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The Needfor GeometrprivenDi®usion

2 Gaussiarsmathing not only re-
duceghe noise put alsothe edges
aresmamthed:there is a nead for
adaptive sale seletion.

2 Neigtbouring structuresmay “an-
nihilate": there is a need for ori-
ented smathing.

I
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Koenderink'sCausalit Criterium

2 The luminanceat a local maxi-
mum shoulddecrease scaleand
the luminanceat a local minimum
shouldincrease.

2 Luminancevaluesshouldnot be
createdvhenincreasinghe obser-
vation scale. l.e. a value L(x;t)

shouldbe traceableto a location
in the in nitesimal neigtborhaod

of x at anin nitessimallysmaller
scalet j dt.

tidcale
IS

2 Not causal
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Linea ScaleSpace

The solutionof the di®usiorequation:
@ =r2
with initial conditionL (x;0) = Lg is givenby:
3 p_
L(x;t)= LoeG % (x)

with
G3(x) = —|91—ei %K;
(s 2
Notethat&he “time't in the di®usiorprocesss not equalto the scales, insteadwe
haes= 2t

I
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Causalit in Critical Points

In the neigtborhaod of a critical point (Xo;to) the scale-spacesophotecan be
represeted witha functiont = T(x):

L(x; T(x)) = constah
For a critical point we have:
Toxe)= 0
To be a causabpoirt:
T%o) < 0

i.e.part of theisophotamustlie belowv the tangen plane;we shouldbe ableto trace
this luminanceanto the past(smallerscales).
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Causaly in Critical Points

Di®eretiating L (x; T(x)) = constan twicewith resgectto x we get:
Lux + 2L TO+ Lyg(TH%2+ L, T%%= 0
In a critical poirt xo we have T(xg) = 0 andso

L
T00= . =X
T
Causaliy requiregthat in a critical point T%< 0 andthus
L= ®2|—xx
with the simplest(linear) solution

Lt = Ly

I
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NumericaBolutiond

The simplestnumericaldiscretizatiorof the Laplacianoperatoris the corvolution

with kernel: 8 9
< 1 =
1i41,
1 il
Adding dt timesthe Laplacianto the imageresultsin the linear operator with
kernel: 8 9
< dt =
dt 1 4dt dt
dt ’

Notethat for dt > 0:25the cerral weigh in the above kernelbecomesegatie.
This leadsto an unstablesolutionsdheme.lt is beyondthe scog of this report to
shav that indeeddt < 0:25leadsto stablenumericalshemes.
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NumericaBolutiond

We can smath (di®use)an imageby solvingthe PDE Ly = r °L with initial
conditionL (x; 0) = L. For in nitesimaldt we canwrite:

L(x;t+ dt) = L(x;t) + dt(r 2L)(x;t):

For asampledmagel}; = L(i¢ x; j ¢ y;t) we have:
Lirdt= Li; + dt(r 2L)}; 1)

wherenow (r 2L)};j is a discreteappraimation of the Laplaciangiventhe sampled
imageL|; .

I
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NumericaBolutiond

Original Image dt=0.23 dt=0.26

sipsize
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Di®usion

hich 2 Di®usion is the physi@al processwhele
té%peraure heat (mass) redistributes itself in a
medium as a consa@uene of heat (mass)

low . .
temperature I concentration di®erences.
. 2 Heat °ow. Dueto concefration di®er-
w encesheat °ows in the oppositedirection
high of the concetration gradiem.
temperaure
j=iDrL
temper&t'f‘r"é* temperature _ _
Iiad@f 1 2 Conserv ation law. If noheatis added
from outsideand no heatis lost, the total
heat flow amoun of heatis conseredin the system.
@+r ¢ =0
T T 1 |
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Peronaand Malik Di®usion

Peronaand Malik introducedscalar
inhomogeneowdi®usiorin computer
vision:

@ =r ¢(c(kr LK)r L)

where

kr LK?
okr LK) =€ &
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Scala Di®usion

The generidi®usiorequation

@ =r ¢DrL)

is simpli edby selectind® = cl wherec is the scalarconductivity.

