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Abstract

Given a finite model M, it is possible to associate to every sentence ¢ of Backslash Logic and Depen-
dence Logic the value of the Nash equilibria of the corresponding imperfect information game H(¢).
Hodges’ compositional semantics can then be adapted to this new logic, and the value of atomic de-
pendence formulas in the resulting framework is seen to correspond to one of Kivinen and Mannila’s

measures of approximate functional dependency.
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1 Introduction

The idea of associating to undetermined formulas the values of the corresponding semantic games has a long
history in the study of logics of imperfect information.
Its earliest mention, as far as the author knows, is in [2], which reports that Miklos Ajtai suggested to use

this technique to calculate the value of the Branching Quantifier expression



As its intuitive interpretation would suggest, this formula then takes value 1/n in all finite models with n

elements, and 0 in all infinite models.

Sevenster’s Ph.D. thesis [12] formalizes this proposal in the framework of generalized quantifiers; more-
over, the same concepts are discussed by van Benthem in [14] are [15]. More recently, Sandu and Sevenster
([11]) gave a formalization of equilibrium semantics for a version of IF-Logic, and proved some results about

the expressive power and complexity of the resulting logic.

In [4], a part of the ideas and results of Sevenster and Sandu’s work was independently developed;
moreover, this document contains a Hodges-style compositional semantics for the resulting “Probabilistic
Dependence Logic”, and points out a relation between the values of Vaandnen’s Dependence Atomic For-
mulas (or, equivalently, their translations in Backslash Logic) and a g3 measure of approximate functional

dependency, introduced in [8] and used in Database Theory.

In the present work, we we will investigate the fragment of the language for which a behavioral-strategy
equilibrium exists.!
In particular, we will prove that, if an upper bound to the size of the model is known, there is a value-
preserving translation from the whole logic to this fragment, and that for this fragment the compositional

semantics described in [4] is valid and can be used to compute the value of the equilibria.

2 Game Values

Given a formula ¢ of Backslash Logic? , a model M and an assignment s with Dom(s) 2 FV (¢), we indicate
with H(¢) the imperfect information game associated to the tuple (¢, s) by this logic’s Game Theoretic

Semantics.

Mn [4], it was believed that this fragment was the whole language. Later, the author was able to prove that this is not the
case.

?Backslash Logic is the variant of IF-Logic in which dependence, rather than independence, is the primitive notion. For
example, in JzIy(3z\y)1 the choice of x must be determined by the value of y: in IF-logic, one would write Jz3y(3z/x)¢
instead.

The author finds functional dependence a more natural concept that functional independence to work with: indeed, while
checking whether a quantifier Qy is independent from a quantifier Qz, one must keep in mind with respect to what is independence
being verified, while nothing of this kind is required when checking dependence.

In any case, it is simple to find a (non-compositional) translation between IF-Logic and Backslash Logic.



In brief, the game starts from the position (¢, s,II), and proceeds according to the following rules:

Position Successors

( {(,5,0),(0,s,0)}

( {(¢, s[m/x],a) : m € Dom(M)}
Be\W, s, ) | {(¢, s[m/x], @) : m € Dom(M)}
( {(¥,5,07)}

where a € {I,II}, o* is o’s opponent, and Player a moves in every position of the form (¢, s, «).

Definition 1 (Play and payoff)

A play of the game Hq(¢) is a sequence of positions p = pi ...py such that
® D1 18 (QZS,S,II),'
o For every i < mn, p;+1 s a possible successor of p;.

If moreover p, corresponds to an atomic formula, we say that p is complete; otherwise, we say that p is
partial.
Given a complete play p = p1...Dpn, where p, is (Y, s,a) and ¢ is atomic, we define the payoff for Player
II of p as
- 1 fa=1Iland s =¥, orif a =1 and s = ¢;
P(H;(¢);p) =

0 otherwise.
The payoff for player 1 is 1 — P(H4(9); D).
A local strategy for the game H(¢) describes a possible behavior at a given point of the game:

Definition 2 (Local Strategy)

Given a subformula instance v of ¢, a local strategy for Player I in 1 is a function oy from partial plays

p=p1...p;, where
= (¥,5.1)

to {L, R} if ¥ is a disjunction, and to Dom(M) otherwise.

A local strategy Ty for Player I is defined analogously.



Given a (possibly partial) play p = p1 ...pn, we say that Player o € {I,II} follows oy, if and only if, for all

1 €1...n—1 such that p; is (¢, s, @),

(91,5,0&) 1f‘7¢(p1pz):L»
Pi+1 =
(02,s,«)  otherwise.

if ¢ is of the form 6; V 05, and

pit1 = (0, s[m/x],a) where m = oy (p1 ... pi).

if ) is of the form Jatp or (Jz\W).

A pure strategy for the game H(¢) is formally defined as follows:

Definition 3 (Pure Strategy)

A pure strategy o for Player 1 is a family of local strategies oy for Player I, where ¢ ranges over all
nonatomic, negative subformula instances of ¢ (that is, all subformulas which are in the scope of an odd
number of negations ~ and are not atomic).

Given a partial play p, we say that Player 11 follows o in p if he follows every oy in .

A pure strategy T for Player 11 is defined analogously.

It is easy to see that, given a pair of pure strategies (o, 7) for the two players, there exists a single complete
play p in which Player I follows o and Player IT follows 7; we will call this play (o;7).

In particular, the payoff, for Player II, of the couple of strategies (o,7) will be given by P(Hs(¢);0;7) =
P(H;(¢); (037)).

We are especially interested in uniform strategies, that is, in strategies in which the players do not “cheat”

by using information they should not have access to:

Definition 4 (Uniform local strategy)
A local strategy oy for Player o is uniform if it is not the case that ¢ is of the form (Ix\W)0 and that
there exist two partial plays p = p1...pi—1, (Fe\W)b,s,a) and § = q1...qi—1, (Fx\W)0, s, ) such that

s(y) = $'(y) for ally € W and oy (D) # oy (q).



A pure strategy o for player « is uniform if it contains only uniform local strategies.

As usual, a mized strategy is a probability distribution over pure strategies; in particular, a uniform mized
strategy for Player o will be a probability distribution m over all uniform pure strategies o.
The payoff of a pair of mixed strategies is then the weighed average of the payoffs of pairs of pure strategies,

that is,

P(H(¢);min) = > Y m(o)n(r)P(Hy(¢); 05 7).

