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tThere is no known synta
ti
 
hara
terization of the 
lass of �nite def-initions in terms of a set of basi
 de�nitions and a set of basi
 operatorsunder whi
h the 
lass is 
losed. Furthermore, it is known that the basi
propositional operators do not preserve �niteness. In this paper I surveythese problems and explore operators that do preserve �niteness. I alsoshow that every de�nition that uses only unary predi
ate symbols andequality is bound to be �nite.The Theory of Finite De�nitions (hen
eforth TFD) is a spe
ial 
ase of theGeneral Theory of Cir
ular De�nitions (hen
eforth GTCD) as presented by AnilGupta and Nuel Belnap in their book "The Revision Theory of Truth" [GB 93℄.GTCD is 
on
erned with systems D of the formG1x1x2 : : : xn =df A1(x1; x2; : : : ; xn; G1; : : : ; Gk)G2x1x2 : : : xn =df A2(x1; x2; : : : ; xn; G1; : : : ; Gk)...Gkx1x2 : : : xn =df Ak(x1; x2; : : : ; xn; G1; : : : ; Gk);...in whi
h the de�niendum (the left hand side - what is being de�ned) 
an appearin the de�niens (the formula in the right hand side of the de�nition). AlthoughGTCD works for arbitrary systems, in this paper we will be interested in thosewhi
h 
ontain only �nitely many de�nitions. Also, for simpli
ity, most 
laimshere are formulated in terms of unary de�nitions. It should be understood thatat the 
ost of a more 
ompli
ated notation, all of those 
laims 
ould be 
arriedover without diÆ
ulty to the realm of de�nitions with several free variables,unless otherwise stated.We work here with �rst order languages L based on 
onstant names amonga; b; 
 : : :, predi
ate symbols among P;Q;R; : : :, variables among x; y; z : : : and�I want to thank Prof. Anil Gupta for tea
hing me (during a seminar in the Spring 2000)the theory of 
ir
ular de�nitions and the theory of truth derived from it, and also for all ofhis helpful 
omments on this paper. 1



the logi
al 
onne
tives ^;_;:;!;$; 9;8 and =. From su
h a ground language Lone 
an obtain extended languages L+ by adding to L de�ned symbols G;H; : : :(like the symbols Gi in the de�nition above).Correspondingly, in the semanti
 side there are ground and extended models.A ground model M is just a 
lassi
al model for L, 
onsisting of a domain D andan interpretation fun
tion I whi
h maps n-ary predi
ate symbols to subsets ofDn (n � 0). If L+ = L[fGg, then for ea
h ground modelM (= hD; Ii) and seth � D there is a natural extended model M+h = hD; I+i, where I+ is obtainedfrom I by adding the pair hG; hi. Therefore, when we add a (unary) symbol Gto L by means of a de�nition and we �x a ground model M , there are as manypossible extensions of M as there are subsets of G.Now, when we work in a stri
tly 
lassi
al setting in whi
h we ban 
ir
ular def-initions, we 
an always assign a de�nite extension to ea
h predi
ate (either prim-itive or de�ned), on
e we have �xed a ground modelM . For if we have the de�-nition Gx =df Ax, where G does not appear in the de�niens, then the extensionof G must be h = f
 2M j 
 satis�es Ax in Mg. In other words, based on thede�nition of G we are able to isolate a unique extended modelM+h that assignsde�nite extensions to all predi
ates in the new extended language. However, ifpurely 
ir
ular de�nitions Gx =df A(x;G) are permitted (so that G appears inthe de�niens), it is no longer 
lear how to assign a de�nite extension to G. Inprin
iple, we 
annot use the set f
 2M j 
 satis�es A(x;G) in Mg, sin
e its re-stri
ting 
ondition presupposes that we know the extension of G. If we are givena hypotheti
al extension h0 for G though, it makes sense to say that a

ording tothe de�nition the extension of G is h = f
 2M j 
 satis�es A(x;G) in M + h0g.The problem is: what if h and h0 turn out to be di�erent? Our hope, whenlooking for a de�nite extension for G based on the ground model M , is thatafter \trying" all possible hypotheses h0, there is one and only one of them su
hthat h0 and h (the revised extension) 
oin
ide.Good or not, that is not always the 
ase. Still, we 
an 
laim that we douse 
ir
ular 
on
epts, some of whi
h 
annot be assigned a de�nite extension.Consider, for example, the following de�nition.T (x) =df (x = pA1q ^ A1) _ (x = pA2q ^ A2) _ (x = pA3q ^ A3) _ : : :Here we assume that A1; A2; : : : is an enumeration of all the senten
es in L+,and that pAiq is a 
ode (in L) for Ai. The idea behind this de�nition is to
apture Tarski's intuition about the T -bi
onditionals as partial de�nitions ofthe 
on
ept of truth 1. Suppose now that our language L+ allows us to express1To be exa
t, we mean \the logi
al 
on
ept of truth", as explained in [GB 93℄.If the language L+ has only �nitely many senten
es, then the de�niens 
an be given in a�nitary language. In general, though, an in�nite disjun
tion is needed. We use this de�nitionhere only as a motivation leading to the 
on
epts to be introdu
ed below. An equivalent wayto present the de�nitions 
onsists on breaking it into many partial de�nitions:T ( pA1q ) =df A1T ( pA2q ) =df A2...2



the well known senten
e(The Liar) The Liar is not true.A person who is asked to de
ide whether The Liar is true or false would reasonas follows. If The Liar is true, then (this is just what the Liar says) The Liar isnot true. Similarly, if The Liar is not true, then it means that The Liar is true.In both 
ases, after 
hoosing a hypotheti
al truth status for the senten
e we getto the 
on
lusion that the original hypothesis has to be revised, if we want tobe 
oherent with what we mean by "being true".Let's �x a ground modelM now, to see how the paradox is re
e
ted in termsof extended models and our de�nition above. Noti
e that if pThe Liarq 
odesThe Liar, then The Liar itself is the senten
e:T ( pThe Liarq ):Hen
e, for this language the de�nition of truth is 
ir
ular, be
ause The Liar,being a senten
e in our language, has to appear as one of the Ai's.T (x) =df (x = pA1q ^A1)_ : : : _ (x = pThe Liarq ^:T ( pThe Liarq )) _ : : :Is The Liar true a

ording to this de�nition of truth? That is, does pThe Liarqsatisfy the de�niens? First of all, sin
e T appears in the right hand side of theequality, the de�niens makes sense only with respe
t to an extended modelM + h. Therefore, we are for
ed to work with an initial hypothesis h about theextension of T . Se
ondly, it is 
lear that the de�niens is satis�ed by pThe Liarqin M + h if and only if :T ( pThe Liarq ) is true on M + h. But this is justto say that pThe Liarq is true a

