
Quanti�cational Logic of ContextSa�sa Buva�cComputer Science DepartmentStanford UniversityStanford, CA 94305-9020buvac@cs.stanford.eduhttp://www-formal.stanford.edu/buvacAbstractIn this paper we extend the Propositional Logic ofContext, (Buva�c & Mason 1993; Buva�c, Buva�c, & Ma-son 1995), to the quanti�cational (predicate calculus)case. This extension is important in the declarativerepresentation of knowledge for two reasons. Firstly,since contexts are objects in the semantics which canbe denoted by terms in the language and which canbe quanti�ed over, the extension enables us to expressarbitrary �rst-order properties of contexts. Secondly,since the extended language is no longer only proposi-tional, we can express that an arbitrary predicate cal-culus formula is true in a context. The paper describesthe syntax and the semantics of a quanti�cational lan-guage of context, gives a Hilbert style formal system,and outlines a proof of the system's completeness.IntroductionContexts �rst appeared in declarative AI when theywere presented as a possible solution to the problem ofgenerality in McCarthy's Turing Award Paper, (Mc-Carthy 1987). Since then, contexts have found uses invarious AI applications, including:� managing large knowledge bases (Guha 1991),� translating knowledge (Buva�c & Fikes 1995),� modeling knowledge and belief (Giunchiglia 1993),� integrating data bases (Farquhar et al. 1995),� planning (Buva�c & McCarthy 1996),� qualitative reasoning (Nayak 1994), and� common sense reasoning (McCarthy & Buva�c 1994).These applications require the expressive power of �rst-order logics. However, till now no formal logical inves-tigations of quanti�cational theories of context havebeen done. The aim of this paper is to rectify this de-�ciency by extending the Propositional Logic of Con-text, (Buva�c & Mason 1993; Buva�c, Buva�c, & Ma-son 1995), to the quanti�cational (predicate calculus)

case. This extension is important in the declarativerepresentation of knowledge for two reasons. Firstly,since contexts are objects in the semantics which canbe denoted by terms in the language and which canbe quanti�ed over, the extension enables us to expressarbitrary �rst-order properties of contexts. Secondly,since the extended language is no longer only proposi-tional, we can express that an arbitrary predicate cal-culus formula is true in a context. This paper describesthe syntax and the semantics of a quanti�cational lan-guage of context, gives a Hilbert style formal system,and outlines a proof of the system's completeness.The LogicWe extend classical 2-sorted predicate calculus withidentity to enable representing facts about contextsand reasoning with contexts. Our logic has the fol-lowing four basic features.1. Contexts are treated as formal objects, i.e. objectsin the semantics which can be denoted by terms inthe language and which we can quantify over. Con-sequently, we can state �rst-order properties of con-texts in the same way we state properties of anyother objects.2. The language is extended with a new modality,ist(k; �), (ist is pronounced \is true"). It is usedto express that the predicate calculus formula, �, istrue in the context denoted by the term k.3. Rather than being given in isolation, all formulasare stated in some context. We write k : � whenformula� is given in the context denoted by the termk.4. The formal system contains rules for entering andexiting a context; the proofs which use these rulesmirror the intuitive patterns of contextual reasoning.Semantically, a context is modeled by a set of truthassignments that describe the possible states of a�airs



of that context. Thus a model will associate a set of�rst-order structures with every context. These �rst-order structures re
