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TheNeedfor GeometryDrivenDi®usion

² Gaussiansmoothing not only re-
ducesthe noise,but alsothe edges
aresmoothed:there is a need for
adaptivescale selection.

² Neighbouringstructuresmay `an-
nihilate': there is a need for ori-
ented smoothing.
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Linear ScaleSpace

The solutionof the di®usionequation:

@tL = r 2L

with initial conditionL(x; 0) = L 0 is givenby:

L(x; t) =
³

L0 ¤ G
p

2t
´

(x)

with

Gs(x) =
1

(s
p

2¼)d
e¡ kxk2

2s2

Notethat the `time' t in the di®usionprocessis not equalto the scales, insteadwe
have s =

p
2t.
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Koenderink'sCausality Criterium
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² The luminanceat a local maxi-
mum shoulddecreasein scaleand
the luminanceat a localminimum
shouldincrease.

² Luminancevaluesshouldnot be
createdwhenincreasingtheobser-
vation scale. I.e. a value L(x; t)
shouldbe traceableto a location
in the in¯nitesimal neighborhood
of x at an in¯nitessimallysmaller
scalet ¡ dt.
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Causality in CriticalPoints

In the neighborhood of a critical point (x0; t0) the scale-spaceisophotecan be
represented witha functiont = T(x):

L(x; T(x)) = constant

For a critical point we have:

T0(x0) = 0

To be a causalpoint:

T00(x0) < 0

i.e.part of the isophotemust lie below the tangent plane;weshouldbeableto trace
this luminanceinto the past(smallerscales).
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Causality in CriticalPoints

Di®erentiating L(x; T(x)) = constant twicewith respect to x we get:

Lxx + 2LxtT0+ L tt (T0)2 + L tT00= 0

In a critical point x0 we have T(x0) = 0 andso

T00= ¡
Lxx

L t

Causality requiresthat in a critical point T 00< 0 andthus

L t = ®2Lxx

with the simplest(linear)solution

L t = Lxx
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NumericalSolutionsI

We can smooth (di®use)an imageby solvingthe PDE L t = r 2L with initial
conditionL(x; 0) = L 0. For in¯nitesimaldt we canwrite:

L(x; t + dt) = L(x; t) + dt(r 2L)(x; t):

For a sampledimageL t
i;j = L(i¢ x; j ¢ y; t) we have:

L t+ dt
i;j = L t

i;j + dt(r 2L)t
i;j (1)

wherenow (r 2L)t
i;j is a discreteapproximationof the Laplaciangiventhe sampled

imageLt
i;j .
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NumericalSolutionsI

The simplestnumericaldiscretizationof the Laplacianoperator is the convolution
with kernel:

8
<

:

1
1 ¡ 4 1

1

9
=

;

Adding dt times the Laplacianto the imageresultsin the linear operator with
kernel:

8
<

:

dt
dt 1 ¡ 4dt dt

dt

9
=

;

Note that for dt > 0:25 the central weight in the above kernelbecomesnegative.
This leadsto an unstablesolutionscheme.It is beyond the scope of this report to
show that indeeddt < 0:25leadsto stablenumericalschemes.
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NumericalSolutionsI

Original Image dt = 0.23 dt = 0.26
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Di®usion

high
temperature

low
temperature

heat flow

high
temperature

low
temperature

heat flow

temperature
gradient

² Di®usion is the physical process where
heat (mass) redistributes itself in a
medium asa consequence of heat (mass)
concentration di®erences.

² Heat °o w. Due to concentration di®er-
encesheat °ows in the oppositedirection
of the concentration gradient.

j = ¡ D r L

² Conserv ation law. If no heat is added
from outsideandno heat is lost, the total
amount of heatis conservedin the system.

@tL + r ¢j = 0
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Scalar Di®usion

The genericdi®usionequation

@tL = r ¢(D r L)

is simpli¯edby selectingD = cI wherec is the scalarconductivity.

