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Linea Scale-Space

Linearscale-spads constructedby enbeddinganimageL ¢ into a oneparameter
family ofimaged_ (¢ s) that satisfythe di®usion equation:

@L =r °L
with initial conditionL (¢ 0) = Lo. Thesolutionat “time't is givenby the Gaussian
corvolution:

L(Gt) = LaG 2

where
1 kx k2
GS(x) = — —exp(j —):
(x) (_SPW Hi 232)

Notethat the scales is not equalto the "di®usiotime't, insteadnve have s = P 2.

Reinvanden Boomgaad 2

Algaithms for Linea Scale-Space ASCI-coursa8 Front-EndVision

GaussiatmageDerivatives

In computational vision we re- $

place the mathematicalderiva-

tivesby Gaussianderivatives ¢ 0

@ ! @L= @LrG® = Lo@®

I.e.takingaderiativeisreplaced Q ’

by a corvolution with the deriva- »

tive of the Gaussiarkernel. The Gaussian Deriv ative Kernels.

From left to right, top to bottom: G35, @GS,
@G*®, BG°, @/G°, @G\G°®.
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GaussiamageDerivatives

The image "two-jet’, i.e. all
the derivativesup to order2,
captures(a lot of) the local
imagestructure.

The x-coordinate runs from top to bottom, and the y-
caordinaterunsfrom left to right.
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Convolutiorintegral

What we would Iikezto calculateis:
(Le@%)(x)= L(xi y)@:3y)dy
Obsere that

2 the functionL is not known, all we have
are ‘'somesamples,

2 the kernel@s*® is of in nite spatialextend.

2 the samplesare only within a "nite sub-
setof the in nite domainof the Gaussian
function: at the border of the imagethe
kernelis boundto be not ertirely within
the imagedomainand
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ConvolutiorBum

The corvolutionintegral:
Y4

(LeW)(x) = _ L(xi y)W(y)dy

is mostoftenappraximatedwith a corvolution sum:

The GaussiarFunction

X
[ T (L2W)k) = Lk i HW()
N o°o°ov ?TWTTW ?ﬁwﬁ:& o 12-
! v VT 8l R wherelL is the sampledversionof L and W is the

The Sampled Gaussian sampledversionof W.

Function
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Sampledrunctionand Sampledsaussian

M Wl,

?rﬂw | hﬁh
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ConvolutiorBum

S ARt LT YY) ! 3 P s
I
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ConvolutiorBum
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SmallScaleConvolutions

Considetthe (sampled)function:

0.95 1
0 L"(x;y) = mxn
o5t The n-th orderderiwative @n is:
@nLn =1
For smallscalevaluesthe corvolution
resultis signi carily di®erenfrom 1.
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Discretizinghe Convolution

"3 290468 ] T 1 2
I
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DiscretdmageOperatas

The discreteimageoperator
i isde nedas:

1. rst interpolate(l ),
2.thenapply® andthen
3.sample(S),

i.e.
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Sampling
The samplinggrid = is generatedby the
. . . vectardhs; :::; b, collectedn the matrix
B ='by ¢0¢ bp -

b, o=fBk k2 2zPg
b, : SamplinghefunctionL resultsin the dis-

The samplinggrid cretefunctionL:

L(k) = Ss(L)(k) = L(Bk)

Reinvan denBoomgaad 13

Algaithms for Linea Scale-Space ASCI-coursa8 Front-EndVision

Interpolation

Givena sampledmagel. we canapprximatelL usingan interpolation technique.
We consideonly interpolation methals of the form:

X
leaL(x) = A(xi Bk)L(K)
k

whereA is the interpolating kernel

15 15 15 15
1 o 1 g 1 & 1 &
05 05 0.5 05
0 0 0 0
T 2 ¥ o 2 %2 0 2 ¥ 0 2
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Appraximatingthe Convolutiorintegral

The convolution L @ W given only the sampled. of L is apprximatedusingthe
interpolationapprimationof L:

(L aW)(x) ¥a (I g;al 2 W)(x)
Substitutingthe interpolationwe obtain:

- A !
X
Axi yi Bk)L(k) W(y)dy
kz

Lk Axi yi BK)W(y)dy

(I'8;aL 2 W)(x)
RD

L(k) (A= W) (x i Bk)
k
Notethat this expressiomllovsusto apprximatethe corvolutionin ary position
in the imagedomain,evenat “subpixelpositions.
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Appoximatingthe Convolutiorintegral

Oftenwe want to storethe corvolution asa sampledmageaswell. Samplingthe
corvolutionin the samepoints asthe originalimagewe obtain:

(Is:AL2W)(BI) L(k) (AaW) (Bl i Bk)

L(k)Se(AaW)(Ii k)

k
(L?Se(AaW)) (1)

Becausé g.4L @ W is the appraimationof L @ W we canwrite:

Sg(L @W) ¥4 Sg(L) ?Sg(AaW)
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Appraximatingthe Convolutiorintegral

The corvolutionintegralis apprximatedwith a corvolution sum:
Se(L 8 W) % Sg(L) ?Ss(AaW)
We thus nd that:

2 the corvolution integral is appraximated by a corvolution sum of a sampled
imageanda sampledkernel.