ect the states of a�airs which arepossible in that context. For an atom to be true in acontext, it has to be satis�ed by all the structures as-sociated with that context. Therefore, the ist modal-ity is interpreted as validity: ist(k; �) is true i� theatom � is true in all the �rst-order structures associ-ated with context k. Treatment of ist as validity alsocorresponds to Guha's proposal for context semantics,which was motivated by the Cyc knowledge base.The formal system captures some intuitive patternsof contextual reasoning. Intuitively, to prove that a for-mula is true in some context, we want to �rst enter thatcontext, perform some inferences with the assumptionsmade in that context to derive our goal formula, and �-nally exit the context. When sub-formulas of a formulawe want to prove pertain to di�erent contexts, we de-rive the sub-formulas in their corresponding contexts,and then put them together in the original context toobtain the desired formula. To capture this style ofreasoning, we de�ne derivability as a relation on a for-mula � given in a context k, and write `k :�. Wealso introduce the inference rules (Enter) and (Exit)which enable the reasoning system to enter and exita context. In (McCarthy 1993), McCarthy illustrateshow such rules can be used to generate the desiredpattern of reasoning.We proceed to present some technical details of thelogic and a brief sketch the aspects of the completenessproof which are new to the quanti�cational case. Weuse standard mathematical notation; we use P(X) torefer to the set of subsets of X. To simplify the for-mulas we will distinguish between context objects andnon-context objects by assuming two disjoint sorts: thecontext sort and the non-context sort. The latter is re-ferred to as the discourse sort, re
ecting the intuitionthat the non-context objects will be the topic of dis-course.SyntaxA language L of our logic is any language of classi-cal 2-sorted predicate calculus with identity. Formally,language L is a collection of the constants and the pred-icates of all arities. We call the sorts the context sortand the discourse sort.We now �x some language L. The set of all terms inour logic, T, is identical to the set of terms of classical2-sorted predicate calculus with identity over the samelanguage L. Formally, T is the set of variables andconstants (of both sorts) of the language L. We use Kto refer to the set of terms of the context sort, andVtorefer to the set of variables of both sorts. Note that for

simplicity of presentation, our logic has no functions.The set of atomic formulas,W0, is the set of atomicformulas of classical 2-sorted predicate calculus withidentity: non-logical predicates and the identity predi-cate applied to an appropriate number of arguments ofappropriate sorts. The set W, of well-formed formulas(w�s) of our logic, is de�ned as the least set satisfyingW := W0 [ (:W) [ (W!W) [ (8V)W [ ist(K;W)The operations ^, _,$, and quanti�er 9 are assumedto be de�ned as abbreviations in the usual way. We willuse WPC to refer to the set of well-formed formulas ofclassical predicate calculus with identity, i.e. formulaswhich do not contain the ist modality. To simplifypresentation, we assume that the set of bound variablesis disjoint from the set of free variables.We adopt the following notational conventions:a; a1; : : : range over constants; v; v1; : : : range over vari-ables; t; t1; : : : range over terms; k; k1; : : : range overterms of only the context sort; and p; p1; : : : range overpredicates. Lower case Greek letters range over W.The letter T ranges over (possibly in�nite, possiblyempty) sets of w�s. Note that since all the formulaswe will be concerned with are well-formed, the sorts ofterms will often be obvious, and will thus not need tobe stated explicitly. Similarly, we often do not explic-itly list all the arguments of predicates.SemanticsWe begin by �xing some language L, and de�ningSTR(L) to be the collection of classical 2-sorted �rst-order structures <<C;D>; I>, i.e. C and D are nonempty sets, and I is standard two-sorted interpreta-tion function for the language L. Intuitively, the set Cshould be interpreted as the set of context objects, andthe set D should be interpreted as the set of discourseobjects of the particular structure.By convention, gothic letters will range over ele-ments of STR(L). If A = <<C;D>; I>, then we useI(A) to refer to I, the interpretation function of the�rst-order structure A; we use jAjc to refer to C, theset of context objects in the domain of the �rst-orderstructure A; we use jAjd to refer to D, the set of dis-course objects in the domain of the �rst-order structureA; and we use jAj to refer to C[D, the set of all objectsin the domain of the �rst-order structure A.De�nition (M): A model,M, is a function whichmaps each context object to a (possibly empty) set of2-sorted �rst-order structures of the language L,M : Dom(M)! P(STR(L));provided the following conditions hold:



