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Linear Scale-Space

Linearscale-spaceis constructedby embeddingan imageL 0 into a oneparameter
family of imagesL(¢; s) that satisfythe di®usionequation:

@tL = r 2L:

with initial conditionL(¢; 0) = L 0. Thesolutionat `time' t is givenby theGaussian
convolution:

L(¢; t) = L ¤ G
p

2t

where

Gs(x) =
1

(s
p

2¼)D
exp(¡

kxk2

2s2 ):

Notethat thescales isnot equalto the`di®usiontime' t, insteadwehaves =
p

2t.
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GaussianImageDerivatives

In computational vision we re-
place the mathematicalderiva-
tivesby Gaussianderivatives:

@L ¡ ! @sL = @(L¤Gs) = L¤@Gs

I.e.takinga derivativeis replaced
by a convolutionwith the deriva-
tive of the Gaussiankernel. The Gaussian Deriv ativ e Kernels.

From left to right, top to bottom: Gs, @xGs,
@yGs, @xxGs, @xyGs, @yyGs.
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GaussianImageDerivatives

L

Lx Ly

Lxx Lxy Lyy

The x-coordinate runs from top to bottom, and the y-

coordinaterunsfrom left to right.

The image`two-jet', i.e. all
the derivativesup to order2,
captures(a lot of) the local
imagestructure.
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ConvolutionIntegral
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What we would like to calculateis:

(L ¤ @Gs)(x) =
Z

­
L(x ¡ y)@Gs(y)dy

Observe that

² the function L is not known, all we have
are`some'samples,

² the kernel@Gs is of in¯nite spatialextend.

² the samplesare only within a ¯nite sub-
setof the in¯nite domainof the Gaussian
function: at the border of the imagethe
kernel is bound to be not entirely within
the imagedomainand
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ConvolutionSum

The GaussianFunction

The SampledGaussian
Function

The convolution integral:

(L ¤ W)(x) =
Z

­
L(x ¡ y)W(y)dy

is mostoftenapproximatedwith a convolution sum:

(L ? W)(k) =
X

l2­

L(k ¡ l)W(l)

whereL is the sampledversionof L and W is the
sampledversionof W.
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SampledFunctionandSampledGaussian
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ConvolutionSum
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ConvolutionSum
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SmallScaleConvolutions
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Considerthe (sampled)function:

Ln(x; y) =
1
n!

xn

The n-th orderderivative @xn is:

@xnLn = 1

For smallscalevaluestheconvolution
resultis signi¯cantly di®erent from1.
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Discretizingthe Convolution
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DiscreteImageOperators

°
¡ !

interpolation" #sampling

¡ !
¡

The discreteimageoperator
¡ is de¯nedas:

1. ¯rst interpolate(I ),

2. thenapply° andthen

3.sample(S),

i.e.

¡ = S ±° ± I
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Sampling

b1

b2

The samplinggrid.

The samplinggrid ¤ is generatedby the
vectorsb1; : : : ; bD collectedin thematrix
B =

¡
b1 ¢¢¢ bD

¢
:

¤ = f Bk
¯
¯ k 2 ZDg

SamplingthefunctionL resultsin thedis-
cretefunctionL:

L(k) = SB(L)(k) = L(Bk )
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Interpolation

Givena sampledimageL we canapproximateL usingan interpolation technique.
We consideronly interpolationmethodsof the form:

I B;Á(L)(x) =
X

k

Á(x ¡ Bk)L(k)

whereÁ is the interpolating kernel.
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Approximatingthe ConvolutionIntegral

The convolution L ¤ W given only the samplesL of L is approximatedusingthe
interpolationapproximationof L:

(L ¤ W)(x) ¼ (I B;ÁL ¤ W)(x)

Substitutingthe interpolationwe obtain:

(I B ;ÁL ¤ W)(x) =
Z

RD

Ã
X

k

Á(x ¡ y ¡ Bk)L(k)

!

W(y)dy

=
X

k

L(k)
Z

RD
Á(x ¡ y ¡ Bk)W(y)dy

=
X

k

L(k) (Á¤ W) (x ¡ Bk)

Notethat this expressionallowsusto approximatethe convolution in any position
in the imagedomain,evenat `subpixel'positions.
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Approximatingthe ConvolutionIntegral

Often we want to storethe convolution asa sampledimageaswell. Samplingthe
convolution in the samepoints asthe originalimagewe obtain:

(I B ;ÁL ¤ W)(B l) =
X

k

L(k) (Á¤ W) (B l ¡ Bk)

=
X

k

L(k)SB(Á¤ W)(l ¡ k)

= (L ? SB(Á¤ W)) (l)

BecauseI B;ÁL ¤ W is the approximationof L ¤ W we canwrite:

SB(L ¤ W) ¼ SB(L) ? SB(Á¤ W)
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Approximatingthe ConvolutionIntegral

The convolution integralis approximatedwith a convolution sum:

SB(L ¤ W) ¼ SB(L) ? SB(Á¤ W)

We thus¯nd that:

² the convolution integral is approximated by a convolution sum of a sampled
imageanda sampledkernel.