2 the kernelto be sampleds not the corvolution kernelW but the convolution
AoWw.

2 the accuracyof the appraimationis determinedy the accuracyof the interpo-
lation.
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"Lage-scaleGaussiaconvolutions

For s > 1 we have that:

Sg(Ar @5°) ¥4 S (@5°)
andthus

Se(L 8 @5°) ¥4 Sp(L) ? S (@°)

shaving that for larger sales the convo-

lution integral is approximated by a con-

volution sum using the samplel Gaussian
(derivative) kernel.

This is true for all the interpolation shemes
shavn before(Ay, A, As and A, ).
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"Small-scalégSaussiaconvolutions
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At scales = 0:8 the sam-
plingofthe “interpolatedker-
nel' alreadydi®ersfrom the
non-irterpolatedkernel.
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“Small-scalé€Saussiaconvolutions

Gaussian Convolution
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At scales = 0:8the cornvolu-

tion resultsusingan “interpo-

lated kernel'areslighly bet-

ter thenthe resultsobtained
with the non-inerpolated
kernel.

Especially the Gaussian
deriwative corvolutions are

moreaccurate.
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"Small-scaléSaussiaconvolutions
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“Small-scalé€Saussiaconvolutions

Gaussian Convolution
0.8 T
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Algaithmsfor Gaussiagonvolutions
We distinguishthreeimportart algorithmsfor imagecorvolutions:

1.FIR spatial algorithms (Finite ImpulseResmpnse)

The classicaktraigttforward implemetation of the corvolution summa-
tion.

2.1IR spatial algorithms (In nite ImpulseResmnse)

A ‘recursie' Tter basedn signalprocessingheory Theresulting Tter is
an apprximation of the Gaussiarderiative corvolution (and thus there
are seeral variarts). The adwartageis that the time complexiy of the
resulting Tter is not dependen of the scale.

3.Frequency domain algorithms (via the Fouriertransform)

Corvolution in the spatialdomainis pointwise multiplication in the fre-
guencydomain.
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Finite ImpulseRespnseAlgaithms

2 Any Gaussiar{deriwative) corvolutionis separable.

2 Whereshouldwe truncatethe Gaussiarfunction(to obtaina FIR “Tter)?
2 Shouldwe normalizefor missingdensiy? (andthen hon?)

2 How to calculatethe Gaussiarderiative kernels(for ary order)?

2 What is a fastimagecorvolution algorithm?
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Sepaability

The Gaussiarderiative kernel:

@G°(x)

@, 660@1 G(x) €00G°(x0)
@4G°(x) 068@i5 G*(x0)

is of the form W (x) = W;(x1) ¢¢¢Wp (Xp) andthusis separablei.e.

Lo@G’=Ln @PGi @ ¢¢ea @;D Gy

From now on we thus may focuson the Gaussiarderiative corvolution of one-
dimensionafunctions.
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The BorderProblem
Considetthe corvolution sum:

X
(L?W)(k) = Lk i DHw(l)
I=i N
In casek j | 62[1 S] (wheresS is the sizeof
the 1D image)the follonving corvertions can
be foundin practice:

2 Zero padding. We setL(m) = O for
m 671; S].

2 Perio dic Contin uation. WesetL(m+
S) = L(m).

2 Replication. WesetL(m) form 6721, S]
to L(1) form < 1andL(S) form > S.
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Truncatethe GaussiaKernel

2 By truncationwe “loose'densiy

2 For the (zeroorderderiative) Gaussiarkerneltruncatingthe Gaussiarkernel
at N = ®s andstraighiforward samplingeadsto the following densities:

Rn+1
® N = dre NN+ZlGl(x)dx
i Ni5
1 1 0.87
2 2 0.98
3 3 0.99
5 5 1.00
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Truncatethe GaussiaDerivativeKernel

2 The Gaussiarderiative kernelshouldbe truncatedat largervaluesof x.

2 At leasta valueof s from the last zerocrossingn the Gaussiarderiative is a
nicerule of the thumb (unfortunatelythereis only an apprximative equation
for the last zer@rossing):

q
N, 2s n+1j lzlggn+l
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Namalizatiorof the TruncatedKernels

Becaus¢he Gaussiarkernelis truncatedthe kernelweighs do not sumup to one,
i.e. the meanvalue of an imageafter corvolution is lower then the meanvalue of
the originalimage.