ording to our de�nition if and only if itsinterpretation does not belong to h, the hypotheti
al extension of T . Thisleads us to dis
ard h as the extension of T . But observe that our hypothesish here is arbitrary. Therefore, it is impossible to assign a de�nite extensionto truth, be
ause it is impossible to �nd an extended model M + h in whi
hh, the interpretation of T , 
oin
ides with the set of obje
ts that satisfy thede�niens. In fa
t, if we begin to \revise" hypothesis, we observe that we end upwith a 
hain of extended models M + h0;M + h1;M + h3;M + h4 : : : in whi
hthe 
orresponding truth status of The Liar is T; F; T; F; T; : : : or F; T; F; T; : : :,depending on whether the interpretation of pThe Liarq belongs to the initialhypothesis. So, although it is impossible to assign an extension to truth, it ispossible to identify, for some senten
es, a simple pattern of behaviour in therevision pro
ess. In the 
ase of The Liar, the pattern is an os
ilation of periodtwo, so to speak.Behind GTCD there is the belief that 
ir
ular 
on
epts are interesting andimportant and that they should not be avoided. GTCD supports that beliefby exhibiting sound and 
omplete logi
al systems in whi
h 
ir
ular de�nitionsare allowed and where the semanti
 asso
iation assign revision rules - instead ofextensions - to de�ned predi
ates. Informally speaking, a revision rule des
ribesthe pro
ess of revision over hypotheti
al extensions of a de�ned predi
ate. A3



ni
e feature of GTCD is that it allows us to treat problemati
 and unproblem-ati
 de�nitions homogeneously. The revision rule yields a de�nite extension inthe 
ase of unproblemati
 de�nitions, and provides a des
ription of the patho-logi
al behavior of problemati
 ones, as illustrated by the examples given in theremainder of this se
tion.Let's pro
eed to summarize and formalize the main notions. The subsets hused to form the extended models M + h are 
alled hypotheses, be
ause whenwe work in M +h, we use h as the hypotheti
al extension of G when evaluatingformulas A(x;G) that appear in the de�niens. The intuition is that the set h0of elements d 2 D satisfying A(x;G) in M + h is an improvement of the initialhypothesis h. We 
an repeat this pro
edure in M + h0 to get a new revisedhypothesis h00, and so on. In summary, a de�nition D generates a revisionpro
ess whi
h is formally de�ned in terms of sequen
es, as follows.De�nition 0.1 1. The revision rule generated by the de�nition D in themodel M , and denoted by ÆD;M , is a fun
tion from subsets of D to subsetsof D given byÆD;M (h) = fd 2 D j d satis�es the de�niens A(x;G) in M+hg:2. Let ÆD;M be a revision rule and h a hypothesis. The revision sequen
eindu
ed by h is the sequen
e hÆD;Mn(h)in�0, whereÆD;M 0(h) = hÆD;Mn+1(h) = ÆD;M (ÆD;Mn(h))The subs
ripts M and D will be ommited here when the 
ontext is 
lear. Let'ssee some simple examples. In all of them, M = hD; Ii is an arbitrary groundmodel.Example 0.1 Ordinary de�nitions.Suppose that D is the de�nition Gx =df A(x), where A is a formula in theground language L. Let h � D be a hypothesis and leth0 = fd 2 D j d satis�es A(x) in the ground model MgThen it should be 
lear that the revision sequen
e indu
ed by h is hh; h0; h0; : : :i.Thus, the revision pro
ess that 
orresponds toD 
onverges to h0 (whi
h 
oin
ideswith the 
lassi
al extension), no matter what the initial hypothesis h is.Example 0.2 De�nitions with relative extensions.Consider now the de�nition D given by Gx =df Gx. For ea
h hypothesis h, theindu
ed revision sequen
e is the 
onstant sequen
e hh; h; h; : : :i. So in this 
asethe revision sequen
es are all 
onvergent, but the sequen
es 
orresponding totwo di�erent initial hypothesis h1; h2 
onverge to di�erent sets (namely, h1 andh2 respe
tively). Hen
e, we 
ould say that the revision pro
ess for de�nitionslike this D determine relative extensions, depending on the initial hypothesis.4



Example 0.3 De�nitions without relative nor absolute extensions.The previous example showed one way in whi
h the behavior of general 
ir
ularde�nitions 
an di�er from the behavior of ordinary ones. Here is an examplethat shows another possibility. Let D be the de�nition Gx =df :Gx. Therevision sequen
e indu
ed by h � D is hh; D � h; h; D � h : : :i. Here therevision sequen
e does not 
onverge, so we 
annot even get relative extensions.Observe that the behavior of the revision rule for G here is basi
ally the sameas in our dis
ussion about The Liar, in the sense that in both situations anyrevision sequen
e os
illates between two \opposite" hypothesis. In this example,the revision sequen
es os
illate between a set and its 
omplement. In the 
aseof The Liar, the revision sequen
es os
illate between hypothesis 
ontaining theinterpretation of The Liar and hypothesis that ex
lude it.Based on the same prin
iples and following the same strategies that GTCD,The Theory of Finite Cir
ular De�nitions (TFD) 
enters its attention in thestudy of simple 
ir
ular de�nitions, like those used in the examples given sofar (ex
ept the example on truth). These de�nitions are simple in the sensethat, even when a revision sequen
e does not 
onverge, it is true that after a�nite number of steps we 
an identify a simple pattern, a �nite subsequen
e ofhypotheses that repeats over and over again. In other words, there are only�nitely many hypotheses that appear in ea
h revision sequen
e.De�nition 0.2 Let D be the de�nition given by Gx =df A(x;G).1. Let M(= hM; Ii) be a ground model, and let n > 0. A hypothesis h � Dis n-re
exive for D in M if ÆD;Mn(h) = h. Moreover, h is re
exive forD in M if h is m-re
exive for D in M for some m > 0.2. The de�nition D is �nite if for ea
h ground model M and hypothesis h,there is n > 0 su
h that ÆD;Mn(h) is re
exive for D in M .Here is an example of a de�nition whi
h is not �nite.Example 0.4 A de�nition whi
h is not �nite.Assume that our ground language L has a symbol of binary predi
ate F and letD be the de�nition Gx =df 9y(F (y; x) ^Gy). Now, 
onsider the ground modelM in whi
h D is the set of natural numbers and F is interpreted as the su

esorrelation. That is, (a; b) 2 I(F ) () b = a+1. Let h = f0g. Then the revisionsequen
e indu
ed by h is hf0g; f1g; f2g; f3g : : :i;whi
h does not 
onverge, but moreover has no dupli
ate elements, so none ofthe Æn(h) is re
exive for D in M . 5



