CHAPTER 1

Braided categories

1. Braided categories

1.1. Definitions. A functorial system of isomorphisms cy g : A® B - B® A
in a category (C,®,a) with the tensor is called a commutativity constraint if it
satisfies the hexagon identities

. 1 .

cagp,c = ac,aBo(cac®idp)oay cpo(ida®cpc)oaasc
—1 . . —1

CABRC = Qg ca° (ida ® cp,c) oap,ac o (cap ®idc) o G4,B,C

or, the commutativity of the hexagon diagrams:

ida®cB,c
—

(Ao B)®C “2° Ag(B®O) A® (C® B)

cagp,c | y ! a;LlC,B
C®(A®B) ‘¢Y" (oA eB “L2Y (AgC)eB

ca,B®idc
—

A9 (BeC) 2 (49 B)®0) (BRA)®C

ca,Bec | l acanB
a id c
BoC)®A) 29 Bg(Ced) Y Bg(AeC)
The functoriality means that it commutes with morphisms in C, i.e. the diagram

A®B 22 BwoA

®) rol Iy
cCeoD 2 DeC

is commutative for all A, B,C,D € Ob(C), and all f: A — C and g: B — D.
A commutativity constraint on a category with tensor product defines an iso-
morphisms of functors:

® 25 Q%

where ®°P is the opposite tensor product: A®°” B =B ® A with (c4)a,p =ca,B:
A®B — B®Aand (c_)ap :cg}A:A®B—>B®A.

DEFINITION 1.1 (braided monoidal category). A monoidal category with a com-
mutativity constraint is called a braided monoidal category.

1
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Using the commutativity constraint one can define the monoidal functor ¥ :
C — C, which acts as the identity functor on object and morphisms of (C,®), but
the monoidal structure given by the composition of commutativity constraints:
Vyp=cpaocap: A®B - A®DB
If this functor is equal to the identity, the category is called symmetric.

DEFINITION 1.2. A category which has a commutativity constraint satisfying
cA,BCB,A = id A is called a symmetric category.

As we will see in the next section, the is an important class of categories where
the two functors, ¥ and id are not equal but isomorphic.

An important consequence of the definition is that in a braided monoidal cat-
egory the Yang-Baxter equation holds:

GE}B,A o(cpec®id)oap,c,ac (id®cac)o a}}}AC o(cap ®id)
= (Zd X CA,B) (e} GE}A,B e} (CA7C ® Zd) caa,c,B©° (Zd ® CB,C) e} aZ}B,C
This identity follows from the fucntoriality of the commutativity constraint
cBeA,c 0 (cap®id) = (id® ca B) © cagB,C

and from the hexagon identities.
LEMMA 1.1. If the monoidal category C is braided, so is Cgty.

For strict monoidal categories the Yang-Baxter equation is the identity
(CB,C &® id) o (id & CA,C’) o (CA7B & id) = (id@ CA,B) o (CA,C ® id) o (id ® CB,C)
For a braided category the Grothendieck ring is commutative. Indeed [U][V] =

[U®V]=[VaU]=[V][U]. The second equality is due to the existence of the
commutativity constraint.

1.2. Rigid braided monoidal categories.

DEFINITION 1.3. A rigid monoidal category (C,®,a,1) with the structure of a
braided monoidal category a rigid monoidal braided category if the commutativity
constraint satisfies the idenity caxpx = (cga)*.

EXAMPLE 1.1. The category of finite dimensional vector spaces is a braided
monotdal category with the commutativity constraint cyw : VOW — WV :
cvw(@w) =wuv. It is easy to see that it is also rigid braided monoidal.

EXAMPLE 1.2. Category of finite dimensional modules over U(g) is a braided
monotdal category with the commutativity constraint cywy : VW — WV :
c(v@w) =w®v. Clearly this is map commutes with the diagonal action of the
universal enveloping algebra. Again, it is easy to check that this category is rigid
braided monoidal.

More generally, if (H, R) is a quasitriangular Hopf algebra, its category of finite
dimensional modules is rigid braided monoidal. The rigid monoidal structure on this
category was given in the previous section. The braiding is given by the mapping
cy,w VoW -WeV

cvw(z@y=o0o(my @mw)(R)(z ®y)

where o(x @ y) =y @ x is the permutation operator.
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More interesting examples will be constructed below.
1.3. Double duals in a rigid braided monoidal category.

