Week3

Extensions;Computability & Complexity

Lastweeks lectureendedwith a mathematicaéxplanationof why modallogic (andthe modalfrag-
ment)areinteresting.This weekwe briefly discussaanalternatve answer:t’ sinterestingoecausehey
work. We will dosoby consideringa numberof languages.

3.1 Modal Extensionsand Variations

The secondreasonwhy its special: becausat fits ‘application’ needs. Many peoplehave found a
variety of modelingand computationalusesfor a wide rangeof modal and modal-like languages.
Here,we mentionsomeof themostprominentones.

3.1.1 Multi-Modal Logic

Threereadingsof diamondand box have beenextremely influential. First, ¢¢ canbe readas ‘it
is possiblythe casethat ¢. Underthis reading,ld¢ means'it is not possiblethat not ¢,” thatis,
‘necessarilyp, andexamplesof formulaswe would probablyregardascorrectprinciplesincludeall
instance®f O¢ — <¢ (‘Whatever is necessarys possible’)andall instance®f ¢ — <¢ (‘whatever
is, is possible’). The statusof otherformulasis harderto decide. Should¢ — O$¢ (‘whatever
is, is necessarilypossible’)be regardedas a generaltruth aboutnecessityand possibility? Should
O¢ — OO (‘whatever is possiblejs necessarilypossible’)?Are ary of theseformulaslinked by a
modalnotion of logical consequenceyr arethey independentlaimsaboutnecessityandpossibility?
Thesearedifficult (andhistoricallyimportant)questions.

Second,in provability logic O¢ is readas'it is provable (in somearithmeticaltheory)that ¢.
A centralthemein provability logic is the searchfor a completeaxiomatizationof the provability
principlesthatarevalid for variousarithmeticatheoriegsuchasPeandArithmetic). TheLobformula
O(Op — p) — Op playsakey role here.

Third, in epistemidogic the basicmodallanguages usedto reasonaboutknowledge,though
insteadof writing O¢ for ‘the agentknows that¢’ it is usualto write K¢. Giventhatwe aretalking
aboutknowledge(asopposedo, say beliefor rumor),it seemshaturalto view all instance®f K¢ —
¢ astrue: if the agentreally knowsthat ¢, then¢ musthold. On the otherhand(assuminghatthe
agentis notomniscientwe wouldregard¢ — K ¢ asfalse.But thelegitimacgy of otherprinciplesis
harderto judge(if anagentknows that¢, doessheknow thatsheknowsiit?).

Forthelatter, epistemiaeadingt is naturalto considetanguagesvith multipleboxesK,, Ky, . . .,
correspondingo multiple agentsa, b, .... Thiswould allow usto talk aboutoneagents knovledge
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aboutanotheragent: K,p — Kpp (b knows whatever o knows) or K, Ky K,p (a knows thatb knows
thata knows p) — agreattool for specifyingscriptsfor soapoperas!

Let's make thingsmoreprecise Let A besomesetof indices,A = ag, a1, .... Then,formulasof
themulti-modallanguag€over A) aregivenby thefollowing rule:

FORMS := T | p; | = | é1 A b2 | (a)d,

while [a]¢ is shorthandor —(a)—¢.

Multi-modal formulasareinterpretedon relationalstructuresof theform (W, {R, | a € A}, V),
thatis: onlabeledtransitionsystemsTheonly new thingis thateachmodaloperator(a) is interpreted
usingits own binaryrelationR,: M, w I (a)¢ iff for somev with R,wv we have M, v I+ ¢.

3.1.2 Temporal Logic

Temporallogic is a specialkind of multi-modallogic with two modaloperatorsgxploring a single
binary relation. Arthur Prior foundedtemporallogic (or as he calledit, tenselogic) in the early
1950s.He inventedthe basictemporallanguageandmary othertemporallanguageshoth modaland
non-modal.

