, 8]

ds* = dr® + tanh’r d¢?, (1.6)
® = logcosh’r. (1.7)

This metric describes a regular manifold having the shape of an semi-infinite cigar when
the f-coordinate is chosen to be periodic modulo 27 (see fig. 2). Also the Euclidean black
hole allows an exact CFT description in terms of a SL(2, R)/U(1) coset model [8], where
now the U(1) is compact.

This paper is organized as follows. In section 2 we will review the formulation of
the SL(2,R)/U(1) coset model as a gauged WZW-model. Following the treatment of
Gawedzki and Kupiainen [11] we adopt a gauge-fixing procedure which allows an exact
quantization. In section 3 we determine the spectrum of primary fields of the coset model
and construct explicitly the corresponding string vertex operators in terms of SL(2, R)
matrix elements. The target space interpretation of these vertex operators for the Eu-
clidean black hole is discussed in section 4. In particular we study the string winding
modes, which are related to the momentum modes via a duality transformation. An in-

teresting physical phenomenon is the occurence of bound states of the string and black
hole.

In section 5 we move to the Minkowskian black hole. From the explicit form of the
vertex operators we derive the reflection coefficient for the scattering of strings off the black
hole. We also discuss a curious self-duality of the black hole CFT which interchanges the
singularity and the horizon. In section 6 we use our results for the string vertex operators
to study the string propagator, and show that the black hole indeed emits Hawking
radiation. Finally, in section 7 we discuss the relation between the two-dimensional black
hole string theory and the more conventional ¢ = 1 non-critical string theory. In an
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appendix we have collected some useful properties of SL(2, R)-representations and their
matrix elements.

2. THE SL(2,R)/U(1) COSET MODEL

In this section we review the Lagrangian formulation of the conformal field theory
describing the 2d black hole and discuss its quantization. As explained in [8] the black
hole conformal field theory can be formulated as a gauged WZW-model based on the
non-compact group G = SL(2, R). In this formulation the theory is represented in terms
of a field g(z,z) € SL(2, R) and a gauge field A which gauges the symmetry

g — hgh, (2.1)

with h in an appropriately chosen abelian subgroup H of G = SL(2, R). If one chooses
H to be compact, the coset manifold G/H describes a Euclidean version of the two-
dimensional black hole, while the construction with H non-compact leads to a black hole
target space of Lorentzian signature. The two constructions are related to each other via
analytic continuation. In this section we will for the sake of clarity restrict our attention
to the conformal field theory of the Fuclidean black hole, and comment on the necessary
modifications for the Lorentzian case.

To write the action for the gauged SL(2, R) WZW model we will parametrize the group
manifold by Euler angles. We introduce real coordinates r, 6, , 6, and write g € SL(2, R)
as

g= 3010203701 o 50R02 (2.2)

with o; the Pauli matrices and the coordinates range over 0 < r < oo, 0 < 6, < 2m,
—27 < 0, < 2w. This parametrization is convenient for describing the conformal field
theory of the Euclidean black hole; for the Lorentzian case one should simply replace
oy —ozand 6 , — 1 ..

The generator of the abelian subgroup H is taken to be o5, so that the local gauge
transformations correspond to shifting 6, , — 6, , + . In the parametrization (2.2) the
gauged WZW action takes the form

L7"R

Koo _
S = Spoulr6,,6,] + %/d 2| A(96, + coshr 36, (2.3)

+A(06, + coshrdb,) — AA (coshr + 1)]
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with

»YL? YR

Suulr,0,.0.] = 4”; / %2 (Fror — 00,00, — 90,00, — 2coshr30,00.)  (2.4)

Since the gauge field appears quadratically, one can, at least formally, integrate out A,
which yields a sigma model action for the metric (1.6) [8]. This procedure, however, is
only correct in first order in 1/k, and, since we are interested in the exact properties of
the theory, we will proceed in a different fashion.

As a preparation for the discussion of the quantization and physical spectrum of the
coset theory, we now describe the gauge fixing of the action (2.3). Following [11] we make
use of the observation the gauge field A = (A, A) can be parametrized as*

A = 09,

A = 3¢, (2.5)

with ¢, and ¢, complex scalar fields that satisfy the reality condition ¢, = (¢,)*. Then,
when we also shift the fields

0 — 0, +¢ (2.6)
GR - GR + (bR

we find that due to the gauge invariance, the action S will only depend on the difference

¢ =9, — g (2.7)

The above change of integration variables, replacing the U(1) gauge field A with the
variable ¢, can also be thought of as the two step procedure of first imposing the gauge
condition d,A% = 0, and then parametrizing the gauge slice via A% = €*?93¢. In this way
we find that the complete gauge fixed action is given by

ng = Swzw [Tv 9L7 QR] + S[¢] + S[b7 C] (28)
where "
Slo] =~ / &% D¢Dp (2.9)

describes a (wrong sign) free scalar field and

Slb, ¢ = / d% (bdc + bk, (2.10)

*We are assuming that world sheet has trivial topology. On a general surface this parametrization
can only be done locally.



describes a spin (1,0) ghost system representing the Jacobian of the redefinition (2.5).

The quantization of the gauge fixed theory (2.8) is straightforward, since everything is
expressed either in free fields, or in terms of an (ungauged) SL(2, R) WZW-model. The
derivatives of the fields r, 6, and 6, can be combined into the SL(2, R)-currents

J3(2) = k(06, + coshrd6.),
JE(2) = keFr (8riisinhr@9R), (2.11)

whose modes satisfy the SL(2, R) Kac-Moody algebra. These currents can be used to
construct other operators in the theory, for example, the stress tensor of the complete

model is given by
1 k
T(z) = mnabJ"J*’ - Z(a¢)2 + bOc (2.12)
where 7,, denotes the metric on the lie algebra sl(2, R). The modes of the stress tensor
T'(z) generate the Virasoro algebra with central charge

3k
=———1
T2
To find the operators that are part of the coset theory one needs to use the BRST-
symmetry of the combined system (2.8), which is generated by the nilpotent BRST charge

QBRST = %dZC(Js + %ka¢) + c.c. (213)

The physical operators of the coset model are then characterized by the requirement
that they commute with the BRST-charge and are defined up to BRST-commutators.
in particular, the chiral algebra of the coset model will be a subalgebra of the SL(2, R)
Kac-Moody algebra, consisting of those combinations of J* and J~ that commute with
J3. It is at this point that one makes contact with the standard GKO coset construction
[12]. From this point of view this model has been previously considered in [13].

The discussion so far can exactly be taken over to the Lorentzian black hole, by making
the above mentioned analytic continuation from 6, . to it, ,. One difference, however, is
that the coset model is believed to describe a unitary CFT when the subgroup H is
compact, but is clearly non-unitary when H is non-compact. This is reflected in the
fact that the action in the second case has an indefinite signature. A second important
difference is that the fields 6 , are periodic, while the ‘time’ variables ¢, ,, can take any
real value. As a consequence the field ¢ representing the gauge degree of freedom is
compactified (modulo 27) in the Euclidean case, but uncompactified in the Lorentzian
case. As we will see this fact will have important implications for the spectrum of the two

coset theories.



3. VERTEX OPERATORS IN THE BLACK HoLE CFT

In this section we will determine the spectrum of primary fields of the SL(2, R)/U(1)-
coset theory. As will become clear later on, the primary fields of the coset chiral algebra
represent the vertex operators for the tachyon field. The string theory described by this
model possibly has other physical vertex operators representing ‘global modes’ for the
other fields. These are given by the Virasoro primary fields, but they correspond to
descendents of the coset chiral algebra and will not be considered in this paper (but see
e.g. [13] and [14]). In this section we will consider both the Lorentzian and the Euclidean
signature.

3.1. THE SPECTRUM OF PRIMARY FIELDS

The SL(2,R)/U(1) primary operators are given by local expressions in the fields
r,0, ,0, and ¢, but do not contain derivatives of these fields. The most general Ansatz for

the coset primary fields is therefore
V(22) = T(r(2.2),6,(2,7), b (2,7) ) el o (3.1)

where we used the fact that the field ¢(z,z) = ¢(z) + §(z) describes a (possibly com-
pactified) free scalar, so that its vertex operators have the usual exponential form. The
allowed values for the charges ¢, and ¢, are fixed by the compactification radius of ¢.

Our goal is to determine the functions 7°(r, 6, ,6,), which for the moment we take to
be arbitrary functions on the universal cover of SL(2, R). It is a well-known fact that
a complete basis of functions on a group consists of the matrix elements of the different
representations. In our situation we will be interested in the unitary representations of the
universal cover SL(2, R). The vectors |l,w) in these infinite dimensional representations
are labeled by the eigenvalue w of the generator of the abelian subgroup H. According to
the values of the SL(2, R) isospin [ and w the unitary representation can be divided into

three different series:

e principal continuous series: [ = —% +1A; A, w real;

e principal discrete series: | < —%; |w| + I non-negative integer;

1

5], w real.

e complementary series: | € [—1,

We can now represent the function 7" in (3.1) by the matrix elements

T(r,6,,6,) = wlg(r6,,0,)|l w,). (3.2)

L’ "R L’"R
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The quantum numbers w, and w, are the eigenvalues of the left- and right-moving charges

J3 and J; respectively. To see this we recall that the current J3(z) and J°(%) are the
generators of the symmetry g(z,%z) — h, (2)g(z,2)h, (Z).

We are now ready to impose the condition that the vertex operators (3.1) commutes
with the BRST-charge (2.13). It is sufficient to require that the total charge of the current
J? +ikd¢ and its complex conjugate are zero. This leads to the relations

w, +¢ =0,
Wy — ¢, = 0. (3.3)

To work out the implications of these relations for the spectrum of the theory we will now
separately discuss the Minkowskian and Euclidean models.