LEMMA 1.2. In section... we construct the functor from the category of colored
tangles to a rigid braided monoidal category. All identities between morphisms given
below are images of simple isotopies between diagram of tangles. We include the
corresponding pictures in this section.

(1) The morphism
. . — + .
B Bg (A0 A") S (B A) o A* “—21 (A0 B) o A*
s equal to the morphism
B4 (A9 A 0B % A (A" B) 25 4w (Bo A) S (A® B) @ A*
(2) The morphism
. + _
(A" ©B)@A% A @ (BoA) @5 A*9(A0B) S (A*©A)2B — B
is equal to
(A 9B ©A ¥ (B A) 9 A% Be(A*® A) — B

PRrROOF. Follows from the compatibility of 1 and ¢ together with the hexagon
identities using the diagram

B p— B

o | s |

1®B —_— Bl

l !

(AR A*)® B 22227 B (A® A*)

A® (A* ® B) (B® A)® A*
idA®CB,A*T CB,A®idA*l

A® (B A*) «*— (A®B)® A*
]

Define morphism u4 = e4 @ id+« 0 ca A+ @ idg+= © atoidg ®ige 1 A— A.
In other words u 4 is the following composition map

AT 4@ (A 0 A) T (A AY) @ A AT (4r g A) @ A ©A8T g
The corresponding diagram of a colored tangle is given on Fig. 1
Here and below we will not write the evaluation and injection morphisms in
compositions when it is clear by the context where they should be. We will also
drop the name of the morphism when it is clear that it should be an associator, or
a commutativity morphism.
The following lemma describes some basic properties of u.
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A *X

\)

FIGURE 1. Morphisms u 4

LEMMA 1.3. (1) ua equals the following morphisms, see also Fig. 2 and
Fig. 3:

(a) (6,4 X idA**) o (’idA* ® C;&}A**) O ap* A** A © (iA* X idA) :
id®cglA**
A (A @A) @A - A @ (A @A) 247 A @ (4w A™)
(b) (idaw ®ea) 0 aa= a- a0 (cas a= @ida)o (ia- @ida)

cax axx@id

A-(A"@A™)RA " T — (A"QA)A—-A"®(A"®A) - A
(2) We also have the equalities
(a)
(ug ®id)oiga =cCa» A= Olax 1 — A @ A*
(b)
ea o (ua®id) =esao0caa  AQA" — 1

The corresponding diagrams are given on Fig. 4

PROOF. The proof of the first part follows from lemma 1.2. The identity (a)
from the second part can be proven by the following simple computation.

(ug ®id)oig = (idaw ® ea Qidas)o (cax g Qida @ida-)o (ig @ia)
= (Z.dA** X eq ®ZdA*) o (ZdA** ®ZdA* ®ZA) OCA*,A**J'A*
== (idA** ®7,dA*) OCA*,A** O’iA*
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w¥
%¥ A
A
(5 -
A A

FIGURE 2. Lemma 1.3 identity la

Similar computation proves the identity (b) from the second part. O

PROPOSITION 1.4. uya is an isomorphism for each object A.

PROOF. As it was mentioned above, we will suppress brackets in the tensor
products when they can be reconstructed in an obvious way.
Let us prove that the inverse map to w is given as

Lo(e®id)
—

A**_>A**®(A®A*)_)(A**®A)®A*a7 A@(A**(X)A*)—?A

The diagram representing u ! is given on Fig. 5.
We can write the composition u;l ouy as

A-AQA"RA-A"QA” QAR AR A"
B SHRId fe o A @ A @ AR A*
OB A 9 AR AR AT @A — A
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/_\’“ X

It
>

FIGURE 3. Lemma 1.3 identity 1b

K £ \A*’A

A’}'
A A
A* A‘ﬂ A*
f =, \Aat

FIGURE 4. Lemma 1.3 identities 2a and 2b
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FIGURE 5. Morphisms v~ !

