
Propositional Logic of ContextSa�sa Buva�c & Ian A. MasonComputer Science DepartmentStanford UniversityStanfordCalifornia 94305-2140fbuvac; iamg@sail:stanford:eduAbstractIn this paper we investigate the simple logicalproperties of contexts. We describe both the syn-tax and semantics of a general propositional lan-guage of context, and give a Hilbert style proofsystem for this language. A propositional logicof context extends classical propositional logic intwo ways. Firstly, a new modality, ist(�; �), is in-troduced. It is used to express that the sentence,�, holds in the context �. Secondly, each contexthas its own vocabulary, i.e. a set of propositionalatoms which are de�ned ormeaningful in that con-text. The main results of this paper are the sound-ness and completeness of this Hilbert style proofsystem. We also provide soundness and complete-ness results (i.e. correspondence theory) for vari-ous extensions of the general system.IntroductionIn this paper we investigate the simple logical proper-ties of contexts. Contexts were �rst introduced into AIby John McCarthy in his Turing Award Lecture, [Mc-Carthy, 1987], as an approach which might lead to thesolution of the problem of generality in AI. This prob-lem is simply that existing AI systems lack generality.Since then, contexts have found a large number ofuses in various areas of AI. R. V. Guha's doctoral dis-sertation [Guha, 1991] under McCarthy's supervisionwas the �rst in-depth study of context. Guha's con-text research was primarily motivated by the Cyc sys-tem [Guha and Lenat, 1990] (a large common-senseknowledge-base currently being developed at MCC).Without using contexts it would have been virtuallyimpossible to create and successfully use a knowledgebase of the size of Cyc.Large knowledge bases are not the only place wherecontexts have found practical use. The knowledgesharing community has accepted the need for expli-cating context when transferring information from oneagent to another. Currently, proposals for introduc-ing contexts into the Knowledge Interchange Format orKIF [Genesereth and Fikes, 1992] are being considered.

Furthermore, it seems that the context formalism canprovide semantics for the process of translating factsinto KIF and from KIF, one of the key tasks that theknowledge sharing e�ort is facing.The meaning of an utterance depends on the contextin which it is uttered. Computational linguists havedeveloped various ways of describing this context. Forexample, Barbara Grosz in her Ph.D. thesis, [Grosz,1977], implicitly captures the context of a discourseby focusing on the objects and actions which are mostrelevant to the discourse. This representation is similarto an ATMS context [de Kleer, 1986], which is simplya list of propositions that are assumed by the reasoningsystem.However till now no formal logical explication of con-texts has been given. The aim of this paper is to rectifythis de�ciency. We describe both the syntax and se-mantics of a general propositional language of context,and give a Hilbert style proof system for this language.The main results of this paper are the soundness andcompleteness of this Hilbert style proof system. Wealso provide soundness and completeness results (i.e.correspondence theory) for various extensions of thegeneral system.NotationWe use standard mathematical notation. If X and Yare sets, then X !p Y is the set of partial functionsfromX to Y . P(X) is the set of subsets ofX. X� is theset of all �nite sequences, and we let �x = [x1; : : : ; xn]range over X�. � is the empty sequence. We use thein�x operator � for appending sequences. We makeno distinction between an element and the singletonsequence containing that element. Thus we write �x�x1instead of �x � [x1]. As is usual in logic we treat X�as a tree (that grows downward). �x1 < �x0 � � i� �x1properly extends �x0 (i.e. (9�y 2 X��f�g)(�x1 = �x0��y)).We say Y � X� is a subtree rooted at �y to mean1. �y 2 Y and (8�z 2 Y )(�z � �y)2. (8�z 2 Y )(8 �w 2 X�)(�z � �w � �y ! �w 2 Y )