Thebasictemporallanguages built usinga setof unaryoperatorg F), (P). Theintendedinter
pretationof aformula(F)¢ is ‘¢ will betrueatsomeFuturetime, andtheintendednterpretatiorof
(P)¢ is ‘¢ wastrueat somePasttime! Thislanguagés calledthe basictempoal languaye, andit is
the corelanguageunderlyinga branchof modallogic calledtempoal logic. It is traditionalto write
(F) asF and(P) asP, andtheir dualsarewritten asG and H, respectiely. (The mnemonicshere
are:'it is alwaysGoingto bethecase’and‘it alwaysHasbeenthe case)

We canexpressmary interestingassertiongbouttime with this language.For example,P¢ —
G P¢, sayswhatever hashappeneavill alwayshave happenedandthis seemsa plausiblecandidate
for ageneratruth abouttime. On the otherhand,if weinsistthat ¢ — F F¢ mustalwaysbetrue,
it shaws thatwe arethinking of time asdense betweenrary two instantsthereis alwaysa third. And
if weinsistthatG Fp — FGp (the McKinse formulg) is true,for all propositionalsymbolsp, we are
insistingthatatomicinformationtruesomeavherein thefutureeventuallysettlesdown to beingalways
true. (We mightthink of this asreflectinga ‘thermodynamicview of informationdistribution.)

The basictemporallanguagehastwo unary operatorsF’ and P. Thus,accordingto our earlier
discussioron multi-modallogic, modelsfor thislanguagesonsisiof asetbearingiwo binaryrelations,
Ry (theinto-the-futurerelation)and Rp (the into-the-pastelation), which are usedto interpret ¥
and P respecitely. However, given the intendedreadingof the operators,mostsuchmodelsare
inappropriateclearlywe oughtto insiston working with modelsbasedn framesin which Rp is the
converseof Rp (thatis, framesin whichVzy (Rrpxzy <> Rpyzx)).

Let us denotethe corverseof arelation R by R". We will call aframeof theform (T, R, R’) a
bidirectionalframe andamodelbuilt over suchaframeabidirectionalmodel Fromnow on,we will
only interpretthe basictemporallanguagen bidirectionalmodels.Thatis, if M = (T, R, R, V) isa
bidirectionalmodelthen:

M,tlFF¢ iff 3s(Rts A M,s - )
M.tk P iff Is(Rts A M,s k).

But of course,oncewe've madethis restriction,we dont needto mentionR~ explicitly ary more:
onceR hasbeenfixed, its converseis fixedtoo. Thatis, we arefree to interpretthe basictemporal



Modal Extensionsind Variations 19

language®n frames(7', R) for thebasicmodallanguagausingthe clauses

M,tIFF¢ iff 3s(Rts A M,s - ¢)
M, tlFPg iff  Js(Rst A M,s - ¢).

Theseclause<learly capturea crucial partof theintendedsemantics ' looksforwardalong R, and
P looksbackwardsalongR. Of course our modelswill only startlooking genuinelytempoal when
weinsistthat R hasfurtherpropertiegnotablytransitvity, to capturetheflow of time), but atleastwe
have pinneddown the fundamentainteractionbetweerthetwo modalities.

The binary until operatorU (¢, ) allows to do two things: to claim the existenceof a future point
satisfyinga formula ¢, andto insistthatthe pointsin betweemow andthatfuture pointall satisfya
condition). Thisis bestunderstoodisinga picture.

The F and P operatorsllow usto saythingslike ‘Somethinggoodwill happen’and‘Something
badhashappened.

o Y Y

Pq, Fp

But in several applicationareasthis is not enough. For example,in the semanticof concurrent
programsone often needsto be ableto expresspropertiesof executionsof programsthat have the
generaformat‘Somethinggoodis goingto happenand until thattime nothingbadwill happeri

Suchpropertiesare sometimesalled guaranteepropertiesin the computationaliterature. To state
them,thebinaryuntil operatorV canbe usedi;its satishctiondefinitionreads:

tIFU(p,9p) iff thereisav > t suchthatv IF ¢ andfor all s with ¢ < s < v: s Ik 1.
Themirrorimageof U is thesinceoperatorsS"
tIF S(¢,9) iff thereisawv < ¢ suchthatwv IF ¢ andfor all s with v < s < t: s IF 4.