1. The domains of all �rst-order structures of all con-texts are the same. Formally, for any two contextobjects c1 and c2, for any �rst-order structures A 2M(c1) and B 2M(c2), jAjc = jBjc and jAjd = jBjd.We use jMjc to refer to the set of context objectsjAjc, we use jMjd to refer to the set of discourse ob-jects jAjd, and we use jMj to refer to the set of allobjects jAj. By convention, c,c1,. . . range over jMjc;d,d1,. . . range over jMjd; and e,e1,. . . range over jMj.2. The set of context objects, jMjc, is disjoint from theset of discourse objects, jMjd.3. The domain of the model, Dom(M), is identi�edwith the set of context objects, jMjc.4. We require that all interpretation functions map aconstant to the same object; we say that all con-stants are rigid designators. Formally, for any A 2M(c1) and B 2 M(c2), and for any constant a, wehave I(A)(a) = I(B)(a):De�nition (variable assignment): A variable as-signment is a function from the set of variables, V, tothe set of all objects, jMj, providing variables are as-signed objects of appropriate sorts. We extend thevariable assignment to constants; this is trivial sinceall the constants are rigid designators.By convention, the Greek letters � and � will rangeover variable assignments. Instead of writing �(v), wewill use the common notation and write v[�].We introduce j=, which is a relation on a model, a�rst-order structure, a context, a formula and a vari-able assignment. The relation j=, which is writtenM;A j= k :� [�]; should be interpreted as a satisfac-tion relation: we say that the modelM, the �rst-orderstructure A, and the variable assignment � satisfy theformula � in context k[�].De�nition (j=): If A 2 M(k[�]) then M;A j=k :� [�] is de�ned by induction on the structure on�, as follows:M;A j= k : p(t1; : : : ; ti) [�] if <I(A)(t1[�]); : : : ;I(A)(ti[�])> 2 I(A)(p)M;A j= k : t1 = t2 [�] if I(A)(t1[�]) = I(A)(t2[�])M;A j= k ::� [�] if not M;A j= k :� [�]M;A j= k :�!  [�] if M;A j= k :� [�] impliesM;A j= k : [�]M;A j= k : (8v)� [�] if for all e 2 jAj of the samesort as v M;A j= k :� [�(v := e)]M;A j= k :ist(k0; �) [�] if for all B 2M(k0[�])M;B j= k0 :� [�]

We write j= k : � i� (8M)(8A 2 M(k)) (8�)M;A j= k :� [�]. We call this relation validity.Note that in the clause for universal quanti�cation,the term k can not be the variable v since we haveassumed that the set of bound variables is disjoint fromthe set of free variables.Formal SystemSince all formulas in our logic are given in some context(rather than being given in isolation) derivability is arelation on a formula and a context. We write ` k : �and say that formula � is derivable in context k. Wede�ne derivability in a Hilbert style.De�nition (derivability): ` k : � i� k : � is aninstance of an axiom schema or follows from provableformulas by one of the inference rules. Formally, ` k :� i� there is a sequence �k1 : �1; : : : ; km : �m� suchthat km = k and �m = � and for each i � m eitherki : �i (1) is an instance of one of the axiom schemas,or (2) follows from earlier elements in the sequence viaone of the inference rules.The axiom schemas and inference rules naturally divideinto three groups.1. Classical Predicate Calculus.(PL) k : � provided � is a propositional tautology.(UI) k : (8v)�(v) ! �(t)(t =) k : t = t(p =) k : (ti = t0i)! (p(t1; : : : ; ti�1; ti; ti+1; : : : ; tn)! p(t1; : : : ; ti�1; t0i; ti+1; : : : ; tn))(MP) k : � k : �!  k :  (UG) k : �!  (v)k : �! (8v0) (v0) provided v is not free in �.2. Propositional Properties of Contexts.(K) k : ist(k0; �!  )! (ist(k0; �)! ist(k0;  ))(4) k : ist(k1; ist(k2; �)) _ ist(k1;:ist(k2; �))(Flat) k : ist(k1; ist(k2; �))$ ist(k2; �)(Enter) k0 : ist(k; �)k : � (Exit) k : �k0 : ist(k; �)3. Quanti�cational Properties of Contexts.(BF) k : (8v)ist(k0; �)! ist(k0; (8v)�)(ist =) k : (t1 = t2)$ ist(k0; t1 = t2)



We brie