The notion of �nite de�nitions and the general ideas underlying the 
orre-sponding proof system were introdu
ed in [CG 00℄. Just as GTCD provides uswith sound and 
omplete dedu
tion systems in whi
h 
ir
ular de�nitions areallowed, there is also in TFD a (simpler) proof system whi
h is both soundand 
omplete with respe
t to the 
lass of �nite de�nitions. TFD 
an be usedas a tool to think about truth in simple settings, for example when the lan-guage L+ = L [ fTg has only �nitely many senten
es. When it is the 
ase, thede�niens in the de�nition of truth given above is a �nite disjun
tion, and it iseasy to see that any revision hypothesis is just a set of senten
es 2. Sin
e thereare only �nitely many of those sets, the de�nition of truth is bound to be �nite.A less evident appli
ation of TFD is motivated by Andre Chapuis' studies onthe similarities between the behaviour of rational 
hoi
e and the behaviour oftruth 3. Chapuis and Gupta 
laim that the 
on
ept of rational 
hoi
e in thesetting of games in stri
t normal form 4 is not only 
ir
ular, but also �nite.For an example of a game in stri
t normal form for whi
h the de�nition ofrational 
hoi
e is both �nite and 
ir
ular 5, look at the following payo� table.There are two players A and B, a and a are the possible a
tions for player A,and b and b are the possible a
tions for player B. The left number in ea
h boxin the table indi
ates the payo� for player A.b ba 2,3 3,2a 3,2 2,3We want to give a de�nition for the predi
ate Rat(x), where x is an a
tion 6. Weuse a ground language that in
lude symbols of 
onstants a; a; b; b to representa
tions and habi; habi; habi; habi to represent out
omes. To des
ribe the table wealso use a binary predi
ate < and symbols uA and uB of unary fun
tions, whi
h2...or a set of interpretations of senten
es, if we want to be very formal.3The author does not intend to defend any parti
ular theory about 
on
epts like truth orrational 
hoi
e here, but to show how revision pro
esses asso
iated with 
ir
ular de�nitionshave been applied in 
on
rete 
ases.4In a game in stri
t normal form there are �nitely many players. Ea
h player has a setof �nitely many possible a
tions, whi
h are exhaustive and mutually ex
lusive. The players
hoose simultaneously and independently, and they 
an make their 
hoi
e based on the payo�table and on the assumption that the other players are rational. A rational agent 
hooses thea
tion that yields the highest payo� for him (or her). Common knowledge of the game and ofrationality of the players is also assumed. Finally, the stri
tness requirement says that for anyplayer and any possible 
ombination of a
tions taken by the other players, there is a uniquea
tion that yields the maximum payo�.5There is a
tually a de�nition of rationality for ea
h parti
ular game. Su
h a parti
ularde�nition 
an be seen as a partial de�nition of the general 
on
ept of Rational Choi
e, verymu
h like the T-bi
onditionals are so frequently taken as partial de�nitions of Truth. For amore detailed explanation about this and other examples, see [CG 00℄6The 
on
ept of Rational Choi
e is essentially a three-pla
ed predi
ate: a
tion x is rationalfor player y in the setting z. However, by having the sets of a
tions of di�erent playersbe disjoint and by �xing the setting (the payo� table, basi
ally) we 
an work with a unarypredi
ate. Cir
ularities observed in the behaviour of this unary predi
ate imply 
ir
ularitiesin the general de�nition of Rational Choi
e. Here I ignore some details whi
h are formallynedded in the partial de�nition, for simpli
ity.6



intend to des
ribe the utility fun
tions for players A and B. For example, inmodelling the table above we would have that uA(habi) < uB(habi), be
ause the"ab" entry in the table says that the payo�s in for this out
ome are 2 and 3 forA and B, respe
tively. The payo� table above is basi
ally a pi
torial des
riptionof a ground model. Now, how 
an we de�ne Rat(x)? The following de�nition
aptures the intuitions about Rational Choi
e for games with 2�2-payo� tables:Rat(x) = (x = a ^ �a) _ (x = a ^ :�a) _ (x = b ^ �b) _ (x = b ^ :�b)where �a is a senten
e whi
h says that doesn't matter what is the rational 
hoi
efor player B, it is always better for A to 
hoose a
tion a. Similarly, �b says thatdoesn't matter what is the rational 
hoi
e for a, b gives the highest payo� to B.For example, �b 
an be[Rat(a) ^ uB(habi) > uB(habi) _ [:Rat(a) ^ uB(habi) > uB(habi)℄:In the parti
ular 
ase of our game, with its parti
ular payo� values, we see thatan equivalent de�nition of Rat isRat(x) = (x = a^:Rat(b))_(x = a^Rat(b))_(x = b^Rat(a))_(x = b^:Rat(a))For example, to get the �rst disjoint, observe that a yields a highest payo� thana only if B 
hooses b, that is, only if B does not 
hoose b. Now, this de�nitionthat we have just get is 
learly 
ir
ular, it 
annot be redu
ed to an equivalentnon
ir
ular de�nition. Moreover, the de�nition is �nite, simply be
ause at ea
hstage of the revision pro
ess the hypothesis for Rat is a set of a
tions, and thereare only �nitely many a
tions in our game.This report is about TFD, and its main motivation is the question: is therea way to 
hara
terize the 
lass of �nite de�nitions on synta
ti
 grounds? Guptahas shown that the set of �nite de�nitions is re
ursively enumerable but isnot re
ursive, so there is no e�e
tive method for de
iding whether a de�nitionis �nite. Knowing that we 
annot look for su
h a method, a good thing tolook at would be a 
hara
terization of the 
lass of �nite de�nitions in terms of
losure 
onditions. The goal then would be to identify a set B of \basi
" �nitede�nitions and a set O of \basi
" operations on �nite de�nitions su
h that the
lass of all �nite de�nitions is the smallest set of de�nitions that 
ontains Band is 
losed under the operations in O. The question has not shown to bean easy one to answer, and I do not do it here. Instead, I show some relatedexamples, ruminations and partial results. In Se
tion 1, I survey some easyexamples of operations whi
h preserve and whi
h do not preserve �niteness. Inse
tion 2 there is a dis
ussion fo
used on the parti
ular 
ase of the language ofarithmeti
. The last se
tion is devoted to the proof that any de�nition that onlyuses symbols of unary predi
ation and equality is bound to be �nite. Based inthis result, a bigger 
lass of �nite de�nitions (some of whi
h may in
lude n-arypredi
ates) is identi�ed. 7



1 Operators on de�nitionsIn this se
tion I survey some examples that show (the known fa
t) that �nite-ness is not 
losed under negation, 
onjun
tion, disjun
tion nor modus ponens.Those are the most natural operators to start with, but unfortunately none ofthem works. Later, a 
ouple of operators that do preserve �niteness are intro-du
ed; these are used here mainly to illuminate the dis
ussion and results of thefollowing two se
tions.Example 1.1 (Finiteness is not preserved under negation)We need a de�niens A(x;G) su
h that the de�nition D given by Gx =df A(x;G)is �nite but the de�nition :D given by Gx =df :A(x;G) is not �nite. TakeA(x;G) = Gx ^ :9y(Gy ^ F (y; x)):Let M = hD; Ii be a ground model and let h be a hypothesis in M . Then it isnot diÆ
ult to verify that the revision sequen
e indu
ed by h is hh; h0; h0 : : :i,where h0 = fd 2 h j (h� fdg) \ I(F ) = ;g. This follows from the fa
t that forall d 2 h0, (h � fdg) \ I(F ) = ; by the de�nition of h0, h0 � h and hen
e(h0�fdg)\ I(F ) = ; for all d 2 h0. That is to say, ÆD;M (h0) = h0. Now we needto �nd a ground model M and a hypothesis h su
h that h is not re
exive forGx = :Gx _ 9y(Gy ^ F (y; x))in M . Let M be a ground model where D is the set of integers and F isinterpreted as the usual su

esor relation. Now, if we take h = D � f0g, theindu
ed revision sequen
e that we get ishD � f0g; D � f1g; D � f2g; D � f3g; : : :iand so :D is not a �nite de�nition.Example 1.2 (Finiteness is not preserved under 
onjun
tion)This example shows that if we have �nite de�nitions D given by Gx =df A(x;G)andD' given byGx =df B(x;G), the de�nitionD^D0 given byGx =df A(x;G)^B(x;G) does not need to be �nite. Suppose that L 
ontains a symbol of fun
tionf . Take A(x;G) = 9!yGy ^ 8y(f(y) 6= y) ^ [9y(Gy ^ x = f(y)) _Gx℄and B(x;G) = 9!yGy ^ 8y(f(y) 6= y) ^ 9y[Gy ^ (x = f(y) _ x = f2(y)℄:Now, D and D' are both �nite, be
ause given a ground modelM and a hypoth-esis h, we have to 
ases: 8