The spectrum of the Minkowskian Black Hole CF'T

For the Lorentzian theory the scalar field ¢ is uncompactified. This means that ¢,
and ¢, must have the same value, and so (3.3) then implies that w, = —w, = w. It
turns out that with this condition the matrix elements (3.2) are only non-zero for the
continuous series with [ = —% + iA. Finally, by undoing the shift (2.6) we find that the

vertex operators are independent of the field ¢ and take the form

T (r,t) = (I,w|g(r,t,, t.)|l, —w), (3.4)

y Uy g
where [ = —% 44X and t = £(f, —t,) is the time-variable. This result is intuitively clear
because these are just the primary fields of the original SL(2, R)-WZW model that are
invariant under the gauge symmetry g — hgh.

The stress-tensor of this Lorentzian model is expressed in terms of the Casimir on
SL(2,R), similar as in (2.12). Using this fact the conformal dimension of the vertex
operators (3.4) are easily determined. We find

nofrl) = (-4 -y, 35)

where we used the relation (3.3). This is in accordance with what one expects from the
GKO coset construction [12]. Notice that for all the unitary representations the Casimir
I(1+ 1) is real, but that only for the continuous series —I(I + 1) = A2 + 1 > 0. As we see
from (3.5) the continuous variable A plays the role of the radial momentum. The physical
interpretation of the vertex operators will be further discussed in section 5.



The spectrum of the Euclidean Black Hole CFT

In the case of the Euclidean model the scalar field ¢ is compactified. To determine
its compactification radius we use the fact that even on the universal cover SL(2, R) the
difference 6 = £(6, —6,,) is a periodic modulo 27. This implies that w, — w, is integer and
from (3.3) we see that therefore ¢, + ¢, is also integer. From this we can conclude that
¢ is periodic modulo 27; this is also consistent with (2.6). Because ¢ is compactified g,
and g, do not have to be equal. Instead, as is well known for the gaussian model, their
difference is quantized, in this case in multiples of k: ¢, — ¢, = n - k. Combining all these
conditions we find that w, ,, take their values on the lattice
w, = £(m+ nk), w, = —3(m — nk), (3.6)
with n and m integers. The quantum number m is to be interpreted as the discrete
momentum of the string in the 6 direction, while n is the winding number. Again we
find that by shifting the fields 8, — 0, — ¢, 8, — 0, + P the ¢-field disappears from the
vertex operator. The final form of the vertex operators in the Euclidean coset theory can
be written in the form

Tt (r,6..,6,) =P

0,0, LULWR(cosh7“)ewL(’]L““)F“QR (3.7)

where the functions P., ,(x) are the so-called Jacobi functions; some useful properties of
these are given in the Appendix. The vertex operators (3.7) seem to depend on three
independent fields. However, because the WZW-theory is gauged, the fields effectively
satisfy the constraints J? = 7% = 0. Therefore it is more appropriate to think of 6, and
0., as the left- and right-moving parts of a single field 0.

The zero-modes J§ of the SL(2, R) currents can, when acting on the vertex operators
T! (r,0.,0.), be represented as the differential operators

y YLy YR
0
3 o
J? = z—aeL,
o0 | O i 0 0
+ 6, _ —
JT = e [arisinhr <89R CothraeLﬂ (3.8)

Similar expressions exist for the zero modes J* of the right moving currents. The vertex
operators T, = are eigenfunctions of the Virasoro operators Ly and Ly, which, given their

expression in terms of the currents, can also be expressed as differential operators. We
find

Lo A 10
T k-2 koe¥
- Ay 10
Lo_.—k_2—E&g, (3.9)
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where A is the Casimir on the group given by

0? 0 1 0? 0? 0?
AO = w + coth TE + —Sinh2 , (a—eg — 2 cosh TiaeLaeR + 6—9;> (310)

In fact, the matrix elements 7, are simultaneous eigenfunctions of 9/9¢ , and the

Casimir operator Ay, which is the natural Laplacian on EI(Q, R). The eigenvalues are
the conformal dimensions, which in this case are not equal. We have

Lo|Th,) = hyl Th). Lo T}, = Pyl Th,), (3.11)
where
(l+1 k)2
o = = (kizu(ml:/fn L
n = —l(klf;) L (m ;k”mz. (3.12)

Here we notice that the spectrum of the Euclidean black hole CFT coincides with that of

a Liouville field with momenta o = ,/%l and background charge ) = ,/% coupled to
a scalar field compactified at a radius

R = VkR,, (3.13)

where Ry is the self-dual radius. However, we would like to stress that this does not imply
that the two theories are equivalent.

3.2. COMPLETENESS AND INNER PRODUCT.

In this subsection we will examine the allowed spectrum of isospins [ carried by our
vertex operators T, in more detail, and discuss the issue of completeness. For this we
will borrow some basic results from the mathematical theory of harmonic analysis on
SL(2, R) (see e.g. [15]). In the next section we will provide a more physical and intuitive

derivation of the spectrum.

To determine which matrix elements actually occur in the spectrum of the CFT, we
impose the condition that the vertex operators 7'(g) = T'(r, 6, ,6,,), which are functions on
the group SL(2, R), lead to normalizable operators. It is reasonable to assume that the

CFT inherits this inner product, that is usually defined in terms of the two-point function
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on the sphere, from the natural inner product of the §Z(2, R) representations. This is in
turn defined via integration over the group

(T1|T3) = /dg T1(9)"T>(g), (3.14)

where the group invariant measure is
I .
dg = 2 sinh r dr d6, do,,. (3.15)

The normalizable operators correspond to the square integrable functions on :5'71(2, R),
which, due to the factor sinhr in the measure, have to decrease like e~*" with Re v > % for
r — oo. If we also allow square-integrable wave packets, we can include Rea = % Since
matrix elements with spin [ behave as e/, we thus find a restriction to representations
with Rel < —%. Note that, in particular, this implies that, unlike any known unitary
CFT, the identity operator in our model does not correspond to a normalizable state
in the Hilbert space. This is one of several correspondences between the SL(2, R)/U(1)
model and Liouville theory [16, 17].

To determine the complete list of normalizable vertex operators we can simply use
the known results for the square integrable functions on SL(2, R), which have been well
studied in the mathematical literature. We will describe the spectrum of allowed values
for the isospin [ for fixed values of w, and w, as given by the lattice (3.6). A complete
basis for the square integrable functions is provided by: (i) The matrix elements of the
principal continuous representations with [ = —% + 1A with A € R. Here A can be taken
to be positive. We denote these matrix elements as T7,. (ii) The matrix elements of the
discrete series with [ real, which conventionally are written as D! .

Of course, these matrix elements may not always exist. This is not a problem for the
continuous representations, whose matrix elements for arbitrary w, and w, are generically
non-vanishing. In contrast, the discrete representations have various restrictions on their
matrix elements. First, w, and w, should have the same sign. Furthermore, |w, .|+ 1
should be a non-negative integer. So, translated to our lattice (3.6) of allowed matrix
elements, parametrized by the integers m and n, we find contributions of the discrete
representations for

\nk| > |m|, l=r— 3nk|+ 3|m| < —3 (3.16)

where 7 runs over the non-negative integers. So for given m and n, there are at most a
finite number of [ values that contribute.
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The above results for the spectrum can be inferred from the so-called Plancherel For-
mula, which is one of the central results of harmonic analysis on SL(2, R). It guarantees
us that we have not missed any states. It is likely, however, that in the conformal field
theory the spectrum of discrete representations is truncated like in WZW-models based on
compact groups [18]. Indeed, in a discrete representation of spin [ the state with |w| = —[
has conformal dimension h = —[(2] + k)/k(k — 2), which becomes negative for | < —k/2.
So, if we would assume unitarity, we find that the isospin [ is restricted to [13]

—ik<l<—1. (3.17)

However, since the issue of unitarity of this CFT is still open, it is not yet clear whether
this truncation is actually obeyed.

Since the vertex operators correspond to matrix elements, they acquire a canonical
normalization, and it is meaningful to consider their inner product. The results are the
following for the continuous series

1

T)\ TX —

S(A—N) (3.18)

where € =« , (mod 1), and p.()) is the so-called Plancherel measure
pe(A) = A Re tanh w(\ + ie). (3.19)
For the discrete series the inner product is

1 T(l+w,+ 1) —w, +1)

Dl Dl —_
D Drn) =T +w + )T —w, +1)

(3.20)

with w, ,, given in (3.6). All other inner products vanish.

4. TARGET SPACE GEOMETRY OF THE EUCLIDEAN BLACK HOLE

In the previous section we treated the SL(2, R)/U(1) model as a coset conformal field
theory. Now we want to shift our point of view and approach the model as a critical
string theory describing the propagation of a string in the Euclidean black hole geometry.
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To this end we have to put k = 9/4 in order to obtain the critical central charge ¢ = 26.
However, we will mostly write our expressions for general k.

Quite generally, the physical state equations for the vertex operators T'(r, 6, ,6,) read

(Lo + Lo —2)|T(r,6,,0.)) =0, (4.1)
(LO - Z0)|T(Ta 9L7 0}3)) =0. (42)

Here Lo and Ly represent the differential operators given in (3.9) acting on the field
T(r,6,.,6,). Since we have a Euclidean signature there will be no propagating on-shell
modes. However, we will be interested in the off-shell modes, which are the non-zero
modes of the kinetic operator Ly + Ly — 2. So, we will relax condition (4.1) and only
impose the h = h condition (4.2). In this way we expect to find modes that only depend
on two space-time variables instead of three, in accordance with our intuitive sigma-model

point of view.

