Lecture 2 (2-10-03)
1.(a) C(X) is a vector space, defining
(f +9)(=@) == f(x) + g(z)
(Af)(x) = Af(=)

for f,ge C(X),\eC,z e X.

(b) Clearly ||fllco > 0 and || f|lec = 0 iff f(z) = 0 for all x € X, that is,

iff f =0 in Cp(X). It is also obvious that ||Af]lec = |A|||f]|ec, for any
A € C. We are left with showing that the triangle inequality holds. But,
since | £(z) + g(@)| < |f(@)| + |g(2)], for any f,g € Cy(X), @ € X, we also
have that [ f + gllco < [|fllec + l[glloo-

(¢) Let (fn)nen be a Cauchy sequence in Cy(X). Then for any € > 0, there
is N € N such that for any n,m > N,

| frn = fialloo < € & |fn(x) — f(2)| <€, for all z € X. (1)

In particular, the sequence (f,,(z))nen is Cauchy, for any = € X, and there-
fore converges in C. Let f(z) := lim f,,(z). Letting m — oo in (1), we have
that for all n > N,

|fn(z) — f(2)] <€ forallz € X = || fn — flloo <€

We then have that f is bounded, since, for some fixed n > N and any =z € X,
[f(@)| < |f(2) = fu()| + [fo(@)] < €+ | fnllo < M,

and continuous, since f,, is and

[f (@) = FW < 1f (@) = @) + [fn(2) = Fu()] + £ (y) = Fuly)].
We conclude that f € Cp(X) and f, — f in Cp(X), and hence Cp(X) is

complete.
(d) Let f,g,h € Cp(X). Then,

(fg9)(z) = (9f)(z)
(fg)h(z) = f(x)g(x)h(z) = f(gh)(x)



(f + 9)h(x) = f(z)h(z) + g()h(x) = (fh+ gh)(z)

that is, multiplication is commutative, associate and distributive with re-
spect to addition. Therefore C(X) is a commutative algebra.

(e) We have that, for any f,g € Cy(X),
1 9lloe = sup | f(@)g()] = sup | (@)l lg(x)] < sup | (2)] sup |g(2)] = I/ lloellgloc-
(f) For f,g € Cy(X), A € C:

(f9)"(z) = (f9)(z) = f(z)g(z) = f*(2)g"(z) = g"(x) ["(z)

f (@) = f@) = f(a)
(Af)*(2) = M(@) = Af*(2).

(g) Just note that |f*(x) f(x)| = |f(x)f(z)| = |f(2)|?, and therefore
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(h) Need to show that C(X) C Cy(X), that is that every continuous function
on a compact space X is bounded. But the image of a compact set under
a continuous function is compact, that is, for any f € C(X), f(X) C Cis
compact and hence bounded.

2.(a) M, (C) is a vector space with
a+b:= ((Ii]’ + bl]) , Aa = ()\aij)
for a = (a;;),b = (bi;) € M,(C), A € C, and it is clearly an algebra with

respect to the usual matrix multiplication

n
(ab)ij := Zaikbkj, ,7=1,..,n.
k=1

(b) Write (ab)* = (¢;5), where

n n
* * k%
cij = Y b = Y ajbi = (5"a")y
k=1 k=1



and we have (ab)* = b*a*, for all a,b € M, (C). Also,

*
a;
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(Aa)j; = Aaji =

a;‘kf = (@j;)" = aij = aij.
(c) (i) We clearly have ||a]| > 0, for a € M,,(C), and ||a|| = 0 iff az = 0 for all
z € C, that is, iff @ = 0. Also, since |[(Aa)z|| = |A| ||az]|, for any a € M,,(C),

z € C", X € C, we have ||[A\a|]| = |A| ||a]|. The triangle inequality follows from
the fact that |[(a 4+ b)z|| < ||az| + ||bz||, for any a,b € M, (C), z € C".

To check the last assertion, write ||2]|? = (2, z), where (z,w) 1= > j_, Zpwg,
is the usual inner product in C™. It is easy to check that for any a € M, (C),
z,w € C", (az,w) = (z,a*w), with a* defined as in (b). Then,

laz||? = (az,az) = (z,a*az)
and if \ is an eigenvalue of a*a and v an eigenvector, with ||v|| = 1, we have
lall = flav]? = A(v,0) = A = [|a]2 > max A

(and in particular we get that A € RT). On the other hand, let {v;} be a
basis of orthonormal eigenvectors of a*a, with respect to eigenvalues \g, k =
1,...,n (such a basis exists since a*a is self-adjoint). Writing z = >"}'_; cxvy,
we have

n n n
lazl> = @ ej(vr, Ajoy) = Y lew* A < max Ay |2

j=1k=1 k=1

and therefore
[&

lla||* < max A.

(ii) Let (ax)ken be a Cauchy sequence in M,,(C). Then for any € > 0,
there exists N € N such that for any k,m > N,

llak — am|| < € & |agz —amz| <, for all z € C", ||z]| = 1. (2)
In particular, the sequence (apz)ren is Cauchy, for any z € C", ||z|| = 1,
and therefore converges in C. For ||z| = 1, let az := lim agz; this defines

a € M,(C). Letting m — oo in (2), we have that for all £ > N,

laxz —az| <€, for all z € C", ||z]| =1 = |lax — a] <e.



We conclude that ax, — a in M, (C), and hence that M, (C) is complete.

(iii) Have, for any z € C", [labz|| < [|al| [[bz]| < [|al[[[b]|[|z]], and therefore

labll = sup [[abz|| < [[a] [|b]].
lI=ll=1

(iv) For a € M,,(C), z € C™,
laz|* = (az,az) = (z,a%az) < ||z[la*az| < ||2|*||a"a]

and therefore
lall* < [la*al| < [la*|| |la] (3)

and we have then that
lall < [la™].

Since a™* = a, equality follows.
(v) From [|af| = [|a*[| and (3)
lall? < lla*all < [la*| lla]| = [lal|?
and therefore ||a||? = ||a*a||, for all a € M, (C).
3.(a) B(H) is a vector space with
(a+b)z:=az+bz, (A\a)z:= laz

for a,b € B(H), A € C, z € H, and an algebra endowed with composition
of operators.

(b) Let a,b € B(H), z,w € H. Have that

(z,b"a"w) = (bz,a*w) = (abz,w) = (ab)* = b*a™;

(z,a™w) = (a"z,w) = (w,a*z) = (aw, 2) = (z,aw) = ™ = a;
(z,(Ma)*w) = (Naz,w) = AMaz,w) = (2, \a*w) = (Aa)* = Aa*.
(c) (i) Showing that || || is indeed a norm is done in exactly the same way as

in Ex.2.

Note It is no longer true that ||a||? coincides with the norm of the largest
eigenvalue of a*a; in fact, a*a may not have any eigenvalues (see Exercise



4, Lecture 5). We have however that ||a||?> = r(a*a), where r(a*a) is the
spectral radius of a*a (see Exercise 1, Lecture 5).

(ii) Let (an)nen be a Cauchy sequence in B(H). Then for any ¢ > 0,
there exists IV € N such that for any n,m > N,

|lan — am|| < € & |anz —amz| <e, forall z € H, ||z]| = 1. (4)
In particular, the sequence (apnz)nen is Cauchy in H, for any z € H, ||| = 1,
and it converges since H is complete. For ||z|| = 1, let az := lima,z; this

defines a linear operator a : H — H. Letting m — oo in (4), we have that
forallm > N,

lanz —az| <e, forall z € H, ||z]| =1 = |la, —al| <e.

In particular, since a, is bounded, we see that a is also bounded, and we
conclude that a, — a in B(H), and hence that B(H) is complete.

(iii) (Exactly as in Ex.2.)
(iv) (Exactly as in Ex.2.)
(v) (Exactly as in Ex.2.)
4.(a) For any ¥ € L*(X; ),
Ix(f)vl3 = /X dp(@)|f ()Pl ()* < (1 £1l5)* 1113

and hence 7(f) is bounded, with [|7(f)|| < [|f||5%. To prove equality, let
L < ||f||5% be arbitrary. Then, by definition of || |5,

p({zreX:[f(z) >L})>0

and since p is o-finite, there is a measurable Y C {z € X : |f(z)| > L} with
0 < u(Y) < oco. Let xy € L2(X; i) be the characteristic function of Y. We
have that

Im(f)xvll3 = /Xdu(flf)\f(OC)\QHw(OG)2 > L||xy 3.

We conclude that |7 (f)|| > L, for all L < || f||5% and therefore that ||7(f)|| =
£ 115



(b) It is clear that 7 is linear and that w(fg) = n(f)n(g), for any f,g €
Cy(X). Moreover,

(r(f), &) = /X dyu()m(f ) () B(a) = / dpu(2 (@) F@)I@) = (b, 7(f)9),

X

for all ¢, ¢ € L?(X; ), and hence 7(f)* = w(f*).