If c is constant over spacewe have

@tL = cr 2L

the solutionthen is givenas:

L(x; t) = (L0 ¤ G
p

2ct)(x)

thus:

small conductivit y c < 1: lesssmoothingthenusual

large conductivit y c > 1: moresmoothingthenusual
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PeronaandMalik Di®usion

Peronaand Malik introducedscalar
inhomogeneousdi®usionin computer
vision:

@tL = r ¢(c(kr Lk)r L)

where

c(kr Lk) = e¡ kr Lk2

k2
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P&M Di®usion
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The gradient norm kr Lk is an indicationof the signi¯canceof a boundarythat
shouldbe avoidedwhilesmoothing.
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P&M Di®usion

Original Image Perona and Malik Diffusion
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P&M Di®usion
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P&M Di®usion
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Perona and Malik di®usion
non only smoothesthe con-
stant regionswhile preserv-
ing the edgesbut in some
casesthe edgesare even en-
hanced.
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P&M Di®usionis Ill-posed
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Considerthe 1D P&M di®usion:

L t = @x(c(Lx)Lx)

We canrewritethis as:

L t = (c0(Lx)Lx + c(Lx)) Lxx

= @Lx (c(Lx)Lx) Lxx

For the classicalP&M di®usion

c(Lx) = e¡ L2
x

k2

we have:

@Lx (c(Lx)Lx) =
µ

k2 ¡ 2L2
x

k2

¶
e¡ L2

x
k2
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NumericalSolutionsII

A simpleand straightforward numericalimplementation of P&M type of di®usion
equationsis to usea forward Eulerscheme:

L(x; t + dt) = L(x; t) + dt r ¢(c(kr Lk2)r L)

whereweplugin a discreteapproximationfor the term in the r.h.s.of the equation.

We canuseMathematicaandrewritethis:

L(x; t + dt) = L + dt
1
k2e¡

L2
x+ L2

y
k2

¡
(k2 ¡ 2L2

x)Lxx ¡ 4LxLyLxy + (k2 ¡ 2L2
y)Lyy

¢

andthenuseour familiar recipe: plug in the Gaussianderivatives.

This works...but, we arechangingthe PDE andwe do not know exactlywhat we
are doing. An advantageof this method is that we can uselargerstepsizes(the
stepsizeis proportional to the observation scale).
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NumericalSolutionsII

Considerthe di®usionequation:

@tL = r ¢(cr L)

= @x(c@xL) + @y(c@yL):

Using3£ 3 stencilsfor the di®erentiation we endup with a numericalschemein a
5£ 5 stencil.

It is not to di±cult to derive the followingscheme(within a 3£ 3 stencil):

L t+ dt
i;j = L t

i;j +
dt
2

((ct
i;j + ct

i+1;j )(L
t
i+1;j ¡ L t

i;j ) ¡ (ct
i ¡ 1;j + ct

i;j )(L t
i;j ¡ L t

i ¡ 1;j ) +

(ct
i;j + ct

i;j +1 )(L t
i;j +1 ¡ L t

i;j ) ¡ (ct
i;j ¡ 1 + ct

i;j )(L t
i;j ¡ L t

i;j ¡ 1))

wherewe have written L t
i;j to denoteL(i dx; j dy; t dt) (and sofor the c-function,

which is alsoa functionof t throughthe in°uenceof the gradient norm).
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Tensor Di®usion

Considerthe di®usionequation:

L t = r ¢(D r L) =
¡
r TD r

¢
L

whereD isasymmetricpositive(semi)de¯nitedi®usiontensor
(matrix), thus:

D = R T
µ

¸ 1 0
0 ¸ 2

¶
R

then in caseD is a constant tensor:

L t =
µ

(Rr )T
µ

¸ 1 0
0 ¸ 2

¶
(Rr )

¶
L =

µ
r 0T

µ
¸ 1 0
0 ¸ 2

¶
r 0

¶
L

wherer 0 is the gradient vectorin the rotatedx0y0-frame,and
thus

L t = ¸ 1 Lx0x0+ ¸ 2 Ly0y0
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Tensor Di®usion

It seemsthe logicalway to constructa di®usiontensorlike:

D = R T
µ

¸ 1 0
0 ¸ 2

¶
R

with R the rotation matric the alignsthe axesalongthe vw-directions.Then the
di®usionshouldbe alongv direction,i.e.alongthe isophote:

R =
1

q
L2

x + L2
y

µ
Lx Ly

¡ Ly Lx

¶

Substitutingthis in the di®usionequation:

L t = r ¢(D r L)

leadsto

L t = ¸ 1r 2L

i.e. the isotropicdi®usionequation.
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EdgeEnhancingDi®usion

Insteadof selectingthe localgradient frameat scale0 we shouldobserve chosethe
gradient frameasobservedat a ¯nite scaleu > 0.