Indeed, since

— 1,0? 0?
Ly—Ly= k(aeg - 893), (4.3)

equation (4.2) tells us that physical states are of the form

T(r,6,,6,) =T(r,0)+ f(r, 5), (4.4)
where
0= %(0L+9R)7 0= %(GL _QR)' (45)

We can thus introduce two separate tachyon fields T'(r, 6) and T(r, f) that depend only on
r and one #-coordinate, and are two-dimensional scalar fields. According to the discussion
of the previous section, the physical modes are either pure momentum modes (n = 0)
or pure winding modes (m = 0). The tachyon field T'(r,0) can be expanded in matrix
elements of the continuous series:

T(r,6) = Y [dXp(\) dl, TA(r,6), (4.6)
with
Tri\z<rv 9) = <l7 %m‘g(Ta 07 _‘9>|l7 _%m>7 (47)
and [ = —% +1A. We see from this spectrum that the 6 coordinate is periodic with period
2.

Similarly, T'(r, 6) is built out of the matrix elements
T.(r,0) = (1, 3nklg(r. 0, 0)ll, 3nk.) (48)
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Here we see from the eigenvalues that occur, that the coordinate 6 should be considered
to have period 27 /k. In the expansion of this tachyon field the discrete representations
do contribute; their interpretation will be discussed in detail in section 4.3. First, let us
take a closer look at the momentum states.

4.1. THE MOMENTUM MODES AND THEIR TARGET SPACE ACTION.

In the conventional sigma-model approach a tachyon field is described by a target-
space effective action of the form

/d VG (GI9T,T — 2T?), (4.9)

where G;; and ® are the background metric and dilaton field. We now like to combine
this point of view with the more abstract group theoretical discussion of the last section.
The link between these two approaches is provided by the Ly operator, which we would
like to identify with the target space Laplacian of the sigma model. That is, we would
like to have that

_ @ ij
Lo=— 6¢\Fae VGG, (4.10)
The precise form of Ly for the momentum modes follows from our discussion of the
previous section. When acting on the tachyon field T'(r, 6) the Ly operator given in (3.9)
takes the simpler form

Ly=—+——|== +cothr— + (coth® = — ) ——

1 0? 0 ro 2. 0%
[67‘2 or 2 k 802] (4.11)

We are now in a position to determine the effective metric and dilaton fields by comparing
this result with (4.10). It is a simple exercise to determine the background that reproduces
this Laplacian. The solution for G;; and @ is of the form

ds* = L(k —2)[dr® + B*(r) d6?],
o = log(sinhr/ﬁ(r)). (4.12)

where 3(r) is given by

|

B(r) =2 <coth2 g - 2>_ (4.13)

In leading order in 1/k this coincides with the results (1.6) obtained in [9, 8]. It is
of course tempting to conjecture that the above metric and dilaton field represent the
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exact solution to the ¢ model f-function equations, but clearly a more direct analysis is
needed to confirm this. Notice that in the critical case, k = 9/4, the 1/k corrections are
substantial.

In this momentum sector there is one mode Tg(r) which satisfies the on-shell condition
(Lo — 1)Ty(r) = 0. It can be given the following integral representation

27
To(r) = /0 dp \/cosh r =+ cos psinhr. (4.14)

It represents a marginal operator in the conformal field theory [9]. Its coupling constant
plays an analogous role as the cosmological constant in Liouville theory.

4.2. THE WINDING MODES AND DUALITY

We have seen that the momentum modes build up a conventional scalar field propa-
gating in the Euclidean black hole geometry. It represents the zero-mode of the string.
The discussion of the winding modes might be of more interest, since it represents a gen-
uine ‘stringy’ effect. (As we have stressed in 1+ 1 dimensions the characteristic towers of
propagating massive string modes are absent, and string theory looses many of its obvious
distinctions from ordinary field theory.) These winding modes are not described by the
effective action (4.9) for the tachyon field and represent in fact another field-theoretic
degree of freedom, which clearly reflect the nature of strings as extended objects.

From the conformal field theory point of view the momentum and winding vertex op-
erators are treated on equal footing. They only differ in the relevant sign between the left
and right quantum numbers w, and w,. The conformal dimensions and all other properties
of the vertex operators are invariant if we change the sign of, say, w,. This is the general
way in which target space duality, like the familiar R — 1/R symmetry of a compactified
boson, is implemented in conformal field theory: the right-moving representations are
replaced by their complex conjugates, whereas the left-movers are left invariant.

In this particular case, the SL(2, R) currents of the coset CFT transform under duality
as

Jv — J°, A (4.15)
which is clearly a symmetry of the theory. Thus, in terms of gauged WZW models, duality
relates the two possible anomaly free gauge symmetries: the axial symmetry

g — hgh, (4.16)

and the vector symmetry
g — hgh™". (4.17)
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Fig. 3: This geometry, that is related to fig. 2 of the Introduction by duality,
represents the background in which the string winding modes propagate. In

coordinates (r,#) it has a curvature singularity, which for ¥ — oo occurs at
r=0.

However, when considered as sigma-models these two group actions lead to qualitatively
different target spaces. The first action has no fixed points and therefore describes a
regular target manifold. This is no longer true for the second group action, which has the
identity element as a fixed point. Here we expect the manifold to develop a singularity.
We would like to stress that as conformal field theories these two models are completely
equivalent, and thus that the two target space interpretations are equally valid. We will
now turn to the alternative dual target space, corresponding to (4.17), in which the role
of the momentum and winding modes are interchanged.

_ One method to derive this alternative space-time picture, is to study the the dual field
T'(r,0) that represent the winding modes. For this dual tachyon the L, equation takes
the form

2 2
1 0 0 r 28_1 (4.18)

Ly=—+—— | +cothr— + (tanh® = — =
0 kE—2 l@rQ or ( )
Analogous to our discussion of the momentum modes, we can give an interpretation of
this Ly equation as a wave equation for a massless particle coupled to a specific G, ®
background. In this case the resulting geometry is again of the form (4.12), where we now

find

=

r 2

B(r) =2 (tanh2 3~ E>_ ) (4.19)

This metric and dilaton field now are singular at r = arctanh,/2/k. For large k we have
ds® = dr? + 4 coth® g d6?. (4.20)

So, in this picture the vortices are moving on a dual manifold that looks more like a
‘trumpet’ (see fig. 3). In fact, in the & — oo the two manifolds are related by the
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familiar R — 1/R duality transformation applied to the coordinate 6. Our analysis seem
to suggest that 1/k corrections modify this transformation. Another way to relate the
two solutions, that is valid to all orders in 1/k, is by the transformation* r — r + im/2,

0 — 0.

Notice that for this particular geometry there are no a priori reasons why 6 should be
periodic with period 27 /k. This brings us to the issue of the compactification radii in the
different models. There is an important geometrical distinction between the role of the
two variables 6 and  on the group manifold SL(2, R). The first coordinate 6 is a truly
angular variable, comparable to polar coordinates, and should have period 27 in order to
avoid a conical singularity at r = 0. The same holds for the target space of section 4.1.
On the other hand, 6 parametrizes a non-contractable loop in SL(2, R), and need not
have a definite period when we allow ourselves to work on the universal covering group
SL(2, R). The period 27 /k of 6 is only indirectly determined by duality considerations.

It is possible to change the period of the Euclidean time by applying an orbifold
construction. Since the CFT has a global U(1) symmetry we can mod out by any Zy
subgroup. This introduces an orbifold singularity at » = 0. One can convince oneself that
by repeating this orbifold construction one can build a theory for any rational multiple of
the original compactification radius.

4.3. DISCRETE REPRESENTATIONS AND BOUND STATES

The most qualitatively different aspect of the dual tachyon field T'(r, §) is the existence
of bound states of the string and the black hole. This issue is closely related to the
spectrum of SL(2, R) representations that occur in this sector. Indeed, we already saw in
section 3.2 that the normalizable modes of T(r, 5) can be decomposed on matrix elements
of both the continuous and the discrete representations.

This spectrum of tachyon modes can be motivated in a more physically understandable
way as follows'. If we rescale our field by

T — (sinhr) 27, (4.21)

the Ly operator takes the form of a Schrodinger operator

*We thank M. Rocek for pointing this out to us.
fWe like to thank S. Shenker for suggesting this interpretation.
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Fig. 4: The potential which determines, for fixed w, the spectrum of the Lg
operator. The eigenvalues are proportional to —(I —|—%)2, where [ is the SL(2, R)
isospin. There are both discrete bound states with [ real and quantized, and
a continuum of wave-like eigenfunctions with [ = —% + 1A, A € R. The former
correspond to discrete representations of SL(2, R), while the latter are related
to the representations in the principal continuous series.

where, for fixed ‘angular momentum’ w = %nk, the potential V' is (up to a constant) given
by
1 r 1 r
V(r) = (w? — —)tanh® = — — coth® -. 4.23
(r) = (W7 = {g) tanh™ 5 = 75 coth™ 5 (4.23)

With the redefinition (4.21) of the tachyon field, the measure is simply given by dr.
The spectrum is now identical to that of a one-dimensional quantum mechanical particle
moving in the effective potential V(r). This potential behaves as an attractive —1/r?
potential around r = 0 (see fig. 4). By general arguments, it will have both oscillating
modes with continuous positive Ly eigenvalues, and bound states with discrete negative
eigenvalues. Since the L, eigenvalues are proportional to —(I + %)2, wave-like solutions
will satisfy [ = —% +2A. The bound states have real [ < —% and fall of at infinity as €',
and thus are localized around r = 0.