The General SystemA propositional logic of context extends classicalpropositional logic in two ways. Firstly, a new modal-ity, ist(�; �), is introduced. It is used to express thatthe sentence, �, holds in the context �. Secondly, eachcontext has its own vocabulary, i.e. a set of proposi-tional atoms which are de�ned or meaningful in thatcontext. The vocabulary of one context may or maynot overlap with another context.SyntaxWe begin with two distinct countably in�nite sets, Kthe set of all contexts, and P the set of propositionalatoms. The set, W, of well-formed formulas (w�s) isbuilt up from the propositional atoms, P, using theusual propositional connectives (negation and implica-tion) together with the ist modality.De�nition (W):W = P[ (:W) [ (W!W) [ ist(K;W)The operations ^, _ and$ are de�ned as abbrevia-tions in the usual way. The term literal is used to referto a propositional atom or the negation of a proposi-tional atom. We use �� to represent either the formula�, or its negation :�. We also use the following abbre-viations:ist(�; �) := ist(�1; ist(�2; : : : ;ist(�n; �)))ist�(�; �) := �ist(�1;�ist(�2; � � � � ist(�n; �) � � �))when � is the context sequence [�1; �2; : : : ; �n]. In thede�nition of ist� all the ist's need not be of the sameparity. PROP is the set of all well formed formulaswhich do not contain ist's. If  is a formula containingdistinct atoms p1; : : : ; pn, then we write  (�1; : : : ; �n)for the formula which results from  by simultaneouslyreplacing all the occurrences of pi in  by �i. We saythat  (�1; : : : ; �n) is an instance of  .SemanticsWe begin with a system which makes as few semanticrestrictions as possible. Other systems are obtained byplacing restrictions on the models. The semantics ofthe general system has the following three features:Firstly, the nature of a particular context may itselfbe context dependent. For example, in the context ofthe 1950's, the context of car racing is di�erent thanthan the context of car racing viewed from today's con-text. This leads naturally to considering sequences ofcontexts rather than a solitary context. We refer to thisfeature of the system as non-
atness. It re
ects on theintuition that what holds in a context can depend onhow this context has been reached, i.e. from which per-spective it is being viewed. For example, non-
atnesswill be desirable if we represent the beliefs of an agentas the sentences which hold in a context. A system of
at contexts can easily be obtained by placing certain

restrictions on what kinds of structures are allowed asmodels, as well as enriching the axiom system.Secondly, a context is modelled by a set of truth as-signments, that describe the possible states of a�airs ofthat context. Therefore the istmodality is interpretedas validity: ist(�; �) is true i� the propositional atom� is true in all the truth assignments associated withcontext �. Treatment of ist as validity corresponds toGuha's proposal for context semantics, which was mo-tivated by the Cyc knowledge base. A system whichmodels a context by a single truth assignment, thusinterprets ist as truth, can be obtained by placingsimple restrictions on the de�nition of a model, andenriching the set of axioms.Thirdly, since di�erent contexts can have di�erentvocabularies, some propositions can be meaningless insome contexts, and therefore the truth assignments de-scribing the state of a�airs in that context need to bepartial.De�nition (M): In this system a model, M, willbe a function which maps a context sequence � 2 K�to a set of partial truth assignments,M 2 K� !p P(P!p 2);with the added conditions that1. (8�)(8�1; �2 2M(�))(Dom(�1) = Dom(�2))2. Dom(M) is a subtree of K� rooted at some contextsequence �0.We write �M to denote the set of partial truth as-signments M(�). Note that �M can be empty. Thecollection of all such models will be denoted by M .We could have assumed the existence of a �xed out-ermost context which would result in Dom(M) beinga tree rooted at empty sequence � (i.e. the �xed out-ermost context). This would result in slightly simplernotation and proofs. However, although more com-plicated, our de�nition is based on the intuition thatthere is no outermost context.Vocabularies The truth assignments in our modelare partial. The atoms which are given a truth valuein a context are de�ned by a relation Vocab � K� �P.De�nition (Vocab of M): We de�ne a functionVocab : M ! P(K� �P) which given a model returnsthe vocabulary of the model:Vocab(M) := f<�; �> j� 2 Dom(M) and � 2 Dom(M(�))gWe say that a modelM is classical on vocabulary Vocabi� Vocab � Vocab(M).The notion of vocabulary can also be applied to sen-tences. Intuitively, the vocabulary of a sentence relatesa context sequence to the atoms which occur in thescope of that context sequence. In the de�nition wealso need to take into account that sentences are notgiven in isolation but in a context.