That's the basicidea. The setof S, U-formulasis built up from a collection® of propositionletters,
theusualbooleanconnectres,andthe binary operatorsS andU. Themirror image of aformula¢ is
obtainedby simultaneoushsubstitutingS for U andU for S in ¢.

3.1.3 Propositional Dynamic Logic

Anotherimportantbranchof modallogic, againinvolving only unarymodalities,is propositionaldy-
namiclogic. PDL, thelanguagef propositionadynamiclogic, hasaninfinite collectionof diamonds.
Eachof thesediamondshasthe form (), wherer denotesa (non-deterministicprogram Thein-
tendedinterpretationof (m)¢ is ‘someterminatingexecutionof 7 from the presentstateleadsto a
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statebearingthe information¢.” The dual assertion=|¢ statesthat ‘every executionof = from the
presenstateleadsto a statebearingtheinformationg.’

So far, theres nothing really nev — but a simple ideais going to ensurethat PDL is highly
expressie: we will make the inductive structureof the programsexplicit in PDL’s syntax. Comple
programsare built out of basicprogramsusing somerepertoireof programconstructors.By using
diamondswhich reflectthis structure we obtaina powerful andflexible language.

Let usexaminethe corelanguageof PDL. Supposeve have fixed somesetof basicprogramsa,
b, ¢, andsoon (thuswe have basicmodalities(a), (b), (c), ... atourdisposal).Thenwe areallowed
to definecomplex programsr (andhence modaloperatorgn)) over this baseasfollows:

choice: if 7; andm, areprogramsthensois m; U ms.
Theprogramm; U w5 (non-deterministicél) executesr; or my.

composition: if 71 andwy areprogramsthensois m; ; mo.
This programfirst executesr; andthenms.

iteration: if 7 is aprogramthensois 7*.
7* is aprogramthatexecutesr afinite (possiblyzero)numberof times.

For the collection of diamondsthis meansthatif (m;) and (m) are modal operatorsthenso are
(m1 Umg), (w1 ;m) and(x7). Thisnotationmalkesit straightforvardto describgropertiesof program
execution.Hereis afairly straightforvard example. Theformula(n*)¢ <> ¢ V (7 ; 7*)¢ saysthata
statebearingtheinformation¢ canbereachedy executingr a finite numberof timesif andonly if
eitherwe alreadyhave theinformation¢ in thecurrentstate or we canexecuter onceandthenfind a
statebearingtheinformation¢ afterfinitely mary moreiterationsof 7. Heres afar moredemanding
example:

[7*1(¢ = [7]¢) = (¢ = [7"]4).

Thisis Seerbeg’s axiom(or theinductionaxiom) andthereadershouldtry working outwhatexactly
it is thatthis formulasays.

If we confineoursehesto thesethreeconstructorgandin this bookfor the mostpartwe do) we
areworking with a versionof ppDL calledregular PDL. (This is becausehe threeconstructorsare
theonesusedin Kleenes well-knovn analysisof regular programs.)However, a wide rangeof other
constructordiave beenstudied.Herearetwo:

intersection: if m; andmy areprogramsthensois m; N .
Theintendedmeaningof m; N 7y is: executebothm; andr,, in parallel.

test: if ¢ isaformula,then¢? is aprogram.
This programtestswhetherg holds,andif so,continuesjf not, it fails.

To fleshthisoutalittle, theintendedreadingof (71 N mo) ¢ is thatif we executebothm; andms in the
presenstate thenthereis at leastonestatereachabldy both programswhich bearstheinformation
¢. Thisis anaturalconstructorfor a variety of purposes.

The key point to note aboutthe test constructoris its unusualsyntax: it allows us to make a
modality out of a formula. Intuitively, this modality accesseshe current stateif the currentstate
satisfiesp. On its own sucha constructoris uninteresting(¢7)« simply meansg A ). However,
whenotherconstructorarepresentjt canbe usedto build interestingprograms.For example, (p? ;
a)U(—p?;b)is‘if pthenael seb’
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Let's turn to modelsfor PDL now. Now, the languageof PDL is just a multi-modallanguageso a
modelfor this languagéhastheform

(W,{R, | misaprogram}, V).

