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Extensions;Computability & Complexity

Lastweek’s lectureendedwith a mathematicalexplanationof why modallogic (andthemodalfrag-
ment)areinteresting.Thisweekwebriefly discussanalternativeanswer:it’s interestingbecausethey
work. Wewill dosoby consideringanumberof languages.

3.1 Modal Extensionsand Variations

The secondreasonwhy its special: becauseit fits ‘application’ needs.Many peoplehave found a
variety of modelingandcomputationalusesfor a wide rangeof modalandmodal-like languages.
Here,we mentionsomeof themostprominentones.

3.1.1 Multi-Modal Logic

Threereadingsof diamondand box have beenextremely influential. First,
���

can be readas ‘it
is possiblythe casethat

�
.’ Under this reading, � � means‘it is not possiblethat not

�
,’ that is,

‘necessarily
�
,’ andexamplesof formulaswe would probablyregardascorrectprinciplesincludeall

instancesof � �������
(‘whatever is necessaryis possible’)andall instancesof

�	�����
(‘whatever

is, is possible’). The statusof other formulasis harderto decide. Should
�
� � ��� (‘whatever

is, is necessarilypossible’)be regardedasa generaltruth aboutnecessityandpossibility? Should����� � ��� (‘whatever is possible,is necessarilypossible’)?Are any of theseformulaslinkedby a
modalnotionof logical consequence,or arethey independentclaimsaboutnecessityandpossibility?
Thesearedifficult (andhistoricallyimportant)questions.

Second,in provability logic � � is readas‘it is provable (in somearithmeticaltheory) that
�
.’

A centralthemein provability logic is the searchfor a completeaxiomatizationof the provability
principlesthatarevalid for variousarithmeticaltheories(suchasPeanoArithmetic). TheLöb formula�
����� � ��� � ��� playsakey rolehere.

Third, in epistemiclogic the basicmodal languageis usedto reasonaboutknowledge,though
insteadof writing � � for ‘the agentknows that

�
’ it is usualto write � � . Giventhatwe aretalking

aboutknowledge(asopposedto, say, beliefor rumor),it seemsnaturalto view all instancesof � ����
astrue: if theagentreally knowsthat

�
, then

�
musthold. On theotherhand(assumingthat the

agentis not omniscient)we would regard
�	� � � asfalse.But thelegitimacy of otherprinciplesis

harderto judge(if anagentknows that
�

, doessheknow thatsheknows it?).
For thelatter, epistemicreadingit isnaturaltoconsiderlanguageswith multipleboxes ��� , ��� , . . . ,

correspondingto multiple agents� , � , . . . . This would allow usto talk aboutoneagent’s knowledge
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aboutanotheragent: ����� � ����� ( � knows whatever � knows) or ������������� ( � knows that � knows
that � knows � ) — agreattool for specifyingscriptsfor soapoperas!

Let’smake thingsmoreprecise.Let � besomesetof indices,�! "�$# , �&% , . . . . Then,formulasof
themulti-modallanguage(over � ) aregivenby thefollowing rule:

')(+*-,/.�0  21435�7683)9 � 3 � %;: �=< 3?>@�?A �CB
while D �FE � is shorthandfor 9G>@�HA�9 � .

Multi-modal formulasareinterpretedon relationalstructuresof theform �JI BLK�M � 3N��OP��Q BSR � ,
thatis: onlabeledtransitionsystems.Theonly new thingis thateachmodaloperator>@�?A is interpreted
usingits own binaryrelation

M � : T B�U!V >@�?A � if f for someW with
M � U W we have T B W VX� .

3.1.2 Temporal Logic

Temporallogic is a specialkind of multi-modallogic with two modaloperators,exploring a single
binary relation. Arthur Prior foundedtemporallogic (or as he called it, tenselogic) in the early
1950s.He inventedthebasictemporallanguageandmany othertemporallanguages,bothmodaland
non-modal.

Thebasictemporallanguageis built usinga setof unaryoperators>@Y�A , >@Z�A . Theintendedinter-
pretationof a formula >@Y[A � is ‘

�
will betrueatsomeFuturetime,’ andtheintendedinterpretationof>@Z�A � is ‘

�
wastrueatsomePasttime.’ This languageis calledthebasictemporal language, andit is

thecorelanguageunderlyinga branchof modallogic calledtemporal logic. It is traditionalto write>@Y�A as Y and >@Z�A as Z , andtheir dualsarewritten as \ and ] , respectively. (Themnemonicshere
are:‘it is alwaysGoing to bethecase’and‘it alwaysHasbeenthecase.’)