The Minimax Theorem states that, if the model M (and, therefore, the game) is finite® there exists a pair
of uniform mixed strategies (m, n) which is in equilibrium, that is, such that neither player can improve its

payoff by switching to a different strategy:

Theorem 1 (Minimax Theorem)
There exists a pair of uniform mized strategies (m,n) such that, for all uniform mized strategies m’ and n
for Players I and 11,

P(H(¢);m'sn) < P(Hg(¢);m;n) < P(m;n').

Moreover, it is well known that, in a zero-sum game G, all equilibrium pairs have the same payoff*.

This justifies the following definition:

Definition 5 (Value of a formula)

Given a model M, a formula ¢ and an assignment s with Dom(s) 2 FV (9),

where (m;n) is an equilibrium pair of the game Hs(¢).

This is the same notion that Sandu and Sevenster study in [11].

Mixed strategies are not the only way of introducing randomness in an extensive game of imperfect

information. One concept which, under certain aspects, is more natural is that of behavioral strategy:

3If the model is infinite this is not the case, as can be easily be seen by examining the game Hy(Vz3y(y > z)) in the model
N.
The rest of this work, in any case, will be concerned exclusively with finite models.

4The proof is very simple. In brief, let (m,n) and (m’,n’) be two equilibrium pairs. Then P(G;m,n) < P(G;m,n’) <
P(G;w’,n’), and the other inequality is obtained in the same way.



Definition 6 (Behavioral Strategy)

A behavioral strategy [ for Player I in the game Hg(¢) is a family of probability distributions By over local
strategies oy, where 1 ranges over all nonatomic negative subformulas of ¢.

The individual By are called local behavioral strategies, and are uniform if and only if they only attibute
positive probabilities to uniform local pure strategies; moreover, B is said to be uniform if and only if every
By 1s uniform.

A behavioral strategy v for Player 11 is defined analogously.

In what follows, all strategies will be required to be uniform unless otherwise specified.

Every behavioral strategy 8 corresponds to a mixed strategy 0%, defined as
8(0) = [ [ Buov).
»

In particular,

P(Hs(¢); B;7) = P(Hs(9); B%577).

Informally, the difference between mixed strategies and behavioral strategies is that, while when using a
mixed strategy the player extracts a pure strategy at the beginning of the game and then commits to it,
when using a behavioral strategy the player is not allowed to commit to any strategy, but has to extract a

local strategy at every point of the game.

For games of perfect recall, Kuhn’s Theorem [9] states that every mixed strategy is equivalent to a be-
havioral strategy; however, for games of imperfect recall this is not the case, as by committing to a pure

strategy the player could “remember” previous moves he or she should have forgotten about.

The following example shows how this can happen in our semantic games, and that not all semantic

games have an equilibrium pair of behavioral strategies:

Example 1



Let dom(M) = ({a,b}) and let

¢ :=3x@Fy\{}) ~ Cz\{H(@ #y Ve = 2);
¢" = (F\{P ~ F\{NDE#yvae=2);
¢" =3\ DAy Ve =2).

Now, consider the pure strategies for Player I given by o = {Ugu,awgy\/z:z} and o® = {Ug//,agc;éywzz},

where

o (pipaps(¢”,8), 1) = a; 05 (pipaps(¢”,s),1) = b;

L if s(x) # s(y);

R otherwise.

O—x;‘ény:z(plp2p3p4 (1' 7£ yvao =z, 5)5 I) =

In other words, if Player I uses c® then he chooses z = a, and if he uses o® then he chooses z = b; then, he
selects a true disjunct if one exists.

Now, let the mized strategy n for Player 1 be defined by

so that Player I chooses either a or b randomly, and then picks the disjunct which makes him win if one can
be found.

Analogously, let

i) =a;  Th(p) =b;

T8 (Pp2) = a; 74 (p1p2) =0

and consider the two pure strategies for Player I1 7¢¢ = {73,74,} and 7 = {Tg, Tf;,}, and the mixed strategy

According to n, Player II chooses x =y = a or x = y = b with equal probability.

Then we have the following facts:



1. (m,n) is an equilibrium pair, and its payoff is 1/2;

2. The mized strategy n does not correspond to any behavioral strategy;
3. No pair of behavioral strategies (5,7) is in equilibrium.

Let us verify this:

1. Player 1’s uniform pure strategies are c®, o®, and some clearly inefficient strategies which sometimes
pick a false disjunct when a true one exists and can be discarded; analogously, Player II’s uniform

bb

pure strategies are 7%, 7%, and the two inefficient strategies T and T°* which surrender the game to

Player 1.

If Player I uses m, both 7% and 7 give a payoff of 1/2 to Player IL: for exzample,
aa 1 a. . _aa 1 b, _aa 1 1
P(Hy(¢);m;7%) = S P(Hp(¢);0%:7%) + 5 P(Hy(¢); 073 7%) = 0+ 5 = o

Thus, by the definition of payoff for mized strategies,

] =
] =
N =

P(Hg(¢);min) = %P(H@(qﬁ);m;f"“) + %P(H@(qﬁ);m; ) =

This also implies that Player I1 cannot improve her payoff by switching strategies: every mizture of

ba with some positive probability would

79 and 7 will give her a payoff of 1/2, and selecting 7% or T
only make things worse for her.

Analogously, if Player IT uses n both c® and o® lead to a payoff of 1/2 for him; thus, he cannot improve
his payoff by changing strategy, as every misture of 0@ and o will lead to a payoff of 1/2, and again

using “unreasonable” strategies would not improve it.

2. Suppose that v is a behavioral strategy which is equivalent to n, in the sense that - no matter what
Player I does - n and v generate the same plays with the same probabilities.

Then, as n uses either T4 or Tg (that is, x = a or x = b) with equal probability, we must have that
a b 1
'Y¢(T¢) = ’Y¢(T¢) = 9
Analogously, since n uses either Ter OT Tg, (that is, y = a or y = b) with equal probability,

a 1
Vo (T8) = Yo (75) = oX



But this is not possible: indeed, according to n it is never the case that Player I1 chooses x = a (that
i, Tg) and then y = b (that is, Tg,), whereas accoding to the v defined above this occurs with probability
1/4.