Case 1: 9!yGy ^ 8y(f(y) 6= y) is not true in M + h. Then no x 2 D satis�eseither A(x;G) or B(x;G), and so hh; ;; ;; : : :i is the revision sequen
e indu
edby h (with respe
t to both D and D') in M .Case 2: 9!yGy ^ 8y(f(y) 6= y) is true in M + h. Then h = fdg for somed 2 D. Moreover, ÆD;M (h) = fd; f(d)g and ÆD0;M (h) = ff(d); f2(d)g. Ea
hone of these sets has exa
tly two elements, for we have that 8y(f(y) 6= y) is truein M . But then both M + ÆD;M (h) and M + ÆD0;M (h) lie in Case 1, and hen
ethe sequen
e indu
ed by h in M for D ishfdg; fd; f(d)g; ;; ;; : : :iand the sequen
e indu
ed by h in M for D' ishfdg; ff(d); f2(d)g; ;; ;; : : :i:From Cases 1 and 2 it follows that both D and D' are �nite. However,observe that D ^D0 is not �nite, be
ause we 
an 
hoose M to be a model su
hthat D is the set of natural numbers and f is the su

esor fun
tion. If we takeh = f0g, the revision sequen
e indu
ed by h in M (with respe
t to D ^D0 ) ishf0g; f1g; f2g; f3g; : : :i:Example 1.3 (Finiteness is not preserved under Modus Ponens)Suppose that we have �nite de�nitions D ! D0 given by Gx =df A(x;G) !B(x;G) and D given by Gx =df A(x;G). Do we have that the de�nition D'given by Gx =df B(x;G) is �nite? The answer is that it is not true in general.In parti
ular, if we assume that the ground language L has a symbol of binarypredi
ate F , we 
an take A(x;G) = :9yF (y; x) and B(x;G) = 9y(Gy^F (y; x)).It is immediate that D is �nite, be
ause A(x;G) does not really use G, and soit is just an ordinary de�nition. The de�nition D! D0 is given byGx =df :9yF (y; x)! 9y(Gy ^ F (y; x))and it is �nite as well, be
ause by propositional logi
 it is 
lear that the de�nitionabove is equivalent toGx =df 9yF (y; x) _ 9y(Gy ^ F (y; x))whi
h is in turn equivalent (by �rst order logi
) toGx =df 9y[F (y; x) _ (Gy ^ F (y; x)℄and this is just Gx =df 9y[F (y; x)℄:In other words, in this 
ase D! D0 is equivalent to D, whi
h is �nite. However,it was shown in Example 0.4 that D' is not a �nite de�nition.9



Example 1.4 (Finiteness is not preserved under disjun
tion)This example is very similar to Example 1.2. Suppose that the ground languageL 
ontains a symbol + of binary fun
tion and a symbol 0 of unary fun
tion, and
onsider the de�nition D given byGx =df 9y9z[y 6= z ^Gy ^Gz ^ 8u(Gu! (u = y _ u = z)) ^ x = y + z℄and the de�nition D' given byGx =df 9y9z[y 6= z ^Gy ^Gz ^ 8u(Gu! (u = y _ u = z)) ^ x = (y + z)0℄:To show that these two de�nitions are �nite, 
onsider an arbitrary ground modelM and a hypothesis h. We have again two 
ases.Case 1: 9y9z[y 6= z ^Gy ^Gz ^ 8u(Gu! (u = y _ u = z))℄ is not true inM + h. Then the revision sequen
e indu
ed by both D and D' is hh; ;; ;; : : :i.Case 2: 9y9z[y 6= z ^ Gy ^ Gz ^ 8u(Gu ! (u = y _ u = z))℄ is true inM +h. Then h = fd1; d2g, where d1 6= d2. The revision sequen
e indu
ed by Din this 
ase is hfd1; d2g; fd1 + d2g; ;; ;; : : :iand the revision sequen
e indu
ed by D' ishfd1; d2g; f(d1 + d2)0g; ;; ;; : : :i:From Cases 1 and 2 it follows that both D and D' are �nite. However, D_D0 isnot �nite, be
ause we 
an takeM to be a model su
h that D is the set of naturalnumbers and the symbols + and 0 are interpreted with the usual addition andsu

esor fun
tions. If we take h = f0; 1g, the revision sequen
e indu
ed by h inM (with respe
t to D _D0 ) ishf0; 1g; f1; 2g; f3; 4g; f7; 8g; : : :i:Examples 1.1 -1.4 show that the most natural operators on de�nitions failto preserve �niteness. There are, however, other operators whi
h do preserve it.Let's 
lose this se
tion by introdu
ing three of them.Example 1.5 Finiteness is preserved by self-
omposition.Let D be the de�nition Gx =Df A(x;G). Then we 
an obtain a new �nitede�nition Dn given by Gx =Df An(x;G)where A0(x;G) = Gx and An+1(x;G) = An(x;G)[A(t; G)=Gt℄. That is, to ob-tain An+1 from An, we substitute A(t; G) for ea
h o

urren
e of Gt in An(x;G),where t is a term. Let M be a ground model and let Æ be the revision rule forD. We proof by indu
tion on n that the revision rule for Dn is � = Æn. This isall we need, be
ause in that 
ase if the set fÆk(h) j k � 0g is �nite, then the set10



f�k(h) j k � 0g is bound to be �nite as well, being a subset of the former set.So let us prove the indu
tion.Case n = 0: The de�nition D0 is given by Gx =df Gx, with revision rule�(h) = h. That is, the revision rule is the identity fun
tion, whi
h is exa
tly Æ0.Case n = m+1: Assume that we have that the revision rule for the de�nitionGx = Am(x;G) is Æm. We want to prove that the revision rule for the de�nitionDm+1 given by Gx =df Am+1(x;G) is Æm+1. Let � be the revision rule forDm+1. Then for every hypothesis h,d 2 �(h) () d satis�es Am+1(x;G) in M + h() d satis�es Am(x;G)[A(t; G)=Gt℄ in M + h() d satis�es Am(x;G) in M + fd j d satis�es A(x;G) in M + hg() d satis�es Am(x;G) in M + Æ(h)() d 2 Æm(Æ(h))() d 2 Æm+1(h):Example 1.6 Finiteness is preserved by 
lassifying ground models.A formula � in the ground language L 
an be seen as a type that allows us to
lassify ground models into those that model � and those that do not. Thisidea 
an be used to 
ombine �nite de�nitions in a way that their revision rulesdo not interfere with ea
h other. Suppose that we have �nite de�nitionsGx =Df A(x;G)and Hx =Df B(x;H);and suppose that � is a senten
e in the language of �rst order logi
 (no o

ur-ren
es of G or F in �). ThenFx =Df [� ^ A(x; F )℄ _ [:� ^ B(x; F )℄is a �nite de�nition as well. This is easy to see, be
ause given a ground modelM , exa
tly one of �, :� is true in M . If M j= �, then the revision rule for F inM is the revision rule for G. Otherwise, the revision rule for H is used. In any
ase, the the revision pro
ess is �nite.There are at least two questions that we 
an make about the examples inthis se
tion. First, noti
e that all of the examples of de�nitions whi
h are not�nite involve predi
ate symbols of arity greater than one7. What happens if we7...or fun
tion symbols of arity grater than one. But a n-ary fun
tion 
an always bemodelled by a n+1-ary predi
ate and the addition of a senten
e that states that the predi
ateis a fun
tion. Be
ause of this and to simplify the theoreti
al reslts and statements, we assumethat our languages in
lude only predi
ate symbols.11