We canexpressmany interestingassertionsabouttime with this language.For example, Z �^�\_Z � , says‘whatever hashappenedwill alwayshavehappened,’ andthisseemsaplausiblecandidate
for a generaltruth abouttime. On theotherhand,if we insist that Y ��� Y�Y � mustalwaysbetrue,
it shows thatwe arethinking of time asdense: betweenany two instantsthereis alwaysa third. And
if we insistthat \_Y`� � Y�\a� (theMcKinsey formula) is true,for all propositionalsymbols� , weare
insistingthatatomicinformationtruesomewherein thefutureeventuallysettlesdown to beingalways
true. (Wemight think of thisasreflectinga ‘thermodynamic’view of informationdistribution.)

The basictemporallanguagehastwo unaryoperatorsY and Z . Thus,accordingto our earlier
discussiononmulti-modallogic,modelsfor thislanguageconsistof asetbearingtwobinaryrelations,M
b

(the into-the-futurerelation)and
M
c

(the into-the-pastrelation),which areusedto interpret Y
and Z respectively. However, given the intendedreadingof the operators,most suchmodelsare
inappropriate:clearlyweoughtto insiston workingwith modelsbasedon framesin which

M
c
is the

converseof
M b

(thatis, framesin which dfe7g
� M b efg/h M c g$e�� ).
Let usdenotetheconverseof a relation

M
by
Mji

. We will call a frameof the form ��k BlMmBlMji � a
bidirectionalframe, andamodelbuilt oversucha frameabidirectionalmodel. Fromnow on,wewill
only interpretthebasictemporallanguagein bidirectionalmodels.Thatis, if T  4��k BlMmBlMjilBSR � is a
bidirectionalmodelthen:

T B�noV Y � if f pHqa� M
n qP:rT B q Vs� �T B�noV Z � if f pHqa� M i n qP:rT B q VX� �St
But of course,oncewe’ve madethis restriction,we don’t needto mention

Mji
explicitly any more:

once
M

hasbeenfixed, its converseis fixed too. That is, we arefree to interpretthebasictemporal
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languageson frames ��k BlM � for thebasicmodallanguageusingtheclauses

T B�n8V Y � if f pHqu� M
n qv:wT B q VX� �T B�n8V Z � if f pHqu� M q n :wT B q VX� �St
Theseclausesclearlycapturea crucialpartof theintendedsemantics:Y looksforwardalong

M
, andZ looksbackwardsalong

M
. Of course,our modelswill only startlooking genuinelytemporal when

weinsistthat
M

hasfurtherproperties(notablytransitivity, to capturetheflow of time),but at leastwe
have pinneddown thefundamentalinteractionbetweenthetwo modalities.

The binary until operator x/� ��B�y � allows to do two things: to claim the existenceof a future point
satisfyinga formula

�
, andto insist that thepointsin betweennow andthat futurepoint all satisfya

condition
y

. This is bestunderstoodusingapicture.
The Y and Z operatorsallow usto saythingslike ‘Somethinggoodwill happen’and‘Something

badhashappened.’

z �
Z z , Y`�

{|
} ~ �} ~�

But in several applicationareasthis is not enough. For example, in the semanticsof concurrent
programsoneoften needsto be able to expresspropertiesof executionsof programsthat have the
generalformat‘Somethinggoodis goingto happen,anduntil that timenothingbadwill happen.’

. . . . . . . . . . . . . . . . . . . �z {|
} ~ �

Suchpropertiesaresometimescalledguaranteepropertiesin the computationalliterature. To state
them,thebinaryuntil operatorx canbeused;its satisfactiondefinitionreads:

n8V xm� �CB�y � if f thereis a W�� n suchthat W VX� andfor all q with
nu� q � W : q V�y t

Themirror imageof x is thesinceoperator� :

n�V �j� ��B�y � if f thereis a W �sn suchthat W VX� andfor all q with W � q �sn : q V^y .

That’s thebasicidea.Thesetof � , x -formulasis built up from a collection � of propositionletters,
theusualbooleanconnectives,andthebinaryoperators� and x . Themirror image of a formula

�
is

obtainedby simultaneouslysubstituting� for x and x for � in
�

.

3.1.3 PropositionalDynamic Logic

Anotherimportantbranchof modallogic, againinvolving only unarymodalities,is propositionaldy-
namiclogic. PDL, thelanguageof propositionaldynamiclogic, hasaninfinite collectionof diamonds.
Eachof thesediamondshasthe form >@��A , where � denotesa (non-deterministic)program. The in-
tendedinterpretationof >@��A � is ‘someterminatingexecutionof � from the presentstateleadsto a
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statebearingthe information
�

.’ The dual assertionD �=E � statesthat ‘every executionof � from the
presentstateleadsto astatebearingtheinformation

�
.’