² the kernelto be sampledis not the convolution kernelW but the convolution
Á¤ W.

² the accuracyof the approximationis determinedby the accuracyof the interpo-
lation.
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`Large-scale'GaussianConvolutions

For s > 1 we have that:

SB(Á¤ @Gs) ¼ SB(@Gs)

andthus

SB(L ¤ @Gs) ¼ SB(L) ? SB(@Gs)

showing that for larger scales the convo-
lution integral is approximated by a con-
volution sum using the sampled Gaussian
(derivative) kernel.
This is true for all the interpolation schemes
shown before(Á0, Á1, Á3 andÁ1 ).
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`Small-scale'GaussianConvolutions
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At scales = 0:8 the sam-
plingof the`interpolatedker-
nel' alreadydi®ersfrom the
non-interpolatedkernel.
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`Small-scale'GaussianConvolutions
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At scales = 0:8 the convolu-
tion resultsusingan`interpo-
latedkernel'areslightly bet-
ter then the resultsobtained
with the non-interpolated
kernel.
Especially the Gaussian
derivative convolutions are
moreaccurate.
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`Small-scale'GaussianConvolutions
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At scales = 0:5 the sam-
plingof the`interpolatedker-
nel' di®ers from the non-
interpolatedkernel.
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`Small-scale'GaussianConvolutions
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At scales = 0:5 the convolu-
tion resultsusingan`interpo-
lated kernel' are better then
the resultsobtainedwith the
non-interpolatedkernel.
Especially the Gaussian
derivative convolutions are
moreaccurate.
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Algorithmsfor Gaussianconvolutions

We distinguishthreeimportant algorithmsfor imageconvolutions:

1.FIR spatial algorithms (Finite ImpulseResponse)

The classicalstraightforward implementation of the convolution summa-
tion.

2. I IR spatial algorithms (In¯nite ImpulseResponse)

A `recursive' ¯lter basedonsignalprocessingtheory. Theresulting¯lter is
an approximation of the Gaussianderivative convolution (and thus there
are several variants). The advantage is that the time complexity of the
resulting¯lter is not dependent of the scale.

3.Frequency domain algorithms (via the Fouriertransform)

Convolution in the spatialdomainis pointwisemultiplication in the fre-
quencydomain.
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FiniteImpulseResponseAlgorithms

² Any Gaussian(derivative) convolution is separable.

² Whereshouldwe truncatethe Gaussianfunction(to obtaina FIR ¯lter)?

² Shouldwe normalizefor missingdensity? (and thenhow?)

² How to calculatethe Gaussianderivative kernels(for any order)?

² What is a fast imageconvolution algorithm?

ReinvandenBoomgaard 24



Algorithms for Linear Scale-Space ASCI-coursea8Front-EndVision

Separability

The Gaussianderivative kernel:

@kGs(x) = @
x

k1
1

¢¢¢@
x

kD
D

Gs(x1) ¢¢¢Gs(xD)

= @
x

k1
1

Gs(x1) ¢¢¢@
x

kD
D

Gs(xD)

is of the form W(x) = W1(x1) ¢¢¢WD(xD) andthus is separable,i.e.

L ¤ @kGs = L ¤ @
x

k1
1

Gs
1 ¤ ¢¢¢¤ @

x
kD
D

Gs
D

From now on we thus may focuson the Gaussianderivative convolution of one-
dimensionalfunctions.
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TheBorderProblem

Considerthe convolution sum:

(L ? W)(k) =
NX

l= ¡ N

L(k ¡ l)W(l)

In casek ¡ l 62[1; S] (whereS is the sizeof
the 1D image)the following conventions can
be foundin practice:

² Zero padding. We set L(m) = 0 for
m 62[1; S].

² Perio dic Con tin uation. WesetL(m+
S) = L(m).

² Replication. WesetL(m) for m 62[1; S]
to L(1) for m < 1 andL(S) for m > S.
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Truncatethe GaussianKernel

² By truncationwe `loose'density
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² For the (zeroorderderivative) Gaussiankerneltruncatingthe Gaussiankernel
at N = ®s andstraightforward samplingleadsto the followingdensities:

® N = d®e
RN + 1

2
¡ N ¡ 1

2
G1(x)dx

1 1 0.87
2 2 0.98
3 3 0.99
5 5 1.00
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Truncatethe GaussianDerivativeKernel

² The Gaussianderivative kernelshouldbe truncatedat largervaluesof x.
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² At leasta valueof s from the last zerocrossingin the Gaussianderivative is a
nicerule of the thumb (unfortunatelythere is only an approximative equation
for the last zerocrossing):

N ¸ 2s
q

n + 1¡ 1:153
p

n + 1
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Normalizationof the TruncatedKernels

Becausethe Gaussiankernelis truncatedthe kernelweights do not sumup to one,
i.e. the meanvalueof an imageafter convolution is lower then the meanvalueof
the originalimage.

This canbe correctedfor with a multiplicative normalizationof the kernel

Gs(i ) =
Gs(i )

P N
j = ¡ N Gs(j )

ascanbe oftenfoundin practicalimplementations.