De�nition (Vocab of � in �): We de�ne a functionVocab : K� �W ! P(K� � P) which given formulain a context, returns the vocabulary of the formula.Vocab(�; �) is de�ned inductively by:f<�; �>g � 2 PVocab(�; �0) � = :�0Vocab(� � �; �0) � = ist(�; �0)Vocab(�; �0) [Vocab(�; �1) � = �0 ! �1It is extended to sets of formulas in the obvious way.Note that it is only in the propositional case thatwe can carry out this static analysis of the vocabularyof a sentence. It will not be possible in the quanti�edversions. Also note that our de�nition of vocabulary ofa sentence is somewhat di�erent from Guha's notion ofde�nedness. Guha proposes to treat ist(�; �) as falseif � is not in the vocabulary of the context �.Satisfaction We can think of partial truth assign-ments as total truth assignments in a three-valuedlogic. Our satisfaction relation then corresponds toBochvar's three valued logic [Bochvar, 1972], since animplication is meaningless if either the antecedent orthe consequent are meaningless. We chose Bochvar'sthree valued logic because we intend meaningfulness tobe interpreted as syntactic meaningfulness, rather thansemantic meaningfulness along the lines of Kleene'sthree valued logic [Kleene, 1952].De�nition (j=):If � 2 �M and Vocab(�; ') � Vocab(M), thenM; � j=� � i� �(�) = 1; � 2 PM; � j=� :� i� not M; � j=� �M; � j=� �!  i� M; � j=� � implies M; � j=�  M; � j=� ist(�1; �) i� 8�1 2 (���1)M M; �1 j=���1 �In the last point note that � � �1 2 Dom(M) sincethe Dom(M) is a rooted subtree, and Vocab(�; �) �Vocab(M).We write M j=� � i� 8� 2 �M M; � j=� �:Formal SystemWe now present the formal system. To do this we �xa particular vocabulary, Vocab � K� � P, and de�nea provability relation, `Vocab� . Since Vocab will re-main �xed throughout we omit explicitly mentioning itand write `� � instead. Similarly, to avoid constantlystating lengthy side conditions we make the followingconvention.De�nedness Convention: In the sequel, when-ever we write `� � we will be assuming implicitly thatVocab(�; �) � Vocab.Axioms and inference rules are given in table 1. Notethat the rules of inference preserve the (de�nednessconvention).

Assuming that our system was limited to only onecontext, the rule (CS) would be identical to the ruleof necessitation in normal systems of modal logic, andaxiom schema (K) would be identical to the the stan-dard axiom schema K. Thus in the single context case,ignoring axiom schemas (4+) and (4�), our formalsystem is identical to what is usually called the normalsystem of modal logic, characterized by (PL), (MP),(K), and the rule of necessitation. The axiom schemas(4+) and (4�) are needed in order to accommodatethe validity aspect of the ist modality. It turns thatthey derivable in the system which treats ist as truthand does not allow inconsistent contexts.Provability A formula � is provable in context �with vocabulary Vocab (formally `� �) i� `� � is an in-stance of an axiom schema or follows from provable for-mulas by one of the inference rules; formally, i� thereis a sequence [ `�1 �1; : : : ; `�n �n] such that �n = �,and �n = � and for each i � n either `�i �i is anaxiom, or is derivable from the earlier elements of thesequence via one of the inference rules. In the caseof assumptions, formula � is provable from assump-tions T in context �0 with vocabulary Vocab (formallyT`Vocab�0 , or again taking into account that Vocab is�xed T `�0 �) i� there are formulas �1,: : : ,�n 2 T,such that `�0 (�1 ^ � � � ^ �n) ! �. Note that due tothe de�nedness convention if T `�0 � then Vocab(T) �Vocab.ConsequencesSome simple theorems and derivable rules of the sys-tem are:(C) `� ist(�1; �)^ ist(�1;  )! ist(�1; �^  )(Or) `� ist(�1; �)_ ist(�1;  )! ist(�1; �_  )(M) `� ist(�1; �^  )! ist(�1; �) ^ ist(�1;  )(K�) `� ist(c; �!  )! ist(c; �)! ist(c;  )(REP) `� �1 $ �01 � � � `� �n $ �0n`�  (�1; : : : ; �n)$  (�01; : : : ; �0n)provided  (p1; : : : pn) 2 PROP.A slightly deeper result is that any formula is prov-ably equivalent to one in a certain syntactic form. Thisequivalence plays an important role in the complete-ness proof.De�nition (CNF): A formula � is in conjunctivenormal form (CNF) i� it is of the form E1 ^E2^ � � �^Ek, and each Ei is of the form �i1 _ �i2 _ � � � _ �iri ,where each �ij is either a literal, or ist�(c; �) for somedisjunction of literals �. Note that i and k can be 1.Lemma (CNF): For any formula �, context se-quence �, there exists a formula �� which is in CNF,such that `� �$ ��.