So far, there’s nothing really new — but a simple idea is going to ensurethat PDL is highly
expressive: we will make the inductive structureof theprogramsexplicit in PDL’s syntax.Complex
programsarebuilt out of basicprogramsusingsomerepertoireof programconstructors.By using
diamondswhich reflectthis structure,weobtaina powerful andflexible language.

Let usexaminethecorelanguageof PDL. Supposewe have fixedsomesetof basicprograms� ,� , � , andsoon (thuswe have basicmodalities >@�HA , >���A , >@��A , . . . at our disposal).Thenwe areallowed
to definecomplex programs� (andhence,modaloperators>@��A ) over thisbaseasfollows:

choice: if � % and � < areprograms,thensois � %C� � < .
Theprogram��% � � < (non-deterministically) executes��% or � < .

composition: if � % and � < areprograms,thensois � %8� � < .
This programfirst executes��% andthen � < .

iteration: if � is a program,thensois ��� .� � is aprogramthatexecutes� afinite (possiblyzero)numberof times.

For the collection of diamondsthis meansthat if >@��%SA and >@� < A are modal operators,then so are>@� %H� � < A , >@� %7� � < A and >@���% A . Thisnotationmakesit straightforwardto describepropertiesof program
execution.Hereis a fairly straightforwardexample.Theformula >@� � A � h ��� >@� � � � A � saysthata
statebearingtheinformation

�
canbereachedby executing � a finite numberof timesif andonly if

eitherwealreadyhave theinformation
�

in thecurrentstate,or wecanexecute� onceandthenfind a
statebearingtheinformation

�
afterfinitely many moreiterationsof � . Here’s a farmoredemanding

example: D � � E�� ��� D �=E � � � � ��� D � � E � �St
This is Segerberg’s axiom(or theinductionaxiom) andthereadershouldtry workingoutwhatexactly
it is thatthis formulasays.

If we confineourselvesto thesethreeconstructors(andin this bookfor themostpartwe do) we
areworking with a versionof PDL called regular PDL. (This is becausethe threeconstructorsare
theonesusedin Kleene’s well-known analysisof regularprograms.)However, a wide rangeof other
constructorshave beenstudied.Herearetwo:

intersection: if ��% and � < areprograms,thensois ��%;��� < .
Theintendedmeaningof � % ��� < is: executeboth � % and � < , in parallel.

test: if
�

is a formula,then
���

is aprogram.
This programtestswhether

�
holds,andif so,continues;if not, it fails.

To fleshthisouta little, theintendedreadingof >@��%���� < A � is thatif weexecuteboth ��% and � < in the
presentstate,thenthereis at leastonestatereachableby bothprogramswhich bearstheinformation�

. This is anaturalconstructorfor avarietyof purposes.
The key point to note about the test constructoris its unusualsyntax: it allows us to make a

modality out of a formula. Intuitively, this modality accessesthe current stateif the currentstate
satisfies

�
. On its own sucha constructoris uninteresting( > ��� A y simply means

� : y ). However,
whenotherconstructorsarepresent,it canbeusedto build interestingprograms.For example, ��� � ��H� � �J9f� � � ��� is ‘if � then � else � .’
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Let’s turn to modelsfor PDL now. Now, the languageof PDL is just a multi-modal language,so a
modelfor this languagehastheform

�JI BLK�M�� 3�� is aprogramQ BSR �St
That is, a modelis a labeledtransitionsystemtogetherwith a valuation.However, givenour reading
of the PDL operators,mostof thesemodelsareuninteresting.As with thebasictemporallanguage,
we mustinsiston workingwith aclassof modelsthatdoesjusticeto our intentions.

Now, thereis noproblemwith theinterpretationof thebasicprograms:any binaryrelationcanbe
regardedasa transitionrelationfor a non-deterministicprogram.Of course,if we wereparticularly
interestedin deterministicprogramswewouldinsistthateachbasicprogrambeinterpretedby apartial
function,but let usignorethispossibilityandturnto thekey question:whichrelationsshouldinterpret
thestructuredmodalities?Givenour readingsof � , � and � , aschoice,composition,anditeration,it is
clearthatwe areonly interestedin relationsconstructedusingthefollowing inductive clauses:

M��)�J�)���  M���� � M����M ����  ���  M ���C¡ M ��� �J K �¢e B gH�£3)p?¤£� M ��� ef¤
: M ��� ¤)gH�5Q��M �)¥�  � M���� � � B thereflexive transitive closureof
M���� t

Theseinductive clausescompletelydeterminehow eachmodalityshouldbeinterpreted.Oncethein-
terpretationof thebasicprogramshasbeenfixed,therelationcorrespondingto eachcomplex program
is fixedtoo. This leadsto thefollowing definition.