. We can just consider behavioral strategies for I which attribute positive probabilities only to g, Ug///
and Optyvz=z: indeed, the first two are the only possible local strategies for the subformula ¢"', and all
other local strategies for the subformula x # yV x = z are dominated by orryva—-.

Thus, a (not dominated) behavioral strategy [ for Player 1 is completely determined by the value
r = By (ogm) € [0,1]: Player I will choose z = a with probability r and z = b with probablity 1 —r,
and then will always choose a winning disjunct if one exists.

A behavioral strategy v for Player II may instead choose between T, and Tg, and between 7y, and T(I;/ :
thus, every v is identified by the two values p = v4(7§) and g = v (75,), both in [0,1]: as her first
move, Player II will choose x = a with probability p and r = b with probability 1 — p, while as her
second move she will pick y = a with probability q and y = b with probability 1 — q.

Note that Player 11 has no way to coordinate her first and second mowve, for example by choosing

r=y=a orx =1y =>b with equal probability as in the previous point.

Given a pair of behavioral strategies (3,7), let (p,q,r) € [0,1]® be the three values defined above: then,

P(Hy(9); 3;7) = pqrP(Hy(¢); %3 7°*) + pg(1 — r)P(Hy(¢); 0”5 7°%)+
+p(1 = q)rP(Hyp(¢); 0% %) + p(1 — q)(1 — r)P(Hy(9); 0% 7°") +
+ (1= p)arP(Hp(¢); 0% 7°") + (1 = p)a(1 — r)P(Hy(); 0"; 7"+
F (= P~ QrP(Hy(6):0%57) + (1= p)(1 )1 ~ 1) P(Ho()s0% ) =

=pg(1 —7)+ (1 =p)(1—q)r

Now, let us suppose that Player 1’s strategy B (that is, the value of r) is fixed, and let us find the

optimal behavioral strategy v for Player 11:

p=q=0 ifr>1-r;
argmax P(Hy(¢); 3;7) = argmaxpg(l —r) + (1 = p)(1 — ¢)r =
y P.q p=q=1 otherwise.

In other words, Player I1 should always choose x =y = b if she knows that the probability that Player



IT picks z = a is greater than the probability that he picks z = b, and she should always pick xr =y = a
otherwise (if r = 1/2, that is, if Player I chooses either a or b with equal probability, then clearly all

choices are equivalent for II).

Analogously, let us suppose that v (and, thus, p and q) are fized, and let us find the optimal behavioral

strategy for Player 1:

r=0 if (1-p)1—q)>pg

argmin P(Hy(¢); 5;7) = argminpg(l —r) + (1 = p)(1 - g)r =
A r=1 otherwise.

In other words, Player I should always choose z = b if he knows that the probability Player 11 picks
xr =y = b is greater than the probability that she picks x = y = a, and otherwise she should always
choose z = a (again, if pqg = (1 —p)(1 — q) then p = q = 1/2 and the two possibilities are indifferent
for Player I).

Now, suppose that (3,7) is an equilibrium pair of behavioral strategies, and let p, g and r be as above.
Suppose that r > 1/2: then, as Player I cannot improve her payoff by changing strategy, p = ¢ = 0.
But then (1 — p)(1 — q) > pq, and therefore, as Player I also cannot improve his payoff by switching
strategy, r = 0, which contradicts our hypothesis.

Suppose now that r < 1/2: then, for the same argument used before, we must have p = q = 1, which
implies v = 1, contraditing our hypothesis.

We are thus left withr = 1/2. In this case Player I1 has two optimal behavioral strategies, corresponding
top=q=0andp=q=1.

Suppose that she picks the former: then, since r must also be optimal and (1 —p)(1—q) > pq, we have
r = 0, which contradicts our premise; and if she instead picks the latter, (1 — p)(1 — q) < pq and thus
r =1, which also contradicts the premise.

In conclusion, there exists no behavioral equilibrium in Hy(¢), as stated.

3 Behavioral equilibria and mixed equilibria

As the previous example showed, it is not always the case that a behavioral-strategy equilibrium pair exists

for a semantic game over a finite model.

However, the next theorem shows that behavioral equilibria are, in a certain sense, a special case of mixed

10



equilibria:

Theorem 2

The following statements are true:
1. If a behavioral equilibrium exists, its payoff is the same payoff of every mized equilibrium,;

2. Given an € N there exists a function T, from formulas to formulas such that, for every model M with

|Dom(M)| < n, for every formula ¢

and moreover T, (¢) has a behavioral-strategy equilibrium.

Proof:

1. Let (8¢,~v¢) be a behavioral strategy equilibrium. Then, for all behavioral strategies 5 and v for Players
I and IT,

P(Hy(¢); 8%7) < P(Hs(9); 6%7°) < P(Hs(9); 8;7°)-
Since all pure strategies o for Player I are also behavioral strategies, we have in particular that
P(Hy(¢); 8%7°) < P(Hs(9);037°)
for all ~y; but then, if 5¢* and y°* are the two mixed strategies corresponding to 3¢ and ~¢,
P(Hs(¢); 857°") < P(Hs(¢); 037%7).
But this implies that, for every mixed strategy m for Player I,
P(Hy(¢);m;v™) = zg:m(U)P(Hs(aﬁ); o;7") > zg:m(U)P(Hs(qﬁ);ﬁe*we*) = P(Hy(9); 8757

Analogously, since P(Hq(¢); 8;v°) > P(Hq(9); 5¢; 1) for all pure strategies 7 of Player 11,

P(Hy(¢); 87 5m) = Y _n(7)P(H(0); 837) < Y n(7)P(Hy(6); 8757°) = P(Hy(4); 5757°)

T T

11



for all mixed strategies n.