D = R T
µ

¸ 1 0
0 ¸ 2

¶
R

with

R =
1

q
(Lu

x)2 + (Lu
y)2

µ
Lu

x Lu
y

¡ Lu
y Lu

x

¶

and

¸ 2(Lu
w) = e¡ (Lu

w)2

k2

and¸ 1 = 1
5¸ 2
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EdgeEnhancingDi®usion

Original Image Edge Enhancing Diffusion
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NumericalSolutionsIII

In this sectionwe consideranisotropicdi®usiondescribedwith the PDE:

L t = r ¢(Dr L)

whereD is a positive semide¯nite symmetricdi®usion tensor. Herewe only
consider2D images.The di®usiontensoris thenassumedto be a the form:

D =
µ

a b
b c

¶
:

All elements of the tensorare functionsof the local imagestructure and hence
functionsof the spatialcoordinates.In Cartesiancoordinateswe have:

L t = (@x @y)
µ

a b
b c

¶ µ
@xL
@yL

¶

= @x(a@xL) + @x(b@yL) + @y(b@xL) + @y(c@yL):
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NumericalSolutionsIII

The tensordi®usionequationin carthesiancoordinates

L t = (@x @y)
µ

a b
b c

¶ µ
@xL
@yL

¶

= @x(a@xL) + @x(b@yL) + @y(b@xL) + @y(c@yL):

The terms@x(a@xL) and @y(c@yL) are the sameasencounteredbefore. For the
mixedtermswe canusecentral di®erencesandstill endup with a schemeusinga
3£ 3 stencil.
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NumericalSolutionsIII

The discretizedtensordi®usionequation̄ nally becomes:

L t+ dt
i;j = L t

i;j + dt
¡

¡
bi¡ 1;j + bi;j +1

4
L i¡ 1;j +1 +

ci;j +1 + ci; j
2

L i;j +1 +
bi+1;j + bi;j +1

4
L i+1;j +1 +

ai¡ 1;j + ai;j

2
L i¡ 1;j ¡

ai¡ 1;j + 2ai;j + ai+1;j + ci;j ¡ 1 + 2ci;j + ci;j +1

2
L i;j +

ai+1;j + ai;j

2
L i+1;j

bi ¡ 1;j + bi;j ¡ 1

4
L i¡ 1;j ¡ 1 +

ci;j ¡ 1 + ci; j
2

L i;j ¡ 1 + ¡
bi+1;j + bi;j ¡ 1

4
L i+1;j ¡ 1

¢
:
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CoherenceEnhancingDi®usion

² Edgeenhancingdi®usiondoesnot
work for this image.

² Observingthelocalgradient frame
at a smallscaleresultsin gradient
estimatesthat are too noisy (i.e.
not indicativeof theorientation we
areinterestedin).

² Observingthelocalgradient frame
at a largerscaledestroysthestruc-
ture we areinterestedin.

² The local gradient framevanishes
(almost) at the ridges(dark and
bright).
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OrientationEstimation

fingerprint (+detail)
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² The ensembleof gradient vec-
tors within a local neighbor-
hood providesenough(statis-
tical) informationto estimate
the localorientation.

² The structure tensor is (re-
lated to) the covariancema-
trix of the gradient vectors
within a localneighborhood.

² The eigenvectorsof the struc-
ture tensorestimatetheorien-
tation of the ridgesin a local
imageneighborhood.
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CoherenceEnhancingDi®usion

The localorientation estimationis basedon the structuretensor:

S =
µ

S11 S12

S12 S22

¶
=

µ
LxLx ¤ Gu LxLy ¤ Gu

LxLy ¤ Gu LyLy ¤ Gu

¶

whoseeigenvectorsindicatethemostprominent orientation. Thedi®erencebetween
the two eigenvaluesis an indicationof the anisotropy in a localneighborhood.

The di®usiontensoris constructedas:

D = R T
µ

c1 0
0 c2

¶
R

whereR is the rotationmatrix whosecolumnsarethe eigenvectorsof the structure
tensorandc1 andc2 aretheconductivity coe±cients alongtheprincipaldirections.
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CoherenceEnhancingDi®usion

The elements of the di®usiontensorare:

d11 =
1
2

µ
c1 + c2 +

(c1 ¡ c2)(s11 ¡ s22)
®

¶
d22 =

1
2

µ
c1 + c2 ¡

(c1 ¡ c2)(s11 ¡ s22)
®

¶

d12 =
(c2 ¡ c1)s12

®
where

® =
q

(s11 ¡ s22)2 + 4s2
12:

The eigenvaluesof the structuretensoraregivenby:

¸ 1;2 =
1
2

(s11 + s22 § ®) :

Theseeigenvaluesdeterminethe di®usioǹspeeds'c1 andc2. We select:

c1 = max(0:01; 1 ¡ e¡ (¸ 1¡ ¸ 2)2=k2
); c2 = 0:01;
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CoherenceEnhancingDi®usion

Original Image Coherence Enhancing Diffusion
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