(c) We show first that || f]|5 = || f|leo for all f € Cyp(X) iff u(U) > 0, for any
open U C X, U # (0. Let then U C X be open, U # (), and V C U be closed.
By Urysohn’s lemma, there exists f € C(X) such that 0 < f <1, f =1 on
V and supp f C U. Then || f|looc = 1 and if || f||5% = || f|lc0, We conclude that
wu(U) > 0 (if w(U) = 0 then || f]|5% = 0, since f = 0 on X\U). Conversely,
assume that any non-empty open set in X has non-zero measure and let
f € Cy(X). (Note that one always has || f||5% < ||f]lco-) For any € > 0, the
set

Ue:i={z e X :[f(@)] > [[fllc — €}

is open and U, # (. Hence pu(U.) > 0 and therefore we have that ||f||5 >
[ flloo — € for any € > 0, that is, |[f[l5c > || f[lcc-

We can now see that this condition is equivalent to supp(u) = X. Recall
that the support of a measure u is the smallest closed subset A C X such
that pu(E) = p(E N A), for all measurable E C X. Note that in this case,
pu(X\A) =0 and X\A is open. Hence, if every non-empty open set in X has
positive measure, we conclude that X\ A = (), that is, supp x = X. Now if
supp it = X, we have that for any open U C X, U # (), there is a measurable
set E C X such that u(ENU) > 0, since u(E) = p(ENU)+u (EN(X\U))
and X\U is not the support of u. Therefore u(U) > u(ENU) > 0.2

(d) We have in this case ||7(f)| = || f|l5 = || f|lco and therefore 7(f) = 0 iff
lm(F)|l = 0iff || f|loo = 0 iff f =0, that is, 7 is injective.

(e) Let p be a measure such that the condition in (c) is satisfied and let
A :=m(Cy(X)). From (b), we have that 7 is a x-homomorphism, that is, A
is a *-subalgebra of B(H), and, since 7 is bijective, A and Cj(X) are iso-

~

morphic as *-algebras. Now, since 7 is isometric, A is closed and Cp(X) = A

!Note that || f||% is the smallest ¢ such that u({z € X : |f(x)| > c}) = 0.

2Tt can be easily seen that the Lebesgue measure on R™ satisfies this condition and
it can in fact be shown that such a measure always exists on arbitrary locally compact
spaces.



as C*-algebras.



Lecture 3 (9-10-03)

1.(a) Let f,g € L'(R). We have

el <o) = [ as

Since (,y) — f(z —y)g(y) is measurable on R?, and

Lav [ aslre=nlsw = [ dvlal [ dolfe—y)
- /dym(wl/dz\f(zﬂzuguluful < 0,
R R

/R ay f(m—y)g(y)' < /R dz /R dy £ (@ — o)l l9(w)]-

we have from Fubini’s theorem that f * g € L'(R) and

1F*glle < llgllall fll1- ()

It is easy to check that L!(R) is an algebra, and, noting that the Lebesgue
measure on R is invariant under translations and transformations x — —ux,

g*f(x)=/Rdyg<x—y>f<y>=Adzg<z>f<z—z>=f*g<x>7

that is, L'(R) is commutative. Since it is complete and (5) holds, we have
finally that L!(R) is a commutative Banach algebra.

(b) First note that any functional w € A(L'(R)) is bounded, with ||w]|] < 11,
and therefore A(L'(R)) C (L'(R))*. There is an isomorphism (L!(R))* =
L>®(R) 2, and therefore for each w € A(L'(R)) there exists a uniquely
defined w € L*>(R) such that

w(f) = /R da f (23 (x). (6)

We will show that @(z) = €'®, for some t € R and that the correspondence
t > €@ defines an isomorphism between R and A(L*(R)).

IThis is true for unital algebras, and the result on the non-unital case follows easily;
see also Exercise 5, Lecture 6.
2See for instance Rudin, Real and complex analysis, page 127.



Let f,g € LY(R) and w € A(L*(R)), @ € L>(R) be given as in (6). We
have that

w(frg) — /R da /R dyf (z = y)g(y) ()
= /Rdyg(y)/ﬂ{da?f(x—y)@(w)
_ / dy g(y)w(f,),
R

where f,(z) := f(z —y) € L'(R). On the other hand,
w(Pls) = | dyg)atu)us)
R

and since w is multiplicative, we have that

w(y)w(f) = w(fy), ae(dy). (7)

Now w : L'(R) — C is bounded and for each fixed f € L'(R), the map
y € R — f, € LY(R) is continuous. Taking f such that w(f) # 0, we
conclude that @ is continuous on R.!

We now show that @(z + y) = w(x)w(y). Note first that for any f €
LY(R) such that w(f) # 0, w(fy)w(f)~' = @(y) does not depend on f,
and therefore w(f,)w(f)™! = w(gy)w(g)~!, for all y € R, f,g € L'(R) such
that w(f) # 0, w(g) # 0. In particular, since w is multiplicative, we get
w(fy*g) =w(f *gy). Also, for any such f, w(fy) # 0 for any y € R, since
w(f)? =w(f = f) =w(fy* f-y) = w(f,)w(f-y) # 0. In this case, we have

D(z + 1) = 0(fory)w() T = w((fo)y))w(fe)  w(fo)w(f) 7!, ae.,

and therefore that
w(z +y) = w(r)w(y) a.e, (8)

and since w is continuous, equality holds for all x,y € R.

Notes 1. Property (8) could have been derived directly from the multiplica-
tivity of w: note that for any f,g € L*(R),

wirg) = [ do [ duste- oo
— /Rdx/Rdyf(x)g(y)@(x+y)

!That is, w has a continuous representative and we can therefore assume that w € C(R).




and on the other hand
w(ulo) = [ do [ dy f@aw)a@aw.
We then have that for any g € L'(R),

/R dy 9(u) (@(z + y) — D(x)D(y)) = 0 ae(dz),

and hence that w(z + y) = w(z)w(y) a.e.

2. It is true that a measurable function satisfying (8) is necessarily con-
tinuous; the direct proof of this result is however far from trivial. This is
the reason we proceed in this fashion.

Now we know that @ is bounded and we have that, for any n € Z,

(note that @(0) = 1 and therefore w(—z) = @w(x)~!). We conclude that
|w(x)] = 1 for all x € R. We have then shown that @ is a continuous
map R — T := {z € C : |z| = 1}, which satisfies @W(z + y) = ©(z)W(y).!
At this point, we could use the known result that any character of R is
of the form e* for some t € R; we give here a proof of this fact. Let
V= {e? : 10| < 7/2} C T; since @ : R — T is continuous, we can take
an open U C R such that U C @~ (V) and can assume that U = (—L, L),
L > 0. Now arg(e®) = 0 defines a homeomorphism arg : V — (—n/2,7/2)
and for ,y € U such that z+y € U, write w(z) = €= € V, @(y) = % € V.
Then @(z + y) = ©(z)D(y) = %+%) € V and we have

arg((z +y)) = 0z + by = arg(w(x)) + arg(®(y)).

Therefore, arg o w is a continuous function on R such that (arg o w)(nz) =
n arg o w(zx), for any € U, n € Z with nz € U and by density, we have
that arg o w(z) = cz for all x € U. Since arg is a homeomorphism, we have
then that w(z) = e, for x € U, and since |w(z)| = 1, we get ¢ = it, for
some t € R. But U = (—L,L) C R generates R as an additive group and
hence, from (8), we have @(z) = %, for all z € R.

We conclude finally that any w € A(L'(R)) is given by

w(f) = /R dz f(z) €', (9)

1Such a map is called a character of R.
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for some ¢ € R. It is easy to check that, for any t € R, w; : L}(R) — C
defined by (9) yields an element of A(L!(R)) and that w; = ws iff t = s. We
thus have a well-defined, bijective map

d:R — A(LY(R)), t— wy

wi(f) = /Rd:cf(a:)eitx, f e L'(R).

We now check that this map is a homeomorphism. If t, — ¢, with ¢,,t € R
then, for any f € L'(R), wy, (f) — w(f), by the Lebesgue Dominated
Convergence Theorem, and therefore wy, — w in the weak*-topology. We
conclude that & is continuous. To check that it is bicontinuous, let w;, be
a net in A(L'(R)) such that w;, — w; in the weak*-topology. Then for any
f € LY(R) we have that

/Rdxf(x)eitixﬁ/Rdxf(z)eitr.

Let f(z) := xe*, where x is the characteristic function of (—o00,0). Then
f € L'(R) and, for any s € R,

0
. . 1
/ dxf(x)e”® = / delsthe — i
R — 00 1S + 1

Hence,
1 1

. H .
it + 1 it+1

St —t
and ®~! is also continuous.

(¢) The Gelfand transform is the map

L'(R) = C(A(LMR)), fr—f
WhereAf(w) = w(f). Identifying A(L*(R)) with R as in (b), we then have
that f(t) = [ dof(z)e™, which is nothing else but the Fourier transform
of f.

2.(a) The space L'(Z) is the space of sequences (a, )necz of complex numbers
such that ) ., |a,| < oo; it is a Banach space endowed with the norm

lally = 2onez lanl-
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Define convolution in L'(Z) by (a x b), = Y mez On-—mbm, for a,b €
LY(Z). We have

S5

n€EZ ImeZ

<D lan—mllbml = Y loml Y lan—m| = llall1[1bllx

nEZ meZL MEZ neZ

and therefore a x b € L'(Z), with |la*b||1 < ||a||1]|b|/1. It is clear that L'(Z)
equipped with * is a commutative algebra, and, since it is complete, it is a
Banach algebra. It is easy to check that the element eq € L'(Z) such that
(eg)n =0, for n # 0 and (eg)o = 1 is an identity for * and L'(Z) is unital.