The advantageis that the Gaussianconvolution preservesthe density, a disadvan-
tageis that the accuracyof the Gaussianconvolution canbe lessthen for the not
normalizedkernel.
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Normalizationof the TruncatedKernels

² Normalizationof the Gaussiankernelto preserve the total density is equivalent
to the normalizationto correctly¯lter a constant function.

² For Gaussianderivative kernelsan equivalent normalizationcanbe carriedout
by

@kGs(i ) =
@kGs(i )

P N
j = ¡ N

j k

k! @kGs(j )

Note that h(i ) = i k=k! is the canonicalfunctionthat hask-th orderderivative
equalto one.

² The ¯rst orderderivative kernelis thus normalizedin such a way that a linear
rampfunctionresultsin the correct¯rst orderderivative.

² A disadvantage is that the normalizationonly leadsto correctresultsfor the
canonicalfunctions,not necessarilyfor otherfunctions.
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Gaussianderivativekernelsof anyorder

² The Gaussianderivative of ordern is givenby:

@nGs(x) =
µ

¡ 1

s
p

2

¶ n

Hn

µ
x

s
p

2

¶
Gs(x)

whereHn is the Hermitefunction.

² We thushave to implement two functions:Gs andHn.

{ The Gaussianfunctionis trivial.

{ For the Hermitefunctionwe canusethe following recursive de¯nition:

H0(x) = 1

H1(x) = 2x

Hn+1(x) = 2x Hn(x) ¡ 2(n ¡ 1)Hn¡ 1(x)
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A bit of Matlab

f unct i on r = gD( i mage , scal e , ox , oy )
% Gaussi an Der i vat i ve Convol ut i ons
K = cei l ( 4 * scal e ) ;
x = - K: K;
Gs = exp( - x . ^2 / ( 2* scal e^2) ) ;
Gsx = gDer i vat i ve ( x , scal e , ox ) ;
Gsy = gDer i vat i ve ( x , scal e , oy ) ;

r = i mf i l t er ( i mf i l t er ( i mage , Gsx ' , ' conv ' , ' r epl i cat e ' ) , . . .
Gsy , ' conv ' , ' r epl i cat e ' ) ;
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A bit of Matlab

f unct i on r = gDer i vat i ve ( x , s , or der )
Gs = 1/ ( s* sqr t ( 2* pi ) ) * exp( - x . ^2 / ( 2* s ^2) ) ;
r = ( - 1/ ( s* sqr t ( 2) ) ) . ^ or der * Her mi t eH( or der , x / ( s* sqr t ( 2) ) ) . * Gs ;

f unct i on h = Her mi t eH( or der , x )
swi t ch or der
case 0

h = 0* x + 1;
case 1

h = 2 * x ;
ot her wi se

h = 2 * x . * Her mi t eH( or der - 1, x ) - . . .
2 * ( or der - 1) * Her mi t eH( or der - 2, x ) ;

end
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FastConvolutionAlgorithms

² Accessingslow memoryis the bottleneck on a generalpurposeCPU. Cache
behaviour is important.

² Keepingthe CPU pipelines̄ lled with dataandcalculatingis important.

² If you needto, you canprogramwith the MMX instructionsetof your (Intel)
CPU.

² or, you can useapproximationsof Gaussianderivative convolutions utilizing
recursive algorithms,or you canusea Fouriertransformbasedmethod.
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FrequencyDomainAlgorithms

Let L̂ be the DFT (discreteFouriertransform)of a sampledimageL andalsolet Ŵ
be the DFT of W, then

R = L ¤ W

R̂

DF T

?

6................
= L̂

DF T

?

6................
£ Ŵ

DF T

?

6................

i.e. convolution in the spatialdomainbecomesmultiplication in the frequencydo-
main.

² In the changeof representation (from the spatial to the frequencydomain)we
have de¯nedthe way the `border' is treated: periodic continuation. This way
of dealingwith the bordergivesriseto very peculiarbordere®ects.

² For Gaussian(derivative) kernelswe may sampleits Fouriertransform.
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Complexity of frequencydomainalgorithms

Considera 1D convolution L ? W:

² The calculationof the DFT L̂ hascomputationalcomplexity of orderN logN
whereN is the number of samplesin L

² Let W be a sampledkernel(with M valuesdi®erent from zero)then the spatial
implementation of the convolution is of the orderN M .

² Thus in caseM > logN the frequencydomainimplementation haslower com-
putationalcomplexity.

² For a Gaussianderivative kernelM is proportional to the scale. So for large
scalethe frequencydomainalgorithmsmay be advantageous.
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FrequencyvsSpatialAlgorithms

² Smallscales:

{ Spatialalgorithmis e±cient, but not accurate.

{ FFT algorithmsis accuratefor not too small scales,but not too e±cient
(comparedwith spatialalgorithm).

² Largescales:

{ Spatialalgorithmis ine±cient, but accurate.

{ FFT algorithmsis not soaccurate(samplinga very smallscaleGaussin the
Fourierdomain),but very e±cient (comparedwith spatialalgorithm).
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