Thatis, a modelis alabeledtransitionsystemtogetherwith a valuation. However, given our reading
of the PDL operatorsmostof thesemodelsare uninteresting.As with the basictemporallanguage,
we mustinsiston working with a classof modelsthatdoesjusticeto our intentions.

Now, thereis no problemwith theinterpretatiorof the basicprogramsary binaryrelationcanbe
regardedasa transitionrelationfor a non-deterministigprogram. Of course,if we were particularly
interestedn deterministiporogramsve wouldinsistthateachbasicprogrambeinterpretedcby apartial
function,but let usignorethis possibilityandturnto thekey question:whichrelationsshouldinterpret
thestructurednodalities?Givenour readingf U, ; and*, aschoice,compositionanditeration,it is
clearthatwe areonly interestedn relationsconstructedisingthefollowing inductive clauses:

R7r1 Umgy — R7r1 U R7T2
Rryiny = Rp o Rp, (={(z,y) | 32 (R, 22 A Rr,2y)})
Rqz: = (Ry,)", thereflexive transitve closureof Ry, .

Theseinductie clausexompletelydeterminehow eachmodality shouldbeinterpreted Oncethein-
terpretatiorof thebasicprogramshasbeenfixed, therelationcorrespondingo eachcomplex program
is fixedtoo. This leadsto the following definition.

Supposeve have fixed a setof basicprograms.Let IT bethe smallestsetof programscontaining
the basicprogramsandall programsconstructedver themusingthe regular constructorsJ, ; and
*. Thenaregular framefor II is a labeledtransitionsystem(W, {R, | = € II}) suchthat R, is an
arbitrarybinaryrelationfor eachbasicprograma, andfor all complex programsr, R, is the binary
relationinductively constructedn accordancevith the previous clauses A regular modelfor IT is a
modelbuilt over aregularframe;thatis, a regular modelis regular frametogetherwith a valuation.
Whenworking with thelanguageof PDL overtheprogramsn II, we will only beinterestedn regular
modelsfor II, for thesearethe modelsthatcapturetheintendednterpretation.

Whataboutthen and? constructorsTlearlytheintendedreadingof N demandshat R, ~, =
Ry, N R,,. Asfor ?,it is clearthatwe wantthefollowing definition:

Ry = {(z,y) |z =yandy - ¢}.
Thisis indeedthe clausewe want, but notethatit is ratherdifferentfrom the others:it is notaframe
condition. Ratherin orderto determinetherelation R4?, we needinformationaboutthe truth of the
formula¢, andthis canonly be provided atthelevel of models

3.1.4 Description Logic
To besupplied.

3.2 Computability and Complexity

Werecallthebasicideasof computabilitytheory(the studyof which problemsareandwhich problems
arenot computationallysolvable), and provide somebackgroundnformationon compleity theory
(the studyof the computationatesourcesequiredto solve compleity problems).
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3.2.1 Computability and Uncomputability

To prove theoremsaboutcomputability— andin particularto prove that someproblemis not com-

putable— we needa mathematicamodelof computability Oneof the mostwidely usedmodelsis

the Turing madine it is a device which manipulatessymbolswritten on a tape. The symbolsare
taken from somealphabeffixed in adwvance(often the alphabetsimply consistsof the two symbols
0 and1). Thetapeis subdvided into squaresandonly one symbolcanbe written on eachsquare
(squaregontainingno symbolsarecalledblank). Thetapeis usedto preseninput,to receve output,
andactsasworking memory Thetapeis assumedo beinfinitely longin bothdirections(sonofinite

upperboundon theamountof working memoryis assumed).

Turing machinesscanthe squaresf suchtapesand act on the informationthey see;they can
only scanonesquareat atime. A Turing machinehasa finite numberof internalstatesanda finite
numberof ruleswhichtell it whatto dowhenit is in a certainstatescanninga certainsymbol. Turing
machineganperformthreebasicactions:(1) move to thesquarammediatelyto theleft of thesquare
they are currently scanning,(2) move to the squareimmediatelyto the right of the squarethey are
currentlyscanningor (3) write a symbol (from the alphabet)on the squarecurrentlybeingscanned
(therebyoverwriting ary symbolalreadywritten on that square).In additionto specifyingwhich of
thesethreeactionswill be performed therulesalsospecifywhich internalstatethe Turing machine
is to move into on completingthe action.