(b) We will show that A(L'(Z)) = T, where T = {z € C : |z| = 1}.
Let ey € LY(Z), for k € Z, be such that (ex), = 6. For any a € L1(Z)

we can write @ = Y, . anép, and for any w € A(L*(Z)) we have that

w(a) = apw(en).! (10)

nel

It is easy to check that ey * e, = epyk, for all k,m € Z. In particular,
er = (e1)* and, since w is multiplicative, we get

w(a) =) an (wler))".

ne”L

We conclude that each w € A(L'(Z)) is uniquely determined by w(e;) (in
the sense that if w,w’ € A(LY(Z)) and w(e1) = w'(e1), then w = w'). We
now show that w(e;) € T. Since |ex]| = 1, for any k € Z and ||w| =1
(because w € A(LY(Z)), we have

lw(ek)| < ||lwll]lex]| =1, for all k € Z.

Noting that w(e_j*e1) = w(1) = 1, we have also that |w(e1)| = Jw(e_1)|~ >
1 and therefore |w(ei)| = 1 and w(e;) € T. We thus have a well-defined,
injective map

®:ALYZ)) = T, w— wlep).
On the other hand, for each z € T one can define
wy(a) = Zanz", ac LY(Z)

nez

!Note that we showed that any w € (L'(Z))* is given by w(a) = 3 anil,, where
w € L*°(Z); compare with Exercise 1.
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and it is easy to check that w, € A(LY(Z)) with w,(e;) = 2. Hence ® is also
surjective. Now, directly from the definition of the weak-* topology, we have
that ® is continuous !. Since A(L'(Z)) is compact (and T is Hausdorff), we
conclude that ® is a homeomorphism.

(c) The Gelfand transform is the map
LNZ) — C(A(LY(Z)), ara,

where @(w) = w(a), w € A(LY(Z). Under the isomorphism given in (b) we
have that z € T +— w, € A(L'(Z)) and we can write @ € C(T) such that

a(z) = wy(a) = Zanz”.

neL

Now if @(n) denotes the n-th Fourier coefficient of @, we have

1 2m ) ) 1 2r
a(n) = —/ aleMe "dt = — Z am/ e M=t gt = a,,.
2 0 2 mel 0

The Gelfand transform is then the map that to each a € L'(Z) associates
the continuous function @ on T whose Fourier coefficients are given by a.

Note Functions on T can be identified with periodic functions on R: if
f € LYT), then f(t) := f(e") defines f € L'(R) which is periodic and
the converse is also true. In this light, given g € L!(R), periodic, such
that ay := (§(n))nen € L'(Z) (where g(n) denotes the nth Fourier coef-
ficient of g), we have that the Gelfand transform a;, € C(R) is given by
ay(t) =3 ,cz G(n)e™, the Fourier series of g.

3.(a) First note that a basis of neighbourhoods of wy € A(A) on the weak*-
topology is given by

Uge : ={w e A(A) | |lw(a) —wo(a)| < €},

a € A, e > 0. Now let wi,wy € A(A) be such that w; # ws; then
there is @ € A such that wi(a) # wa(a). Let € < Jwi(a) — wa(a)|/2 and
U, :={w € A(A) : |lw(a) — w;(a)| < €}, for i = 1,2. Tt is clear that U; is a
neighbourhood of w; and Uy N Uy = () and therefore A(A) is Hausdorff.

!Strictly speaking, we know only that A(L'(Z)) — C, w +— w(e1) is continuous, but
since A(L(Z)) is in fact mapped to T, this yields the continuity of ®.
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One could also use the fact that a space is Hausdorff iff no filter on it
has more than one limit point. Now if (wy)aers is a filter in A(A) such that
wy — w and wy — W’ then, by the definition of the weak*-topology, for any
a€ A,

wa(a) —w(a)] =0

wa(a) —w'(a)] — 0
hence w(a) = w'(a) for any a € A, that is w = w’ and A(A) is Hausdorff.

Alternatively, one could also use the fact that the map ¢, : A(A) — C
is continuous with the weak*-topology. Considering neighbourhoods U; C C
of wi(a), i = 1,2, such that U;NU; = ), one gets neighbourhoods ¢, *(U;) C
A(A) of w;, i = 1,2, with ¢, 1 (U1) N L (Us) = 0.

(b) Have w(a) = w(a.l) = w(a)w(l), for all a € A. Since w is non-zero,
there is a € A with w(a) # 0, and hence w(1) = 1.

(c) Let w, € A(A), n € N, be such that w,, — w in the weak*-topology, that
is, we have wy(a) — w(a), for alla € A. Then w € A* and we need only show
that w is multiplicative and non-zero. Let a,b € A. Then wy,(ab) — w(ab)
and also, wy(a)w,(b) — w(a)w(b), we have that w(ab) = w(a)w(b). Since
wy (1) =1 for all n € N, have that w(1) = 1 and therefore w € A(A).

(d) If A is non-unital then A(A) is not necessarily closed (one may now have
wp, € A(A) and w,, — 0 ¢ A(A)). We give two simple examples:

- A={feC(-1,1]) : f(0) = 0}. It is easy to check that A is a C*-
subalgebra of C([—1,1]), without unit, and that for any ¢ € [—1,1], with
t # 0, wi(f) := f(t) defines an element w; € A(A). Now let wy, := wy ,; for
any f € A we have

wn(f) = f(1/n) — f(0) =0

and hence w, — 0 in the weak*-topology. But 0 ¢ A(A) and A(A)) is not
closed.

— A = Cy(X), where X is a locally compact space that is not compact. If
A(A) were closed, then by the Banach-Alaoglu theorem it would be com-
pact. But we know that A(A) = X (see Theorem 6.11 and Corollary 6.8)
hence A(A) is not closed.
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Lecture 5 (23-10-03)

1. For a € A, we have that, since A is commutative and from the C*-axiom
16°0]| = [[b]]?, for any b € A,

lal* = lla*all* = [|(a*a)*a*a]| = [|(a®)*a®|| = ||a*]*

that is, ||a?|| = ||a||?>. By induction on p € N, we have |[a"| = ||a||?, for
n = 2P. Therefore,

r(a) = lim|[|a"|'/" = lim [|a*'[|'/*" = |al .

2. We have that f € C(X) is invertible iff f(x) # 0, for all z € X (in this
case f~1 = 1/f € C(X)). Hence, A € o(f) iff f — Al is not invertible iff
there exists x € X such that (f — Al)(z) = 0 iff there exists x € X such
that f(x) = A. Conclude that o(f) = {f(x): 2z € X}.

3. We have that A € M, (C) is invertible iff det(A) # 0. Therefore, A € o(A)
iff det(A — A1) = 0, that is, iff A is an eigenvalue of A.

4. Examples of a bounded operator on a Hilbert space with no eigenvalues:

(1) Let H be a (separable) Hilbert space with an orthonormal basis {e;, }nen
and define a linear operator s, : H — H by

sr(en) = eny1, n € N.

This is an injective bounded operator, with ||s.(z)| = ||z, for all x € H.
In particular, 0 is not an eigenvalue. Let A € C, A #0, and z = >z, e, be
such that s,z = Ax; have that

Ty = ATpt1, AT =0

and therefore z,, = 0, for all n € N, and X is not an eigenvalue. Conclude
that s, does not have any eigenvalues.

A particular instance of this example is the so-called right-shift operator
sp 1 12 — 12 such that

Sp(x1, T2,y ooy Ty ) = (0,21, T2, ooy Ty, .0,

which as we have seen has no eigenvalues. !

'But one can show that o(s,) = [0, 1].
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(2) Let H := L*(X; ), where X is a compact topological space, f € C(X)
and define
My L(X;5p) — LA (X3 ), g fg.

Then

Mg(g) = Ag & flz)g(z) = Ag(z) a.e. & (f(x)—A)g(z) =0 a.e.

and one can see that \ is an eigenvalue iff u(f~1()\)) # 0. In particular, if
f is injective and p({x}) = 0, for € X, then M; has no eigenvalues. For
instance, if X C R™, p is the Lebesgue measure, and f(z) := x, then

M¢(g) =g & (x —N)g(xz) =0, a.e = g(x) =0, a.e.

and therefore g = 0 in L?(X). Hence M; has no eigenvalues (note that My
is self-adjoint).

Examples of a bounded operator on a Hilbert space with eigenvalues and
other parts of the spectrum:

(3) Let H be a (separable) Hilbert space with an orthonormal basis {e, }nen
and (Ap)nen be an arbitrary bounded sequence of complex numbers. Setting

Ae,, == \pen

one defines a bounded operator A € B(H). By definition, A, is an eigen-
value, for all n € N, and one can easily see that there are no other eigen-
values. On the other hand, since o(A) is compact, in particular it is closed
and (Ap)nen C 0(A). If A ¢ (A\y)nen then (A, — A) ™) ,en is a bounded
sequence and defines an inverse for A — AI. Hence

(An)nen = o (A).
For instance, take H = [2, A : [?> — [? such that
A(z) = (2n/n)nen.
The eigenvalues of A are given by A =1/n, n € N and
o(A)={1/n|n e N}uU{0}.