It is interesting to compare this analysis with the case of the momentum states. For
these modes the relevant potential is of the form

1 1
V(r) = (w? — 1—6) coth? g 16 tanh’ g (4.24)

For non-zero w this is a repulsive 1/r? potential. So we find only wave-like solutions
and no bound states. This indeed confirms our result that only the representations with
[ = —% + ¢\ occur in this sector of the string spectrum.
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We have to notice here a somewhat counter-intuitive effect. The discrete represen-
tations only occur for the dual tachyon T(r, 5), and correspond to winding modes. In
the target space (4.13) that describes the dynamics of the momentum modes, we can
understand the existence of these winding states by an asymptotic analysis at spatial in-
finity. Here the target space is isomorphic to a cylinder, around which the string can wrap
itself. However, the bound states are actually localized at the origin, where we do not
expect to find winding states at all. So we should conclude that this particular o-model
point of view breaks down. Of course, in the dual picture where the string moves on the
‘trumpet-like’ target space (4.19) there is no mystery and they naturally occur as bound
states.

The spectrum of bound states can also be exhibited in the asymptotic behaviour of
the wave-like modes ﬁf‘ at spatial infinity. Since we have an unpenetrable potential every
wave will scatter back from the potential and return to infinity. However, there will be in
general a delay, expressed in the phase shift or scattering matrix. More concretely, from
the above representation of the modes 77 we find

Té\(?", ’é) 700 e—r/2+ink5|:c>\’ne—i)\r 4 C;,nei)\r} (425)
with

ean = D(=20 = 1) /T(=1 = 3nk)D (=1 + ink) (4.26)
Here we substituted [ = —% + 4. It is evident that the coefficient ¢;,, only has zeroes for

real [ < 0, precisely at values where bound states occur.

We have seen that, apart from the tachyon zero-mode (4.14), no physical states —
that satisfy both (4.1) and (4.2) — occur in the momentum sector. This need no longer
be true for the winding states. Here we have the discrete representations available, and
there exist solutions of the mass-shell condition, that with w = %nk’ and k = 9/4 reads

—4(1+1) + 1%”2 =1 (4.27)

Of course, [ and n are subject to the restrictions discussed in section 3.2. The solutions
are labeled by

+tn=4N+2, [=-3N-2 N € Z>o. (4.28)

4
These special bound states, together with the zero-mode, are the only tachyon physical
states in the Fuclidean black hole string theory. Probably these modes are not integrable
as marginal operators, and so do not give rise to additional moduli of the theory. Moreover
we note that these states disappear if we impose the unitarity truncation (3.17).
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5. SCATTERING AND DUALITY IN THE MINKOWSKIAN BLACK HOLE

In this section we will describe in more detail the structure of the tachyon vertex
operators on the maximally extended Lorentzian black hole geometry. In general there
are two interesting quantum mechanical interactions between the tachyon field and the
black hole. The first effect is the scattering of a tachyon off the geometry of the black
hole. We will compute the amplitude for that process in this section. The second effect
is the celebrated Hawking radiation, to which we turn in section 6.

5.1. CONSTRUCTION OF THE VERTEX OPERATORS

In section 3 we have shown that the physical tachyon vertex operators can be expressed
as SL(2, R) matrix elements in the continuous representations. In principle, we can obtain
these matrix elements by analytic continuation 6 — it. However, the coordinates r and ¢
only parametrize part of the black hole geometry, namely region I (see fig. 1). To define
the vertex operators on the maximally extended space time, we should use the global
coordinates u and v in which (for large k) the metric takes the form

du dv
ds? = .
iy 1 —wuv

(5.1)

These coordinates correspond to the parametrization of the SL(2, R)/U(1) coset as [§]

g(u,v) = ( _av Z ), ab+uv =1, (5.2)

where a and b are redundant variables under the gauge symmetry g — hgh. (Strictly
speaking, the SL(2,R)/U(1) coset is a double cover of the (u,v) plane, where the two
sheets are distinguished by the sign of a or b. The two sheets intersect at the singularity
uv = 1.) We can now define the vertex operators globally as

ch(uvv) = (l,w|g(u,v)|l, —w) (5.3)

where —o0o0 < w < oo denotes the H eigenvalue, and [ = —% + i\ the SL(2, R) isospin.
The parameter A has the interpretation of spatial momentum, whereas w corresponds to
the energy of the string state. Since in this case the subgroup H is non-compact, the
eigenvalues w of the Killing vector are continuous. In terms of A and w the mass shell
condition reads

(Lo — DITZ) = (4X? = 5u?)|T2) = 0 (5.4)
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Fig. 5: The contours C; (i = 1,...,4) that feature in the integral representation
(5.5) of the four different vertex operators. In passing the branch cuts, that
start at x = 0, = x1, and & = x9, the integrand is multiplied by e?™™* as
indicated.

where we used that £ = 9/4. As we will discuss, the two solutions A = +w/3 describe the
incoming and outgoing tachyon modes.

There are several approaches to find the explicit form of the vertex operators. As
explained in the Appendix the matrix elements (5.3) in the Lorentzian model can be
obtained by an integral representation that is very similar to the one that gave us the
Euclidean vertex operators. We only have to deform the integration contour C, that was
given by the unit circle, to the real axis. In this way we find the representation

TN u,v) = /C d—x:v_%‘"(\/l —uv +u/x)" (V1 —uv —vr)F (5.5)

X

where
vy =1 —i(Atw). (5.6)

In fact, there are several possible choices for the contour of integration C since the inte-
grand has a number of branch cuts, at z = 0 and x = oo, and two other ones at

r1 =+vV1—uv/v, and To = —u/V1— uv. (5.7)

This ambiguity in the choice for C is directly related to the fact that one actually has two

eigenstates for fixed w in the principal continuous series of SL(2, R) representations, and
correspondingly four different vertex operators with the quantum numbers of T}. This
reflects the existence of four asymptotic regions: the null infinities and the event horizons
in the ‘universes’ I and II. However, the conventional matrix elements are not analytic
functions in the (u,v)-plane [15]. We therefore follow a slightly different approach.
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A number of subtleties arise when we try to use the integral representation (5.5) to
define the vertex operators across the horizon, since we have to give a precise prescription
for the choice of contour. So, for definiteness, let us first consider the operators in the
region I in which v > 0, v < 0. In order to make the physical interpretation more
transparent we will make use of both the (u,v) and the (r,t) coordinates, related by

u = sinh %et, v = —sinh %e‘t. (5.8)

In this case the two branch points x; and x5 are located on the negative real axis as
indicated in figure 5. Together with the branch point at = 0 they divide up the real
axis in four segments C; (i = 1,...,4), each of which can be taken as our contour C. In
this way we find the following four types of vertex operators with the quantum numbers
A, w

R (u,v) for C; = 10,00,

UM, v) for  Cy = [x9,0], (5.9)
L(u,v) : for Cz=[r1,29],

V2 u,v) @ for Cy=]—o0,z).

All the different contour integrals are of standard type, and are related to the gaussian
hypergeometric function F'(a, 3;7;2). In fact, at this point it is convenient to introduce
an alternative radial coordinate y defined by

y = uv = — sinh® g (5.10)

The coordinates (y,t) provide a faithful parametrization of the regions I, III, and V.
The horizon corresponds to y = 0 and the singularity occurs at y = 1. In region I we
have —oo < y < 0.

The relevant hypergeometric functions can all be written in terms of the function
FAy) = (~9) By, p_) Flvs, 71— 2iw;y) (5.11)

where B(a, 5) = I'(a)['(8)/T'(a + ) denotes the Euler Beta function and vy are defined
in (5.6). We now have the following realizations of the vertex operators U} and V. in
(y,t) coordinates

Ul(y,t) = e ™ F)y),
V2y,t) = e (y). (5.12)
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Fig. 6: The four null infinities of region I (see fig. 1) of the black hole space-
time depicted in a Penrose diagram: the past and future horizons H~ and ‘H™,
and the past and future light-like infinities Z~ and Z+.

The operators L} and R} have similar expressions

LMy, t) = e 2y 3F% (1/y),
RMy,t) = e 2%y 3F¥(1/y). (5.13)

Notice that in (5.13) the role of A and w are interchanged in comparison with (5.12). It
is easily checked that in region I these modes have the following properties under C, P
and T’

L)y = (R} =R, U)=(U) =U;", (5.14)

w

with similar relations for R} and V.

To find the physical interpretation of the four different vertex operators that we con-
structed we will now investigate the behaviour of these modes at spatial infinity (r = o0)
and at the horizon (r = 0). In our discussion we will assume that the mass-shell condition
(5.4) is satisfied, and that the energy w is positive.

The asymptotic behaviour of the operators can be read off immediately from the
representations in terms of hypergeometric functions, or more directly from the integral
representation. From these expressions one finds that the asymptotic forms of the modes
L} and R} represent respectively pure left-moving and right-moving tachyon waves at
spatial infinity. More precisely, in the limit 7 — oo we have in (r,t) coordinates

L(:\, ~ B<7+,v_) . e—%re—i)\r—%wt
RY ~ B(vy,v.)- g 2" g2t (5.15)

w

A similar analysis shows that the modes U} and V2 describe pure left or right-moving
plane waves in the neighbourhood of the horizon r = 0. Here it is more convenient to use
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Fig. 7: The behaviour of the four modes R}, L}, U}, and V (defined in the
text) at the infinities of region I. Each mode vanishes at one particular null
boundary.

the coordinates (u,v), in terms of which we find for r — 0

U:)\ ~ B(V—Hv—) A

VY ~ B, )-(—v)* (5.16)

In this fashion the modes U and V' are very similar to the Rindler modes for an accelerating
observer. These modes become infinitely blue-shifted when they approach the past resp.
future horizon. The vertex operator U} describes a string falling into the future horizon,
that is, a string being absorbed by the black hole. The U modes can be trivially extended
to region I11. On the other hand the operator V. describes the process where a particle
is emitted by the ‘white hole’ and crosses the past horizon. These modes are naturally
defined in regions I and I'V. We will return to the issue of the global properties of the
vertex operators in section 5.3.