y comment on the axioms and inference rules.The �rst set of axioms and rules guarantees that allvalid formulas of classical predicate calculus with iden-tity hold in every context, and every context is closedwith respect to the classical rules of inference. Thesecond set of axioms and rules captures the proposi-tional modal properties of contextual reasoning. Theaxiom schema (K) guarantees that every context isclosed with respect to logical consequence. A prop-erty we call contextual omniscience is captured by the(4) axiom. Intuitively, every context \knows" whatis true in every other context. Thus, although a con-text need not have complete information about whatis true in the world, it will have complete informationabout other contexts' views of the world. If we inter-pret contexts as knowledge bases, then contextual om-niscience states that every knowledge base \can see"into any other knowledge base. The axiom schema(Flat) tells us that every context looks the same re-gardless of which context it is being viewed from. Rules(Enter) and (Exit) allow the formal system to respec-tively enter and exit a context. Note that the (Enter)rule is the converse of the (Exit) rule. The third set ofaxioms and rules captures the quanti�cational proper-ties of contexts. The Barcan formula (BF) is neededto make the domains of all the �rst-order structures inall of the contexts be the same. The (ist =) tells usthat all terms are treated as rigid designators.CompletenessIn this section we state the completeness of the sys-tem and outline the proof. The general structure ofthe completeness proof and a number of lemmas aresimilar to those of the propositional system presentedin (Buva�c, Buva�c, & Mason 1995). We will demon-strate the aspects of the proof which are novel to thequanti�cational case.Theorem (completeness): `k :� i� j= k : �.The ()) direction is the soundness lemma. It is sim-ple to verify that the axioms are sound and that therules preserve soundness. We proceed by introducingsome concepts which will be needed to outline the (()direction of the completeness proof.De�nition (satis�ability): A set of formulas T issatis�able in k i� there exists a model M, �rst-orderstructure A, and a variable assignment � such that forall � 2 T M;A j= k :� [�].De�nition (consistency): A formula � is consis-tent in k i� not ` k : :�. A �nite set of formulas Tis consistent in k i� VVT, the conjunction of all the

formulas in T, is consistent in k. An in�nite set T isconsistent in k i� every �nite subset of T is consistentin k. A set T is inconsistent in k i� the set T is notconsistent in k. A set T is maximally consistent in ki� T is consistent in k and for all � if � 62 T, thenT [ f�g is inconsistent in k.De�nition (!-completeness): A set of sentencesT is !-complete i� for any formula � we have(8v)�(v) =2 T implies :�(t) 2 T for some term t:Given a set of formulas T in k0, we will de�ne theset Tk to be those formulas from T which \talk onlyabout" the particular context k, (in the sense that theyare true in that context and they contain no istmodal-ities). The set of formulas Tk, will be used to de�nethe part of the model of T which describes the state ofa�airs in the context k.De�nition (Tk): If T is a set of formulas given ink0, then Tk := f� j ist(k; �) 2 T and � 2 WPCg.We say that Tk is de�ned from T in k0.As is usual, an important part of the completenessproof is the Lindenbaum lemma, allowing any consis-tent set of w�s to be extended to a maximally con-sistent set. Our completeness proof will be based ona Henkin construction, which means that in parallelto the process which makes the set maximally consis-tent, we will also provide witnesses for all previouslyun-witnessed existential formulas. In a Henkin con-struction, it is standard to expand the language of theoriginal theory with some in�nite set of new constantsand use these as witnesses. Our method is similar:previously unused variables will be witnesses. The ad-vantages of using variables for witnesses is that we donot need to change the language of the original set ofsentences. We simply need an in�nite supply of unusedvariables.Notational convention (unused variables): As-sume a set of formulas T is given in some context k0.We use ~Vc to denote an in�nite set of new context vari-ables, and ~Vd an in�nite set of new discourse variables.We use ~v; ~v1; : : : to range over ~Vc[ ~Vd.Lemma (Lindenbaum): Assume the set of formu-las T0 is given in k0, and that the variables in ~Vc and~Vd are not used in T0 or in k0. If T0 is consistent ink0, then T0 can be extended to a maximally consistentset T in k0, such that every non-empty set Tk (de�nedfrom T in k0) is !-complete.We proceed to outline the proof that any set of for-mulas T0 which is consistent in k0 must be satis�ablein k0. It is simple to show that this is equivalent to the(() of the completeness theorem.