(one can easily see that A is not invertible in B(I?)).
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Also, taking (A,) as an enumeration of the rationals on some compact
X C R"™, we have 0(A) = X and we show in particular that any compact
set is the spectrum of a bounded operator.
(4) Define the left-shift operator s; : 1> — 12 such that

SI(T1, T2y ey Ty o) = (T2, T3, ooy T 1y oo )

From s;(z) = Az we get that , = A" "'z1, n € N. Therefore ) is an eigen-
value of s; iff [A\| < 1. On the other hand, we know that o(s;) is compact,
in particular it is closed and hence {\ | |\| = 1} C o(s;).

The spectrum of an operator A € B(H) can be decomposed into three
disjoint subsets:
— the discrete (or point) spectrum:

o4(A) :=={\ e C | ker(A — \I) #0};
— the continuous spectrum:
0c(A) ;== {\ € C| ker(A-XI) =0, R(A — \I) = X, (A=XI)~! unbounded};
~ the residual (or essential) spectrum:
a:(A) i= o(A)\(0a(A)Uoc(A)) = {A € C| ker(A=AI) = 0, R(A = AI) # X}.

Not so much can be said in general about o4(A), 0.(A), o,(A). If H is
finite dimensional, then o(A) = 0, (A), for all A € B(H) (see Exercise 3). In
the general setting, if A € B(H) is compact, then o(A) C 0,(A) U {0} (but
oc(A) and 0, (A) might be non-empty). If A is normal (that is, AA* = A*A),
then ker A = ker A*, and, since ker A* = ml, we see that A is injective
iff it has dense image; this yields that o,.(A4) = (. We give a few simple
examples:

(i) For the right-shift operator s, : 1> — [? defined in (1) we have:

oa(sr) =0, oc(sy) = {M[ Al =1}, ov(sr) = {A [ A < 1}.

On the other hand, for the left-shift operator s; : 12 — [? defined in (4), have
that
ga(s)) = {A Al <1, }oc(s) = {A [ A =1}, or(s1) = 0.

(Note that s; = s¥.)
(ii) A : 1% — I? such that

A(z) = (#n/n)nen.
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We have seen in (3) that 04(A) = {1/n | n € N}. Now A has dense image,
but if B is an inverse for A then Bx = (nzy)neny and B is not bounded.
Conclude that 0 € o.(A) and therefore, also from (3), that

o4 =1{1/n|neN}, o.(A) = {0}, o,(A) = 0.

(Note that A is compact and self-adjoint.)

(iii) If A € B(H) is induced by a sequence () as in (3), we always have
that A is normal (A*Ae, = AA*e, = |\|?), hence 0,(A) = 0 and we have
then

oqa={ | neN}, o.(A) ={\ | neN\{\, | n € N}

(iv) A : 1% — 2 such that
A(z) = (0,21, 22/2, ... zn /N, ...

Then 04(A) = 0,(4) = 0, 0,(4) = {0}.
(v) A:1? — [? such that

A(z) = (x2,23/2, ..., Tpt1 /N, ...).

Then o4(A) ={0},0.(A) = 0,(A) = 0.
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Lecture 6 (6-11-03)

1. It is clear that C'(X,Y) is an (algebraic) ideal of C(X), for any Y C X,
and C(X,Y) is closed if Y is closed.
Conversely, let I be a closed ideal of C'(X) and Y be its zero-set, that is,

Y:={reX: f(x)=0, for all f eI}

We have clearly that I C C'(X,Y’). To prove the converse, let g € C'(X,Y)
and € > 0 be arbitrary. For any = ¢ Y, there is f, € I and a neighbourhood
U, of x such that such that f,(y) # 0, for y € U,. Let

he(y) = fo) L%y e x.

We have then that h, € I, and, for y € U, ¢ Y,
_ 9(y)  g(x) 9ly) _x) )
900) = kel = )] | 20— SO < 17 |40 - 25 <

on a sufficiently small neighbourhood of x, which we denote again by U,,
since g/ f is continuous. For z € Y, take a small neighbourhood U, C Y;
then g(y) — f(y) =0, for all f € I, y € U,. Since X is compact, can take
Uz, © = 1,...,p such that X C U= pU,;,. Let u; € C(X) be such that
0 <wu; <1, supp(u;) C U; and Zi:l,..,p u; = 1, and define

p
fi= uiha, €1,

i=1

where, for z; € Y, we put h,, = h, for some fixed h € I. We have that
f €1, since I is an ideal, and moreover

l9(x) = f@)] = > wil@)(9(@) = hi(2))| < D uilx) |g(x) = hi(w)]
i=1

lg = £l = sup lg( |<Z sup |g(x) — hi(z)| < pe.

= 1$€ x;

We conclude then that ¢ € I = I, since I is closed, and therefore that
C(X,Y)clI.
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We sketch two alternative proofs of this last result.

1 — Define Ix_y := {fix—y | f € I}, and show that Ix_y C Co(X —Y)
satisfies the conditions of the locally compact version of the theorem of
Stone-Weierstrass to get that Ix_y is dense in Cp(X — Y). Now every
g € C(X,Y) defines by restriction a function gjx_y € Co(X —Y), and
hence for any € > 0 there is f € I such that sup,cy_y |f(z) — g(x)] < e

Since g(z) = f(z) =0, forz € Y, we have in fact ||f —¢g| < eand g€ I = I,
that is, C(X,Y) C I.

2 — This proof also uses the fact that I is closed, but now in that in this
case we have (I1)+ = I. Define

It ={Fe(CX)|F(f)=0, forallf € I}

(IHt ={feC(X)|F(f)=0, for all F € I*}.

Identifying (C'(X))* with the space of all finite regular Borel signed measures
on X, denoted here by M (X), one has then that

Ilz{ueM(X)\/dufzo, for all f € I}.
X

One then checks that if p € I+ then supp(pu) € X —Y (one sees that for
all f €I, |f> =0 onsupp(u)). Now for g € C(X,Y), g =0 on Y and
therefore fX dpug = 0 for all p € I+, that is, g € (I*)* = I, and therefore
C(X,Y)C I

Note The class of mazimal ideals will then be given by
{I, =C(X,{z}):2 € X}

and is in one-to-one correspondence with X (in fact, I, = ker(¢,), where
. € A(C(X)) is the evaluation functional, ¢,.(f) = f(x)).

2. First note that Cp(X {f € C(X) : f(oo) = 0}. Indeed, the map

Co(X) =
Co(X) = {feC(X): f(oo) =0}, f — f such that

f(z) = f(z), z € X and f(o0) =0

is easily seen to be well-defined and bijective, and moreover | f|| = || f]I.

20



Now let I be an ideal of Cy(X); then, under the isomorphism above, [
is an ideal of C'(X): just note that for any f € C(X), f — f(o0) € Cp(X)
and therefore, for g € I,

9f = 9(f = f(00)) + f(oc)g € T.

On the other hand, if J is an ideal in C’(X), we have also that JN{f €
C(X) : f(co) = 0} is an ideal in Cy(X). We conclude that the ideals of
Co(X) are in one-to-one correspondence with J N {f € C(X) : f(c0) = 0},
where J is an ideal in C(X). ! From Ex.1, we then have that the ideals of
Co(X) are given by N _

{f € Co(x) | FeC(X,v)}

with Y € X closed such that co € Y. Since Yy C X is closed iff Yy U {oo} is
closed in X, we have finally that every ideal of Cy(X) is of the form

Co(X,Yo) :={f € Co(X) [ f(z) = 0,z € Yo}

with Yy C X closed.

3.(a) Have that J, = w™1(0) is closed, since w is continuous, and for any
a€ A jeJ,,

w(aj) = wla)w(j) =0
which shows that J, is an ideal of A. To check that it is maximal, let a € A
be arbitrary, and write

a=1z+w(a)l, withz :=a—w(a)l € kerw = J,.

There is then a vector space isomorphism A = J, ® C, that is, J,, has codi-
mension 1 and is therefore maximal.

(b) Assume Jy, = Jw,. Then for any a € A, a — w2(a)l € Jy,, since
wa(a —wa(a)l) = 0. But

wy(a —wa(a)l) = wy(a) — wa(a)wse(l) = wi(a) — wa(a) =0
and hence wi(a) = wa(a) for all a € A.
4. Recall that A is defined as the C*-algebra A & C with

(a+N)(b+v):= (ab+va+ \b+ \v)

) 1This is just a particular instance of a general fact: if A is a non-unital C*-qlgebra and
A is its unitization, then the ideals of A are given by JN A, with J an ideal of A; see Ex.4.
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la+ All == [lp(a) + M[1(a)

where p: A — L(A) is defined as p(a)b = ab and I is the identity in L(A).
In Ex.2, we have considered the isometric homomorphism Cy(X) — C(X),
f +— f such that f(z) = f(z), for z € X and f(co) = 0. Define now
®:A— C(X) by B

O(f+N)=f+XN

it is immediate to check that ® is an algebra homomorphism. If ®(f + \) =
®(g 4+ v) then &(f + N)(c0) = A = ®(g + v)(c0) = v and also f = g,
which gives f = g; we conclude that ® is one-to-one. On the other hand,
let h € C(X). Then f := h — h(c0) € Co(X) and, with A := h(o0),
O(f+A) = f+ X = h. Hence ® is a bijection. Since any (algebraic)
isomorphism between C*-algebras is isometric, we have finally that @ is a
homeomorphism. (In this case, one can check directly that

1 + Al
— max {sup | £(z) + Al, AJ}
zeX

= sup sup ’(f(x) + )\)9@3)’
llgll=1z€X

If+ A1)l 4.)