1

Introducing a cancelling pair ¢,c™ we get

Ao A QA QAR AR A*
id®c_1_>®id®id A QARA™ @ A A*
RGN pr 9 AR AR A @ A
1ADQUSI pr 3 A AR A @ A*

. —1 o .
e _Sid pr QAR AR A ® A* — A
which allows us to apply the Yang-Baxter equation to get

A-A*QA* QAR AR A*
HOUBEId pr @ A 9 AQ AR A
1ABCBUBId pr 3 AR A @ AR A*
id®id®_c:1®id A QASAR A™ @ A

RSB 4 0 A@ A® A @ A" — A
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Using lemma 1.2 for i4 and for e«we get
A A" QA" RARA ®A
id®id®;id>®c’1 A QA @ A0 Ao A*
MEEUH gr 9 A0 A @ A® A*
MOUBIS pr 9 A® A R A* @ A
- ATRARA
e g @ AR A A
where we used
(ea®id®@ea)o (id®c !t ®id®id) o ((id®id®c ' @id)
= (ea ®id).(id® ¢ ") o ((id ®id) ® ((id ® ea~) o (¢ ®id)))
=(ea®id) o (id®c ') o ((id®id) ® ((ear ®id) o (id ® c)))
So we have
A—-AQA @A A" QA QRARA QA
MBI pr 9 A0 A™ R A*® A
SARARAS A9 ARA— A
Again using lemma 1.2, now for i4~and e 4, we arrive at

A-AQA QA - AQA QA QA ® A

C_1®i>®id®id A*®A®A**®A* ®A
SARARAL A A 9 A— A

which is the identity on A, analogously u o u~! = id4«-. Diagrams on Fig. 6 and
Fig. 7 are illustrating this proof. t

Let us define morphisms
Uy A= (4 ®ida)o (ida @ car a)0 (iar @ida)

To keep the dichotomy between u and u, we will use notation u_ = u. A diagram
representing u is given on Fig. 8. When the category C is symmetric, uy = u_.
It is not difficult to modify the proofs above and to prove the following lemma.

LEMMA 1.5. The morphism uy is invertible with inverse map
ui'y = (ear ®ida) o (idaw ® caar) o (idaw ®ida)
The diagram representing this morphism is givem on Fig. 8
The proof follows from isotopies on Fig. 9

COROLLARY 1.6. (1) For f: A— B wegetugof= f*ougs.
(2) The family of isomorphisms u = {ua} determines an isomorphism of
functors u : id — *x.
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FIGURE 6. The identity u;luA =idy

1

FIGURE 7. The identity uAu;l1 = id g~
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-9
?-,

FIGURE 8. Morphisms ut

J>

I
>
\

X%

FIGURE 9. The proof of invertibility of u4
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PROOF. (1) The first statement follows from the equality of the following
morphisms:

(a)

A—AQA @A™ - A* @ A® A — A~ L B
(b)
A— Ao A* @A™ A® A* @ B™ — A* © A® B — B**
()
A-AeB ©B* 1 A A* 9 B* - A*® A® B — B*
(d)
A—AQB*®B* - B* @A B~ A* 9 Ag B* — B**
(e)
A—A®B ®B” - B ®A® B* L B*® Bo B*™ — B**
(f)

AL B BeB ®B* - B ®BgB”* — B*

These equalities are represented as a sequence of isotopies on the Fig. 77.

(2) The second part follows from the functoriality of w (all maps in its defini-
tion are functorial) and from the first part.

a

ProrosiTION 1.7.

uyp = ’Ld]l

(ur.a)" = (uga0) ™

Ut agp = (Ut,.a @ us p)(cpacap)™

PROOF. The first statement is easy.

The second statement for u_ can be proven by the following equalities of mor-
phisms:

u' 4 = (e~ ®idax) o (idaws @u_ g ®idg-)o (idge= @in)
= (ea ®ida~)o (idass @idg @ e @idax)
0 (idpser @ Cax A+ Qidg @ idg-)
o (idps ®igr ®ida Rida+) o (idassx Ri4)
= (eA**®idA*)o(idA*H®CA*’A**)o(idA*H®iA*)

-1
Uy A

The proof for uy is similar.
A graphical representation of the proof is given in Fig. 10.