(PL) `� � provided � is an instance of a tautology.(K) `� ist(�1; �!  )! ist(�1; �)! ist(�1;  )(4+) `� ist(�1; ist(�2; �)_  ) ! ist(�1; ist(�2; �)) _ ist(�1;  )(4�) `� ist(�1;:ist(�2; �) _ ) ! ist(�1;:ist(�2; �)) _ ist(�1;  )(MP) `� � `� �!  `�  (CS) `���1 �`� ist(�1; �)Table 1: Axioms and Inference RulesTheorem (soundness): If `� �, then for all mod-els M classical on Vocab M j=� �. If T `� �, then forall models M classical Vocab if for all  2 T M j=� , then M j=� �.CompletenessWe begin by introducing some concepts needed to statethe completeness theorem.De�nition (satis�ability): A set of formulas T issatis�able in context � with vocabulary Vocab i� thereexists a model M classical on Vocab, such that for all� 2 T, M j=� �:De�nition (consistency): A formula � is consis-tent in � with Vocab, where Vocab(�; �) � Vocab i�not `� :�: A �nite set T is consistent in � with Vocabi� VVT is consistent in � with Vocab. An in�nite set Tis consistent in � with Vocab i� every �nite subset of Tis consistent in � with Vocab. A set T is inconsistentin � with Vocab i� the set T is not consistent in � withVocab.A set T is maximally consistent in � with Vocab i�T is consistent in � with Vocab and for all � 62 T suchthat Vocab(�; �) � Vocab, T[f�g is inconsistent in �with Vocab.As is usual, an important part of the completenessproof is the Lindenbaum lemma allowing any consis-tent set of w�s to be extended to a maximally consis-tent set.Lemma (Lindenbaum): If T is consistent in �with Vocab, then T can be extended to a maximallyconsistent set T0 in � with Vocab.Now we proceed to state and prove the completenessof the system.Theorem (completeness): For any set of formulasT, T is consistent in �0 with Vocab i� T is satis�ablein �0 with Vocab.Proof (completeness): Assume T is consistent in�0 with Vocab. By the (Lindenbaum lemma) we can

extend T to a maximally consistent set T0. FromT0 wewill construct the model M0. For each � = �0 �c 2 K�de�ne T�+ := f� jT0 `�0 ist(c; �); � 2 PROPg:Lemma (T�+): T�+ is closed under logical con-sequence: for all � where Vocab(�; �) � Vocab, if �tautologically follows from T�+ then � 2 T�+.Note that T�+ need not be either maximally consistentor even consistent. Now, using only the sets T�+ offormulas from PROP, we will de�ne a model M0 forthe set of formulas T0. We de�ne the domain of M0Dom(M0) := f� j � � �0; 9�0 2 Dom(Vocab); �0 � �gand for all � 2 Dom(M0)M0(�) := f� jDom(�) = Vocab(�); 8� 2 T�+; �(�) = 1g:In the above, � is the unique homomorphic extensionof � with respect to the propositional connectives. Tosee that M0 as de�ned is a model, we �rst note thatit clearly meets condition 1, since all the truth assign-ments associated with a context must have the samedomain. Condition 2 is met since Dom(M0) as de�nedis a subtree rooted at �0. Note that if T�+ is empty(which corresponds to the case where Vocab(�) = ;),then M0(�) is a singleton set, whose only member isthe empty truth assignment. Finally, to establish com-pleteness we need only prove the truth lemma. Theproof of the truth lemma is based on the CNF con-struction and is the novel aspect of this completenessproof.Lemma (truth):For any � such that Vocab(�0; �) � Vocab,� 2 T0 i� M0 j=�0 �:Clearly, if � 2 T then also � 2 T0 and therefore bytruth lemma we get M0 j=�0 �. completeness