[2(f + Al

5.(a) Clearly, w is linear, since w is, and since w(1) = 1, w is not identically
zero. We need to check that it is multiplicative:

w((a+A)(b+vl)) = w(ab+va-+ Ab+ Avl)
= w(a)w(b) + vw(a) + Aw(b) + Av
= w(a+ A)w(b+vl).

(b) We have that ws is clearly linear and, since woo(l) = 1, ws is not
identically zero. Now, computations as above give that

Woo ((a+ A1) (b4 1)) = v = weo(a + A1) weo (b + v1).
(c) Let n € A(A). Since 7 is linear and (1) = 1, we have
n(a+ A1) = n(a+0) +n(Al) = na(a) + A

It is immediate that the restriction 14 is multiplicative in A and therefore ei-
ther n4 € A(A), and 7 is given by (a), or n4 = 0, and 1) = we defined in (b).
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(d) First note that the map ® : A(A) — A(A), w — w, with w as in (a),
is a continuous injection. Indeed, if {w;}ics is a convergent net in A(A),
w; — w, then by definition w;(a) — w(a), for all a € A and therefore

Wila+ A1) = wi(a) + X = w(a) + XA = w(a + A1).

Now we check that ® can be extended to a homeomorphism

$: A(4) = A(A), B(00) := wee,

where weo is as defined in (b). It is clear that ® is a one-to-one map and
surjectivity follows from (c). If we prove that @ is continuous in A(A),

then since A(A) is compact and A(A) is Hausdorff, we have that _CIJ_l is

continuous as well, and the proof is concluded. Let then Uy, C A(A) be a
neighbourhood of ws,, which we write as

Uso = {n € A(A) | In(a+ A1) — weola+ A)| < €}

We have then

Uso = {w € A(A) [|w(a)] < e} U{weo}

and therefore ®~1(Uy) = {oc} U {w € A(A)||w(a)| < €}. Now A(A) —
1 (Us) = {w € A(A)||w(a)| > €} is closed and hence, by the Banach-
Alaoglu theorem, it is compact. We conclude that ®'(Us) is indeed a
neighbourhood of 0o in A(A) and @ is continuous.
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Lecture 7 (13-11-03)

1. Let C be a category according to Definition 6.1 and let (f, g), (g, h) € C2.
Then s(f) =t(g) and s(g) = t(h), and, from 2 in Definition 6.1, we have

s(fg) = s(g) = t(h),

t(gh) = t(g) = s(f) (11)
Therefore, (fg,h) € C2, (f,gh) € C? and, from 3 in Definition 6.1, (fg)h =
f(gh). Conversely, assume that whenever (f,g) € C? and (g,h) € C? we
have that (fg)h, f(gh) are defined and equal. Let (f,g) € C?; Only need
to show that s(fg) = s(g) and t(fg) = t(f). Take h such that (g,h) € C?

(for instance, h = i(s(g))); then we have s(g) = ¢(h) and by assumption
(fg,h) € C?. Hence

s(fg) = t(h) = s(g)-
A similar argument shows that ¢(fg) = t(f), and the two definitions are
indeed equivalent.

2. From 1 in Definition 6.1, we have that s(i(x)) = t(i(x)) = x, for all
objects x; hence s oi and ¢ o4 are bijections. Therefore, s,t are surjective
and 17 is injective.

3. Let C be a category as in Definition 6.1; we will show that the ’arrows
only’ definition holds. Let Ci be the class of arrows, and Co C C; x C;
be the subclass of composable arrows, m : Co — C] given by composition,
m(f,9) = fg.

We first prove (a). If fg and gh are defined, then s(f) = t¢(g) and
s(g) = t(h). Since s(fg) = s(g) = t(h), have that (fg)h is defined. On
the other hand, if (fg)h is defined, then in particular fg is defined and
s(f) =t(g) = t(gh) and hence f(gh) is defined. We can see in this way that
f(gh) is defined iff (fg)h is defined and in this case clearly fg and gh are
defined. We then have that (i) < (i) < (i73). Using 3. in Definition 6.1,
we now have that (i) = (iv) and therefore (a) holds ((iv) = (éi7) is trivial).

As for (b), let s(f) := i(s(f)) € C, for f € C1; then (f,5(f)) € Cos.
If (s(f),h) € Cy, then s((g(f)) = s(i(s(f))) = s(f) = t(h) and there-
fore S(f)h = i(s(f))h = i(t(h))h = h; similarly, if (g,5(f)) € Cq, then

)
s(g) = t(i(s(f)) = s(f) and gs5(f) = gi(s(f)) = gi(s(g)) = g. Conclude that
5(f) is the required identity, and we can define in the same way an identity

t(f) with (¢(f), f) € Co.
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Conversely, assume that C] is a category according to the ’arrows only’
definition. Define the class of objects

Cy :={e € C; | eis an identity}

and let ¢ : Cy — C7 be the inclusion map. By assumption, we know that
to each f € C; one can associate an identity ¢(f) (respectively, s(f)) such
that (¢(f), f) (respectively, (f,s(f)) is defined. We show that ¢(f) (and
similarly s(f)) is the unique identity with this property and that will yield
the definition of the target (and source) map. Let f € Cp and e, e’ be
identities such that (e, f), (¢/, f) € Ca. Then ef = f and therefore €’(ef) is
defined; by (a), we have that ¢’e is defined and

eis an identity = e'e = ¢’

€' is an identity = e'e = e.

We have therefore well-defined source and target maps
5:C1— Co, frs(f)

t:Cr— Co, fr—=t(f)

We now show that Co = {(f,g9) € C1 x C1 | s(f) = t(g)} (where Cs is
given by the ’arrows only’ definition). Let f,g € C such that s(f) = t(g);
then by definition of ¢(g), (s(f), g) € C2, and since (f, s(f)) € Cs, have from
(a) that (fs(f),g9) = (f,g9) € Ca. Conversely, let (f,g) € Cq; it suffices to
show that s(f)g is defined, since in this case, because s(f) is an identity, we
have s(f) =t(g). But fs(f) = f, and hence (fs(f))g is defined; by (a), we
have s(f)g defined as well.

Finally we check that the axioms in Definition 6.1 are satisfied.

1. Want to show that for = € Cy, s(i(z)) = t(i(x)) = x, that is, that for
any identity e, s(e) = t(e) = e. It suffices to show that ee is defined: in this
case, since e is an identity, have one one hand that e = s(e) and similarly,
e = t(e). Now (t(e),e) € Cy and, since t(e)e = e, we have (t(e)e,e) € Cy;
from (a), conclude that (e,e) € Cy as well, that is, ee is defined. *

2. Let (f,g) € Ca; to check that ¢(fg) = t(f) it suffices to show that
t(fg)f is defined, again since t(fg) is an identity. But ¢(fg)(fg) is defined,

!Moreover, it is clear that if f € C} is such that f = s(f) = t(f) then f is an identity;
we have then that Co = {f € C1 | s(f) = t(f) = f}. Also, note that we have shown in

particular that s and ¢ are surjective, that is, Co = Im(s) = Im(¢). One could then have
started with any of these definitions for Ciy and proceed from there.
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and hence, by (a), t(fg)f is defined. Similarly, we have gs(fg) defined and
thus 5(fg) = 5(g).

3. If (f,g9) € Cy and (g, h) € Cy, then by (a) we have (fg)h = f(gh).

4. For any f € Cy, i(t(f)) o f =t(f)f = f, since i is the inclusion and
t(f) is an identity for f. Similarly, foi(s(f)) = f.

4. Let C be a category as in Definition 6.1. We show that the ’objects’
definition holds. Let Cp be the class of objects and for each (x,y) € Cy x Cy
let

(CU,y) = {f ey ’ S(f) = yat(f) = $}
Then, if f € (z,y), g € (y,2), have s(f) = t(g), that is (f,g) € Cy and we
define
m:(z,y) X (y,2) — (2,2), (f,9)— fg.
Now we verify (a),(b)(c).
(a) If f € (z,y)N(2",y) then s(f) =y =y, t(f) =z =2’
(b) For each = € Cp, have t(i(z)) = ) )
for f € (z,y),9 € (y,2), i(x)f =i(t(f))f = [ and gi(z) = gi(s(9)) = g.

(c) This is just a restatement of 3. in Definition 6.1.

=
w

Conversely, let C' be a category according to the ’objects’ definition.
Take Cy for the class of objects and define

Cl = U (x,y)
z,yeCo
S,t : Cl — C()

such that if f € (z,y) then s(f) := y, t(f) := = (note that s,¢ are well-
defined because of (a)). Then, from (b), we have a map

i:Cy— Cq, x—i(x)

and, defining Co := {(f,g) € C1 xCy | s(f) = t(g)} we have that (f,g) € Co
iff fe(x,y),9¢€ (y,2), for x =t(f), y =s(f) = t(g), z = s(g), that is, iff
fg is defined. We now only need to check that the axioms in Definition 6.1
are satisfied.

1. For z € Cy, i(x) € (x,x); hence s(i(x)) = t(i(x)) = z.

2. Let (f,g) € Cy. Then, as above, f € (z,y), g € (y,2) and therefore
fg € (x, 2); this gives s(fg) = = = s(g). {(fg) = & = t(}).