Supposewe have fixeda setof basicprograms.Let ¦ bethesmallestsetof programscontaining
the basicprogramsandall programsconstructedover themusingthe regular constructors� , � and� . Thena regular framefor ¦ is a labeledtransitionsystem�JI BLK�M�� 37�§O^¦�Q�� suchthat

M � is an
arbitrarybinaryrelationfor eachbasicprogram� , andfor all complex programs� ,

M��
is thebinary

relationinductively constructedin accordancewith thepreviousclauses.A regular modelfor ¦ is a
modelbuilt over a regular frame;that is, a regularmodelis regular frametogetherwith a valuation.
Whenworkingwith thelanguageof PDL over theprogramsin ¦ , wewill only beinterestedin regular
modelsfor ¦ , for thesearethemodelsthatcapturetheintendedinterpretation.

Whataboutthe � and
�

constructors?Clearlytheintendedreadingof � demandsthat
M ���©¨����  M���� � M���� . As for ?, it is clearthatwe wantthefollowing definition:

M�ª�«  K �¢e B g&�£3�e� ¬g and g VX� Q)t
This is indeedtheclausewe want,but notethat it is ratherdifferentfrom theothers:it is not a frame
condition.Rather, in orderto determinetherelation

M
ª�«
, we needinformationaboutthe truth of the

formula
�

, andthiscanonly beprovidedat thelevel of models.

3.1.4 Description Logic

To besupplied.

3.2 Computability and Complexity

Werecallthebasicideasof computabilitytheory(thestudyof whichproblemsareandwhichproblems
arenot computationallysolvable),andprovide somebackgroundinformationon complexity theory
(thestudyof thecomputationalresourcesrequiredto solve complexity problems).
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3.2.1 Computability and Uncomputability

To prove theoremsaboutcomputability— andin particularto prove thatsomeproblemis not com-
putable— we needa mathematicalmodelof computability. Oneof themostwidely usedmodelsis
the Turing machine: it is a device which manipulatessymbolswritten on a tape. The symbolsare
taken from somealphabetfixed in advance(often the alphabetsimply consistsof the two symbols
0 and1). The tapeis subdivided into squares,andonly onesymbolcanbe written on eachsquare
(squarescontainingno symbolsarecalledblank).Thetapeis usedto presentinput, to receive output,
andactsasworkingmemory. Thetapeis assumedto beinfinitely long in bothdirections(sonofinite
upperboundon theamountof workingmemoryis assumed).

Turing machinesscanthe squaresof suchtapesandact on the information they see;they can
only scanonesquareat a time. A Turing machinehasa finite numberof internalstates,anda finite
numberof ruleswhich tell it whatto dowhenit is in acertainstatescanningacertainsymbol.Turing
machinescanperformthreebasicactions:(1) moveto thesquareimmediatelyto theleft of thesquare
they arecurrentlyscanning,(2) move to the squareimmediatelyto the right of the squarethey are
currentlyscanning,or (3) write a symbol(from thealphabet)on thesquarecurrentlybeingscanned
(therebyoverwriting any symbolalreadywritten on thatsquare).In additionto specifyingwhich of
thesethreeactionswill beperformed,therulesalsospecifywhich internalstatetheTuring machine
is to move into on completingtheaction.

Definition 3.1 (Turing machines)A Turing machineis a 5-tuple �J� B q B ] BS­�B�® � where � is a finite
setof states,q�O�� is theinitial state,]°¯¬� is thesetof haltingstates,

­
(thealphabet)is afinite set

of symbols,and
®

is a functionfrom �J�	±`]v�a² ­ to �³²�� ­ � K left
B
right Q�� . ´

For example,therule if youare in state57 scanningthesymbol1, moveonesquare to theleft andgo
into state14 amountsto sayingthat

® ��µ)¶ B¸· �
 ¹� ·LºHB left � . Since
®

is a function,theactionof sucha
machineis deterministic: whenthemachineis put in theinitial statescanningsometape,whatit does
(if it doesanything) is fixed.

Let » bea function,andsupposewe have fixedsomeconventionabouthow theelementsof the
domainandrangeof thefunctionareto berepresented.Then » is computable(or recursive) if there
is a Turing machinethatwhengiven (therepresentationof) any item e in thedomainof » will halt
afterfinitely many steps,leaving onanotherwiseblanktape(therepresentationof) »��¢e�� .