Before we give the proof of the truth lemma, we needto state a property of the model M0 which is neededin the ist case of the truth lemma.Lemma (M0): Let M0 be a model as de�ned fromT0 in the completeness proof. Then for all � 2 PROPwhere Vocab(�0 � c; �) � Vocab,T0 `�0 ist(c; �) i� for all � 2M0(�0 � c) �(�) = 1:A frequently used instance of the M0 lemma is thatT0 `�0 ist(c; �^:�) i� M0(�0 � c) = ;, for all � sat-isfying the (de�nedness condition).Proof (truth lemma): Instead of proving � 2 T0i� M0 j=�0 � we will prove the statement(TL)  is in CNF implies ( 2 T0 i� M0 j=�0  ):To see that the former follows from the latter, assume� 2 T0. By the (CNF lemma), there exists formula�� in CNF such that `�0 � $ ��. Using maximalconsistency of T0, it follows that �� 2 T0. Thereforeby (TL) it must be the case that M0 j=�0 ��. Ourlogic is sound: M0 j=�0 �� i� M0 j=�0 �, and thuswe conclude that M0 j=�0 �. We can simply reversethe steps of the argument to prove the other directionof the biconditional.We prove the (TL) by induction on the structure ofthe formula  . In the base case  is an atom, and thusin CNF. From the de�nition of M0(�0) it follows that� 2 T0 ,M0 j=�0 �. In proving the inductive step we�rst examine  = � _ �. The inductive hypothesis isthat the lemma is true for formulas � and �. Assume� _ � is in CNF. Then both � and � must also be inCNF. Since T0 is maximally consistent � _ � 2 T0 i�either � 2 T0 or � 2 T0. By the inductive hypothesisthis will be true i� either M0 j=�0 � or M0 j=�0 �, andby the de�nition of satisfaction i� M0 j=�0 �_�. Theinductive step for conjunction and negation is similar.We make use of the fact that if � ^ � is in CNF, thenso are both � and �; and if :� is in CNF, then so is�. The interesting case is when  is an ist. Assumethat  is in CNF. Then  must be of the form = ist�(c; �);where � is a disjunction of literals. The context se-quence c will sometimes be written as �1 � � � ���n. Wewill examine two cases, depending on whether or notany of the sets of sentences T(�0�c0)+ where c � c 0, areinconsistent. The sets T(�0�c0)+, where c � c 0, are allconsistent i� the formula(Dc) ist(c;:�)! :ist(c; �)is in T0, for any w� � which satis�es the de�nednesscondition. The proof of this is identical to the sound-ness and completeness proofs of a context system with

axiom schema (D) w.r.t. the set of consistent models,dealt with shortly. Formula (Dc) is equivalent to:ist(c; � ^ :�) 2 T0;for all � satisfying the de�nedness condition; the proofcarries over from normal systems of modal logic. Nowwe state a useful consequence of (Dc)'s.Lemma (Dc):Let c be �1 � � � � � �n. If D(�1������n�1) 2 T0, thenist�(c; �) 2 T0 i� � ist(c; �) 2 T0for any formula � which satis�es the de�nedness con-vention. The sign on the right hand side is positive i�there is an even number of negations in the ist� onthe left hand side.Now we examine the two cases need to prove theinductive step for ist of the truth lemma.Case D(�1������n�1) 2 T0: In this case we assumeD(�1������n�1 ) 2 T0 and that  2 T0. Then by the Dclemma:ist�(c; �) 2 T0 i� � ist(c; �) 2 T0We only include the positive case.ist(c; �) 2 T0 i� T0 `�0 ist(c; �)Now by (M0 lemma) and the de�nedness conditionVocab(�0 � c) � Vocab we haveT0 `�0 ist(c; �) i� (8� 2M0(�))(�(�) = 1)By the de�nition of satisfaction:(8� 2M0(�))(�(�) = 1) i� M0 j=�0 ist(c; �)Now since D(�1������n�1) 2 T0, and by (M0 lemma)we obtain:M0 j=�0 ist(c; �) i� M0 j=�0 ist�(c; �)Case D(�1������n�1) 62 T0: Let j be the index of the�rst inconsistent context; formally D(�1������j ) 62 T0and D(�1������j�1 ) 2 T0. Then for all � satisfying thede�nedness condition we have :ist(�1 � � � � � �j; � ^:�) 62 T0. Now by maximal consistency of T0, (K�)and (MP)ist(�1�� � ���j; �^:�) 2 T0 i� ist(�1�� � ���j;  ) 2 T0Thus, T(�0��1������j )+ is inconsistent, M0(�0 ��1 � � � ���j) = ;, and consequentlyist(�1�� � ���j ; �) 2 T0 i� M0 j=�0 ist(�1�� � ���j; �)for all � such that Vocab(�0 ��1 � � � � ��j; �) � Vocab.Then by reasoning similar to the previous case we get:ist�(c; �) 2 T0 i� M0 j=�0 ist�(c; �):Note that in the entire proof of the inductive step forist, we did not need the inductive hypothesis, makinguse only of the special form of � which is guaranteedbecause  is in CNF. truth�lemma