If cis constah over spaceve have
@ =cr L
the solutionthenis givenas:
LD = (Los G 2)(x)

thus:

small conductivit y c< 1. lesssmathingthenusual
large conductivit y ¢> 1. moresmathingthenusual
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P&M Di®usion
Histogram of Gradient Norm + Conductivity
Original Image Gradient Norm 10

The gradiem normkr Lk is an indication of the signi canceof a boundarythat
shouldbe avoidedwhile smathing.
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P&M Di®usion

Original Image

I
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Perona and Malik Diffusion

ASCI-coursa8 Front-EndVision

P&M Di®usion

Peronaand Malik di®usion
non only smathesthe con-
start regionswhile preserv-
ing the edgesbut in some
casedhe edgesare even en-
hanced.
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P&M Di®usion

I
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P&M Di®usions lll-posed

Considetthe 1D P&M di®usion:
Li= @(C(LX)LX)

We canrewritethis as:

(L) Ly + ¢(Ly)) Ly
@, (c(Lx)Lx) Lxx
For the classicaP&M di®usion

L
c(Ly) = €«

01 B Lt

k | 2LX X

middle: °ow ¢(Ly) Ly @ (Ll = —z— e«
bottom: @,c(Ly)Lx

x~
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NumericaBolutiondl

A simpleand straigtiforward numericalimplemenation of P&M type of di®usion
equationgs to usea forward Euler scheme:

L(x;t+dt) = L(x;t) + dtr ¢(c(kr Lkr L)

wherewe plugin a discreteappraimationfor thetermin ther.h.s.of the equation.

We canuseMathematicaand rewrite this:
L§+ L s

Loct+dn = L+ dt2e e T2 2L 0 AL+ (K2 2L2Lo"
(X; )— pe ( | x) xx | xLybxy ( | y) vy

andthen useour familiar recipe: plug in the Gaussianderivatives

This works... but, we are changingthe PDE and we do not know exactlywhat we
are doing. An adhvartage of this methal is that we canuselarger stepsizegthe
stepsizes proportionalto the obseration scale).
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Tenso Di®usion

Considetthe di®usiorequation:
i T ¢
Lie=r ¢DrL)=r 'Dr L

whereD isasymmetrigositive (semi)de nite di®usioriensor
(matrix), thus:

TR
.1 0

0.2
thenin caseD is a constah tensor:
H H 0 1 1 Ho 0 T 1
Le= Rr)" 5 Rr) L= r T 57 1L
0 2 0 5 2
wherer %is the gradiem vectorin the rotatedx%2frame,and
thus

D=RT R

5

L=, 1Lxgot+, 2|-y(§/0
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NumericaBolutiondl

Considetthe di®usiorequation:

@

r ¢(cr L)
@(c@L) + @(c@L):

Using3£ 3 stencilsfor the di®eretiation we endup with a numericalschiemein a
5£ 5 stencil.

It is not to dixcult to deriwve the folloving shheme(within a 3£ 3 stencil):

I-it;-}-dt = I-it;j + d_zt((ch + Cit+1;j)(|-it+1;j i Lit;j)i (C|t| L + qt;j )(Lit;j i Liti l;j) +
(C%;j + Cit;j +1)(L};j +1 i Lit;j) i (Cit;j i 1+ Cit;j )(L};j i I-it;j i 1))
wherewe have written L};j to denoteL (i dx;j dy;tdt) (and sofor the c-function,
whidh is alsoa functionof t throughthe in°uenceof the gradiem norm).
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Tenso Di®usion

It seemshe logicalway to constructa di®usiortensorlike:

M 1
.1 0

0.
with R the rotation matric the alignsthe axesalongthe vw-directions.Thenthe

di®usiorshouldbe alongv direction,i.e. alongthe isophote:

MLt

Lz+Lg by b

D=RT R

R =

Substitutingthis in the di®usiorequation:
Li=r ¢(Dr L)
leadsto
Le=,qr 2L

i.e.the isotropicdi®usiorequation.
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EdgeEnhancindi®usion

Insteadof selectinghe local gradien frameat scale0 we shouldobsere chosethe
gradien frameasobseredat a nite scaleu > 0.