WecanalsouseTuringmachinesto provide yes/noanswersto problems.Many logical problems
— for example,is someformula

�
satisfiableor not — areof this type. Given a suitableencoding

conventions,somestringsover thealphabetrepresentprobleminstancesfor which theansweris yes,
while other representprobleminstancesfor which the answeris no. A problemis computable(or
recursive, or decidable) if thereis aTuringmachinewhichwhengiven(therepresentationof) any in-
stanceof theproblem,haltsafterfinitely many stepsleaving the(representationof) thecorrectanswer
on an otherwiseblank tape. SuchTuring machinesessentiallyprovide answersto setmembership
problems:a yesanswermeansthat the input belongsto somesetof interest(for example,the set
of satisfiableformulas)while a no meansit doesnot. Thusit is commonto talk of computable(or
recursive,or decidable)sets. Anotherimportantnotionis thatof a recursivelyenumerableset.A setis
recursively enumerable(r.e.) if thereis a Turing machinewhich successively writes,on anotherwise
blank tape,all andonly the membersof the set. If the set is infinite, this listing processwill never
finish — but aftersomefinite time,any givenelementof anr.e. setwill eventuallybelisted.

It is commonpracticeto identify problemswith thesetof thosestringsof symbolsthat provide
theansweryesto theproblem.For onceanalphabethasbeenfixed,eachsubsetof thesetof all finite
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stringsover thealphabetcanberegardedastheencodingof theproblem.This abstractperspective is
aconvenientwayof statingabstractcomputabilityandcomplexity results.

An importantvariationis theuseof non-deterministicTuring machines.Theactionof suchma-
chinesis not fixed by the symbol it is scanningandthe stateit is in: for any suchcombination,it
mayhave a (finite) rangeof options.(Formally, we droptherequirementthat the

®
of Definition 3.1

be a function and let it be an arbitrary relation.) We think of sucha machineas following all the
optionsallowed by

®
simultaneously, andsaythat sucha machinesolvesa problemif at leastone

suchcomputationpathhalts leaving the correctansweron an otherwiseblank tape. The beautyof
non-determinismis that it factorsout search.Many problemsinvolve requireus to find a candidate
solutionandthenseeif it works,andif not,to look for anothercandidate,andsoon. Thisprocessmay
be the major computationaloverhead.Non-deterministicmachinesabstractaway from this. But as
far ascomputabilityis concerned,non-determinismaddsnothing: if a function(or problem)is com-
putableusinga non-deterministicTuring machine,it is alsocomputableusinga deterministicTuring
machine,for we can(laboriously)work throughall possiblechoices.

Suchobservationsgivesriseto Church’s thesis:

Definition 3.2 (Church’sThesis)A functionis computable(a problemdecidable)preciselywhenit
canbecomputed(solved)usingaTuringmachine. ´
Readerswith programmingexperiencemay like to view Church’s Thesisassayingthat computable
functionsandproblemsarethosewhichcanbecalculated/solvedby writing aprogramin their favorite
programminglanguagewhenno limitationsareplacedon memoryor executiontime.

Themostimportantbenefitof having a robustdefinitionof computabilityis that it givesusaway
of proving that somefunctionor problemis not decidable.And many — indeedmost— functions
andproblemsarenot computable.For let ¼ beasetof naturalnumbers.Is eachsuch ¼ decidable?
A simplecardinalityargumentshows thattheansweris no. Every Turingmachineis afinite function
over a finite setof statesanda finite alphabet.It follows that thereareonly countablymany Turing
machines— but thereareuncountablymany ¼ , sothey can’t all becomputable.

It is usuallyconvenientto show problemsareundecidablevia reductions:

Definition 3.3 Let
­

beanalphabetandlet ½ % B ½ < ¯ ­ � beproblems.A reductionfrom ½ % to ½ < is
acomputablefunction ¾ 0 ­ � ��­ � suchthat q+O	½G% if f ¾���q��aO	½ < . ´
Proposition 3.4 Let ½G% B ½ < ¯ ­ � beproblems,and ¾ bea reductionfrom ½j% to ½ < . If ½j% is undecid-
able, thensois ½ < .
Nowadaysa vastrangeof problemsareknown to beundecidable,andwe cantry to prove undecid-
ability resultsby reductionfrom any oneof theseproblems.

Onefinal remark:not all undecidableproblemsarealike. Thereis a precisesensein which some
areworsethanothers. The key ideais to equipTuring machineswith oracles. A Turing machine
equippedwith anoracleis allowedto temporarilyhalt in themiddleof somecomputation,consultthe
oracle,andproceedwith its computationtakingtheoracle’s answerinto account.

Oraclesprovide answersto undecidableproblems(anoraclethatprovided answersto decidable
problemswould offer nothing new: it could always be replacedby a Turing machine). They are
basicallya mathematicalabstractionwhich allow usto remove thelimitation to finitary computation
inherentin Church’s thesis. It is commonto specify what oraclescan do in logical terms— for
example,we might imaginewe have anTuring machinehookedto anoraclethatis ableto determine
whetheranarbitrarysecond-ordersentencehasamodelor not. It turnsout thatundecidableproblems
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arenot all the same:whenwe measuretheir difficulty with respectto the oraclesrequiredto solve
them,thereis a wholehierarchyof difficulty. A problemthatis not merelyundecidable,but requires
thehelpof somesuchoracleto solve it is calledhighlyundecidable.