In conclusion, (3°*,~°*) is a mixed strategy equilibrium, and as its payoff coincides with the payoff of

the behavioral strategy equilibrium (3¢,~¢) this concludes the first part of the proof.®

2. Let |[Dom(M)| < n, and let ¢ be any formula.

Then, let V' be the set of all variables occurring in ¢, let

pn = [logsy |{o : o pure strategy for I when the model has n elements}|];

gn = [log, |{o : o pure strategy for IT when the model has n elements}|];

and define T, (¢) as

To(¢) == V21 ... V2p, (Fwi\{}) Fw2\{w1}) ... Cwg, \{wr ... wg,—1)p"

where 21 ...2p, , w1 ... w,, are variables which do not occur in ¢, and ¢* is derived from ¢ according

to the following rules:
(a) If ¢ is atomic, ¢ = ¢~ = ¢

(b) (~)* =~gT;

(c) If ¢ is of the form v V 6,

VO =3\(V —{z1...2p, DINV = {z1... 20 ) (x =y ATV (z £y nOT);

(V) = F\(V = {wr...wg, N)EYNV = {wr . wg, ))& =y A7)V (& # y A O7);

(d) if ¢ is of the form Jx,

)T = E2\V — {21 2, )Y
Bzg)™ = G\(V = {wr . wg, 1))

5The author wishes to thank Allen Mann, one private message of whom provided the main ingredient of this first part of
the proof.
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(e) If ¢ is of the form (Fx\W)1p,

Bx\Wy)t = 32\W U {w .. .qu})er;

(F\WY)~ = F\WU{z1...2,, NV

In other words, ¢’ is derived by ¢ by letting all moves of Player I depend on the z; but not on the w;,

and letting all moves of Player IT depend on the w; but not on the z;.

Then T, (¢) has a behavioral equilibrium in every model with at most n element, and its value coincides
with the value of the mixed equilibria of ¢.%
Indeed, let (m,n) be a mixed strategy equilibrium in H(¢), let e; and es be two encodings of the pure

strategies of Player I and Player IT into tuples of elements of M, and let 8 and v be as follows:

e [ chooses 21 ... zp, so that Prob(z ...z, = ei(0)) = m(o) for all o, and analogously 7 chooses

n

so that Prob(ws ...w,, = e2(7)) =n(r) for all 7;

n

wy ...Wq

n

e Then, the players play according to the pure strategies encoded in 21 ...z2,, and w; ... wq

Since ¢ is structurally different from ¢, and in particular a disjunction in ¢ becomes a more com-

plex subformula in ¢, the players cannot use directly these strategies; however, their translations

into equivalent strategies for ¢ are easy to find out.

As the probability that a certain terminal position is reached when the two players use m and n in
H,(¢) coincides with the probability that the same position (save for some extra variables in the as-
signment) is reached when  and ~ are used in H,(T,,(¢)), the payoffs of (m,n) and (5, ~), respectively
in Hy(¢) and Hs(T,(¢)), are the same.

6Technically, this is only the case if the model has at least two elements: if it has just one or none, the rule for the translation
of the disjunction makes one of the disjuncts impossible to select.
If we are also interested in these degenerate cases, however, it suffices to take

JzIy(z # y A Tn(d)) V VaVy(z = y A ¢)

rather than just T, (¢): indeed, it is easy to see that, in a model with less than two elements, a player never has any uncertainty
about the previous moves of a play. Thus, the semantic game Hs(¢) is of perfect information, and as a consequence it already
has a behavioral strategy equilibrium.

This minor point will be ignored in the following work.

13



Moreover, ((,7) is a behavioral equilibrium for T,(¢). Indeed, suppose that

P(H(T,(9)); 8;7) < P(Hy(Tn(0)); 8;7)

for some 4/, and as usual let 4"* be the mixed strategy for H,(T,(¢)) equivalent to .

Then, let n’ be the mixed strategy for Hs(¢) which corresponds to 4" (that is, which associates to
every pure strategy o of H,(¢) the sum of the probabilities, according to v*, of all pure strategies o’
for Hs(T),(¢)) which differ from o only in the choice of the initial string of quantifiers): we would then
have that P(Hs(¢); m;n) < P(H,(¢); m;n’), which is impossible.

The other part of the proof is verified in a similar way.

Thus, if we have an upper limit to the size of the model we can find, for every formula, an equivalent

formula which has a behavioral equilibrium.

4 A compositional semantics

In [5], Hodges described a semantics for a game of imperfect information in terms of sets of assignments,
which, following [13], will be called teams.

In particular, the first-order semantics notion of assignment satisfying a formula was substituted in Hodges’
semantics with the notion of team satisfying a formula, called trump.

In the light of [6] and [13], it seems clear that this shift from assignments to sets of assignments is caused by
the fact that logics of imperfect information can express statements about functional dependency, and such

a concept cannot be meaningfully applied to single assignments.

In what follows, we will adapt Hodges” machinery to the computation of formula values, in the case that
a behavioral strategy equilibrium exists: by the results in the previous chapter, then, once an upper bound
n to the size of the model is known we can take any formula and find its value by applying the compositional

semantics to T, ().

Definition 7 (Probabilistic Team)

14



A probabilistic team p with domain dom(u) = {x1...x,} is a probability distribution over the set of all

assignments on {x1 ...z}, that is, a function
w:qs:dom(s)={z1...2,}} — [0,1]

such that

Yo uls)=1.

dom(s)=dom(p)
Then, the game H [L‘/‘ is defined as follows:
Definition 8 (Hﬁ‘/‘ (0))

Let ¢ be a formula, M a model, and let p be a probabilistic team.

The game Hﬁ‘/‘ () is then played as follows:

1. First, an assignment s is selected randomly, according to the distribution u;
2. Then, the game HM(¢) is played.

The definitions of strategy, uniform strategy, behavioral strategy and uniform behavioral strategy are as usual;
however, this time a play will be determined by a triple (s,o0,7), where s is the initial assignment (chosen
according to p) and o, T are pure strategies.

Thus,
P(H(); B;y) = > u(s)P(Hy(6); 857).

dom(s)=dom(p)
It can be easily verified that P(H(¢); 5;v) = P(H,,;5;7), where n, is the probabilistic team which chooses

s with certainty, that is, 5(s") = d5,s-. The following operations will be useful to characterize 7

Definition 9 (Convex combination)

If p1, po, and ' are probabilistic teams with dom(u1) = dom(ue) = dom(p') and p € [0,1], it holds that

p'=ppy + (1= p)uz
if and only if
W (s) = pui(s) + (1 — p)ua(s), for all s with dom(s) = dom(u")

Definition 10 (Supplementation)

If v is a probabilistic team, F is a function from {s: dom(s) = dom(u)} to probability distributions over M,

15



that is, a mapping

F :{s:dom(s) =dom(u)} — D(M)

where D(M) = {f : M — [0,1],>, cas f(m) = 1} and y & dom(u), then p[F/y] is defined as the probabilistic

team such that

ulE/yl(slm/y]) = p(s) - F(s)(m)

for all s such that dom(s) = dom(u) and for allm € M.