Definition 3.1 (Turing machines)A Turing machineis a 5-tuple (S, s, H, 3, p) where S is afinite
setof statess € S istheinitial state,H C S is thesetof haltingstates}. (thealphabet)s afinite set
of symbols,andp is afunctionfrom (S'\ H) x £to S x (X U {left, right}). -

For example theruleif youare in state57 scanningthe symboll, move onesquae to theleft andgo
into state14 amountso sayingthat p(57,1) = (14, left). Sincep is afunction,the actionof sucha
machines deterministic whenthe machines putin theinitial statescanningsometape whatit does
(if it doesarything)is fixed.

Let f beafunction,andsupposeave have fixed somecorventionabouthow the elementsf the
domainandrangeof thefunctionareto berepresentedThen f is computablgor recussive if there
is a Turing machinethatwhengiven (the representatiof) ary item z in the domainof f will halt
afterfinitely mary steps)eaving on anotherwiseblanktape(therepresentationf) f(x).

We canalsouseTuring machinego provide yes/noanswergo problems.Many logical problems
— for example,is someformula ¢ satisfiableor not — are of this type. Given a suitableencoding
corventions,somestringsover the alphabetrepresenprobleminstancegor which the answeiis yes
while otherrepresenprobleminstancedor which the answeris no. A problemis computable(or
recussive or decidabl¢ if thereis a Turing machinewhich whengiven (therepresentatioof) ary in-
stanceof the problem,haltsafterfinitely mary stepdeaving the (representationf) thecorrectanswer
on an otherwiseblank tape. SuchTuring machinesessentiallyprovide answerso setmembership
problems: a yesanswermeansthat the input belongsto somesetof interest(for example,the set
of satisfiableformulas)while a no meanst doesnot. Thusit is commonto talk of computablgor
recursve, or decidablesets Anotherimportantnotionis thatof arecussivelyenumeableset. A setis
recursvely enumerabldr.e.) if thereis a Turing machinewhich successkely writes,on anotherwise
blank tape,all andonly the membersof the set. If the setis infinite, this listing processwill never
finish— but after somefinite time, ary givenelementof anr.e. setwill eventuallybelisted.

It is commonpracticeto identify problemswith the setof thosestringsof symbolsthat provide
theanswelyesto the problem.For onceanalphabehasbeenfixed,eachsubsebf the setof all finite
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stringsover the alphabetanberegardedasthe encodingof the problem. This abstraciperspectie is
acornvenientway of statingabstractomputabilityandcompleity results.

An importantvariationis the useof non-deterministicTuring machines.The actionof suchma-
chinesis not fixed by the symbolit is scanningandthe stateit is in: for ary suchcombination,it
may have a (finite) rangeof options. (Formally, we drop the requirementhatthe p of Definition 3.1
be a function andlet it be an arbitraryrelation.) We think of sucha machineasfollowing all the
optionsallowed by p simultaneouslyand saythat sucha machinesolves a problemif at leastone
suchcomputationpath halts leaving the correctansweron an otherwiseblank tape. The beautyof
non-determinisms thatit factorsout search.Many problemsinvolve requireusto find a candidate
solutionandthenseeif it works,andif not,to look for anotheicandidateandsoon. Thisprocessnay
be the major computationabverhead.Non-deterministianachinesabstractaway from this. But as
far ascomputabilityis concernednon-determinisnaddsnothing: if afunction (or problem)is com-
putableusinga non-deterministicd’'uring machinejt is alsocomputableusinga deterministicTuring
machinefor we can(laboriously)work throughall possiblechoices.