3. If (f,9),(g,h) € Cq, then f € (x,y), g € (y,2),h € (2,w), and by (c),
(fg)h = f(gh).
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4. For f € Cy, have that f € (t(f),s(f)) and from (b), i(t(f))f = f,
fi(s(f)) = f-

5. From (b), and since s is surjective, we have that ®g is determined by
®q, in that, for all x € Gy, we have

Do(x) = Po(sglig(z)) = sp o P1(ig(x)).

Now assume that ®; is a functor according to the ’arrows’ definition.
Define
Dy : Gy — Hpy, &g := sg o P oig.

We check that (a),(b),(c) hold.
(a) By definition, ify o @9 =iy o sy o Py o ig. For any = € Gy,

P 0 Zg(l‘) iH(SH((bl o ZGv(l’))) =® 0 ig(l’);

on the other hand, by (a), ®1 o ig(z) is an identity !, since ig(z) is, hence,
noting that ®; o ig(x)ig o ®o(z) is defined, have

Oy oig(z) ig o Po(x) =ig o Po(z).

Conclude that iy o ®g(x) = 1 0ig(x).
(b) For f € G1, have that f = fig(sq(f)) and, from (b),

®1(f) = @1 (fic(sa(f))) = 21(f)®1 (ia(sc(f)))

hence sy o ®1(f) = sg o Py oigosg(f)=Pgosag(f).

Similarly, we have that tg o ®1(f) = tg o @1 0ig o tg(f); from (a), we
know that ®; oigosq(f) is an identity (since ig o sg(f) is) and therefore its
source and target coincide, that is, we have tgyo®(f) = sgo®ioigota(f) =
dj 0 tg(f).

(c) This is a restatement of (b) in the arrows definition.

We finally show that the 'usual’ definition yields the ’arrows’ definition.
Noting that an identity e is of the form ig(x) for some x € Gy, have from (a)
that ®q(e) is also an identity in H. On the other hand, if (f, g) € G2, then
(®1(f), P1(g)) € Hz by (b), and ®1(fg) = ®1(f)P1(g), by (c). Therefore
the ’arrows’ definition holds.

'Recall that an identity in a category G is an element of the form ig(z), for some
x € Go. This is coherent with the definition of identity given in Exercise 3: it is clear
that any ic(x) satisfies those conditions and on the other hand if e is an identity and ef
is defined, by unicity, we have e = ig(tc(f)), and any identity is of the form ic(sa(f)),
ic(ta(f))-
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Lecture 8 (20-11-03)

1. Let I : Vec — Vec be the identity functor and *x : Vec — Vec be
defined on objects by V — V** where V** denotes the second dual of the
vector space V, and on arrows by ¢ — ¢** where ¢**(w) = w o ¢*, with
¢ (f)=foop, forwe V™ feW* ¢:V - W.

It is clear that if iy : V' — V denotes the identity, then (iy)** = dy«=,
and that *x is compatible with the source and target maps. It is also easy
to check that if ¢, ¢ are composable arrows then (¢ o 1)** = ¢)** o ¢0**, and
we have then that *x is a (covariant) functor. We now show that s 2 I.

For each object V', define 7y : V. — V** by 1y (v) := v, where v(f) :=
f(v), for v € V., f € V*. We have that 7y is injective, since V* separates
the points of V', and therefore also surjective, since dim(V) = dim(V**) <
0o. Hence 7y is an isomorphism for any V. We check that the collection
{Tv }veven defines a natural transformation between I and *x, that is, that
for any arrow ¢ : V' — W the following diagram commutes:

174 vV \Vas

ﬂ lw*

W —— W

™

Indeed, for any v € V', f € W*, we have
(w0 A)@)(f) = 6(v)(f) = f o 6(v),

(@™ o) (v)(f) = (v (v) 0 ¢")(f) = Tv(v)(f o) = fod(v).
We conclude that xx & 1.

2. Assume that G and H are equivalent categories, that is, that there exist
functors a : G — H and B : H — G such that af = idy, fa = idg. We
want to show that « is essentially surjective and fully faithful.

For each v € HY, we have a3(v) = v and hence, taking u := 3(v), we see
that « is essentially surjective. To show that it is fully faithful, note that
to each u € G°, we have isomorphisms 7, : u — 3%%(u) such that for any
given arrow ¢, the following diagram commutes

u —— 3%0(u)

ﬁ lﬁla(ab)



The arrow ¢ is then completely determined by al(¢), in that we have ¢ =
T, L(B'al (¢))7y, and hence « is injective. (The same argument for o3 shows
that 3 is injective as well.) Now let ¢ : a®(u) — a%(u’) be an arrow and
define ¢ : x — y be ¢ := TJlﬁl(l/J)Tu. Again using the commutativity of the
above diagram, we have that

¢ =1, (B'al(¢)7u = 7" B (W) 7u,
that is, we have
plal(g) = 8'(v¥) & o' (¢) = ¥,

since 3 is injective, and we conclude then that « is also surjective.

Conversely, let « : G — H be an essentially surjective, fully faithful
functor. We want to show that G, H are equivalent, that is, we want to
define a functor 8 : H — G such that a8 = idyg, fa = idg.

Note In order to use the axiom of choice, we have to assume extra condi-
tions on the categories G and H (since the axiom of choice is not defined on
the universe of classes).

For each v € H? let G, := {u € G| a®(u) = v}. Since « is essentially
surjective, G, # ). Using the axiom of choice, we have that there is a map
B%: H° — G such that 8%(v) € G, that is, such that

a®3(v) =2 v, v e H;

this defines the functor § on objects.

To define § on arrows, pick for each v € Hy an isomorphism 7, : v
a®3°(v). Each arrow ¢ € (v, ')y defines an arrow 7, o7, € (a%(u), ('),
where u = 3°(v), v = B°(v'). Since ol : (u,u')g — (a®(u),a’ (W) g is
bijective!, there is a uniquely defined arrow 1 € (u,u’) such that

al (1/1) - Tv_l(b'rv’-

We define 31(¢) := 1. Note that with these definitions we have immediately
that the diagram

~

v —"— a%8v)
¢>l lalﬁ(qﬁ):a(w)

" 050,30(1)')
Tv/

Note that a' : G* — H' is not necessarily bijective, and in fact, in this case, we would
have that o is surjective — not just essentially surjective.
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commutes, for any objects v, v' and any arrow ¢, that is, once we prove that
( is indeed a functor, we have that a6 = idy. Now, it is immediate that 3
is compatible with the source and target maps; to check compatibility with
the inclusion maps, note that, from the definition of a category, 7, cig(v) =
7o = ig(a®B%(v)) o 7, and the following diagram is commutative

v —— a%8%v)
m@)l lm(a%%)):al(iaw%))

v —— a’B%(v)
where we used the fact that o is a functor; from the definition of 3!, we
have that 8! (ig(v)) = ig(8°(v)). A similar argument shows that 5! (1¢) =
B () B (¢), for all compatible arrows 1, ¢, and 3 is therefore a functor. To

finish the proof, we need only show that Sa = idg. Now for each arrow
Y € (u,u)g, we know that the diagram

7—(xo(u)
a®(u) —— a’8(a’(w))
o) |8t @
a(u) —— a'plal(u))
Tao(u/)
commutes. Since al : (u, 8%a%(u))g — (a(u),a’ (8%’ (u)))y is injective,
there is a unique arrow ¢, € (u, 3%a°(u))g such that al(e,) = Ta0(u), and €
is an isomorphism (because 7, is). Since « is a functor, the commutativity
of the above diagram yields

al(ﬂlal (1/}) o eu) =a' (eu’ o 1/1)

and by the injectivity of o' : (u, 8%°(u))g — (a®(u),a®(B°a’(u')))y, we
have that the diagram
u —2— 3%°(u)

wl lﬁlal(w)

u/ Boao (u/)
eu

also commutes, which proves finally that Sa = idg.

3. For the first diagram, let a« € A, w € A(B). If T4(a) :=a € C(A(A4)),
where @ is the Gelfand transform of a, then,

(75 0 6)(0)(w) = T8($(0)) (w) = d(a)(w) = wo ¢(a)

30



(0™ o Ta(a))(w) = Ta(a)(w o ¢) = a(w o ¢) = wo ¢(a).

For the second diagram, let x € X, f € C(Y). If ex(z) € A(C(X)) is the
evaluation functional, we have,

(ey 0 ) (@)(f) = ev (Y(2))(f) = fov(x)
(™ oex)(@)(f) = (ex(x) 0 ™) (f) = ex()(f o)) = f o 9p(x).

4. Let A, B be non-unital C*-algebras and ¢ : A — B be a non-degenerate
homomorphism. If we denote by ¢ the extension of ¢ to the unitization
A, we know from the equivalence of the categories CH and CC1A that the
diagram

A A cA(Ad)

T

B —— C(A(A))
B
is commutative, where 74, 753 denote the Gelfand transform and gf)** is the
usual map induced by ¢. Now, since ¢ is non-degenerate, ¢* : A(B) — A(A)
is proper and therefore induces a map ¢** : Co(A(A)) — Co(A(B)). It is
easy to check that under the isomorphism C(A(A)) = Co(A(A)) ! one
obtains a unital map Co(A(A)) — Co(A(B)), which coincides with the map
(¢**), the extension of ¢** to the unitization. We then obtain the following
commutative diagram

A A 0(A(A) —— Co(A(4))

5| o G

B —— C(A(B)) —— Co(A(B))
B
which, since the maps on the top and bottom lines are (unital) isomorphisms,

restricts to
A —2 Ch(A(A))

% l‘b**

B —— Co(A(4))

B

lgiven in Lecture 6, Ex.3
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with 74, 75 the Gelfand transform on A, B (again isomorphisms).