In order to obtain a compositional semantics for the computation of the value, we want to be able to
fix the local behavioral strategies in a “bottom-up” manner, i.e., very much like in the backwards induction

method to compute subgame-perfect equilibria in perfect information games.

This justifies the following definition:

Definition 11 (W, (¢))

Let ¢ be any formula, let p be any probabilistic team, and for every subformula instance ¥ of ¢ let d(¢) be
the depth of 1 in (¢) (that is, d(¢) =0, d(v) = 1 for the immediate subformulas of ¢, and so on).

Then let

Sub® (¢) := {4 : ¥ is a positive [negative] subformula instance of P};

and, for every d € N, let

Sub (9) = {v : ¢ € Sub™(¢) and d(v) = d}.

Then define
Wu(¢) == sup inf sup inf ...
Yy pESubd (¢) By ESuby () v, :pe Subf (¢) Bu:E€Suby (4)
sup inf  P(Hu(¢); {By : ¢ € Sub™(#)}, {7y : ¥ € Sub™(¢)})

T ESubf (¢) By ESuby (4)

16



where k is the depth of ¢.

The intuition behind this is to make the choices of the “inner” local strategies be dependent on those of
the “outer” local strategies, but not viceversa: in this way, the order of computation of the optimal local
strategies coincides with the syntactical structure of the formula, and we can compute the value W, (¢)

through a compositional semantics.

Since every “branch” of the syntactic structure of the formula ¢ contains at most one formula at every
depth, it is never the case that the choices of the local strategies of Player I at depth d are dependent on

the choices of the local strategies of Player II at depth d, or vice versa; therefore, it is always the case that

Wu(9) =iy e sung () WPy, pesubt (9) - g, wpinsub (¢) S, ipesub? (6) 1)
P(H,(¢); {By : ¥ € Sub™(¢)}; {7y : ¥ € Sub™(¢)})

Moreover, Sub, (¢) = 0, since the only subformula of depth 0 of ¢ is ¢ itself, and it is positive.

The next theorem shows that W, (¢) is the value of the behavioral equilibria, if they exist:

Theorem 3

If the game H,($) has a behavioral equilibrium (5¢,~¢) then P(H,(¢); %~°) = W,.(9).

Proof:

If (5¢,~°) is a behavioral strategy equilibrium, then we have that
supinf P(H,.(¢); 5;7) = P(Hu(9): 8% 7°) = mfsupP( u(#); 5;7)
y
as can be inferred by observing that

Sgping(Hu(aﬁ);ﬁw) > iréfP(Hu(qﬁ);ﬁ; v¢) = P(H,(9); B%7°);
mfsupP( 1(9); B57) <SupP( w(9); B%y) = P(Hu(9); B%7);

supigf P(H,(¢); B;7) < mf SupP( w(0); B:7)-
vy
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Moreover, if k is the depth of ¢ then

P(H,(¢); 3%~°) = supinf P(H,(¢); 3;7) =  sup ...  sup
v P Yy ESUbT () yuipESubi (¢)

inf ... inf  P(H,(¢);{By 19 € Sub™(¢)};{vy : ¥ € Subt(¢)}) <
By :p€Suby (¢) By:p€Sub, (¢)

< sup inf e sup inf

Yy ESubT (¢) By €Suby (¢) Yy ESub) (¢) By:p€Suby ()

P(H,(¢);{By v € Sub™(9)}; {y : v € Sub™(9)}) = Wy (¢)

and
P(H,(¢); 5%~°) = infsup P(H,(¢); B;7) = inf ... inf
By Buh€Suby (9)  By:pESuby (9)

sup ... sup  P(Hu(®);{By : ¢ € Sub™(¢)}; {7y : ¥ € Sub¥(9)}) >
Y pESubS (@) Yy pESub ($)

> sup inf e sup inf

Y ESub (¢) By:h€Suby () Yy P ESub (¢) By :pESuby (¢)

P(Hu(6); {By : ¥ € Sub™ ()} {7y : ¥ € Sub™(¢)}) = Wy(¢)

Thus, W, (¢) = P(H,(¢); °;7°), as required.
O

At this point, we can find out a compositional semantics for WM(¢):7

Theorem 4

Let M be a fived model, let ¢ be any formula, and let p be any probabilistic team with Dom(u) 2 FV (o).
Then

1. If ¢ is atomic, Wy (¢) = 3 2{u(s) : s |= ¢}

2. 1f ¢ is ~ Y, Wiu(d) = 1= Wy(¢).

8. If ¢ is 1 V tha, Wyu(9) = sup{pWe, (1) + (1 — p)We, (v2) : p&1 + (1 — p)&2 = 0}.
4. If ¢ is Jap, Wi(9) = supp Wirya) (¥).

"These rules are the same of [4]. After the publication of [4], Mann independently suggested to study what is essentially the
same semantics.
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5. If ¢ is (3x\V ), W, (¢) = supp Wy (r/a)(¥), where F ranges over all functions from assignments to

probability distribution over the domain such that
s(y) =s'(y)Vy e V= F(s) = F(s).

Proof:

1. If ¢ is atomic, no player has a nontrivial strategy, and the game H,(¢) is played as follows:

e An assignment s is extracted, according to y;

e Player IT wins if and only if s = ¢.
Thus, W, (¢) = P(Hu(¢); B;7) = > {u(s) : s = ¢}, where § and ~ are the trivial strategies.

2. If ¢ is ~ 1, the first move of Player II is forced, as the only possible successor of (~ v, s,II) is (¥, s,1).
Moreover, Suby (¢) = 0, as there is no negative subformula of depth 0; and, since the only subformula
of depth 1 is ¢ and it is negative, Sub} (¢) = () too.

Thus,

Wu(o) = inf sup e sup inf
Bo:0€Suby (9) vg:0€Sub} (¢)  ~o:0€Sub} (¢) Bo:0€Sub, (4)

P(H,(¢);{Bo : 0 € Sub™(¢)}: {0 : 0 € Sub™(9)}).

where the local behavioral strategy 3, for the first move of Player II is presumed fixed.