restri
t ourselves to de�nitions based on unary predi
ates only? Se
tion 3 showsthat those de�nitions are bound to be �nite. An immediate observation is thatthe 
lass of (�nite) de�nitions based on unary predi
ate symbols is 
losed underthe operator introdu
ed in Example 1.5. In 
ontrast, the 
lase is not 
losedunder the operator introdu
ed in Example 1.6, sin
e one 
an use any senten
e� in the ground language in order to 
lassify models, and that senten
e 
ouldhave predi
ates of several variables.The se
ond family of question, addressed in the following se
tion, 
on
ernsthe use of boolean operators. Why is �niteness not preserved in general underthose operators? Is there a way to de�ne a di�erent kind of \
onjun
tion"(or \disjun
tion") of �nite de�nitions whi
h does preserve �niteness? Se
tion2 explains a way in whi
h it 
an be done when our ground language is thelanguage of arithmeti
.2 Operators on �nite systems of de�nitionsConsider two �nite de�nitions D and D' given by Gx =df A(x;G) and Gx =dfB(x;G) and with revision rules Æ and Æ0. Then the revision sequen
es asso
iatedwith them (and indu
ed by h) areS = hh; Æ(h); Æ2(h); Æ3(h); : : :i and S 0 = hh; Æ0(h); Æ02(h); Æ03(h); : : :i:Examples 1.2-1.4 tell us that if � is one of the standard boolean operators,then the revision sequen
e (indu
ed by h) of the de�nition D � D0 given byGx =df A(x;G) �B(x;G) isDot(S ;S 0) = hh; Æ(h)� Æ0(h); Æ(Æ(h)� Æ0(h)) � Æ0(Æ(h)� Æ0(h)); : : :iand that it may in
lude in�nitely many di�erent hypothesis. We 
an imaginethen a binary operator Dot on sequen
es, whi
h takes two sequen
es S and S 'and returns the sequen
e Dot(S ;S 0) as above. The lesson from Examples 1-2 -1.4 is that the 
lass of sequen
es in
luding only �nitely many hypothesis is not
losed under these \Dot" operators.However, we would still like to dis
over some notion of \
onjun
tion", \dis-jun
tion", et
. of �nite de�nitions that is guaranteed to preserve �niteness. Weexplore one approa
h in this dire
tion here. The idea is the following. Instead ofhaving an operator Dot on sequen
es whi
h is indu
ed by the plain appli
ationof � to a pair of �nite de�nitions, we go the other way around. That is, inthe 
on
rete 
ase of disjun
tion, we begin with a simple notion of disjun
tionon sequen
es and from this notion we de�ne a \disjun
tion" operator on �nitede�nitions. Now, the natural 
ounterpart of disjun
tion in terms of sets is theunion operator, and the straightforward way to de�ne an binary operation ofsequen
es based on the union operator is to apply the operator by 
omponents.So it is natural to de�ne a disjun
tion operator on sequen
es su
h that if S andS' are revision sequen
es as above, thenS _ S 0 = hh [ h; Æ(h) [ Æ0(h); Æ2(h) [ Æ0 2(h); Æ3(h) [ Æ0 3(h); : : :i:12



It is quite 
lear that if both sets fÆi(h) j i � 0g and fÆ0 i(h) j i � 0g are �nite,then so is fÆi(h) [ Æ0 i(h) j i � 0g. The question is: is there a method to �nd a�nite de�nition with revision sequen
e S _S 0 out of the two original de�nitionsD and D'? If we 
an, then we have found the notion of \
onjun
tion" of �nitede�nitions that we were looking for, be
ause by 
onstru
tion this operator wouldpreserve �niteness.We will use not only single de�nitions as we have done so far, but also �nitesystems of de�nitions. Although the dis
ussion here is 
entered in the disjun
-tion operator, it should be noti
ed that everything applies without 
hange toany other boolean operator.De�nition 2.1 Let L be a ground language and let fG1; : : : ; Gng be a set offresh predi
ate symbols. A �nite system of de�nitions D is a set8><>: G1x =df A1(x;G1; : : : ; Gn)...Gnx =df An(x;G1; : : : ; Gn) 9>=>;where Ai(x;G1; : : : ; Gn) is a formula in L+, for 1 � i � n.The hypotheses of a ground modelM = hD; Ii are now tuples h = hh1; : : : ; hni,where hi � D (1 � i � n) and the model M + h = hD; I+i is a model whereI+ extends I in su
h a way that I(Gi) = hi. Also, De�nitions 0.1 and 0.2 arenaturally generalized in order to deal with systems of de�nitions.Consider now the problem with disjun
tion. Single de�nitions 
an be seenas systems of de�nitions with only one element. Suppose that we have systemsof de�nitions D = fGx =df A(x;G)g and D0 = fGx =df B(x;G)gThen we 
an de�ne a new system(�) D _D0 =8<: Gx =df A(x;H1) _ B(x;H2)H1x =df A(x;H1)H2x =df B(x;H2) 9=;and we have that given a ground model M and an arbitrary hypothesis h, therevision sequen
e indu
ed by h = hg; h1; h2i is the following (ea
h triple in thesequen
e 
orresponds to a 
olumn in the table):G h Æ(h1) [ �(h2) Æ2(h1) [ �2(h2) Æ3(h1) [ �3(h2). . .H1 h1 Æ(h1) Æ2(h1) Æ3(h1) . . .H2 h2 �(h2) �2(h2) �3(h2) . . .whereÆ(h) = fd j d satis�es A(x;H1) in Mg and �(h) = fd j d satis�es B(x;H2) in Mg:13



Observe that we have 
ome up with a de�nition su
h that the sequen
e of �rst
oordinates in the revision sequen
e (�rst row in the table) looks exa
tly as wewanted (that is like S _ S 0 in our previous dis
ussion). Two more observationsabout the de�nition:1. The �rst 
omponent g of an arbitrary hypothesis h = hg; h1; h2i is notreally used during the revision pro
ess. However, it seems that when wede�ne D _ D0 as above, where the intention is to be as 
lose as possibleto the problemati
 Gx =df A(x;G) _ B(x;G), we only want to revise\homogeneous" initial hypotheses of the form h = hg; g; gi.2. It is immediate that if both D and D' are �nite, then D _D0 is bound tobe �nite as well.Unfortunately, what we have done so far is not enough. The problem is thatwe are not getting a new de�nition in the original language L [ fGg, sin
e wehave added the two new symbols H1 and H2. So we don't have really a binaryoperator on the set of �nite de�nitions in the language L[fGg. We 
ould solvethis problem if we were able to \redu
e" the system of de�nitions D_D0 (whi
hare given in the language L [ fG;H1; H2g) to an \equivalent" single de�nitionin L [ fGg. Of 
ourse, it is not 
lear at all how to do that in an arbitrarylanguage L, as it is not 
lear what we mean by \equivalent". However, we willsee that, when L is the language of arithmeti
, we 
an redu
e 
ertain systemsof de�nitions to single de�nitions whi
h, in a pre
ise way, are \equivalent" tothe original systems.First, let us make it 
lear what we will mean by a single de�nition beingequivalent to a �nite system, and then dis
uss how the redu
tion from a systemto su
h a de�nition 
an be performed. Let D be a (single) de�nition in thelanguage L [ fGg and 
onsider the system D'8><>: G1x =df A1(x;G1; : : : ; Gn)...Gnx =df An(x;G1; : : : ; Gn) 9>=>;in the language L [ fG1 : : :Gng. We will 
onsider D as equivalent to D' if thefollowing holds: if the revision sequen
es indu
ed by a hypothesis h for D' areG1 h h11 h12 h13 : : :G2 h h21 h22 h23 : : :... ...Gn h hn1 hn2 hn3 : : :and the revision sequen
e indu
ed by h for D is hh; h1; h2; h3; : : :i, then for everyj > 0 and 0 � i < n, hj \Modi = fnk + i j k 2 hijg;14