Now let X,Y be locally compact spaces and ¢ : X — Y a proper map.
Again from the equivalence of the categories CH and CCiA, we have a
commutative diagram

X -2 A(C(X)

IZ)J lw
Y —— A(C(Y))

€y

where 1/} is the extension of 1 to the one-point compactification (which is
well-defined since 1) is proper), ¢** is the usual map induced by w and €y,
which is known to be an isomorphism. Since v is proper, it induces a non-
degenerate morphism ©* : Co(X) — Cp(Y') and this induces a proper map

™ A(Co(X)) — A(Co(Y)). Now, under the isomorphism A(C(X)) =
A(Cp(X)), we get a map A(Co(X)) — A(Cp(Y)) which is easily seen to
restrict to ¢**, that is, we have the following commutative diagram

X o A(O(X)) —— A(Co(X))

«d p lw**)

Y —— A(C(Y)) —— A(Gy(Y))

€y

which, noting that € (00) = weo, restricts to

X —— A(Co(X))

wl lw**

V' —— A(G(Y))

Y

with ex, ey the evaluation maps (of course also isomorphisms).
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Lecture 9 (27-11-03)

1. Recall that a subspace Hy C H is called invariant for a representation 7
if m(A)Ho C Ho. In this case, 7(a)q,, @ € A, defines a representation of A
on Hy, a subrepresentation of 7, denoted by 7, (A).

For each w € H, H, := 7(A)Q C H is an invariant subspace and the
representation €2 is cyclic for the subrepresentation 7g, (A), since my,(A) =
7(A)|H, yields Ty, (A)Q = 7(A)Q. Picking an arbitrary Q € H we can then
write

H=Hq® Hg, n(A) = 7g, T

We want repeat the argument for H, é so that eventually we are able to write
m(A) as a sum of cyclic representations, that is, we want to show that there
is a maximal family {€;} such that 7(A)Q; L 7(A)$2;. For this, we use
Zorn’s lemma. Let

F:={F C H|n(A)Q L x(A)Q;, 0, € Fi#j}.

This is a set partially ordered by inclusion, and any chain {F;} C F (that is,
any totally ordered subset) has an upper bound, namely, UF;. Therefore F
has a maximal element F' = {§;}. Let H; := n(A)Q;. If w € H\ & H;, then
(Q,7(a);) =0, for all a € A, i € I, and hence (7(b)Q2, w(a)2;) = 0, for all
a,b € A, i € I, which would contradict the maximality of F'. Conclude that
H = ®H; and, denoting by m;(A) the (cyclic) subrepresentation induced by
H;, we have

w(A) = &m(A),

and the proof is concluded.

2. Need to show that if v € V' is such that (v,v) = 0 then (v, w) = 0, for all
w € V. But, from the Cauchy-Schwarz inequality

|(U,w)|2 < (v,v)(w,w) = 0.

Now let w be a state in a C*-algebra A and N, = {a € A|w(a*a) = 0}.
Want to show that N, is a closed left-ideal in A. Since w is linear, N, is a
linear space. Define a semi-definite positive form on A by

(a,b) := w(a™b).

We check that it is hermitian; for this it suffices to show that w(a*) = w(a),
since (b,a) = w((a*b)*). Now if a is self-adjoint, we have from the continuous
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functional calculus that |la|[] £ a > 0! and hence w(|a|1 & a) > 0. Writing

w(a) = %(w(HaHl +a) —w([la] = a)),

we have then that w(a) € R, that is, w(a) = w(a), for a selfadjoint. For
arbitrary a € A, the result follows if we write a = a1 + ias with ay,as
selfadjoint.

Now, from above, we have then that N, = {a € A|w(b*a) = 0,for all b €
A}. Now let b € A, a € N, then

w((ba)*(ba)) = w(a*b*ba) = w((b*ba)*a) = 0.

Therefore ba € N, and N, is a left-ideal. Since both w? and the map a — a*
are continuous, N, is closed.

3. Since € is cyclic for 7 and €, is cyclic for mq_, that is, since mq_ (A)Q, =
H,, m(A)Q = H, it suffices to show that we have an unitary bounded oper-
ator

Uo : ma, (A)Q — m(A)Q
such that 7(a)Uy = Uymq,(a), for a € A, since in this case Uy can be
extended to an unitary map U : H, — H. Now, for any a € A,
In(@Ql* = (r(a)2,7(a)Q)
= (Q,7(a"a)f?)
= wq(a*a)
= (Qu,m,(a"a)Qy)

I, (@)1
Hence there is a well-defined map Uy such that
Uo(mq, (a)y) = 7m(a)Q

and Up is an isometry and therefore it is unitary (it preserves the inner
product). Now for any a,b € A,

m(a)Up(mw, (0)Qw) = m(a)m(b)S2
(an (ab),)
(an (a)ﬂ'wn (b))

1See also Lecture 11.
2See Exercise 1, Lecture 11.
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and therefore 7(a)Uy = Upmq,, (a).

4. From Exercise 3, if m1(A) and m2(A) are cyclic representations, then both
m1(A) and m(A) are unitarily equivalent to the GNS-representation and
hence unitarily equivalent: if there are unitaries Uy, Us such that

7r1(a)U1 = Ulﬂ'Qw(a), WQ(G)UQ = UQTFQW(G)

then 7r1(a)U1U2_1 = U1U2_1772(a), and U1U2_1 is unitary.
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Lecture 10 (4-12-03)

1. Assume that ), ; f(4) is finite and let J := {i € I'| f(i) # 0}. We want
to show that J is countable. First note that for any ¢ > 0, the set F, :=
{i € I| f(i) > €} is finite; otherwise, for any n € N, one can find S,, C F,
such that (S) = n and in that case ) ;.q f(i) > ne which contradicts the
fact that ), ; f(i) < co. Now we clearly have

J=]J Py

neN

and therefore, being a countable union of finite sets, J is countable.

2. Let (x,) be a Cauchy sequence in H,, that is, for each n € N, z, =
{7 Yoes(a)y with oy € H,, and we are assuming that for any e > 0 there
is N such that for n,m > N, ||z, — x| < € that is, for any finite set
FcS(A),

D lla —aml® < € (12)

weF

In particular, for each fixed w € S(A), (%) en is a Cauchy sequence in H,
and therefore it converges. Let 2% := limz; and z := {2“},¢cg(4). Letting
m — oo in (12), we have that there is NV such that for n > N and for any

finite set F,
Z |22 — 2| < €2
weF

We conclude that z,, — x € H,,, and therefore that = € H,,, and moreover

|z —z|? = sup D flag —a¥|? < €
FCS(A),finite  ~p

which shows that H, is complete.
3. We first show that a = a*; this is straightforward from
(v,av) — (v,a*™v) = (v,av) — (av,v) = (v,av) — (v,av) = 2Im(v,av) =0

since (v,av) € R. Now let A € o(a). Since a is selfadjoint, we know that
A € R, so that a — AT is selfadjoint as well. We first show that a selfadjoint
operator b is invertible iff

inf{[bz| | [l«] = 1} > 0. (13)
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It is clear from (13) that b is injective. Since ker(b)* = ker(b*)* = Im(b), we
have also that Im(b) is dense. If bx,, — y, then (bz,) is a Cauchy sequence
in H and (13) yields that (x,) is also a Cauchy sequence in H, therefore
convergent, x, — x; since b is bounded, bx,, — bx and hence I'm(b) is closed.
We conclude then that b is a bijective operator and (13) gives that b=1 is
bounded, that is, b is invertible.

Now, since a — AI is selfadjoint, we therefore have that A € o(a) iff

inf{[|(a = ADz|[|||z]| =1} =0
that is, if there exists a sequence (x,) such that ||z,| =1 and
l(a — AI)zy|| — O.

In this case, (zp,(a — AI)x,) — 0 as well, and since (zp,Az,) = A and
(n, axy) > 0, we conclude that A > 0, which finishes our proof.

Notes 1- One can check directly that, for A < 0,
[(a=AD)z|* = ((a = AD)z, (@ = AD)x) = [laz|*+X*|lz|*=2A(z, az) > Xz

(we have used the fact that (x,ax) > 0), and therefore a — AI is invertible.

2 - We can give a proof of this result without using the fact o(a) C R not-
ing that the invertibility criterion given above for selfadjoint operators also
holds for normal operators (such that b*b = bb*), since in this case one has
always ker(b) = ker(b*). Note that if a is self-adjoint, then a — I is normal,
for any A € C.

4. To characterize S(Mz(C)), we first identify (M2(C))'. To do this, we
define a Hilbert space structure on M2(C) and use Riesz Representation
theorem. For a,b € M>(C) define

(a,b) := Tr(a™d).