Now, by definition P(H,(~ ¥);0;v) =1 — P(H.(¢);v; B), as H,(~ 1) is nothing more than H,(¢)

with the roles of the players switched; thus,

Wyu(p)=1- sup inf e inf sup
ﬁg:wesub;(@ver@eSubiw) 79:9631‘bk+(¢)ﬁ9:965ub;(¢)

P(H,(¢)i {70 : 0 € Sub®(¢)}; {Bs : 0 € Sub™(¢)}) =

=1- sup inf sup . inf sup
BobeSubt (1) 10:0€Suby (8) gy:0eSubf (¢)  V0:0€Sub, (V) g5:0€ Sub ()

P(Hu(y)i{ve : 0 € Sub™(¥)}; {Bp : 0 € Sub™ (¢)}) =1~ Wy (¥)
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where for the last equivalence we used the fact that Subg (¢) = 0 and equation (1).

. If ¢ is 1 V 4, the unique formula in Subg (¢) is ¢ itself, and as usual Suby (¢) = 0.
Moreover, by definition, a local behavioral strategy 74 is a probability distribution over pure local
strategies 74, that is, over functions from assignments to {L, R}; and since it is still Player IT’s turn

in the second move, Subj (¢) is also () and Sub] (¢) = {¢1,¥2}.

Therefore, let

p = Prob(II chooses L) = Z{u(s) “Y6(14) : Dom(s) = Dom(p) and 74((¢, s,1I)) = L};

£1(s) = Prob(s was extracted |II chose L) = #s) - 2806 (mo) : To((¢, 5, IT)) = L};

p

p(s) - 3 {0(10) : T6((4,5,11)) = R}

& (s) = Prob(s was extracted |II chose R) = T
-p

Clearly, u = p&1 + (1 —p)&2; moreover, it can be verified that every decomposition of p in p&; + (1 —p)&s

can be obtained for an opportune choice of ;.

Let us then compute W), (¢): as usual,

W, (o) = sup inf sup inf
vo:0€Subd (4) Bo:0€Suby (¢) vo:0€SubT (4) Bo:0€Suby (¢)

sup inf  P(Hu(¢); {By : ¥ € Sub™(d)}; {vy 19 € Sub™(9)})

'yg:OESukar Bo:0€Sub,;

The first supremum, for the above reasons, defines a decomposition of p as p&; + (1 — p)&2; as for the
other local strategies, the ones corresponding to subformulas of ¥; will only have an effect when Player
IT chooses L, and the ones corresponding to subformulas of 1, will only matter when Player IT chooses
R.

In other words, the subgame H (1) will be chosen with probability p, and the distribution of the
assignments at the start of this subgame will be &;, the subgame H (13) will be instead chosen with

probability 1 — p, and the assignment distribution at the beginning of this subgame will be &,.
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Thus

)

Wiu(¢) = sup{pWe, (¢1) + (1 = p)We, (¥2) : p&1 + (1 — p)&a = p}.
as required.

. Suppose that ¢ is Jxe: then the first local behavioral strategy v, of Player I defines a probability
distribution over local pure strategies 7,4, that is, over functions from assignments to elements of the

model.

Equivalently, v4 can be seen as describing a function F' from assignments to probability distributions

over the model, that is,
F(s)(m) = Prob(II chooses m | s is extracted) = Z{W,(Td,) : 74 ((¢, 8, II)) = m}

Then the probability distribution over the assignments after Player IT’s first move is u[F/x]; moreover,
every F' as above can be obtained for some choice of 7, and as usual Sub, (¢) = 0.

Therefore,

W, (¢) = sup sup inf e sup inf
F yg:0eSuby (¢) Bo:0€Suby (8)  ~,:0€Sub) (p) Bo:0ESub, (¢)

P(Hp ) ($):{Bo : 0 € Sub™(¢)}: {70 : 0 € Sub™(9)}) =

= sup sup inf . sup inf
F o yp:0eSubd () Be:0€Suby (V) yp:0eSubj_, (v) Be:0€Sub,_, ()

P(Hyrya) () {80 : 0 € Suby_, ()} {0 : 0 € Sub™ ()}) =

. If ¢ is (3x\W)e, the proof is exactly as in the previous case, with the added condition that v, may
only attribute positive probabilities to local strategies which satisfy the dependency condition, and

therefore

s(y) =s'(y)Vy e W = F(s) = F(s).
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5 The range of the value function

Any finite model M induces now a function ¢ — V().
In this section, it will be attempted to obtain some results about the range of this mapping.

The following theorem was proved independently by Sevenster and Sandu ([11]):

Theorem 5 If the domain of M is finite and contains at least two elements,
{r eR:V(¢) =r for some ¢} = QnNI0,1].

Proof:

o {reR:V(¢)=r for some ¢} DQNJ0,1]:
Let » = p/q, where p < ¢, and let s = [log,(q)].

Then, let ¢ be the following sentence:

¢ = 31‘03561((,(60 75 ,CCl) A\ (3y1,1ﬂy1,2 . Hyl,s)(ﬂngﬂygg . Hyg,s) . (Hy%lﬂyq,g . qu,s)

q s q q s q s
(/\ N\ vik =20V yir = 961) AMA NV vk #uin | AV V2, (/\ V (r # yir)V
i=1k

i=1k=1 i=1j=i+1 k=1 =1

V(Gwii/{z1..26}) o Guis/{z1. . 2s})Bwan /{z1 .. 2s)) oo Fwas/{z1. .. 2s)) .. Gwpa/{z1... 25}) - ..

By /{21 25}) \/ \/ N wik =zx

where Jw/{z1 ...z} is the slashed quantifier of IF-logic, which requires the choice of w to be inde-
pendent from the choice of z1...zs, and can be easily translated in terms of the usual backslashed

quantifier.

The game H,(¢) is of perfect recall, as all existential quantifiers are dependent on all previous exis-
tential quantifiers and the same holds for all universal quantifiers: therefore, by Kuhn’s Theorem all
mixed strategies are behavioral strategies and, as a consequence, there exists a behavioral strategy

equilibrium for this game.

The value of this equilibrium is V(¢) = p/q: indeed, the game H(¢) can be described as follows:
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1. Player II selects two distinct elements xg,x1 € M;

2. Player II selects ¢ distinct strings 1, ...y, in {zo, z1}%;

3. Player I selects a string z € {y1,...yq};

4. Player II selects p strings w; . ..wp, without knowing z, and wins if and only if w; = z for some
1=1...p.

Now, let v be the following strategy for Player II:

1. Select two fixed distinct elements zg and x7.
2. Select ¢ fixed distinct strings yi,...,y4 € {20, 21}%;
3. Extract p strings wi,...w, from {y1...y,}, with uniform probability and without repetition -

that is, wy can be each y; with probability 1/¢, ws can be each remaining element with probability

1/(g — 1), and so on.

