1. (3 points) Find the Legendre transform of the function

flz) = |z["if 2| <1
Fw) = lal? if Jo] > 1
Here o, 5 > 1.
Recall that the Legendre transform of f is
[ (y) = max(wy — f(x))

2(3 points) Let H,, be the space of Hermitian n x n matrices.
Compute the integral

1
Zp = / exp <—N§t7’(M2)> dM

where dM is the Euclidean measure on H,,.
Define

< f>= Zin/Hn exp (—N%tr(M%) f(M)dM

Prove the formula

5it5js

< Mistt >= N

4 (3 points) prove the formula
< My, oo My, 5, >= Z H < M, ;. M, ;, >
m  (a,b)em

Here the sum is taken over all perfect matchings m on theset 1,2,...,k
and the product is taken over the set of pairs (a,b) in m. The formula
holds for k even. Otherwise the left side is zero.

For example

< M’ilajl Mi2,j2Mi
< M’ilvlei

3,j3Mi4,j4 >=< Mil,leiz,jz >< Mi3,j3Mi4,j4 >+

3dz < Mi27j2Mi47j4 >+ < Mi17j1Mi47j4 >< Miz]’zMiaJ:’, >
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6. (6 points) Use the previous problem to prove the formula

Na

¢ TT H(MY) >
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7. (to complete the exercise on matrix models in quantum field
theory, and just for fun) Prove the following identity between formal
power series in t;:

z ~J«(M")
(MBI,
“3 “" X Zma™) |
= 2. g N Aeh(S )
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