Correspondence ResultsIn this section we provide soundness and completenessresults for several extensions of the general system.correspond to certain intuitive principles concerningthe nature of contexts. In each extension the syntaxand semantics is the same as in the general case, andthe (de�nedness convention) still holds. Only theclass of models and axioms are modi�ed.ConsistencySometimes it is desirable to ensure that all contextsare consistent.In this system we examine the class, Consistent, ofconsistent models. A model M 2 Consistent i� for anycontext sequence � 2 Dom(M),M(�) 6= ;:The following axiom schema is sound with respectto the class of consistent models Consistent:(D) `� ist(�;:�)! :ist(�; �)Axiom schema (D) is also commonly used in modallogic, and is sound and complete for the set of serialKripke frames, in which for each world there is anotherworld fromwhich it is accessible from. Note that axiom(D) is equivalent tò� ist(�; � ^ :�):Theorem (completeness): The general contextsystem with (D) axiom schema is complete with re-spect to the set of models Consistent.FlatnessFor some applications all contexts will be identicalregardless of where they are examined from. Thistype of situation will often arise when we use a num-ber of independent databases. For example, if I ambooked on 
ight 921 in the context of the Northwestairlines database, then regardless of which travel agentI choose, in the context of that travel agent, it is truethat in the context of Northwest airlines I am bookedon 
ight 921.In this system we examine a class, Flat, of what wecall 
at models. A model M is 
at, formally M 2 Flati� Dom(M) = K� and for any context sequences �1and �2, and any context �,M(�1 � �) = M(�2 � �):When dealing with 
at models it might be more in-tuitive to think of individual contexts rather then con-text sequences. Then M 2 Flat can be viewed as afunction which maps contexts to �nite sets of partialtruth assignments, in other wordsM 2 K [ f�g 7! P(P!p 2):with the side condition of general models that still ap-plies:

(8� 2 K[f�g)(8�1 ; �2 2M(�))(Dom(�1) = Dom(�2))The following 
atness axiom schemas are sound withrespect to the class of 
at models Flat:(Fl+) `� ist(�2; ist(�1; �))$ ist(�1; �)(Fl�) `� ist(�2;:ist(�1; �))! :ist(�1; �)providing the vocabulary also satis�es the 
atness con-dition: for any context sequences �1 and �2, and anycontext �, Vocab(�1 � �) = Vocab(�2 � �):The backward direction of the 
atness axiomschemas (Fl+) corresponds of the modal logic axiomschema S4 (provided that �1 is the same as �2). Sim-ilarly, the converse of (Fl�) corresponds to the modallogic axiom schema S5. Note that the converse of (Fl�)is a theorem in the system.It is interesting to observe that in every system with(Fl+) and (Fl�), (D) is also derivable. In semanticterms, this means that any 
at model is also a con-sistent model; a reasonable property for if a contextwas inconsistent, then in that context it would be truethat all other contexts are also inconsistent. Due to
atness, this would really make all the other contextsinconsistent.Theorem (completeness): The general contextsystem with (Fl+) and (Fl�) axiom schemas is com-plete with respect to the set of 
at models Flat.TruthIt might be more intuitive to de�ne the ist modalityto correspond to truth rather than validity; incidentlythis is also where the ist predicate got its name: istrue. Truth based interpretation of the basic contextmodality also corresponds to the original suggestionsby McCarthy [McCarthy, 1993]. In this case a contextis associated with a single truth assignment rather thana set of truth assignments.We examine the class, Truth, of truth models. Amodel M is a truth model, formally M 2 Truth i� forany context sequence � 2 Dom(M),jM(�) j � 1:The following axiom schema is sound with respectto the class of truth models Truth:(Tr) `� ist(�; �)_ ist(�;:�)Note that (Tr) is the converse of (D).Theorem (completeness): The general contextsystem with (Tr) axiom schema is complete with re-spect to the set of truth models Truth.