(Recall that for a = (ai;), Tr(a) = > a4.) Since Tr is linear and Tr(a*) =
Tr(a), one easily checks that (, ) is an hermitian bilinear form. Also, if
a is self-adjoint, one has Tr(a) = > \;, where ); are the eigenvalues of a'
Therefore,

(a,a) = Tr(a"a) = Z Ai >0,

1Since, in this case, one has a = u~'du where u is unitary and d is the matrix repre-
sentation of a on a basis of eigenvectors; hence Tr(a) = Tr(u™'du) = Tr(u™'ud) = Tr(d).
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since a*a is selfadjoint and positive, and if (a,a) = 0 then \; =0, 1 = 1,2
and hence a*a = 0 which gives a = 0. We conclude that (, ) is a an inner
product and that Ms(C) is indeed an Hilbert space.!

Now by Riesz Representation theorem, every w € (M»(C))" is given by

w(a) = Tr(awa)

for some (unique) matrix a, € My(C). To characterize the state space
S(M(C)) € (M2(C))’, we show the following:

(i) w(I) =1iff Tr(ay,) = 1;
(ii) w(a*a) > 0, for all a € A iff a,, is positive in M(C).

Only (ii) needs proof. Let a,, € M(C) be positive; then, for any a € A,
we have that a,a*a is also positive and therefore Tr(a,a*a) > 0, that is,
w(a*a) > 0. Conversely, we show that a,, = a and that o(a,) C RT. To see
that a,, is selfadjoint, note that for selfadjoint a, we have Tr(a}a) = Tr(aya)
and writing an arbitrary a € A as a = b+1ic with b, ¢ selfadjoint, we see that
Tr(afa) = Tr(aya) for all @ € A; by unicity, we have a, = a,. Replacing,
if necessary, a, by d,, the diagonal matrix representing a, on a basis of
eigenvectors, one can see that there are positive matrices b1, bs such that

Tr(awb;) = Tr(d,b;) = ;.

where A\, Ay are the eigenvalues of a,,. Hence, since w is positive, w(b;) =
A; > 0 and we have that a,, is positive.

We conclude that S(M2(C)) = {a € M3(C)|a > 0, Tr(a) = 1}. (Note
that this isomorphism is induced by (M2(C))" = M, (C) and is then obviously
a homeomorphism.) One can easily check that a € My(C) is such that a > 0
and Tr(a) = 1 iff

[ l+z y+iz ]
a= .
y—iz 1l—=x

for some z,y,z € R. Now this matrix is positive (that is, semi-definite
positive) iff 1 + 2 > 0 and det(a) > 0, that is, iff 22 + y? + 22 < 1 and we
conclude that S(M(C)) = B3 = {(z,y,2) € R? | 22 +y? + 22 < 1}.

!Since M2(C) is finite dimensional, all norms are equivalent and therefore it is complete
with respect to the norm induced by the defined inner product.
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Lecture 11 (11-12-03)

1. (i) Let w : A — C be a positive functional (A not necessarily unital). We
first show that it suffices to prove boundedness on A™. Given an arbitrary
a € A, one can write a = b+ ic, where b, ¢ are self-adjoint; every self-adjoint
element b can be written as b = b™ — b, where b™,b~ are positive. Hence
we can write a = bt — b~ +i(ct —¢7), with b*, b, ¢, ¢~ positive elements,
and it is clear that |lu|| < ||a||, for u = bF, u = c*. We have then

jw(a)] < |w®)] +w®™)] + ()] + |w(c)]-

If w is bounded on AT, that is, if there exists C' > 0 such that for all positive
u € A, |w(u)| < C|lu|, we conclude

wla)| < 4C]|all

and w is bounded on A.

We now prove that w is bounded by contradiction. Assume then that w
is not bounded. Then, for any n € N we can find a,, with ||a,|| = 1, such
that

lw(ay)| > n?

and by the argument above, we can assume that a, is positive. The series
> nen 25 obviously converges to some a € A. The sequence s, := Y ;' %
is such that s, > 0 and s,+1 > s,. By the little lemma we prove below, one
has that a = lim s,, is positive and a > s, for all n € N. Since w is positive,

w(a) > w(sy) > w <%) >n, for alln € N,

which is absurd, because then w(a) = co. Therefore w is bounded.
We still need to prove the following:

Lemma: Let (ay,) be a sequence on a C*-algebra A such that a, — a,
an > 0, and apy1 > ay, for all n € N. Then a > 0 and, for any N € N,
a>ay.

Proof: Can assume that A is unital!. It is clear that a is self-adjoint, since
the involution is continuous. From

o(a) = {a(w) [w € A(C"(a, 1))},

1Since an element in a non-unital algebra is positive iff it is positive in the unitization;
recall that on a non-unital C*-algebra A, o4 (a) is defined as o 4(a + 0).
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one easily checks that a > 0 iff a(w) > 0 for all w. Now we know that
the Gelfand transform is continuous, therefore a,, — a; but since a,, > 0,
an(w) > 0 and hence a(w) > 0, that is, a > 0.

To show that, for any fixed N € N, a — ay > 0, just apply the result
just proved to the sequence b, := an+n — an. O

(ii) We show that a functional w : A — C, A unital, is positive iff it is
continuous and ||w|| = w(1). Assume then that w is positive; we know from
(i) that it is bounded. Since A is unital, one can give a different proof
that will yield [jw||. Let first a be self-adjoint. Then from the continuous
functional calculus on C*(a, 1), one has that —|lal|l < a < ||a||1, that is,
+a + |la||1 > 0 (just take f(¢) := +t + ||al|, and use the fact that f > 0 to
conclude that f(a) > 0). Therefore, since w is positive,

jwla)] < w(1)l|all
For arbitrary a € A, from |w(a*b)|? < w(a*a)w(b*b), we have now
w(a)]? < w(lw(a*a) < w(1)?[la*a] = w(1)?]|a?|

and therefore |w| < w(1). It is trivial that ||w| > w(1) and hence ||w| =
w(1).

Conversely, let w be a bounded functional such that ||w| = w(1) and
a € A be positive. Again from the continuous functional calculus, and since
o(a) C R, we have that there is an s € RT such that

o(l—sa)={1—-st|teo(a)} C[0,1].

Since ||1 — sal| = r(1 — sa), the spectral radius of 1 — sa, we then have
Il — sal| < 1. But then

w(1) = sw(a)] = |w(l = sa)| <w (1)1 = sal| < w(1).

Hence w(1) — sw(a) < w(1) and therefore w(a) > 0. We conclude that w is
positive.

(iii) If A is unital, then w is a state if it is positive and w(1) = 1. From (ii),
w is positive iff ||w|| = w(1), and hence w is a state iff ||w| = 1.

On a non-unital A, w is a state if w is positive in A, the unitization of
A, where w(a + A) := w(a) + A\. It is clear that we have in this case

jwlf=sup |w(a)| < sup w(a+ M| = o]
a€A |laf=1 a+AEA,||Ja+A||=1
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From (ii), since w is positive, ||w|| = @(0+ 1) = 1 and therefore ||w|| < 1.
To show that ||w|| = 1, we consider an approximate identity in A, that is,
a net {I)}rer of self-adjoint elements, with ||I|| = 1, such that, for all
a € A, |Ixa —a| — 0 and |jaly — a| — 0. Then, since w is bounded,
w(lya —a) = (w(Iy) — 1)w(a) — 0, for any a € A, that is,

w(I)\) — 1.

Therefore, for any € > 0, there is A € I such that w(I)) > 1—e. We conclude
that |lw| > 1.

(iv) On a non-unital C*-algebra A, we have by definition that w is a state
iff & is positive in A, the unitization of A, where w(a + \) := w(a) + X\. We
have then w(0 4+ 1) = 1 and hence w is a state. (It is clear that w is the
unique extension of w to A)

(v) By definition, w is a state on A if its extension w to A is positive. There-
fore the restriction of a state (hence a positive functional) on A to A is a
state.

2. Let a € A be self-adjoint and X := A(C*(a,1)). We have then the
diagram
Clo(a)) —— C*(a,1)

| [s
CX) —= CX),
where the maps involved are as follows:

— a* is induced by the Gelfand transform of a regarded as a map a :
X — o(a). It was proved in class that @ is a homeomorphism, and therefore
a* is an isomorphism.

— @ is the Gelfand transform on C*(a, 1), which is an isomorphism by
the Gelfand-Neumark theorem (since C*(a, 1) is commutative).

— U is given by the continuous functional calculus, ¥ (f) := f(a), f €
C(o(a)). We know by the definition of f(a) that ||f(a| = || f|lco; to show
that ¥ is an isomorphism one therefore only need to show that it is surjec-
tive. Recall that C*(a,1) C A is defined as the closure in A of the set of all
polynomials in a. It is clear that p(a) = ¥(p) where p(t) is any polynomial
on o(a). If b = limp,,(a), for some sequence of polynomials p,, then (p,(a))
is a Cauchy sequence in A and therefore also (p,) is a Cauchy sequence in
C(o(a)), since ¥ is isometric. Hence there is f € C(o(a)) such that p, — f
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and then we have also p,(a) — f(a), that is, b = ¥U(f). Conclude that ¥ is
surjective, and therefore an isomorphism.

We now finally check that the diagram indeed commutes. Need to show
that for any f € C(o(a)),

fla) =a*(f),

where, as usual, f(a), @ denote the Gelfand transforms of f(a), a. For any
w e X,

f(@)(w) = w(f(a))
@ (f)w) = (fod)(w) = f(w(a)).

If f(a) is given by a polynomial in a, we have w(f(a)) = f(w(a)), since w is
multiplicative (and linear). The boundedness of w then yields this equality
for general f.
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