Suchobsenrationsgivesriseto Churchs thesis:

Definition 3.2 (Church’s Thesis)A functionis computablga problemdecidable)preciselywhenit
canbecomputedsolved)usinga Turingmachine. -

Readerswith programmingexperiencemay like to view Churchs Thesisassayingthatcomputable
functionsandproblemsarethosewhich canbecalculated/sokd by writing aprogramin their favorite
programmindanguagevhenno limitationsareplacedon memoryor executiontime.

The mostimportantbenefitof having arobustdefinition of computabilityis thatit givesusaway
of proving that somefunction or problemis not decidable.And mary — indeedmost— functions
andproblemsarenot computable For let M be a setof naturalnumbers.s eachsuchM decidable?
A simplecardinalityagumentshows thatthe answetis no. Every Turing machineis afinite function
over afinite setof statesanda finite alphabet.It follows thatthereare only countablymary Turing
machines— but thereareuncountablymary M, sothey cant all be computable.

It is usuallycorvenientto shav problemsareundecidablesia reductions:

Definition 3.3 Let ¥ beanalphabetindlet L1, Lo, C X* beproblems.A reductionfrom L1 to Lo is
acomputabldunctionr : £¥* — ¥* suchthats € Ly iff 7(s) € Ly.

Proposition3.4 Let L, Ly C ¥* beproblemsandr beareductionfrom L; to L. If L7 is undecid-
able thensois Ls.

Nowadaysa vastrangeof problemsareknown to be undecidableandwe cantry to prove undecid-
ability resultsby reductionfrom arny oneof theseproblems.

Onefinal remark:notall undecidablgroblemsarealike. Thereis a precisesensen which some
areworsethanothers. The key ideais to equip Turing machineswith oracles A Turing machine
equippedvith anoracleis allowedto temporarilyhaltin the middle of somecomputationconsultthe
oracle,andproceedwith its computatiortakingthe oracles answerinto account.

Oraclesprovide answergo undecidableproblems(an oraclethat provided answerdo decidable
problemswould offer nothing new: it could always be replacedby a Turing machine). They are
basicallya mathematicahbstractiorwhich allow usto remove the limitation to finitary computation
inherentin Churchs thesis. It is commonto specify what oraclescando in logical terms— for
example,we mightimaginewe have an Turing machinehoolkedto anoraclethatis ableto determine
whetheranarbitrarysecond-ordesentencéasamodelor not. It turnsoutthatundecidablgroblems
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arenot all the same:whenwe measurdheir difficulty with respecto the oraclesrequiredto solve
them,thereis awhole hierarchyof difficulty. A problemthatis not merelyundecidablebut requires
thehelpof somesuchoracleto solwe it is calledhighly undecidable

3.2.2 Complexity theory

Compleity theorystudiesthe computationatesourcesequiredto solve (decidable)roblems.The
two mainresourcestudiedaretime (thenumberof computatiorstepsequired)andspacetheamount
of memoryrequired).Both time requiredandspacerequiredaremeasureasfunctionsof thelength
of theinput.

Ideally, complity theorywould give us a preciseboundon the resourcesequiredto solve ary
problemthatinterestedus. Unsurprisingly this goalis far too ambitious.Instead compleity theory
classifiegproblemsinto variousclassesin this coursewe mentionthe classes

P C NP C PSRACE C EXPTIME C NEXPTIME (*)

andwe devotealot of attentionto NP, PSFACE,andEXPTIME. Beforedefiningtheseclassessome
generalremarks.It is currentlyunknavn whetherthe inclusionsin (x) arestrictor not. It is widely
conjecturedhatthey are,but nobodyhasbeenableto prove (or disprove) ary of thesestrictinclusions.
All we know for sureis thatP # EXPTIME.

Secondalthougha problemthat belongsto arny of theseclassess decidable P (the classat the
bottom of this putative hierarchy)is widely taken to be the classof problemsthat aretractable or
efiiciently solvable

Definition 3.5 A deterministicTuring machineis polynomiallytime boundedf thereis a polynomial
p(n) suchthatthe machinealwayshaltsafterat mostp(n) stepswheren is thelengthof theinput.
A problemis solvablein polynomialtime (a function f is solvable in polynomialtime) if thereis
a polynomially boundedTuring machinethatsolvesit (thatcomputest). The classof all problems
solvablein polynomialtime s calledP. A problemis calledtractableif it belongso P.  H

Identifying tractableproblemswith thosein P isn’t unproblematicbut it hasproved useful. If a
problemis solvablein polynomialtime, thentypically the polynomialis of low degree.