3.2.2 Complexity theory

Complexity theorystudiesthecomputationalresourcesrequiredto solve (decidable)problems.The
twomainresourcesstudiedaretime(thenumberof computationstepsrequired)andspace(theamount
of memoryrequired).Both time requiredandspacerequiredaremeasuredasfunctionsof thelength
of theinput.

Ideally, complexity theorywould give usa preciseboundon theresourcesrequiredto solve any
problemthat interestedus. Unsurprisingly, this goal is far too ambitious.Instead,complexity theory
classifiesproblemsinto variousclasses.In thiscoursewe mentiontheclasses

P ¯ NP ¯ PSPACE ¯ EXPTIME ¯ NEXPTIME ��¿��
andwe devotea lot of attentionto NP, PSPACE,andEXPTIME. Beforedefiningtheseclasses,some
generalremarks.It is currentlyunknown whetherthe inclusionsin ��¿�� arestrict or not. It is widely
conjecturedthatthey are,but nobodyhasbeenabletoprove(or disprove)any of thesestrict inclusions.
All we know for sureis that ÀÂÁ "Ã8Ä
ÀoÅGÆ�Ç�Ã .

Second,althougha problemthatbelongsto any of theseclassesis decidable,P (theclassat the
bottomof this putative hierarchy)is widely taken to be the classof problemsthat are tractable, or
efficientlysolvable.

Definition 3.5 A deterministicTuringmachineis polynomiallytimeboundedif thereis apolynomial�;�¢ÈC� suchthat themachinealwayshaltsafterat most �;�¢ÈC� steps,where È is the lengthof the input.
A problemis solvablein polynomialtime (a function » is solvable in polynomial time) if thereis
a polynomially boundedTuring machinethat solvesit (that computesit). Theclassof all problems
solvablein polynomialtime is calledP. A problemis calledtractableif it belongsto P. ´
Identifying tractableproblemswith thosein P isn’t unproblematic,but it hasproved useful. If a
problemis solvablein polynomialtime, thentypically thepolynomialis of low degree.

Hardnessand Completeness

In order to definethe complexity classesof interest,we needsomeadditionalconcepts.We have
alreadymettheideaof reducingoneproblemtoanother(seeDefinition3.3).Tomakefurtherprogress,
we needthenotion of tractablyreducingoneproblemto another. As we have identified‘tractable’
with ‘computablein polynomialtime’, thefollowing notionis whatwe require:

Definition 3.6 (Polytime reductions)Let ½ % B ½ < ¯ ­ � beproblems.A polynomialtimecomputable
function ¾ 0 ­ �[É �Ê­ � is calleda polynomialtime reduction(or: a polytimereduction)from ½G% to½ < if for eachq�O ­ � we have that q�O�½G% if f ¾���qË�uO�½ < . ´
A polytimereductionfrom ½ % to ½ < is essentiallya tractableway of compilingproblem ½ % down to
problem ½ < . It follows that if ½ < is solvablein polynomialtime (thatis, if ½ < is tractable),thensois½G% : to testwhetherastring e is in ½j% , simplycompute¾��¢e�� (thiscompilationstepis polynomialtime
computable)andthentestwhether¾��¢e��aO�½ < (whichby assumptionis polynomialtimesolvable).Ase�O	½ < if f ¾��¢e��aO	½ < , andasthecompositionof two polynomialsis apolynomial,wehaveefficiently
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computedananswerto our original problem.On theotherhand,if ½G% is not solvablein polynomial
time,thenneitheris ½ < , asthereadershouldverify. Summingup: if thereis apolytimereductionfrom½G% to ½ < , then ½ < is at leastashard as ½G% , andthisobservationleadsusto thefollowing fundamental
definition:

Definition 3.7 (Hardnessand completeness)Let C bea classof problems.A problem ½ is C-hard
(with respectto polynomialtime reductions)if every problemin C is polynomialtimereducibleto ½ .
A problem½ is C-completeif it is C-hardandmoreover ½sO�Ì . Thatis, theC-completeproblemsare
thehardestproblemsin C. ´
The classP

This fundamentalclassdoesnot play a direct role in the book, for it is widely believed that the
problemof decidingwhethera formulaof classicalpropositionallogic is satisfiableis not in P. (No
proof of this is known — it is oneof thebest-known openproblemsin theoreticalcomputerscience.)
As the modal logics discussedin this book containclassicalpropositionallogic asa subpart,their
satisfiabilityproblemsprobablydon’t lie in P either.

The classNP

Therearemany naturallyoccurringproblemswhich do not seemto belongto P but which canbe
solvedefficiently usinganon-deterministicTuringmachine.