Previously we said that (4+) and (4�) are derivablein a system which contains (D) and (Tr). In fact, astronger formula is true of this system:`� ist(�; �_  )$ (ist(�; �)_ ist(�;  )):Meaninglessness as FalsityIn this section we examine a slightly more elaboratemodi�cation of the general system. This modi�ca-tion closely models the semantics described, but notinvestigated, in [Guha, 1991]. The general idea here isthat if � is not in the vocabulary of �, then ist(�; �)is taken to be false instead of meaningless or unde-�ned. To cater faithfully to this interpretation, twochanges must be made to the semantics of the gen-eral system. Firstly, the ist clause in the de�nition ofVocab : K��W ! P(K��P) must be altered to re
ectthe fact that ist(�; �) will always be in the vocabu-lary of any context. Secondly, the ist clause in thede�nition of satisfaction must also be modi�ed. Theappropriate new clause in the de�nition of Vocab is:Vocab(�; �) = ; if � is ist(�; �0)While the new clause in the de�nition of satisfactionis:M; � j=� ist(�1; �) i� Vocab(�; � � �1) � Vocab(M)and for all �1 2 (� � �1)M M; �1 j=���1 �The other clauses in both de�nitions remain the same,modulo the fact that all occurrences of Vocab in thede�nition of satisfaction now refer to the new de�ni-tion. We maintain the (de�nedness convention) instating the proof system for this version, but again wepoint out that all occurrences of Vocab now refers tothe new de�nition. The proof system for this versionconsists of the axioms and rules of the general system,together with the new axiom:(MF) `� :ist(�1; �) if Vocab(� � �1; �) 6� VocabThe completeness proof for this system is struc-turally similar to the one described in this paper. Theonly new points are those that arise out of the liberalde�nition of Vocab.Related WorkOur work is largely based on McCarthy's ideas oncontext. McCarthy's research [McCarthy, 1987; Mc-Carthy, 1993] in formalizing common sense has led himto believe that in order to achieve human-like gener-ality in reasoning, we need to develop a formal theoryof context. The key idea in McCarthy's proposal wasto to treat contexts as formal objects, which enablesone to state that a proposition is true in a context:ist(�; �) where � is a proposition and � is a context.This permits axiomatizations in a limited context to beexpanded so as to transcend their original limitations.