This canbe correctedor with a multiplicative normalizationof the kernel
— GS(i
G(i) = P2
j=i N G (J)

ascanbe oftenfoundin practicalimplemetations.

The adwarntageis that the Gaussiarcorvolution preseresthe densiy, a disadan-
tageis that the accuracyof the Gaussiarcorvolution canbe lessthen for the not
normalizedkernel.
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Namalizatiorof the TruncatedKernels

2 Normalizationof the Gaussiarkernelto presere the total densiy is equialert
to the normalizatiorto correctly Tter a constah function.

2 For Gaussiarderiative kernelsan equiwalert normalizationcan be carriedout
by
o
@) = P2
i=i N KT @GS(J )
Notethat h(i) = ik=k! is the canonicafunctionthat hask-th orderderiative
equalto one.

2 The “rst orderderiative kernelis thus normalizedn sut a way that a linear
ramp functionresultsin the correct rst orderderiative.

2 A disadartageis that the normalizationonly leadsto correctresultsfor the
canonicafunctions,not necessarilfor otherfunctions.

ReinvandenBoomgaad 30

Algaithms for Linea Scale-Space ASCI-coursa8 Front-EndVision

Gaussiaderivativekernelsof anyorder

2 The Gaussiarderiative of ordern is givenby:
[V 1ﬂn Ko 1
@G(x)= P~ H, = G(X)
s 2 s 2
whereH,, is the Hermitefunction.

2 We thus have to implemen two functions:G* andH .
{ The Gaussiarfunctionis trivial.
{ For the Hermitefunctionwe canusethe following recursie de nition:
Ho(x) = 1
Hi(x) = 2x
Hnwa(X) = 2xHa(x) i 2(ni 1)Hp; 2(x)
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A bit of Matlab

function r = gD( inage, scale, ox, oy )
% Gaussi an Derivative Convol utions

K= ceil( 4 * scale );

X = -K K;

G = exp( - x.”2 [/ (2*scale”2) );

Gsx = gDerivative( x, scale, ox );

Gsy gDerivative( x, scale, oy );
r = infilter( infilter( image, Gsx', 'conv', 'replicate' ),

Gsy, 'conv', 'replicate' );
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A bit of Matlab

function r = gDerivative( x, s, order )
G = 1/(s*sqgrt(2*pi))*exp( - x."2 [ (2*s"2) );

r = (-1/(s*sqrt(2)))."order*Herm teH(order, x/(s*sqrt(2)) ) .* Gs;

function h = HermteH( order, x )
switch order
case 0
h = 0*x + 1;
case 1
h =2 * x;
ot herwi se
h=2%*x .* HrnmiteH( order-1, x ) - ...
2 * (order-1) * HermteH( order-2, x );
end
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Fast ConvolutiorAlgaithms

2 Accessingslov memoryis the bottlene& on a generalpurpose CPU. Cade
behaviour is importart.

2 Keepingthe CPU pipelinesTled with dataand calculatingis importart.

2 If you needto, you canprogramwith the MMX instruction setof your (Intel)
CPU.

2 or, you can use apprximations of Gaussianderivative corvolutions utilizing
recursie algorithms,or you canusea Fouriertransformbasednethal.
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FrequencypomainAlgaithms

Let { bethe DFT (discreteFouriertransform)of a sampledmagel andalsolet W
bethe DFT of W, then

R = L & W
5 5 5
‘DFT DFT ‘DFT
R = £ £ W

i.e. corvolution in the spatialdomainbecomesnultiplication in the frequencydo-
main.

2 |In the changeof represetation (from the spatialto the frequencydomain)we
have de nedthe way the “border'is treated: periodic continuation. This way
of dealingwith the bordergivesriseto very peculiarbordere®ects.

2 For Gaussiar(deriative) kernelsmve may sampleits Fouriertransform.
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Complexit of frequencylomainalgaithms
Consider 1D corvolution L ? W:

2 The calculationof the DFT £ hascomputationalcomplexiy of orderN logN
whereN is the number of samplesn L

2 Let W be a sampledkernel(with M valuesdi®erenhfrom zero)then the spatial
implemetation of the corvolutionis of the orderN M .

2 Thusin caseM > logN the frequencydomainimplemetation haslower com-
putationalcomplexiy.

2 For a Gaussiarderiative kernelM is proportional to the scale. Sofor large
scalethe frequencydomainalgorithmsmay be adwartageous.
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Frequencys SpatialAlgaithms

2 Smallscales:

{ Spatialalgorithmis exciert, but not accurate.

{ FFT algorithmsis accuratefor not too small scalesput not too exciert
(comparedvith spatialalgorithm).

2 | argescales:

{ Spatialalgorithmis inexcien, but accurate.

{ FFT algorithmsis not soaccurateg(samplinga very smallscaleGaussn the
Fourierdomain),but very excient (comparedvith spatialalgorithm).
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