Now, consider any strategy o for Player I by definition, o selects an element z € {y1...y,}, and
Player IT wins if it is one of {w1 ... wp}.

When IT uses the behavioral strategy ~,

P(H($);0;7v) = Prob(w; = z for some i) = Prob(w; = z) + Prob(w; # z & wa =2) + ...+
+probwr #z&wa#z& ... &wp1 #Fz&wp=2)=

=1/g+(@-1)/q¢-1/(¢g-=D)+...+(¢—1)/q-(¢—2)/(¢—1)-1/(¢—p+1) =p/q.

Since this holds for any o, V(¢) = sup, inf, P(H(¢);057) > p/q.
On the other hand, consider the behavioral strategy 3 for Player I which selects the value of z among
Y1 . ..Yq With uniform probability, and let 7 be any pure strategy for Player II.

Then, T fixes, independently from I's choice of z, some values of w; ... w, € {y1...yq}, and
P
P(H(¢);8;7) = Prob(z € {wy ... wp}) = ZPTob(z =w;) =p/q.
i=1

Thus, 3VTP(H ($); 8;7) < p/q and therefore, by the Minimax Theorem, Vy3oP(H (¢);0;0) < p/g¢;

but then V(¢) < p/q and, in conclusion, V(¢) = p/q.

o {reR:V(¢)=r for some ¢} CQNJO,1]:

Since the model is finite, in H™(¢) there exists a finite set {01, 09,...0%} of all pure strategies for
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Player I, and a finite set {71, 72,... 7} of all pure strategies for Player II.

The value V(¢) is then the result of the following linear programming problem:

maximize v, with respect to the variables (v, A1, ... \),
t
Zi:l /\z = 1a
and under the conditions S NP(H(@);045m) > v, forall j=1...k
A >0, foralli=1...¢t.

where the tuple (A1,...\) represents the probability distribution over pure strategies induced by a
uniform behavioral strategy +y.

In other words, the problem of calculating V(¢) is equivalent to the problem of finding the maximum
of the linear function in a ¢ + 1-dimensional polytope described by the above linear inequalities and
equalities with rational coefficients.

It is then clear that the maximum is always reached at one of the vertices of the polytope®; but since
the linear inequalities have rational coefficients, the coordinates of these vertices are also rational, and
thus the value of our target function z at this point will also be rational.

Moreover, the value function always assumes values between 0 and 1, and this concludes the proof.

This for finite models; instead, ([4], §3.5) shows a sentence ¢ such that, for every » € RN [0, 1] there
exists an infinite model M, in which V,,(¢) =r.

The idea is to build ¢ so that the game H(¢) is as follows:

1. Player IT chooses two points a and b on the unit circumference such that the arc ab (obtained starting

from a, and moving clockwise until b is reached) has length r/2m;
2. Player I chooses a point ¢ on the circumference, without knowing a and b;
3. Player IT wins the game if and only if ¢ lies in the arc aAb; otherwise, Player I wins.

It is not difficult to write ¢ and M, explicitly, and to verify that the value of ¢ in M, is precisely r.
O

8This is also the basis of the simplex method for solving linear optimization problems.
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6 The values of first-order formulas

Let ¢ be a first-order formula. What can one say, in general, about V,,(¢)?

First of all, if ¢ is first order then H(¢) is a game of perfect information, and thus by Kuhn’s Theorem it
has a behavioral strategy equilibrium.

Then the next theorem shows that the value of ¢ is the relative size of the biggest subteam of p which

satisfies ¢:

Theorem 6

Let ¢ be a first-order formula with FV(¢) = {x1...2,}, let M be a finite model and let y be a proba-
bilistic team with dom(p) = FV ().
Then

VM) = > uls)

skErFo®
that is, the value of ¢ is the probability, under the distribution u, that a random assignment satisfies classically
o.

Proof:

The proof is by structural induction on ¢:
1. If ¢ is atomic, the result has already been proved.

2. ¢ =~p: As the law of the excluded middle holds in first-order logic,

3. ¢ =1V 0: In this case,

Vi(¢) = sup{pVe, (¥) + (1 = p)Ve, (0) : p€1 + (1 —p)§2 = p} =

—supqp Y &)+ (1—p) D &(s):pla+(1—pl=p

sk=roY sl=rof

For every assignment s, let A; be the fraction of the weight p(s) which is assigned to &, that is,



Then, it is easy to verify that

and that

), (L)
&i(s) = P §a(s) = —

Then, every decomposition of p in p&1 + (1 — p)&s is determined by the values of the Ay; and moreover,

every family of values Ag € [0, 1] corresponds to an unique convex decomposition of u.

Thus,
Vi ve)=sup< > plals)+ Y (1—pals) :pa+(1—pllo=p g =
sEroY sk=rof

= sup Z Aspi(s) + Z (1 —Xs)p(s) : As € [0,1] for all s

sErOY skEro0

The supremum is then obtained by letting A\; = 1 for all s such that s Ero ¥ and A; = 0 for all s such

that s £po ¥ but s =po 6; the choice of A, for the remaining s does not make any difference, and

Vv = Y uls)

sk=roY Ve

as required.

. ¢ = dx1: According to the compositional semantics,

Vi () = sup Vi rzz () = sup > uls)- Fs)(m).

sm/z]l=rot

The supremum is reached as follows: for every s, if there exists a ¢ € M such that s[c/z] Ero ¢ then
let F'(s)(m) = om,c-

If this is not the case, the choice of F'(s;) is again of no consequence, and

V@)= 3 pls).

sEro3xy

This concludes the proof.

O
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7 The value of dependence atomic formulas

In this section, dependence atomic formulas =(¢; ...t,), meaning “The value of ¢, is determined by the
values of t1 ...t,—17 ([13]), will be taken in exam.

These formulas can be defined as

:(tl N tn) = E'yl N yn,l(ﬂyn\{tl N tn}) (yz = tz)

=.

i=1

Then, the next theorem shows that the value of dependence formulas is the relative size of the biggest

subteam of the probabilistic team p which satisfies the dependency relation:

Theorem 7

Va(=(t1--ta)) = sup ) uls)

seEB;

where B; ranges over the maximal sets of assignments which satisfy the dependence condition, that is,
5,8 € Bi,ti(s) =t;(s'") fori=1...n—1= t,(s) = t,(s").