H 1
_pT 10
D=R 0 R
with
u u Uﬂ
R=a——— |
(Ly2+ Lz T hy
and

" i (L)?
N Z(Lw) =€ k
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NumericaBolutiondll

In this sectiorwe considernisotropiadi®usiordescriled with the PDE:
Li=r ¢(Dr L)

whereD is a positive semide nite symmetricdi®usion tensor. Herewe only
consideD images.The di®usiortensoris then assumedo be a the form:
H 1
ab .
bc
All elemets of the tensorare functionsof the local imagestructure and hence
functionsof the spatialcoordinates.In Cartesiancoordinateswe have:
Ho T 1
L= (@ @ ab @L
! bc @L

= @(a@L)+ @b@L) + @baL) + @c@L):

D=
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EdgeEnhancindi®usion

Original Image Edge Enhancing Diffusion
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NumericaBolutiondll

The tensordi®usiorequationin carthesiarcoordinates
1 1

@ @ H ab H @L

bc QL
@@@L)+ @b@L) + @b@L) + @(c@L):
Theterms @(a@L) and @(c@L) arethe sameas encoutered before. For the
mixedtermswe canusecerral di®erenceand still endup with a shemeusinga
3£ 3stencil.

Lt
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The discretizedensordi®usiorequation nally becomes:

i
I-it;}rdt = L}:J' + dt

i+ b s 41+ Cioj w1+ Dbig
i Bis * By 4b'J 1|—ii g+ + Gina* O] 12 JLi;j 1t Beaj * By 4h'J 1Li+1;j+1+
Az &G " @i 1j + 2805 + Aiv1j + Gji 1t 2Gj + G Lij +
2 [ 2 ),
Qi1 + A
71']2 Ly
b1 + b Gii1+ Ciij B + b ¢
—i4 il 2 L 1I-ii i1t 12 ) Lijiati 2 2 L 1Li+1;J| 1
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OrientationEstimation

fingerprint (+detail) o scale =2 2 The ensemle of gradiem vec-
tors within a local neighbor-
] , M hood prwidesgnougr(s'tatis—
i tical) informationto estimate
the local oriertation.

2 The structure tensor is (re-
lated to) the covariancema-
trix of the gradien vectors
within a local neighborhood.

scale =0.7 scale=5

2 The eigenectorsof the struc-
ture tensorestimatethe orien-
tation of the ridgesin a local
imageneighoorhaod.

04 0.2 0 02 0.4 04 0.2 0 0.2 0.4
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Coherenc&nhancindi®usion

2 Edgeenhancingli®usiordoesnot
work for this image.

2 Observinghelocalgradiem frame
at a smallscaleresultsin gradiet
estimatesthat are too noisy (i.e.
notindicativeofthe oriertation we
areinterestedn).

2 Observinghelocalgradien frame
at alargerscalalestrgsthe struc-
ture we areinterestedn.

2 The local gradiemn framevanishes
(almost) at the ridges(dark and
bright).
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CoherencEnhancind@i®usion

The local oriertation estimationis basedon the structuretensor:

1
S = H S11 S12 - : LxLquu I—xI—ymGu

S12S2  LyLyeGY LyL,aG"
whoseeigenectorsndicatethe mostprominem oriertation. The di®erencbetween
the two eigeraluesis an indicationof the anisotropy in a local neigtborhaod.

The di®usiortensoris constructeds:

1
lJC]_O

- pT
D=R 0 G

R

whereR is the rotation matrix whosecolumnsarethe eigewectorsof the structure
tensorandc; andc;, arethe conductiviyy coexcieris alongthe principaldirections.
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Coherenc&nhancindi®usion

The elemets of the di®usiortensorare:

H H
1 Gli C)(S11j S 1 Gi &)(s11i S
d11=§ C1+Cz+(1| 2)(®11| 22) d22=§ oL+ o (Cri 2)(®11| 22)
o= (i cysi2
2= o
where
q
®=  (S11i Spp)?+ 4s?y

The eigenaluesof the structuretensoraregiven by:

1
L12 = 5(311"' S22 8 ®):
Theseeigenaluesdeterminethe di®usionspeeds’c; and c,. We select:

cl= max(Q0L 1 € ¢1-2%K): 2= 0:01;
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Coherenc&nhancindi®usion

Original Image

Coherence Enhancing Diffusion