There has been other research done in this area, mostnotable is the work of Lifschitz, Shoham, and Guha.We brie
y treat each in turn.Two contexts can di�er in, at least, three ways: theymay have di�erent vocabularies; or they may have thesame vocabulary but describe di�erent states of a�airs,or (in the �rst order case) they may have the same vo-cabulary (i.e. language) but treat it di�erently (i.e thearities may not be the same). The �rst two di�erenceswere studied in [Buva�c, 1992], and led to two di�er-ent views on the use of context. Lifschitz's early noteon formalizing context [Lifschitz, 1986] concentrates onthe third di�erence. Shoham, in his work on contexts,concentrates on the second di�erence [Shoham, 1991].Every proposition is meaningful in every context, butthe same proposition can have di�erent truth valuesin di�erent contexts. Shoham approached the task offormalizing context from the perspective of modal andnon-classical of logics. He de�nes a propositional lan-guage with an analogue to the ist modality, and arelation �1 �� �2, expressing that context �1 is asgeneral as context �2. Drawing on the intuitive anal-ogy between a context � and the proposition current-context(�), Shoham identi�es the set of contexts withthe set of propositions. This enables him to de�netruth in a context ist(�; p), in terms of the the condi-tional current-context(�)! p, where ! is interpretedas as some form of intuitionistic or relevance implica-tion. His paper gives a list of 14 benchmark sentenceswhich characterize this implication.Guha's dissertation contains a number of examplesof context use. These demonstrate how reasoning withcontexts should behave, and which properties a formal-ization of context should exhibit. The Cyc knowledgebase [Guha and Lenat, 1990], which is the main moti-vation for Guha's context research, is made up of manytheories, called micro-theories, describing di�erent as-pects of the world. Guha has tailored the design ofmicro-theories after contexts.There is also a clear parallel between the logic ofcontext and the modal logics of knowledge and be-lief [Halpern and Moses, 1992]. The modality ist(�; �)may be interpreted as expressing that the agent �knows or believes the sentence �. In the case wherethere is only one context, our formal system collapsesto a normal system of modal logic (with two additionalaxiom schemas (4+) and (4�)). This is analogous tothe way logics of knowledge and belief collapse to anormal system of modal logic in case of a single agent.However, the logics of knowledge and belief di�er fromour logic of contexts in a number of ways: Firstly, log-ics of knowledge and belief do not deal with variablevocabularies and the corresponding partiality. Fur-thermore, logics of knowledge and belief are usuallyascribed possible world semantics. Consequently, anagent's belief is modeled by relations between worlds.Modeling truth or validity in a context by a relation be-tween worlds would not be intuitive because we want



contexts to be rei�ed as �rst class objects in the se-mantics. This will allow us (in the predicate case) tostate relations between contexts, de�ne operations oncontexts, and specify how sentences from one contextcan be lifted into another context.Conclusions and Future WorkOur goal is to extend the system to a full quanti�ca-tion logic. One advantage of quanti�cational system isthat it enables us to express relations between context,operations on contexts, and state lifting rules whichdescribe how a fact from one context can be used inanother context. However, in the presence of contextvariables it might not be possible to de�ne the vocab-ulary of a sentence without knowing which object avariable is bound to. Therefore the �rst step in thisdirection is to to examine propositional systems withdynamic de�nitions of meaningfulness.We also plan to de�ne non-Hilbert style formal sys-tems for context. Probably the most relevant is a natu-ral deduction system, which would be in line with Mc-Carthy's original proposal of treating contextual rea-soning as a strong version of natural deduction. In sucha system, entering a context would correspond to mak-ing an assumption in natural deduction, while exitinga context corresponds to discharging an assumption.Finally, it would be interesting to show some for-mal properties of our logic. These include de�ning adecision procedure, in the style of [Mints, 1992].AcknowledgementsThe authors would like to thank Tom Costello, R. V.Guha, Furio Honsell, John McCarthy, Grigorii Mintsand Carolyn Talcott for their valuable comments. Thisresearch is supported in part by the Advanced Re-search Projects Agency, ARPA Order 8607, monitoredby NASA Ames Research Center under grant NAG2-581, by NASA Ames Research Center under grantNCC 2-537, NSF grant CCR-8915663 and Darpa con-tract NAG2-703. ReferencesBochvar, D. A. 1972. Two papers on partial pred-icate calculus. Technical Report STAN-CS-280-72,Department of Computer Science, Stanford Univer-sity. Translation of Bochvar's papers originally pub-lished in 1938 and 1943.Buva�c, Sa�sa 1992. Context in AI. Unpublishedmanuscript.de Kleer, Johan 1986. An assumption-based truthmaintenance system. Arti�cial Intelligence 28:127{162.Genesereth, Michael R. and Fikes, Richard E. 1992.Knowledge interchange format, version 3.0, referencemanual. Technical Report Logic Group Report Logic-92-1, Stanford University.
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