Proof:
The optimal strategy o for Player I in this game is easy to find out, and is the same no matter what Player
IT’s strategy is: if for some 7 € 1...n it holds that y; # t;, Player I should select the corresponding conjunct

and win, and otherwise he loses no matter what he does.

Thus,

V(@) = sup P(Hy(¢); 0;n) = Sgpz W) P(Hy(¢);0;7) = sup P(Hyu(9); 057).

An optimal pure strategy 7 for Player IT will always choose the values s{t1) ... s{t,—1) for y1 ... yn; more-

over, the value of y,, will be found by choosing a function f : dom(M)"~ — dom(M) to apply to these values.

Thus

3
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where B(f) = {s: f(s(t1),...s{tn-1)) = s{tn)}.

In order to prove the desired result, it then suffices to verify that for every choice of f the set B(f) is
contained in one of the maximal sets B; and that each B; can be written as B(f) for some f.

This is trivial: as every B(f) satisfies the dependency condition, it is contained in some B;. Moreover, since

every B; satisfies the dependency condition, it is possible to define a function f; as

s(ty) if 3s € B; s.t. s{t;) =as,i=1...n—1;

fi(al...an,l) = ’

some fixed ag  otherwise.

By definition, B; C B(f;); but B; is maximal, and therefore B; = B(f;), as required.
O

8 Approximate Functional Dependency in Database Theory

The concept of functional dependency is also one of the main tools of Database Theory [3], and its definition

corresponds exactly to Vaanénen’s interpretation of the dependence atomic formulas:

Definition 12
Given a relation r C Ay X...x Ag, and two attribute sets X, Y C {Aq,... A}, it is said that Y is functionally

dependent from X if and only if, for all the tuples u,v € 7,

mi(u) = m(v) VA; € X = mj(u) =mj(v) VA; € Y

where m;(u) is the i-th element of the tuple u.

In this case, one can write that

T':DTX—>Y

Some measures of Approximate Functional Dependency have been introduced, one of the most commonly

used ones being the g3 measure of Kivinen and Mannila ([8], [10], [7]):

Definition 13 (g3 measure)
Let X — 'Y be a functional dependency, and let r be a relation over the attribute set R.

Then G3(X — Y,r) is the minimum number of tuples that one must remove from r in order to obtain a
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relation s satisfying X — Y, that is,

Gs(X = Y,r)=|r| —max{|r| : ¥ Cr,v' Epr X =Y}

Then, the g3 measure is defined as

G3(X —Y,r)

g3(X — Y, ’I") = |T|

This appears quite similar to the semantics of our dependence operator, as the next result illustrates:

Theorem 8
Let r be a relation over Ay X ...x Ay, and let p be the corresponding probabilistic team over {x; ...x,}, that
18,

el if (s(z1),...,s(zn)) €713

0 otherwise.

p(s) =
Then, for all functional dependencies of the form {A;, ... A;,_ } — {Aq} it holds that
93({Aiy - Aiy ) = {Ag}r) = 1= Viu(=(iy, - 3,).-

Proof:
By Theorem 7,

V(=@ - 2i,)) = max > uls),

seB;
where By, ... By, are all the maximal sets of assignments which satisfy the dependency condition =(x;,, ... x;,).

Therefore,

Vi(=(xi, ... 24,)) = n}l%x Z w(s) = n}%xZ{lﬂﬂ :s € Bj,(s(z1),...s(xn)) €7} =

seB;

= 1/|T|I%E:X|{S € Bj, (s(x1),...s(xn)) € r} = 1/|r|max{|r'| : 7 Cr,sfpr {A1... Ag_1} — {Ag}}

where the last equivalence follows from the fact that every subset of r satisfying the dependence condition

corresponds to a subset of some B;.
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In conclusion,

as required.

O

9 Further work
a) Dynamic Dependence Logic

In this work, the atomic dependence formulas = (¢1...¢,) have been interpreted as shorthands for the
corresponding DF-Logic formulas.

Because of this, it is obvious that

Vi(=(t1 - tn)) = Vu@y1 - yn1 G\ {1 - 1)) A\ i = t2))

K2

in all finite models M and for all probabilistic teams p.

However, although in the non-probabilistic framework it is true that

(Fzp\{z1 .. 21 Y = Fzp(=(21 ... T0) ADD)

this equivalence, in general, does not carry over to probabilistic dependence logic - for example, in [4] it

is shown that, for some team p,

V(BN (=) Az = 2)) < Vu(F2(=(2)A =(y) A& = 2))

The problem lies in the fact that the value of the conjunction of two dependence atomic formulas is not
necessarily the measure of the biggest subteam of u satisfying both of them, since the interpretation of ¥ A 6
is “Player I decides whether to verify ¢ or #” rather than “Player I verifies ¢; if it turns out to be true, he

verifies 6 too”.
Introducing this new kind of conjunction, which semantically seems to correspond to the sequential
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conjunction of [1], would not increase the expressive power of the logic, but would allow us to recover the
above equivalence and, more importantly, to express complex patterns of dependence and independence in
terms of conjunctions atomic dependence formulas.

The last part of [4] sketches how to adapt the machinery described in this article to the resulting “Dynamic

Probabilistic Dependence Logic”, and further investigation on this matter is underway.

b) (Probabilistic) Dependence Logic and Database Theory

The link between Dependence Logic and Database Theory runs certainly deeper than what was hinted to in

this article.

For example, one of the problems in database theory and data mining is the search, given a relation r,
of a minimal set of dependence relations which entail all functional dependencies occurring in r - in effect,
Kivinen and Mannila introduced their measures of approximate functional dependency as a tool for searching

efficiently such minimal sets [8].

This and similar questions could, in the author’s opinion, benefit from a thorough investigation on the
model theory of Dependence Logic and Probabilistic Dependence Logic.
¢) Infinite models

One of the main drawbacks of the analysis described in this work is that it only holds for finite models.
For infinite models the Minimax Theorem fails, and it may well be that no equilibrium exists; however, it
is still possible to define W (¢) and other values, corresponding to other orders of priority between choice

points, and examine their interaction.
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