In this way we arrive at a picture where the four different modes are associated to the
four different light-like asymptotic regions of region I. (See fig. 6). These null infinities,
that are conventionally denoted as Z, Z—, H*, and H~, correspond to (r,t) = (00, +00)
and (0, +00) respectively. A precise characterization of the relation between these regions
and the four modes proceeds as follows. When we consider wave packets constructed just
out of one of the four possible modes, these packets will vanish at one particular null
infinity. For instance, wave packets constructed out of the R modes vanish at Z—. The
behaviour of all four modes is illustrated in fig. 7.
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5.2. SCATTERING OFF THE BLACK HOLE

Related to the above discussion is the following fact. When we restrict ourselves to
region [ there will be linear relations among the four different modes, since it suffices to
specify boundary conditions at two of the four null infinities, e.g. at Z+ and Z—, or at H*
and H~. So one can take for example the sets {L}, R)} or {U),V2} as a basis for the
physical states.

This linear dependence can be understood immediately from the definitions in terms
of contour integrals. The integrand does not possess poles or branch points in the complex
x plane except at 0, x1, x5 and co. So if we put all the branch cuts in the upper half-plane
(asin fig. 5), and take the contour C in (5.5) to be the whole real axis, i.e., C = C1+...4Cy,
the result vanishes. This gives us a linear relation between the four modes. A similar, but
different, relation is obtained if we place the branch cuts in the lower half-plane. With
a suitable prescription for the contour integrals that define our modes, the two relations
can be written as

ie™ U —ie ™V e ™I + ™R = 0,
—ie MUY +ie™ V) + ™LA + e ™R = 0. (5.17)

This relation between the U-V and L—R bases can be written in matrix form as
U i coshm(A+w) coshm(A—w) L (5.18)
v | sinh27A \ coshr(A —w) coshm(A + w) R '

As we will now show, this result can be given the simple interpretation of scattering off
the black hole.

Indeed, the plane waves L} and R? traveling from infinity will no longer be pure in-
coming or outgoing when they reach the area close to the horizon. Instead, relation (5.18)
tells us that they will be expressed as some linear combinations of the U and V' modes.
That is, they are some mixture of left and right-movers. This effect is actually describing
the back-scattering of the tachyon off the black hole geometry. This scattering is familiar
from the four-dimensional case, where it just describes the gravitational interaction by
which all objects, including massless particles, are deflected by the black hole. In this case
a classical particle, that moves in one-dimensional space with coordinate r, would simply
fall into the black hole. This can be seen from the effective potential that describes the
scattering. This potential can be found analogously to (4.23), and is for fixed energy w

of the form

1 1
V(r)=(—w?— E) coth? g ~ 16 tanh? g (5.19)

It describes a —1/r? sink in which classical particles disappear behind the horizon r = 0.
However, quantum mechanically there is the possibility that a wave scatters back off such

26



an attractive potential. In order to calculate this effect we first have to describe the ap-
propriate boundary conditions at 7 = 0. Here we can use a simple physical argument. We
want to describe the physical process where the tachyon comes in from spatial infinity and
is either absorbed by the black hole or is reflected. So we need a mode that represents only
absorption and no emission of particles by the black hole, and which therefore vanishes at
the past horizon H~. From the given asymptotic behaviour we see that the correct mode
is U, which has no components corresponding to particles coming out of the horizon, as
is illustrated in fig. 7.

The reflection coefficient S(\,w) can now be determined by decomposing U2 in plane
waves at r — oo

U ~ €732 (7N 1 (A, w)e™) (5.20)

This decomposition follows directly from the equations (5.18), which expresses U in the
modes L, R, and the asymptotic formulas (5.15). Combining the different ingredients we
find

SOhw) = coshm(A —w)B(vy,v_)

~ coshm( A +w)B(y,7_) (5:21)

If we insert the mass-shell condition w = 3\ > 0, the reflection coefficient can be expressed
in terms of I'-functions as

CT(1+ 2004 — 4i)

S(\) = 5.22
) D(1 — 202 (5 — 2iX) (5:22)
We note that the reflection coefficient is not a phase factor, but
cosh 27\
S| = ————— 5.23
IS cosh 47\ ( )

This expresses that only part of the tachyon wave gets reflected, the other part will enter
the horizon and will be absorbed by the black hole. Finally we note that the scatter-
ing amplitude (5.22) can also be obtained by analytic continuation of the corresponding
Euclidean quantity, that expresses the reflection of tachyon momentum modes on the
‘cigar.’

5.3. GLOBAL PROPERTIES: DUALITY AND THE SINGULARITY

Up to now we discussed the vertex operators in the region I outside the horizon. We
will now comment on the global properties of the modes on the fully extended space-time.
The first obstacle we will have to overcome is the horizon. That is, we have to define
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Fig. 8: Penrose diagram of the fully extended black hole. Here we also included
the regions V' and VI behind the singularity. These describe geometries with
a naked, negative mass, singularity. The ‘time’ flow 0; = ud, +v0, is indicated
for all six regions. Notice that it is actually space-like for regions 117 and IV.

the operators in the regions I1, II1] and IV. We will also address the behaviour at the
singularity.

In this section we will further take serious the regions V' and V' I behind the singularities
(see fig. 8). The metric in these regions describes a negative mass black hole with a naked
singularity, and is in fact the analytic continuation of the trumpet which featured in the
previous section. This leads to a remarkable interpretation of the duality transformation
that interchanges the momentum and winding modes of the Fuclidean theory. When
analytically continued this transformation maps the Minkowskian black hole onto itself
via the identification

y—1—y, t—t, (5.24)

where y is the radial coordinate ¥y = wv. Under duality the regions I and V are inter-
changed, whereas region I is mapped onto itself. This interchanges in particular the
horizon (y = 0) with the singularity (y = 1). A similar result was obtained independently
in [20]. We note that region II1 can be seen as the analytic continuation of a metric of
the form (again in the £ — oo limit)

ds* = dr? + tan®r d6?, (5.25)

which in terms of CFT can be regarded as a SU(2)/U(1) coset, that is a parafermionic
model, albeit at fractional level. According to our definition of duality this model can be
seen to be ‘self-dual.’
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This self-duality of the black hole string theory can be understood directly in terms
of the conformal field theory formulation. As explained in the previous section, duality
relates the group actions g — hgh and g — hgh~!. Both group action play a role in this
model. One corresponds to the gauge symmetry, while the other represents the isometry
generated by the Killing vector 9/0t. For the non-compact choice of h both actions have
fixed points, namely SL(2, R) elements g with either uv = 0 or ab = 1 — uv = 0, where
we made use of the parametrization (5.2). The fixed point of the gauge symmetry is
the singularity, and the horizon is invariant under flow of the Killing vector. Self-duality
is the statement that the actions ¢ — hgh and ¢ — hgh™! are equivalent, after the
transformation y — 1 — y. This latter transformation can be seen to act on the group
elements g(z,%) as

0 1
g—€-g, 6=<_1 0). (5.26)

In terms of matrix elements the duality relation reads

+(Wlg(y, D] = w)x = 2(wlg(1-y, t)|w)+ (5.27)

where for completeness we distinguished the two eigenstates |w)., as discussed in the
Appendix. Here the reader clearly recognizes our definition of the momentum modes on
the left-hand side and that of the winding modes on the right-hand side, as discussed
in section 4. So, roughly speaking, the vertex operators in region [ are the analytic
continuations of the Euclidean momentum modes, whereas the operators in region V' can
be seen as analytic continuations of the Euclidean winding modes. We stress that, as
it stands, duality does not give identifications between the modes in the physical region
I, and region V. It simply expresses the equivalence of two, at first sight different,
formulations of the black hole CF'T.

We will now investigate the behaviour of the vertex operators around the two inter-
esting geometrical features: the horizon and the singularity.

The horizon

Let us first consider the horizon. Here the U,V modes are the most convenient to
work with. As we remarked these modes are analogous to the standard Rindler modes,
and their analysis proceeds in a similar fashion, see e.g. [22]. Since they have only been
properly defined in region I, we will sometimes indicate this by writing /U and V. From
the asymptotic formulas of section 5.1 we see that these modes behave near the horizon
as TUN ~ u=%% and 'V} ~ (—v)?, and consequently have branch cuts at the past and
future horizon respectively. We see that U can be naturally extended to region IT1,
whereas 'V is well-defined in IV
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Similarly, one can consider modes in region I defined as
"y (u,v) = 'U(~u, —v), Ty (u,v) = 'V (—u, —v). (5.28)

These operators can be related to the modes in region I through analytic continuation.
For convenience we restrict our attention here to the U modes. In fact, there are two
possible analytic continuations, corresponding to placing the branch cut in the upper or
lower half of the u-plane. Since one is by definition the complex conjugate of the other,
we will denote these vertex operators as ‘U and TU*. Of course, by (5.14) these two
are related in region I. For an inertial observer at the horizon the modes ‘U and U*
represent the positive and negative energy modes. One easily verifies that now

) = e 103 (5.29)

The appearance of the Boltzmann factor e=?™ has important physical consequences. In
particular, it leads to Hawking radiation [21, 22]. We will return to this in the next
section.