Now let us prove the third statement for u_. We can identify (4 ® B)** with
A** ® B**. We proceed further having in mind this identification.

first identity ?
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i
>*
I

FIGURE 10. The proof of (us )" = (u¥7A*)_1

The following morphisms are equal:

A®B— (A®B) ®(AeB)™)® (A B)

“enaer®  (A®B)*® (A®B)) ® (A® B)™ — (A® B)*™

aoc

(4) A®B— (B"®A")® (A" @ B™)® (A® B))
L (B*® A" ® (A® B) ® (A** @ B*))
LA™ @ B
where the map f is equal to id ® id ® g with
g =(id® cp'pe ®id) o (¢} 'yer ®id®id) o (id ®id @ c'p..) 0 (id ® ¢ .. @ id)
We can rewrite g as follows:
9= (cBA®id®id)o (cpy @id®id)o (id® cply.. ®id)
0 (Chipee ®id@id) o (id ®id @ c5'p..) 0 (id @ ¢ g @ id)
which, by two applications of the Yang-Baxter-equation, is equal to
(cBa®id®id)o (id® cyly.. @id)o (cplye. ©id® id)
o (id ® czly ®id) o (id ® id ® cpp..) 0 (id ® ¢ ge. @ id)
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and also to

(cBa®id®id)o (id® cyly.. @id)o (cplyen ©id® id)
o (id ®id ® ¢ g ) 0 (id @ el g @id) o (id @ id @ cj'y)

So we get (using lemma 1.2 for i4-,e4)

-1
A9B 2 B A— B 9B *®@B® A
-1

CB,B**
—

B*®B®B*® A
—1
“AB” B* o Bo A® B

CB;I;** B*®A*®B®A**®A®B**
A4 B o A*@ B A® A™ ® B
c;,lA*

which is equal to

-1
B, A

ARB = BRA—-B*"B*"®B®A

—1
PR B*@ BB A
‘AP B9 Be A® B

—1
Ca,Ax

and also to

A9B % B A— B 9B *®B® A

—1
Cp, B**
=

B"®B®B" A
C71 k%
B B*®o B® A® B*
—1
2 B*® A® B® B*
CA,B

= B*®B® A® B**
_>A®B**%A**®B**
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By the Yang-Baxter equation, this is

-1
B, A

AR B =

-1

BRA—-B*"®@B"®B®A

‘AP Bro B* 9 A® B

—1

“AB” Br 9 A B* @ B

-1
Cp p*x*

= B*®A® B B**

CA,B

=" B*®B® A® B**

_>A®B**1E>A**®B**

Using lemma 1.2 twice more we arrive at

—1

CB,A C,ZIB
A®B =5 BRA = AB—-AQB*®@B" 9B

CA,B

CB,B**

2" B* 2 A® B** ® B

> B" A® B® B™

C—l
A,B*

= A® B*® B® B**

HA@B**EA**(@B**

which is
et et
A®B %' BoA 2¥ Ao B

— A B*®B* ® B
-1
P5" A@ B*® B® B**

or

et et
A9B %' BoA Y Ae B &Y 4@ B

Graphically, the proof is shown on Fig. 11.

2. Quasitriangular quasi Hopf algebras

In addition to the quasi Hopf structure these algebras require the existence of

an invertible element R € A ® A, satisfying the following identities

A'(a) = RA(a)R™,
(id®@ A)(R) = ‘35311313@213312‘1’1_2137
(A®id)(R) = ®312R13P755Ro3P 1.

The characteristic property of these algebras is that their categories of modules
are braided monoidal categories (and rigid if modules are finite dimensional). For
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FIGURE 11. The proof of UAQB = (’LLA ®UB)(CBACAB)71

these algebras the double dual of a module is canonically isomorphic to the module
itself. This isomorphism is determined by the property of the square of the antipode:
S5%(a) = uau~!

where u = Ei’j ¢ S(¥;)S(B;)cin;. Here we use the notation R = ), a; ® 3; and
O =306, @Y @5

If we drop the antipode axiom in the definition of a quasitriangular quasi Hopf
algebra, we will have the definition of a quasitriangular bialgebra.

Assume we have a braided abelian k-linear monoidal category C and a monoidal
functor between abelian categories C and the category of vector spaces over k. Then

the algebra End(F) has a natural structure of quasitriangular quasi-bialgebra with
the braiding element being the image of R = {F(ca B)}} € End(®).

EXAMPLE 2.1. Let g be a simple Lie algebra. There exist an element ® =
1+ g—z[t ® 1,1 @ t] + o(h®) such that the universal enveloping algebra with the
standard diagonal comultiplication together with the element R = exp(ht) becomes
a topological quasitringular quasiHopf algebra over C[[h]] . The details can be found
mn section .....