Proof (completeness): Assume T0 is consistentin k0. We extend the set of variablesVused in T0 andk0 with an in�nite set of new context variables ~Vc andan in�nite set of new discourse variables ~Vd which donot occur in T0 or in k0.By the (Lindenbaum lemma) we can extend T0to a maximally consistent set T in k0. Using T we willconstruct the modelM from terms of the language L.We identify the sets of objects with the sets of terms:jMjc is de�ned to be the set of all context terms andjMjd is de�ned to be the set of all discourse terms.From the maximally consistent set T, for every c, weread o� the set Tc. Note that since we identi�ed ob-jects in the model with terms, we are able to inter-changeably use terms and objects. Thus we will talkabout Tc rather than Tk.Now we de�ne the set of �rst order structures asso-ciated with a context c. The set of sentences Tc can bethought of as describing the state of a�airs which holdat c. We will de�ne the model M so that associatesthe context c with the �rst-order structures which cor-respond to this state of a�airs. In order to read o�these �rst-order structures we �rst use Tc to construct~Tc, the set of all maximally consistent extensions ofTc. For every set Tc we de�ne ~Tc := fT jT is a maxi-mally consistent extension of Tcg. Every T0 2 ~Tc willbe !-complete since T0 � T. Now every T0 2 ~Tc isused to read o� a �rst-order structure A; since T0 ismaximally consistent and !-complete this can be donein the usual way. All the �rst-order structures A ob-tained in this way are put together to de�neM(c), theset which the modelM will associate to the context c.This completes the construction of M. By (Mlemma) we are guaranteed that the model we haveconstructed is indeed a model.Lemma (M): The M constructed in the (com-pleteness proof) is a model, i.e. it satis�es the addi-tional conditions imposed by the de�nition of a model.Finally, to establish completeness we need only showthat the model M is in fact a model of the sentencesT0 we had started o� with. This will be guaranteedby the truth lemma. We de�ne �id to be the identityfunction.Lemma (truth):ist(c; �) 2 T i� 8A 2M(c) M;A j= c :� [�id]:Clearly, if � 2 T0, then also � 2 T. Since T wasgiven in context k0, by (Exit) rule it follows thatist(k0; �) 2 T, and therefore by the (truth lemma)we getM;A j= k0 :� [�]: This completes the outline ofthe completeness proof. completeness

The proof of the truth lemma is similar to its propo-sitional counterpart. The only new case, that for uni-versal quanti�ers, follows simply since having both di-rections of the Barcan formula enables us to \pull out"all the quanti�ers from within an ist.To construct a model the standard Henkin construc-tion needs a number of interesting modi�cations. Weillustrate these by outlining the proof of the Linden-baum lemma. But �rst we need to state some simpleproperties of consistency.Lemma (consistency): If T is consistent in k0,then for any w� �1. at least one of: T [ f�g; T [ f:�g is consistent ink0;2. if T [ f:ist(k; (8v)�(v))g is consistent in k0, thenT[fist(k; �(v1))g is also consistent in k0, providedv1 does not occur free in T, k, or  .Proof (Lindenbaum): Our proof of the Lin-denbaum lemma is based on a Henkin construction.We enumerate all the sentences in the language L:�0; �1; : : : and construct an increasing sequence of con-sistent sets T0 � T1 � T2 � � � � of sentences of L suchthat:1. Each Ti is consistent.2. �i 2 Ti+1 or :�i 2 Ti+1.3. If �i = ist(k; (8v)�(v)) and :�i 2 Ti+1, thenist(k; �(~vp)) 2 Ti+1, where ~vp is the �rst variablefrom ~Vc or ~Vd (depending on its sort) not occurringin Ti, �i, or k.Now we will construct this sequence of sets of sen-tences, and prove that it has the above properties 1{3.The construction proceeds in two stages. Assumingwe already have the set Ti, we will �rst construct atemporary set T0i which will take care of condition 2.Then, in the second stage, using this temporary set T0iwe construct Ti+1 by adding witness axioms thus alsosatisfying condition 3.We elaborate the �rst stage. LetT0i = �Ti [ f�ig if Ti [ f�ig is consistent in k0Ti [ f:�ig if Ti [ f:�ig is consistent in k0Note that from the fact that T is consistent in k0 andthe (consistency lemma 1) it follows that one of thetwo choices above has to be consistent. Therefore, thistakes care of condition 2. above. Note that often it willbe the case that more than one of the above choicesis consistent. In this case we can arbitrarily choose



which sentence will be added to Ti. However di�erentchoices will lead to the construction of di�erent maxi-mally consistent sets which gives us some control overthe models we create.Now we elaborate the second stage of the con-struction. Let Ti+1 be T0i [ fist(k; �(~vp))g if �i =ist(k; (8v)�(v))&:�i 2 T0i, and T0i otherwise, where~vp is the �rst variable from ~Vc or ~Vd (depending on itssort) not occurring in Ti, �i, or k. This clearly takescare of the conditions 3. above. All that remains to beshown is that condition 1. holds, i.e. that the set Ti+1is consistent. Clearly the set T0i produced after the�rst stage of the construction is consistent. By (con-sistency lemma 2) the second stage also produces aconsistent set. Therefore, condition 1. holds. Thuswe have shown that the sequence of theories which wehave constructed has properties 1{3 given above.We de�ne the set T := [1i=0Ti. It is straight forwardto show that it is maximally consistent. LindenbaumA Simple ExampleWe proceed to illustrate that the quanti�cational fea-tures introduced in this paper are necessary in orderto represent real world knowledge in the framework ofcontext logics.Assume the page for 06/23/96 in McCarthy's diarycontains the formula
y(UA; 921; San-Francisco; 7:00;LA; 8:21)which is intended to mean that on 06/23/96 McCarthyis scheduled to 
y to Los Angeles on 
ight 921, leav-ing San Francisco at 7:00 and arriving in LA at 8:21.Note that although the term McCarthy is not men-tioned in the above formula, the entry implicitly per-tains to McCarthy since the formula is given in Mc-Carthy's diary. Similarly, although the term 06/23/96is not mentioned, the entry implicitly pertains to thedate 06/23/96 since the formula is entered in the diarypage associated with that particular date.One of the original motivations for context for-malisms was to aid in expressing such implicit as-sumptions without having to modify the formula itself(as is proposed in (McCarthy 1993)). Unfortunately,the propositional language of context is not expressiveenough to handle even this simple example.The quanti�cational language of context is, however,useful in addressing this problem. Firstly, since con-texts are objects in the semantics which can be denotedby terms in the language and which can be quanti�edover, we can express arbitrary �rst-order properties ofcontexts. Secondly, since the extended language is nolonger only propositional, we can express that an arbi-trary predicate calculus formula is true in a context.