The singularity

We now have a good definition of our modes in the regions I-I'V. To continue this
definition into the regions V and VI we have to face the singularity. A generic mode will
have a logarithmic singularity log(1 — y) at the space-time singularity y = 1. This can,
for instance, be seen directly from the explicit expressions we have given for the U and V'
modes as hypergeometric functions in the variable y. In general hypergeometric functions
are analytic in the complex y-plane, with the exception with possible branch points or
poles at y = 0,1, 00. Thus, the vertex operators can be defined globally by going ‘around’
the singularity in a complexified target space. For our particular choice of parameters we
have branch points at y = 0 and logarithmic singularities at y = 1. However, there is one
linear combination, for fixed w and A, that is regular at y = 1. The existence of this mode
can be understood as follows.

In region V' we can define a natural mode

W2(y,t) = + (L wlg(y, DIl —w)+ (5.30)
which can be seen to be the analytic continuation of the Euclidean winding modes. These
modes were regular at ¥ = 1 in the Euclidean model, being matrix elements of discrete

eigenstates, and will remain regular after the continuation. W2 is again simply expressed
in a hypergeometric function

Wiy, t) = e 2ty F(vy, v 1,1 - y) (5.31)
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Fig. 9: The mode W) describes the scattering of a tachyon off the naked
singularity in region V' of fig. 8.

However, we know that there should also be singular solutions. This is related that W
is actually real, and that the second solution to its defining hypergeometric differential
equation should be defined with a limiting procedure which gives rise to logarithmic
singularities. This is also clear from the definition of vertex operators as matrix elements

Z)(y,t) = + L wlg(y, DIl —w) - (5.32)

We can see from (5.27) that at y = 1 this mode develops a logarithmic singularity, since
g()]l, —w)_ = |l,w)y. The modes W2 and Z) are a natural basis in region V. The W
mode is not bothered by the singularity and can be trivially continued to region 111,
where it will be some linear combination of U and V' modes. This can be worked out in
more detail, with the result

B(vy,v_)
A TIA 1A _ +
W2 =aU, +aV}, a= B, o) (5.33)

Conversely, the right-hand side defines a combination of vertex operators that is regular
at the singularity.

Similarly to our discussion in section 5.2 one can consider scattering of tachyons off
the naked singularity in region V. Hereto we have to impose boundary conditions at
y = 1. A natural choice is suggested by the analytic continuation of the corresponding
Euclidean problem, which describes the scattering of the winding modes on the geometry
(4.20). That is, the natural mode to consider is W which is regular at the singularity,
and has both left-moving and right-moving contributions at spatial infinity, as illustrated
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in figure 9. The resulting on-shell reflection coefficient reads

D(1+ 4i\T(5 — 4i))
[(1 — 4iMT(5 + 4iA)

S(\) =278 (5.34)

Note that here we have unitary scattering: |S| = 1. This shows that the naked singularity,
due to the regularity condition, acts as a perfect reflector.

6. THE STRING PROPAGATOR AND HAWKING RADIATION

The calculation of string amplitudes in the Minkowskian black hole geometry is ob-
viously a rather delicate matter. In particular we have to deal with the fact that the
world-sheet conformal field theory is described by an indefinite action, and therefore does
not automatically have an unambiguous definition. For instance, if we want to use the
functional integral to define the model, we will have to prescribe an integration contour
which renders the integral well-defined. It is at this point that we should expect to en-
counter exactly the same subtleties found in studies of ordinary field theory in a black
hole background, which led to the discovery of Hawking radiation [21, 22]. In the latter
context it turns out that there are in fact several physical boundary conditions one can
impose, each of which are associated to a different choice of the physical vacuum state
of the second quantized field theory. It seems reasonable that the same freedom arises
in defining the Minkowskian string theory, in particular since in string theory in 141
dimensions shares many features with ordinary QFT. Nonetheless, it may be instructive
to address some of these issues in this new setting.

To illustrate some of these points, we will consider in this section the ‘string propa-
gator’ in the black hole geometry. Quite generally, in string theory we may define the
propagator via the Polyakov path-integral on the cylinder with two open boundaries C}
and Cy and consider this quantity as a functional of the boundary values of the string.
Unfortunately, the actual construction of this propagator is an involved problem, since
one needs to consider all states in the string spectrum [23]. In the 141 dimensional situa-
tion, however, it seems appropriate to simplify things by restricting ones attention to the
center of mass of the string, since there are no transverse oscillations. So let us consider
the propagator defined by imposing as boundary condition that the string coordinate
takes a constant value x; on each of the two boundaries C; of the cylinder

G(a1, 25) = <5(m|01— 1) 0(z , ~ 72)) (6.1)
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Here the expectation value is taken in the world sheet CFT, and integrated over the
complex modulus ¢ of the cylinder. Although in string theory the central role of this
propagator is perhaps less evident than in the point particle case, it does serve as a good
model for illustrating the physical consequences (Hawking radiation) associated with the
choice of boundary conditions near the black hole.

If we are interested in constructing the amplitudes in the Minkowski black hole theory,
we are forced to specify an appropriate ie prescription. The most practical approach seems
to make use of the string analogue of the Euclidean postulate and define the Minkowski
amplitudes via analytic continuation of the Euclidean correlation functions. This has the
advantage that all the CFT technology remains at our disposal, since a large portion of
it makes essential use of the fact that we are working on ordinary Riemann surfaces.*

So let us first consider the expectation value (6.1) in the Euclidean theory. After some
rather standard manipulations, which we omit here, it can be recast in the more familiar
form of a Green function

G, (21;22) = /| el wlg7"|e2)

1

AP E A

|z) (6.2)

where |z;) denotes the position eigenstate of the string. Hence G, (z1,2) coincides with
the standard Euclidean propagator of the tachyon field described by the target-space
action (4.9), with G and ® as in (4.12).

We can expand the states |z;) in terms of the primary states |T\) by applying the
Plancherel formula

= X [Canom Ty ), (6.3)

mGZ

where p(\, m) denotes the Plancherel measure
p(A,m) = mARe tanh (X + im), (6.4)

and rewrite the Green function (6.2) as

PO 1 (1T ()" (6.5)

g (x17x2 / )‘)\2+m2/9 m

The discrete sum over the Euclidean energies m reflects the fact that the 6 coordinate is
periodic, with period 27.

*Dealing directly with the Minkowski theory requires that the world-sheet metric is also Lorentzian.
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To obtain the Minkowski propagator, we will now follow the prescription of Hartle
and Hawking, and define it to be obtained from the above Euclidean Green function by
analytically continuing the Euclidean time 6 to the Lorentzian time coordinate ¢t = —if.
A small subtlety one has to deal with is that, in continuing the expressions for the modes
T (r,0), the cases m > 0 and m < 0 must be treated separately. For each case one
obtains a different analytic continuation, that one can denote as *T7) (r,it) and ~ T\ (r, it),
respectively. The relation of these two analytic continuations with the Minkowskian modes
U2 and V) introduced in the previous section is the following

m m
U= ——— 7 Vie —— 7T 6.6
“ coshmt(A\—w) “  coshm(A+w) ™ (6.6)

The rest of the procedure is standard. One replaces the energy sum over m by an appro-
priate contour integral, and deforms the contour, to show that in general

m;:z A2+1m2/9f(m) N /Ooodw lv - wi/Q T T 5(24ﬂ:f 1/9)] (f(w) + f(—w)) (6.7)

Combining all ingredients and performing the integral over w one finds the following result
for the Minkowski propagator (for t; > ts)

Gulwr,2) = [Arp(N)[(1+ NV @) U3 () + NoU3 (@)Un(e2)], (65)
where
Ux(z) = Ulx), w=—3\>0,
Un(z) = VM), w=3\>0, (6.9)

and where N, is the Boltzmann distribution function

1
N, =——. 1
edmw 1 (6 0)
The measure p(\) given by
p(\) = g| tanh 47|, (6.11)

The result (6.8) has the form of a thermal propagator. It describes the physical situation
in which the string moves in a thermal bath at the Hawking temperature,

By = 6mvo! (6.12)
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in thermal equilibrium with the black hole. Notice that this situation is statict: although
the black hole emits thermal radiation, it does not loose any mass, since it absorbs an
equal amount of matter from the heat bath outside the horizon.

What led to the conclusion that the black hole has a temperature and that there is a
heat bath outside the horizon? The main assumption made was that the black hole event
horizon describes a non-singular part of space-time. In other words, an inertial observer
falling into the hole should notice nothing special at the moment he or she crosses the
horizon. Indeed, the Hartle-Hawking propagator (6.8) satisfies the boundary condition
that, in a local inertial frame near the event horizon, it becomes of pure positive frequency
at the future horizon and of pure negative frequency near the past horizon, ¢.e. in this
inertial frame there are no particles going in or out. However, a (non-inertial) observer
at constant r will see a constant flux of thermal particles.

These implications of this regularity requirement at the horizon are perhaps more
evident via its manifestation in the Euclidean theory. Namely, the condition that the point
r = 0 is a regular point of the Euclidean black hole geometry clearly forces the coordinate
0 to be periodic, and this indeed directly corresponds to having a finite temperature in
the Minkowski theory. In this correspondence each interaction of a particle with the heat
bath is represented by a winding of the world line of the particle around the compact
Euclidean time direction.

A peculiarity of string theory is that duality tells us that this periodicity also produces
new ‘winding states’. The interpretation of these states in the Minkowski theory is that
they are produced via the interaction of the string with the heat bath, although their
precise meaning is still somewhat mysterious. One physical consequence of the winding
modes is that they could lead to a Kosterlitz-Thouless type instability when the temper-
ature exceeds a certain critical value [24, 2]. Comparison with compactified ¢ = 1 string
theory shows that the Hawking temperature is in fact above this KT-transition. This
raises the question whether the black hole theory is perhaps unstable. We leave this issue
for future study.