where Modi = fd 2 D j d satis�es (x � i mod n) in Mg for 0 � i � n. In plainwords, hj en
odes the j-the row in the table above.Let us look now at the pro
ess of redu
tion. It is inspired on [K 93℄, wherePhillip Kremer works out a parti
ular example (towards a di�erent obje
tivethan ours here) in whi
h L is the language of arithmeti
 and D is the system
onsisting of the two following de�nitionsGx =df [9z8y(y < z $ Gy) ^ 8y(y < x! Gy)℄andHx =df [8y(Gy ! Gy0) ^ 8y8z((Gz ^ y < z)! Gy) ^ 9yGy ^Gx℄_[[9y(Gy ^ :Gy0) _ 9y9z(Gz ^ y < z ^ :Gy) _ :9yGy℄ ^Hx℄Again, the motivation for Kremer's de�nition does not have to do with what ourquestion here 8, but the redu
tion he makes is interesting in our 
ontext. In hispaper, Kremer \
ollapses" the two de�nitions above into one single de�nitionD' given byFx =df [(x is odd ) ^ 9z8y(y < z ^ (y is odd )$ Fy)^8y(y < x ^ (y is odd )! Fy)℄_ [(x is even ) ^ 8y(Fy ^ (y is odd )! Fy00)^ 8y8z((Fz ^ y < z ^ (z is odd ) ^ (y is odd ))! Fy0)^9y((y is odd ) ^Gy) ^Gx℄_ [(x is even ) ^ [9y((y is odd ) ^ Fy ^ :Fy00)_9y9z((y is odd ) ^ (z is odd ) ^ Fz ^ y < z ^ :Fy)_:9y((y is odd ) ^ Fy)℄ ^ Fx℄:An additional ne
essary (and strong) assumption is that we are looking only atmodels of PA� ^AX (models of Peano arithmeti
 minus the indu
tive s
heme,whi
h are stri
t linear orders with 0 as minimum and where 0 stands for theimmediate su

esor operation). The idea behind the de�nition of F is that thebehaviour of F in the odd numbers mimi
s the behaviour of G and the behaviourof F in the even numbers mimi
s the behaviour of H . In other words, if therevision sequen
e indu
ed by a hypothesis h = hf0; f0i for D isG f0 g1 g2 g3 . . .H f0 h1 h2 h3 . . .and the revision sequen
e indu
ed by f0 � D for D' is hf0; f1; f2; : : :i, then ifEven;Odd are the sets of even and odd numbers in D, we have that for alli > 0, fi \ Odd = f2k + 1 j k 2 gig8Kremer uses the system of de�nitions D to show that the Gupta-Belnap systems S# andS� are not axiomatisable, and that the 
omplexity of ea
h one of them is at least �11. Theredu
tion of D to the single de�nition D' allows him to show a stronger 
omplexity result.Namely, the 
omplexity of the S# and S� theories of a single de�nition is also at least �11.The systems S# and S� belong to the General Theory of Cir
ular De�nitions.15



and similarly fi \ Even = f2k j k 2 hig:This is just to say that the new de�nition is equivalent to the original system,a

ording to our de�nition of \being equivalent".It is 
lear that the very same idea 
an be used without major diÆ
ultiesto en
ode our binary operators, given that we keep the assumptions: that ourground language is the language of arithmeti
, that we look only at models ofPA� ^ AX and that the only predi
ate symbols from the ground language Lthat appear in our de�nitions are < for the order and 0 for the su

esor. So forour example with disjun
tion, we would start with two �nite single de�nitionsD and D', then we would build a �nite system D _ D0 as in the beginningof this se
tion, and then we would redu
e the system to an equivalent singlede�nition in the original extended language. This will always give us a new�nite de�nition that 
an be thought of as the \disjun
tion" of D and D', ina 
ertain sense9. The basi
 di�eren
e with Kremer's redu
tion, in the 
aseof our binary operators, is that we need to use the formulas (x � 0 mod 3),(x � 1 mod 3) and (x � 2 mod 3) instead of (x is odd) and (x is even), be
ausewe want to en
ode now a table with three rows (the system D _ D0 has threede�nitions). Evidently, there is nothing espe
ial about disjun
tion here, andthis pro
edure applies to any other boolean operator on �nite de�nitions.Final remark. The pro
edure des
ribed in this se
tion 
an also be appliedto n-ary boolean operators. When doing so, we end up 
oding tables with n+1rows.3 Languages and operatorsIn this se
tion we forget about the language of arithmeti
 and 
ome ba
k to thedis
ussion on arbitrary languages. The main result is the following.Theorem 3.1 Let D be the de�nitionGx =df A(x;G):Assume that every predi
ate symbol that appears in D is either unary or theequality predi
ate. Then D is �nite.The proof of Theorem 3.1. is involved when writing it in detail, but themain ideas 
an be explained brie
y before giving the formal proof. Let D bea de�nition as in the statement of Theorem 3.1. Say that the unary predi
atesymbols that appear in D are among G;F0; : : : Fn. We know that if any otherpredi
ate symbol appears in D, it has to be the equality symbol. Now, �x anextended model M + h = hD; I+i and 
onsider the familyB(h) = fBhn j n > 0g;9The new operator on �nite de�nitions does not behave exa
tly as the usual disjun
tionoperators. For example, it is not asso
iative. 16



where Bhn is the 
olle
tion of subsets of Dn whi
h are de�nable by using onlyG;F1; : : : ; Fn, equality and the boolean 
onne
tives. The following fa
ts aretrue:1. Ea
h Bhn is a �nite algebra, that is, ea
h Bhn is 
losed under booleanoperations.2. The family is 
losed under proje
tions and 
artesian produ
ts. For exam-ple, if A 2 Bhn+1, then the proje
tion of A on the �rst n+ 1 
oordinatesbelongs to Bhn.3. If g � Bh1 , then Bg is a subfamily of Bh, in the sense that for all n,Bgn � Bhn.The details of the proofs of fa
ts 2-3 take most part of this se
tion. Basi
ally,fa
ts (1) and (2) together tell us that any set whi
h is de�nable by using onlythe predi
ates G;F1; : : : Fn, equality and the logi
al 
onstants belongs to Bhn forsome n. In parti
ular, sin
e the setÆ(h) = fd j d satis�es A(x;G) in M + hgis de�nable, we have that Æ(h) 2 Bh1 . Also, in virtue of fa
t 3, BÆ(h) is asubfamily of Bh. If we 
ontinue the revision pro
ess, we obtain a sequen
e ofhypothesis hh; Æ(h); Æ2(h); : : :i su
h that Æk(h) 2 Bh1 for all k. Sin
e Bh1 is �nite,and h was 
hosen arbitrarily, we 
on
lude that D is a �nite de�nition.Now we 
an pro
eed to formalize the proof.De�nition 3.1 1. Let D be a set and C a 
olle
tion of subsets of D. Thealgebra generated by C on D is the smallest 
olle
tion of subsets of D that
ontains C [ f;g and is 
losed under �nite unions and 
omplementation(with respe
t to D).2. Let A(x; F0) be a formula in L+ = L [ fF0g su
h that every predi
atesymbol that appear in A is either the equality or one of F0; : : : ; FN , whereFi unary for all i. Fix a ground model M and let M + h = hD; I+i be anextended model. For ea
h n > 0, we de�ne Bn(A;M; h) as the algebra onDn generated by the setsBn;i;j(A;M; h) = fhd1; : : : ; dni j di 2 fjg= fhd1; : : : ; dni j di satis�es Fj(x) in Mgand Bn;i;k;=(A;M; h) = fhd1; : : : ; dni j di = dkgwhere 1 � i; k � n and 0 � j � N .3. With A and M as above, the 
olle
tion B(A;M; h) of algebras generatedby A is B(A;M; h) = fBn j n > 0g:17