These two features in place has allowed thequanti�cational language of context to describe theimplicit assumptions of a formula without mod-ifying the formula itself. The �rst feature al-lows us to state properties of the context asso-ciated with a dated page in McCarthy's diary:�c:diary(c;McCarthy)^ date(c; 06/23/96). The secondfeature allows us to state that McCarthy's 
ight infor-mation is given in the context of that particular page:ist(c;
y(UA; 921; San-Francisco; 7:00;LA; 8:21)).Putting these together, we get(8c)(diary(c;McCarthy) ^ date(c; 06/23/96))!ist(c;
y(UA; 921; San-Francisco; 7:00;LA; 8:21)):Related WorkThis line of research is primarily in
uenced by Mc-Carthy's notions of context (McCarthy 1987; 1993).The key idea in McCarthy's proposal is to treat con-texts as formal objects, which enables one to stateproperties of contexts and relations on contexts. Alsodue to McCarthy is the formula ist(c; �), which ex-presses that formula � is true in context c. Thepropositional logic of context, (Buva�c & Mason 1993;Buva�c, Buva�c, & Mason 1995), provided the basic for-mal analysis which this paper extends to the quanti�-cational case.A comparison of the propositional logic of contextto other formalizations of context in AI and to multi-modal logics is given in (Buva�c, Buva�c, & Mason 1995).The key points of the comparison to the formaliza-tions in AI (Lifschitz 1986; Guha 1991; Shoham 1991;Giunchiglia 1993; Nayak 1994; Attardi & Simi 1995)carry over to the quanti�cational logic of context.However, the comparison of the propositional logic ofcontext to propositional multi-modal logics does notcarry over to the quanti�cational case. Thus we pro-ceed to compare the quanti�cational logic of contextto multi-modal logics.Comparison to Multi-Modal LogicsThere is a clear parallel between the logic of contextand the standard multi-modal logics, like the ones usedfor reasoning about knowledge and belief of multi-ple agents (Halpern & Moses 1992). In the propo-sitional case, given a context language containing aset of contexts K, we can de�ne a modal languagecontaining modalities 21;22; : : :, one for each contextfrom K = fk�g�<�. By replacing each occurrence ofist(k�;  ) with 2� , we can de�ne a bijective trans-lation function which to each formula of the proposi-tional context logic assigns a well-formed modal for-mula. Based on this translation, (Buva�c, Buva�c, &



Mason 1995) shows a reduction of the propositionallogic of context to a propositional multi-modal logic.However, these results do not carry over to the quan-ti�cational case. The quanti�cational logic of context,for example, enables us to state that the formula  istrue in contexts which satisfy some property p(x) asfollows: (8v)p(v) ! ist(v;  ):This formula has no obvious translation into any stan-dard multi-modal logic. The meaning of such formulaswhich quantify over modalities is beyond the analysiscommonly done in quanti�cational modal logic.Our derivability relation, `k :�, di�ers from theusual modal logic derivability relation, `�. This choicewas in
uenced by the intuition that every formula isgiven in some context and that the reasoning systemcan enter and exit a context. If we were willing to giveup these features, we could de�ne derivability in thestyle that is standard to modal logics.ConclusionOur main motivation for formalizing contexts is tosolve the problem of generality in AI. We want to beable to make AI systems which are never permanentlystuck with the concepts they use at a given time be-cause they can always transcend the context they arein. Such a capability would allow the designer of areasoning system to include only such phenomena asare required for the system's immediate purpose, whileretaining the assurance that if a broader system is re-quired later, \lifting axioms" can be devised to restatethe facts from the narrower context to the broader one,with quali�cations added as necessary. Thus, a neces-sary step in the direction of addressing the problem ofgenerality in AI is providing a language which enablesrepresenting and reasoning with multiple contexts andexpressing lifting axioms. In this paper we providesuch a language.AcknowledgmentsThe author thanks Ian A. Mason for his help through-out this research. The author would also like to thankRichard Fikes, R. V. Guha, John McCarthy, JeaneahPaik, and Johan van Benthem for their valuable com-ments. This research is supported in part by the Ad-vanced Research Projects Agency, ARPA Order 8607,monitored by NASA Ames Research Center undergrant NAG 2-581, by NASA Ames Research Centerunder grant NCC 2-537, Navy N66001-94-D-6052, andDarpa contract NAG2-703.
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