To end this section, let us note that one can of course impose alternative boundary
conditions. In particular one may require that the theory at large distances from the black
hole reduces to the conventional flat space theory. The effect of this boundary condition
on the propagator is that all thermal factors N, disappear, and one is left with

Qs(xl,xg) = /d)\ﬂ()\)U)\(Il)U;(ZEQ), t1 > to. (613)

This propagator equals two-point function of the tachyon field in the so-called Schwarzschild
vacuum |Og), which is the unique vacuum state that reduces to the usual vacuum at large

TThis is of course no surprise since we started with a time translation invariant theory.
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distances. In this vacuum, an observer falling into the black hole will notice an infinite
flux of particles the moment he crosses the horizon, but no flux if he stays at constant
r. The Euclidean black hole geometry corresponding to this situation is obtained from
the previous one by taking out the origin r = 0 of the ‘cigar’, and going to the universal
cover, so that the coordinate 6 is no longer periodic. As discussed in section 4.2 the
corresponding conformal field theory is related to the SL(2, R)/U(1) coset theory via an
appropriate orbifold construction.

Physically, perhaps the most interesting boundary condition is that in which there is
no heat bath outside the horizon, while the black hole itself still has a finite temperature.
This situation would in fact arise if we imagine the 2-d black hole to have been produced by
collapsing matter. In four dimensions the corresponding boundary condition is described
by the so-called Unruh vacuum and describes the situation in which inertial observers see
no particle flux coming in from infinite 7 in the past, and no flux going into the future
horizon. At large times and distance, however, there is a constant flux of thermal radiation
leaving the black hole, which is therefore steadily loosing its mass. These boundary
conditions therefore break the time translation invariance. In ordinary field theory the
corresponding propagator is a ‘heterotic’ combination of the two propagators discussed
above

G, (w1, m9) = QS(L) (71, 22) + G (21, 25), (6.14)

where the superscripts (L) and (R) denote the truncation to target-space left- and right-
movers respectively. At this point it is not clear to us whether there exists a Euclidean
conformal field theory describing this situation of an evaporating black hole. As seen from
(6.14), it would have to treat the target-space left and right-movers asymmetrically. This
suggests that it perhaps has to be described by a heterotic theory on the world sheet,
obtained via some asymmetric orbifold construction of one of the two other theories.

7. C' =1 NON-CRITICAL STRING THEORY

It is natural to make a comparison between the black hole theory at k = 9/4 and the
standard ¢ = 1 non-critical string theory [1]-[6], since both models have an interpretation
as two-dimensional critical string theories. In the case of the ¢ = 1 theory the second
dimension is provided by the Liouville field ¢, which takes over the role of the radial target-
space coordinate r. Indeed, by interpreting ¢ as r and the ¢ = 1 string coordinate as a
time ¢, the physical picture of scattering in the ¢ = 1 string [3, 4] is very analogous to that
just found in the black hole model. In this section we will try to make this correspondence
even more direct, by showing that some of the recent results on scattering in non-critical
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string theory can be obtained in a natural way from the formulation of Liouville theory as
a constrained SL(2, R) WZW-model [25, 26]. By following the same steps as done before
in the SL(2,R)/U(1) coset CFT, we will obtain the exact form of the Liouville vertex
operators, which are again given by certain SL(2, R) matrix elements. Moreover, we will
derive the differential equation imposing the mass-shell condition Ly — 1, and find that
our result coincides exactly with the Wheeler-DeWitt equation obtained recently in [27].

7.1. LIOUVILLE THEORY AS A CONSTRAINED SL(2,R) WZW-MODEL

Motivated by Polyakov’s analysis of two-dimensional quantum gravity in the light-cone
gauge [25], it was noted in [26], that Liouville theory can be represented as a constrained
SL(2, R) WZW-model, where the constraint is given by

J(2) = Vi (7.1)

The constant p will later be identified with the two-dimensional cosmological constant.
This constraint amounts to gauging the so-called parabolic subgroup of SL(2, R). This
model is most conveniently analyzed by parametrizing the group element g via the Gauss

decomposition
(10 e 0 1 0,
9‘<9L1><0 er><0 1) (7.2)

In these coordinates the gauged WZW-action takes the following form
k _ — _
S = Suzulgl + o / &z [A(e" 90y, — /i) + A(e"0r — /i) + AAe’] (7.3)

Swawlg] = ﬁ /d2z (Oror + €"06,00,) (7.4)

This action is invariant under 0; p — 0 gp + @, A — A+ do.

The gauge-invariant content of this model is uncovered by formally integrating out
the gauge field A. One finds that the remaining action is independent of both 6, and 6,,
and has the form of the Liouville action

S[r] = % /d2z(5r8r + QRr + pe™") (7.5)

Here the dilaton term QR is generated via the determinant factor [, ¢"*) coming from
performing the gaussian integral over A [19]. The precise values of the renormalized

37



central extension k' = k — 2 and the coefficient Q = (k — 1)/(k — 2) can be determined
via the f-function equations, or equivalently a la DDK [28].

We notice an important difference with the SL(2, R)/U(1) CFT namely that the con-
straint eliminates two degrees of freedom instead of one. The reason for this is that in
the present case the constraint (7.1) on the parabolic generator J~ is in fact a first class
constraint, whereas the condition J3(z) = 0 is second class due to the central extension.*
Correspondingly, in the present case the gauge field A is a non-dynamical Lagrange mul-
tiplier. To make this more evident, let us, instead of integrating out A, use the alternative
procedure of parametrizing the gauge field as A = (9¢,,0¢,). We then find that upon
the redefinition 6, , — 6, , + ¢, ., both ¢, and ¢, drop out of the action, and we are left
with

S = Suwzwlg] + Senlb, (7.6)

where the ghost action is the same as before. The constraints are implemented by re-
stricting the Hilbert space to the physical subspace given by the cohomology classes of
the BRST-charge

Q= eI~ Vi) (7.7)

Finally, we recall that the WZW-theory (7.6) has to be somewhat modified in order
to make the constraint (7.1) consistent with conformal invariance. Concretely, the stress-
tensor cannot have the conventional Sugawara form, but has an additional ‘improvement
term’

T(z b JOT + 03 7.8
( 7

L
ensuring that J~ has conformal dimension zero. The resulting relation between the central
charge of the Liouville theory and the SL(2, R) central extension reads [25]

3k
iouv — 6k — 2. 7.9
Criows = 75 T (7.9)

The equivalence of this second formulation with the first procedure of directly inte-
grating out A is supported by the exact agreement between the results of [25] and [2§]
regarding the critical exponents 2-d quantum gravity in the light-cone and conformal
gauge. An important advantage, however, of the above reformulation of Liouville the-
ory (7.5) as the constrained SL(2, R) WZW-theory (7.6) is that the underlying SL(2, R)
Kac-Moody symmetry gives important restrictions on the possible renormalizations that
can occur in the quantum theory.

*We like to thank S.Shatashvili for a discussion on this point.
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7.2. LIOUVILLE OPERATORS AND SL(2, R) MATRIX ELEMENTS

We now want to use the SL(2, R) formulation to construct the primary vertex opera-
tors in Liouville theory. In analogy with the previous analysis of the black hole CFT, we
expect them to be related to certain SL(2, R) matrix elements. The natural basis in this
case is given by the eigenstates

J v, 1) = v, |y, 1), (v, )~ = (y,lly,. (7.10)

As shown in the Appendix, the corresponding matrix elements can be expressed by means
of the modified Bessel functions

1+ 1
<VL’ l|g(T’ 0L70R)|VR’ l> - (y_R> +2€_T/2K2l+1(2\/VLVRG_T/Q)‘QVLGL—WRGR (7'11)
1%

L

where g(r,0,,60,) denotes the parametrization via the gauss decomposition (7.2). The
subspace of vertex operators in the coset theory are the ones which commute with the

constraints J~ — /i = 0 and J - Vvt =0, and thus correspond to setting

v, =1, = /I, (7.12)

and thus we are lead to consider the matrix elements
(1 /Hlg(r)il) = e P Ky (2y/ne™7?). (7.13)

We wish to identify these with the primary operators in Liouville theory. Here, how-
ever, we meet a small subtlety. Due to the presence of the improvement term in the stress
tensor (7.8), the Ly component is not proportional to the Casimir operator on SL(2, R).
Instead we have

A 0
Ly=——+ — 7.14
0T k-2 * or (7.14)
where A is the Casimir, reduced to the constraint surface J_ = ,/u, given by
o? 0
A=—+ — - 1
5,2 + p + pe (7.15)

The matrix elements (7.13) are eigen modes of A with eigenvalue —I(I+1). The Liouville
primary fields are a simple modification of (7.13)

Vi(r) = e 257271/l g(r) | i, 1) (7.16)
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It is readily checked that these operators are eigen modes of (7.14) with conformal dimen-
sion a1
+
hy = —% + k. (7.17)
We note that, in principle, we could have expected that the formula (7.16) for the Li-
ouville operators needs to be renormalized, since it involves the (normal ordered) product
of two quantum operators. However, strong evidence that this is in fact not necessary
is that result (7.16)-(7.13) precisely coincides with the recent result of [27], where V)(r)
is interpreted as the mini-superspace wavefunction of the corresponding operator. More-
over, the authors of [27] show that the same expression is also produced by the matrix
model, which provides a beautiful confirmation of the equivalence between the discretized
and continuum approach to 2-d quantum gravity.