We will write B(h) instead of B(A;M; h) when A and M are known by
ontext. The same 
onsideration applies to the algebras Bn;i;j(A;M; h) andBn;i;k;=(A;M; h).We need two lemmas before attempting to prove the main result. The �rstone introdu
es some properties of the 
olle
tion of algebras B(A; h) of a givenground model M . Just a sket
h of the proof is in
luded here, sin
e a verydetailed proof would involve too mu
h de
oration and indexes on names, makingit diÆ
ult to grasp the main ideas, whi
h are not 
ompli
ated.Lemma 3.1 10 Let A(x; F0) be a formula in L+ = L [ fF0g and let M + h =hD; I+i be an extended model. Suppose that the unique non-unary predi
ate thatappears in A (if it appears at all) is \=". Let F0; F1; : : : ; FN be the unary predi-
ates that appear in A and let f0; f1; : : : ; fN be the interpretations 
orrespondingto them (so f0 = h). Then1. Let n > 0. Ea
h set in Bn is the union of �nitely many sets of the formh1 \h2 \ : : :\hkn where for ea
h 1 � i; k � n and 0 � j � N , exa
tly oneof Bn;i;j or Bn;i;j and exa
tly one of Bn;i;k;=, Bn;i;k;= appears as a termin the interse
tion. [Remark on notation: if B � M , then B stands forthe set M nB.℄2. The 
olle
tion B = fBn j n > 0g is 
losed under proje
tions. That is, forall n > 0, if C 2 Bn+1, then the set�k(C) = fhd1; : : : ; dk�1; dk+1; dn+1i j 9d(hd1; : : : ; dk�1; d; dk+1; dn+1i 2 C)gbelongs to Bn.3. The 
olle
tion fBn j n > 0g is 
losed under 
artesian produ
ts. That is,if C1 2 Bn and C2 2 Bm, then the set C1 � C2 belongs to Bn+m.Proof of lemma (sket
h). The proofs of parts (1) and (3) are not diÆ
ult,although they 
an be messy. The key part is (2). Let's show a toy 
ase withN = 1. Be
ause of (1) and the fa
t that the proje
tion of a union is theunion of the proje
tions, it suÆ
es to show that �k(C) belongs to Bn wheneverC 2 Bn+1 and C = h1\h2\ : : :\hk where for ea
h 0 � i; k � n and 0 � j � N ,exa
tly one of Bn;i;j or Bn;i;j and exa
tly one of Bn;i;k;=, Bn;i;k;= appears as aterm in the interse
tion. Again to simplify the illustration of the argument, letus assume that n = 2. Then there is a formula (x; y) = �0;x(x) ^ �1;x(x) ^ �0;y(y) ^ �1;y(y) ^ �=in the language L+ su
h that�0;x 2 fF0;:F0g; �1;x 2 fF1;:F1g;�0;y 2 fF0;:F0g; �1;y 2 fF1;:F1g;�= 2 fx = y; x 6= yg:10This lemma says that our family of algebras is a stru
ture, in the terminology of Lou vanden Dries [VdD 98℄ 18



and C = fhd1; d2i j hd1; d2i satis�es  (x; y) in M + f0 g:Now, remember that f0 = h. It follows from the semanti
s of the existentialquanti�er that�1(C) = fd2 j hd1; d2i satis�es  (x; y) in M + f0 for some d1g= fd2 j d2 satis�es 9x (x; y) in M + f0 g:But it is a theorem of 
lassi
al logi
 that9x(�1 ^ �2)$ �1 ^ 9x�2 when x does not o

ur free in �1;and therefore�1(C) = fd2 j d2 satis�es �0;y(y) ^ �1;y(y) ^ 9x(�0;x(x) ^ �1;x(x) ^ �=) in M + f0 g:Now we 
an 
onsider several 
ases, and in ea
h of them we'll �nd that either�1(C) = ; or�1(C) = fd2 j d2 satis�es �0;y(y) ^ �1;y(y) in M + f0 g = h00 \ h01:where h00 is either fd j d satis�es F0;y(y) in M + f0 g or its 
omplement and h01is either fd j d satis�es F1;y(y) in M + f0 g or its 
omplement, so that �2(C)belongs to B1. As we said, we need to 
he
k several 
ases.CASE 1: Suppose that  = is x = y. If �1(C) = ;, we have nothing to prove.Suppose �1(C) 6= ;. Then we must have �0;y = �0;x and �1;y = �1;x, so�1(C) = fd j d satis�es �0;y(y) ^ �1;y(y) ^ 9y(�0;y(y) ^ �1;y(y)) in M + f0 g= fd j d satis�es �0;y(y) ^ �1;y(y) in M + f0 g:CASE 2: Suppose that  = is x 6= y, that  0;y and  0;x are both atomi
 orboth negated atomi
 formulas and that  1;y and  1;x are both atomi
 or bothnegated atomi
 formulas. Then�1(C) = fd j d satis�es  0;y(y) ^  1;y(y) ^ 9x( 0;x(x) ^  1;x(x) ^ x 6= y) in M + f0 gand therefore �1(C) = ; if the setfd j d satis�es  0;y(y) ^  1;y(y) in M + f0 ghas less than two elements, and otherwise�1(C) = fd j d satis�es  0;y(y) ^  1;y(y) in M + f0 g:CASE 3: Suppose that  = is x 6= y, and we are not in CASE 2. Then withoutloss of generality, we 
an assume that  0;x = F0 while  0;y = :F0. Then�1(C) = fd j d satis�es :F0(y) ^  1;y(y) ^ 9x(F0(x) ^  1;x(x)) in M + f0 g19