Definition 3.8 A non-deterministicTuring machineis polynomially time boundedif thereis a poly-
nomial �-�¢ÈC� suchthatno computationof themachinecontinuesfor morethan�;�¢ÈC� stepswhere È is
thelengthof theinput. NP is theclassof all problemsdecidedby a polynomiallyboundednondeter-
ministic machine. ´
The problemsthat seemnot to be in P but which are in NP typically involve search. The classic
exampleis thesatisfiabilityproblemfor propositionallogic: givenapropositionalformula

�
, is there

anassignmentof truthvalues(0 and1) to its propositionallettersthatmakestheformulaevaluateto 1?
No deterministicpolynomialtime algorithmfor propositionalsatisfiabilityis known, andit is widely
believedthatnoneexists.But it is easyto designanNPalgorithmto solve propositionalsatisfiability.

Doesthismeanthatpropositionalsatisfiabilityis reallyaneasyproblemsto solve?Unfortunately,
no. Theonly known wayof implementingnon-determinismis to simulateit onadeterministicTuring
machine.All known simulationsrequireexponentialtimeto perform,andit is widelybelieved(though
notproved)thatno efficient simulationexists.Non-deterministicTuringmachinesareprobablynot a
realisticmodelof efficient computation.

But non-determinismhasproved to bea very usefulway of thinking aboutproblemsconsisting
of a search for a solution, followed by a verification step that can be conductedin deterministic
polynomial time. An extraordinaryrangeof interestingproblemshave this generalprofile, andby
reducingthesearchto asinglenon-deterministicstep,we seethatsuchproblemsbelongto NP.

Now for a moredemandingquestion:are thereany NP-hardproblems?The celebratedCook-
Levine theoremtellsusthatthereare:

Theorem 3.9 (Cook-Levine Theorem) Thepropositionalsatisfiabilityproblemis NP-complete.

Proof. An elegant proof is given on pages309–317of the secondedition of Lewis andPapadim-
itriou [Lewis andPapadimitriou,1981]. ´
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Oncewe have shown that oneproblemis NP-complete,it becomesmucheasierto show that other
problemsareNP-complete.Givena problem ½ which we suspectto beNP-complete,all we have to
do is (a) show that it is in NP, and(b) show thatsomeproblemknown to beNP-hardis polynomial
time reducibleto ½ . In this book,showing point (b) is trivial: all the logicswe areinterestedin are
extensionsof classicalpropositionallogic, soNP-hardnessis immediateby Cook’s Theorem.

The classesNP andcoNP(that is, the classof problemswhosecomplementsare in NP) seem
to have very different complexity profiles. A classicproblemin coNP is the validity problemfor
propositionalcalculus— the problemof decidingwhetherall assignmentsof truth valuessatisfy
a propositionalformula. The validity problemis widely believed not to be in P. However (unlike
the satisfiabilityproblem)it doesn’t seemto belongto NP either: becausewe needto considerall
possibletruth assignments,non-determinismdoesn’t seemto help us solve it. But we faceanother
openproblemhere: althoughit is standardlyconjecturedthat NP Á coNP, no-onehasbeenableto
prove or disprove it.

The classPSPACE

PSPACEis thecomplexity classof mostrelevanceto modallogic. It is definedin termsof determin-
istic Turingmachines.

Definition 3.10 A deterministicTuring machineis polynomiallyspaceboundedif thereis a polyno-
mial �;�¢ÈC� suchthat no computationof the machinescansmorethan �;�¢ÈC� tapesquares,where È is
thelengthof theinput. PSPACEis theclassof all problemsthataredecidedby apolynomiallyspace
boundeddeterministicTuringmachine. ´
Proposition 3.11 NP ¯ PSPACE.

What’s the intuition behindthis theorem?As we have alreadyremarked,a deterministicTuring ma-
chinecansimulateanon-deterministicTuringmachine,thoughit widely believedthatthesimulation
will in generalrunexponentiallyslower thanthenon-deterministicmachine.Proposition3.11tellsus
for any problemin NP, it is alwayspossibleto carryout thesimulationin sucha way that thereis no
blow-up in spacerequirements.Roughlyspeaking,we work systematicallythroughthesearchspace,
with thesearchfor eachitemtakingonly polynomialspace.Whenit’s timeto searchfor thenext item,
we reusethesamesquares.Thereis a bookkeepingoverhead(weneedto keeptrackof wherewe are
in thesearchspace)but (with carefulmanagement)this canbedoneusinga relatively smallnumber
of squares.Sowhile thesimulationmaytake a long time,we don’t needmuchmemory.