7.3. SCATTERING OFF THE ¢ = 1 WALL

We are now in a position to specialize to the case of the ¢ = 1 non-critical string [1]-[6]
and make the comparison with the black hole string theory. The central extension in this
case is k = 3.

We will interpret the ¢ = 1 free scalar field as the target-space time coordinate, and
denote it by ¢t. The dressed primary fields in this theory are of the form

V(1 t) = Vy,(r)e™ (7.18)

where V,(r) solves the mass-shell condition

2 0 .,
(w-I—QE—i—ue +p2 = 1)V,(r) =0 (7.19)

In [27] this equation was derived as the mini-superspace Wheeler-DeWitt equation, sat-
isfied by the two-point function of the operator V,(r,t) and a macroscopic loop operator
W (¢), creating a boundary of length ¢ = e™"/2. As just described, the solution can be
written in terms of Bessel functions as [27]

W,(r,t) = e " Kaip(2y/pe"/?)e™! (7.20)

The vertex operator (7.20) describes the scattering process of a tachyon off the po-
tential pe™". It consist of both an in-going and an out-going component, with both the
same amplitude since everything is being reflected. We have

Vy(ryt) ~ e (P00 1 §(p)e o) (7.21)
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where the reflection coefficient is given by

(1 + 2ip)

S0) = 1" 55

(7.22)

This reflection coefficient is a phase for both signatures of the string time coordinate t.

7.4. CONCLUSION

In conclusion, by analyzing the free propagation in the black hole theory and ordinary
non-critical string theory, we have found that both models share many qualitative features.
A direct quantitative comparison of both models, however, reveals that both theories are
certainly not equivalent, since in particular the black hole reflection amplitudes (5.22)
and (5.34) differ from the expression (7.22) found in the ¢ = 1 string. (Here the reader
should notice that the correspondence at spatial infinity gives the relation p = 2X.) A
characteristic feature that the reflection coefficient S(p) does share with the black hole
scattering amplitudes S(\) is the occurrence of poles at an infinite equidistant set of
special imaginary momenta

n, neZz,. (7.23)

In the d = 1 theory these poles are believed to indicate the appearence of extra states
at these special momentum values [3, 5|. As is clear from the discussion in sections 4, a
similar interpretation applies in the SL(2, R)/U(1) theory, where the poles can be seen to
be related to the existence of (generally virtual) bound states of the string and the black
hole.

The main tool we used to determine these scattering amplitudes is the fact that both
models can be formulated as a gauged SL(2, R) WZW-model, which made it possible
to express the vertex operators in terms of SL(2, R) matrix elements. This fact puts
strong restrictions on the possible renormalizations that could in principle occur; they can
essentially only affect the overall norm of the wave-function. The reflection coefficients
are obviously insensitive to these renormalizations; they can for instance be written as
the ratio of two two-point functions, namely one with reflected and one with un-reflected
spatial momenta.

This of course open up the interesting issue which features of the non-critical d = 1
string amplitudes, as obtained from the matrix model [1]-[6], are universal and carry over
to the theory in the black hole background. To address this issue one in particular needs
to study the interactions in the black hole model.
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APPENDIX: SL(2,R) AND ITS MATRIX ELEMENTS

In this Appendix we have collected some useful facts about matrix elements of SL(2, R)
and their relation with special functions, in particular Jacobi and Bessel functions. More
details can be found e.g. in [15].

A.1. EULER ANGLES

We begin with some elementary facts about the group SL(2, R), consisting of matrices

a b
gz(c d)’ ad — be = 1. (A.1)

These matrices can be parametrized by coordinates analogous to the familiar Euler angles
of SO(3). (Euler angles can in fact be used for SL(2,C') and all its real realizations.) We
introduce real coordinates 7, 6,, 6, and write g € SL(2, R) as

g= 201923701 30R02 (A.2)
with o; the Pauli matrices. All elements of SL(2, R) are covered in this way, if we let the

coordinates range over 0 <r < oo, 0 <0, <2m, =27 <0, < 2m.

This parametrization is best understood if we use the isomorphism between SL(2, R)
and the group SU(1, 1) that consists of matrices of the form

i=(50)  lp-wr- (A3
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The isomorphism is

1 1 1
/o -1 _
g =tgt ", t_\/§<i 1). (A.4)

In SU(1,1) notation our parametrization corresponds to
ro. ro.
a = cosh §ew+, [ = sinh 5610*, (A.5)
with

0. = %(HL + HR)' (A6>

For further reference we note there, that SNL(2, R), the universal covering group of SL(2, R)
is parametrized by —oo <, < oo and 0 < 0_ < 2.

A.2. REPRESENTATIONS AND MATRIX ELEMENTS

Of course, the group SL(2, R) acts naturally on functions f(z,y) on the plane by
g9: flz,y) — flax + by, cx + dy). (A.7)

The so-called principal continuous series of representations is obtained if we demand that
f scales as

flaz,ay) = |a* (sgna)* f(z, y). (A.8)

So, a particular representation is labeled by [, a complex number that represents the
SL(2, R) spin, and € = 0, % indicating whether f has even or odd parity:

f(—l’, _y) = (_1)26]0(1,73/). (AQ)

Through this scaling f effectively depends only on one real variable, and we can write
e.g. f(z) = f(z,1). The group SU(1,1) is more natural if we use complex coordinates. If
we write f as f(z,%), we have

g f(2,2) — flaz + Bz, Bz +az). (A.10)

We will now construct the matrix elements of these representations. To this end we
have to choose an abelian subgroup H to label our states, and here we can make some
choices. In all cases we can write the functions in a particular representation as functions
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on one or more orbits of H. These functions can then be naturally decomposed into
eigenfunctions of H.
Elliptic case: Jacobi Functions

If we choose H to be compact, i.e. rotations in the plane, the orbits are circles in the
(x,y) plane. Here the SU(1,1) notation is more convenient. H consists of the matrices

ig
N o= ( 68 0.9 ) 0<6<dn. (A.11)
(&

The elements of the representation (, €) are functions f(z) on the unit circle z = e2? that

transform as
az + [z

g f(z) = laz+ Bz f(5—=). (A.12)
Bz +az
The basis of eigenfunctions of H is given by
ful(2) = 2*", (A.13)

where n = e (mod 1). The matrix elements are now readily calculated

dz

<l7m|g/|lvn> = - %fm(z) (gl : fn(z)) (A14)

where C' is the unit circle.

The Jacobi functions P! are the special matrix elements
P! (coshr) = (I,m| g(r) |I,n) (A.15)

of the SU(1,1) elements

cosh g sinh g
g(T) = r T (A16)

sinh — cosh =
2 2

If we substitute this in (A.14) and use (A.12), we see that, after a reparametrization
2z — 212 the Jacobi functions have the integral representation

ann(coshr) = % d_z

2 (cosh " 4 zsinh C>l+n <z cosh = + sinh f)ln (A.17)
c2miz 2 2 2 2 '
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The Jacobi functions can be expressed in hypergeometric functions (with m < n)

IF'l+n+1) Cor\»m™ r\"tm
lcoshi) = (s ) (cos3)
Prn(COsh ) = e = m 1) g oSy

xF(n+l+1,n—l;n—m+1;—sinh2%) (A.18)

l

They further satisfy the property P*,, _ =P}, . We notice that the Jacobi functions are

not analytic functions of m and n.

Hyperbolic case: hypergeometric functions

In the case that H is non-compact the orbits will be hyperbolas in the (z,y) plane. If
one uses SL(2, R) notation, H can be chosen of the form

ezt
=< 1t>, —00 < t < 00. (A.19)

0 e 2
An orbit consists of four disconnected parts. A function f(z,y) in a particular represen-
tation is completely determined by its values on the line y = 1. So, we can work with the
functions f(z) = f(x,1), that transform as

b
g: flz) — |cx+d|2lsgn2€(cm—|—d)f(za:fj__d). (A.20)
The eigenstates of H, with eigenvalue w are given by
[E(z) = 2™T(xx). (A.21)

Similarly as in the compact case, matrix elements can be expressed as integrals over the

real line
dr .,

(@) (9 1£,(2)) (A.22)

Depending on the group element g and the + signs the integral ranges over some specific
interval. The analogues of the Jacobi functions are the specific matrix elements of (A.16)
now considered as group element of SL(2, R). The integral expressions for these matrix
elements can all be expressed by means of hypergeometric functions. For example, we
have

:|:<lawL|g|lva>:t = Iiq ? L

. F(iwL — l)F(—iwL — l) . 7\ 2, —iwg r W Tivg
+(Lw gl we)+ = (=20 (smh 5) (COSh 5)

x F(iw, — 1, iw, — 1; —21; —1/ sinh® g) (A.23)
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Parabolic case: Bessel functions

As our final case, we consider the action of the parabolic or triangular group elements

h+:<é i), —00 <t < 00. (A.24)

The orbit of this subgroup consists of straight lines parallel to the x axis. We can again
work with functions f(x) = f(z,1), and the eigenfunctions are given by

fulz) =" (A.25)

One can similarly consider the eigenfunctions of the group elements

10
(1) s

which are given by
fulw) = |2 (sgn)e /e (A.27)

The matrix elements between eigenstates of h, and h_ can be expressed in terms of Bessel
functions. In particular, for the group element

g(r) = ( eor 0 ) (A.28)

we find
(v,,lg(r) / dx x el exp -V, T — VRe } (A.29)
x
Here we recognize the modified Bessel function
V,\I+3
(1 Ulg () s 1) = (S2) P €77 Karia (2 e "?) (A.30)
L
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