(sin
e x 6= y is redundant in this 
ase). Now, if the setS = fd j d satis�es 9x(F0(x) ^  1;x(x)) in M + f0 gis empty, then �1(C) = ;. If S is not empty, then it should be 
lear that�1(C) = fd j d satis�es  0;y(y) ^  1;y(y) in M + f0 g:And this �nishes the proof of the lemma.Lemma 3.2 Let A(x; F0) be a formula in L+ = L [ fF0g with only one freevariable and su
h that all the predi
ate symbols that appear in A are unary orequality. LetM+f0 be an extended model and let fBk j k > 0g be the 
olle
tionof algebras indu
ed by A(x; F0). Thenfd j d satis�es A(x;G) in M + f0gbelongs to B1.Proof. Without loss of generality, we 
an assume thatA(x;G) = Q1x1 : : : Qn�1xn�1 : : : Qnxn( (x; x1; : : : ; xn))where Qj 2 f8; 9g for all 1 � j � n and where no quanti�ers appear in (x; x1; : : : ; xn). We prove by indu
tion on i that the sethi = fhd; d1; : : : dn�ii j hd; d1; : : : dn�ii satis�esQn�i+1 : : : Qnxn( (x; x1; : : : ; xn)) in M + f0gbelongs to Bn�i+1 for all 0 � i � n. The 
ase i = 0 says thathi = fhd; d1; : : : dni jhd; d1; : : : dni satis�es  (x; x1; : : : ; xn) in M + f0gbelongs to Bn+1. But this is true, be
ause  (x; x1; : : : ; xn) is a boolean 
ombi-nation of atomi
 formulas in the n+1 variables x; x1; : : : ; xn, sin
e no quanti�ersappear in  (x; x1; : : : ; xn).Now suppose that 0 < i+1 � n and suppose that we know that hi 2 Bn�i+1.Then we want to see that hi+1 2 Bn�i. If Qn�i = 9, we have thathi+1 = fhd; d1; : : : dn�i�1i j hd; d1; : : : dn�i�1i satis�es9xn�i : : :Qnxn( (x; x1; : : : ; xn)) in M + f0gThus, hi+1 = �xn�i(hi), and so hi+1 2 Bn�i be
ause our 
olle
tion of algebrasis 
losed under proje
tion. Finally, if Qn�i = 8, thenhi+1 = f hd; d1; : : : dn�i�1i jhd; d1; : : : dn�i�1i satis�es:9xn�i:Qn�i+1xn�i+1 : : : Qnxn( (x; x1; : : : ; xn)) in M + f0g;so hi+1 is the 
omplement of �xn�i( �hi). Sin
e hi 2 Bn�i+1 and Bn�i+1 is analgebra, we also have �hi 2 Bn�i+1. Sin
e our 
olle
tion of algebras is 
losed20



under proje
tion, we have �xn�i( �hi) 2 Bn�i, and sin
e Bn�i is an algebra, wehave that hi+1 2 Bn�i. This �nishes the indu
tion. Hen
e, for i = n, we havefd j d satis�es A(x;G) in M + f0gbelongs to B1.Proof of Theorem 3.1. Let D be the de�nitionGx =df A(x;G)and assume that every predi
ate symbol that appears in A is either unary orthe equality symbol. Let M = hD; Ii be a ground model. Re
all that for ea
hhypothesis h � D we have de�ned the 
olle
tion fBj(h) j j > 0g of algebrasasso
iated with A in the extended model M + h. By Lemma 3.2, we have thatÆD;M (h) 2 B1(h). If G;F0; : : : FN are all the predi
ate symbols that appear inA, then B1(h) is the 
olle
tion of sets obtained by boolean 
ombinations of setsin fhg [ fBi j 1 � i � Ng, whereBi = fd j d satis�es Fi(x) in M + figfor 1 � i � N . Similarly, we have that B1(ÆD;M (h)) is the 
olle
tion ofboolean 
ombinations of sets in fÆD;M (h)g[fBi j 1 � i � Ng. Therefore, sin
eÆD;M (h) 2 B1(h), we have that B1(ÆD;M (h)) � B1(h). We 
an repeat thisargument to prove indu
tively that for all k � 0,(�) B1(ÆD;Mk+1(h)) � B1(h).Consequently, ÆD;Mk(h) 2 B1(h) for all k � 0. But B1(h) is �nite, so theremust be indexes k; l with k 6= l and ÆD;Mk(h) = ÆD;M l(h). Thus, D is �nite.This �nishes the proof of the theorem.Corollary 3.1 If L is a ground language all of whose predi
ate symbols areunary, then every de�nition D given by Gx =df A(x;G) is �nite.The Examples 1.1-1.3 show that the proof of Theorem 3.1 does not apply tode�nitions that involve binary predi
ates, be
ause Lemma 3.1 
an be falsi�ed.However, there are at least one generalization of the result, whi
h allows the useof arbitrary predi
ates, in a restri
ted way. The idea is to add to the generatorsof the algebras the proje
tions of the predi
ates whi
h appear in the de�nition.We say that a formula �(x) is a basi
 proje
tion on F (where F is a n-arypredi
ate symbol) if it has the form9x19x2 : : : 9xk9xk+19xk+2 : : : 9xnF (x1; : : : ; xn). 21



Theorem 3.2 Let D be the de�nitionGx1; : : : xn =df A(x1; : : : ; xn; G):Assume that A(x1; : : : ; xn; G) has the formQ1x1 : : :Qm�1xm�1 : : : Qnxm( (x; x1; : : : ; xm))where Qj 2 f8; 9g for all 1 � j � m and where  (x; x1; : : : ; xn) is a boolean
ombination of basi
 proje
tions. Then D is �nite.Sket
h of Proof. Say that G;F1; : : : ; FN (and perhaps equality) are all thepredi
ate symbols appearing in D. Assume that Fi has arity ai and identify F0with G. Repeat the proof of the Lemmas and of Theorem 3.1, but this time werede�ne the set Bn(A;M; h) as the algebra of sets on Dn generated by 11:1. Embeddings of predi
ates into higher dimensional spa
es.Bn;s;j(A;M; h) =fhd1; : : : ; dni j hds(1); : : : ; ds(aj))i satis�es Fj(x1; : : : ; xaj ) in Mgwhere 1 � n, 0 � j � N and s varies over the set of in
reasing fun
tionsfrom f1; : : : ajg to f1; : : : ng.2. Diagonals:Bn;i;k;=(A;M; h) = fhd1; : : : ; dni j di = dkg,where 1 � i; k � n and 0 � j � N .3. Proje
tions:Bn;s;t;j(A;M; h) =fhd1; : : : ; dni j hds(1); : : : ; ds(aj�q))i satis�es9xt(1); 9xt(2); : : : 9xt(q)Fj(x1; : : : xaj ) in M gwhere 1 � n, 0 � j � N , q � aj , s varies over the set of in
reasingfun
tions from f1; : : : ; aj � qg to f1; : : : ng, and t varies over the set ofin
reasing fun
tions from f1; : : : qg to f1; : : : ajg.Noti
e that the requirement about basi
 proje
tions, in the statement ofTheorem 3.2, is ne
essary. If we drop it, we 
an �nd de�nitions likeRxy =df Rxy ^ 9zRzxwhi
h are in�nite, even when the ground language is monadi
 with equality.To see why this de�nition is in�nite, 
onsider a ground model with universe11Again, the notation here is heavy, but the idea behind the algebras and the proof has not
hanged. 22



the set of natural numbers, and let h be the usual su

esor relation, that is,hx; yi 2 h () y is the su

esor of x. Then the revision sequen
e indu
ed byh is hh; h� fh0; 1ig; h� fh0; 1i; h1; 2ig; h� fh0; 1i; h1; 2i; h2; 3ig; : : :i;whi
h of 
ourse in
ludes in�nitely many di�erent hypotheses.Referen
es[GB 93℄ Gupta, A. and N. Belnap, \The Revision Theory of Truth", MIT Press,1993.[CG 00℄ \On Cir
ular Con
epts", In: \Cir
ularity, De�nition and Truth", Cha-puis, A. and Gupta, A (eds.),Indian Coun
il of Philosophi
al Resear
h,2000.[K 93℄ Kremer, Philip, \The Gupta-Belnap Systems S� and S# are not Axioma-tisable". Notre Dame Journal of Formal Logi
 34 (4), Fall 1993; 583-596.[VdD 98℄ van den Dries, L. \Tame Topology and O-minimal Stru
tures". Cam-bridge University Press, 1998.
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