PSPACEis definedin in termsof deterministicTuringmachines.NPSPACE,theclassof problems
computableby non-deterministicpolynomialspaceboundedTuring machines,is definedby rephras-
ing the definition in termsof non-deterministicTuring machines.Intriguingly, NPSPACE contains
nothingnew:

Theorem 3.12 (Savitch’s Theorem) PSPACE= NPSPACE.

Proof. SeeTheorem7.5andthesurroundingdiscussionin Papadimitriou[Papadimitriou,1994]. ´
Soif wewantto show thataproblemis in PSPACE,we candosoby showing thatit is in NPSPACE.

Finally, PSPACE = coPSPACE. Why? Well, any deterministicTuring machinethat decidesa
problem ½ in PSPACE canbeconvertedto a machinethatdecides½ simply by flipping yesesto nos
andviceversa.This invarianceundercomplementationhasnothingmuchto dowith PSPACE:for any
time or spaceclassÍ definedin termsof deterministicTuring machines,Ív Î�LÏ�Í , asthe‘switch the
outputs’argumentshows. (Notethatthisargumentdoesnotwork with non-deterministicmachines.)
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The classEXPTIME

EXPTIME is definedin termsof deterministicTuring machines:

Definition 3.13 A deterministicTuring machineis exponentiallytimeboundedif thereis a polyno-
mial �;�¢ÈC� suchthat themachinealwayshaltsafter at most ÐLÑ�Ò�Ó�Ô steps,where È is the lengthof the
input. A problemis solvablein exponentialtime if thereis an exponentiallytime boundedTuring
machinethatsolvesit. Theclassof problemssolvablein exponentialtime is calledEXPTIME. ´
EXPTIME-hardproblemsareintractable.Thereareproblemsin EXPTIME which provably do not
belongto P(see,for example,Theorem6.1.2in thesecondeditionof Lewis andPapadimitriou[Lewis
andPapadimitriou,1981]), henceany EXPTIME-hardproblemis at leastashardassuchintractable
problems.

The classNEXPTIME

NEXPTIME is theclassof problemssolvableusinganexponentiallyboundednondeterministicTuring
machine.Like NP algorithms,NEXPTIME algorithmshave a ‘guessandcheck’profile. Thecrucial
differenceis that guessedinformationmay be exponentiallylarge in the sizeof the input, thus the
deterministiccheckingthatfollows maytake exponentiallymany stepsin thesizeof theinput.

We won’t mentionNEXPTIME much,but it is implicitly present:whenmodallogicsareproved
decidableusingthefinite modelproperty, aNEXPTIME algorithmis usuallybeingemployed.

An Overview of Satisfiability Costs

Thefollowing tablelistscomplexity resultsfor thesatisfiabilityproblemfor anumberof modallogics:

NP-complete PSPACE-complete EXPTIME-complete
PropLog ²
BasicMod Log ²
Multi-Mod Log ²
TempLog ( Y , Z ) ²
PropDyn Log ²

What is “T ractable”?

Following generalpracticein computerscience,andin complexity theory, we have definedtractable
to mean‘decidablein P’. But if aproblemis decidablein polynomialtime, thisalsomeans“directed-
ness”and“no guessing”or “no pondering.” While, if we areinterestedin inference,it seemsnatural
thatwe needto considerdifferentsituations.Soaskingfor P in thesettingof automatedreasoningis
surelytoostrong.For thelogicsthatwewill beconsidering,NP is alwaysa lowerbound,andwewill
usuallybeworkingwith reasoningproblemsthatarecompletefor PSPACEor EXPTIME.

But if aproblemis notsolvablein polynomialtime,then(someinstancesof it) will beveryhardto
solve indeed.For example,if a problemrequiresresourcesexponentialin thelengthof theinput (for
example, Ð Ó , where È is the lengthof the input), thenno algorithmis goingto solve all instancesof
theproblemefficiently: onsomeinput,evenfor quitesmallvaluesof È , thecomputationwill nothalt
within theexpectedlifetime of theuniverse.So,from a practicalpoint of view, what’s thedifference
betweenEXPTIME andundecidability?Usually undecidabilityis “bad behavior that comeseasy”.
Thatis, you canusuallyencodeundecidableproblemswith simplemeans.
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Notes

[Goldblatt, 1987] is an accessibleintroductionto temporalanddynamiclogics. An introductionto
descriptionlogicsmaybefoundin [Donini et al., 1996].

For detaileddiscussionsof computability, see[Rogers,1967]or [Odifreddi,1989]. For accessible
introductionsto thesubject,see[BoolosandJeffrey, 1989], or [Cutland,1980]. But thesinglemost
usefulsourceis probablythe (secondedition of) [Lewis andPapadimitriou,1981]; this introduces
computabilitytheory, andthengoesonto treatcomputationalcomplexity. For moreoncomputational
complexity, try [Garey andJohnson,1979]and[Papadimitriou,1994].
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