Hardnessand Completeness

In orderto definethe compleity classef interest,we needsomeadditionalconcepts. We have

alreadymettheideaof reducingoneproblemto anotheseeDefinition 3.3). To malke furtherprogress,
we needthe notion of tractablyreducingone problemto another As we have identified ‘tractable’

with ‘computablein polynomialtime’, thefollowing notionis whatwe require:

Definition 3.6 (Polytime reductions)Let L1, Lo, C ¥* beproblems.A polynomialtime computable
functiont : ¥* — X* is calleda polynomialtime reduction(or: a polytimereduction)from L; to
L, if for eachs € * wehavethats € L, iff 7(s) € Ly.

A polytimereductionfrom L, to Lo is essentiallya tractableway of compiling problemZ; down to
problemLs. It follows thatif Ly is sohablein polynomialtime (thatis, if L is tractable)thensois
L;: totestwhetherastringz isin Ly, simply computer(z) (this compilationstepis polynomialtime
computablepndthentestwhetherr(z) € Ly (which by assumptions polynomialtime solvable). As
x € Ly iff 7(x) € Lo, andasthecompositiorof two polynomialsis a polynomial,we have efficiently
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computedan answerto our original problem. On the otherhand,if L, is not sohablein polynomial
time,thenneitheris Ly, asthereadershouldverify. Summingup: if thereis apolytimereductionfrom

Ly to Lo, thenLs is atleastashard as L, andthis obserationleadsusto thefollowing fundamental
definition:

Definition 3.7 (Hardnessand completeness) et C bea classof problems.A problemL is C-hard
(with respecto polynomialtime reductions)f every problemin C is polynomialtime reducibleto L.
A problemL is C-completdf it is C-hardandmorewer L € C'. Thatis, theC-completgroblemsare
thehardesproblemsn C.

The classP

This fundamentalclassdoesnot play a direct role in the book, for it is widely believed that the

problemof decidingwhethera formula of classicalpropositionallogic is satisfiables notin P. (No

proof of thisis known — it is oneof the best-knavn openproblemsin theoreticacomputerscience.)
As the modallogics discussedn this book containclassicalpropositionallogic asa subpart,their

satisfiabilityproblemsprobablydont lie in P either

The classNP

Thereare mary naturally occurringproblemswhich do not seemto belongto P but which canbe
solved efficiently usinga non-deterministiduring machine.

Definition 3.8 A non-deterministicTuring machineis polynomially time boundedf thereis a poly-
nomialp(n) suchthatno computatiorof the machinecontinuesor morethanp(n) stepswheren is
thelengthof theinput. NP is the classof all problemsdecidedby a polynomiallyboundedhondeter
ministic machine.

The problemsthat seemnot to be in P but which are in NP typically involve search. The classic
exampleis the satisfiabilityproblemfor propositionalogic: givenapropositionaformula¢, is there
anassignmenof truthvalues(0 andl) to its propositionalettersthatmalkestheformulaevaluateto 1?
No deterministigpolynomialtime algorithmfor propositionalksatisfiabilityis known, andit is widely
believedthatnoneexists. But it is easyto designan NP algorithmto solve propositionakatisfiability

Doesthis meanthatpropositionakatisfiabilityis really aneasyproblemso solve? Unfortunately
no. Theonly known way of implementinghon-determinisnis to simulateit onadeterministicTuring
machine All known simulationgequireexponentiakimeto perform,andit is widely believed(though
not proved)thatno efficient simulationexists. Non-deterministicTuring machinesareprobablynot a
realisticmodelof efficientcomputation.

But non-determinismhasproved to be a very usefulway of thinking aboutproblemsconsisting
of a seach for a solution, followed by a verification step that can be conductedin deterministic
polynomialtime. An extraordinaryrangeof interestingproblemshave this generalprofile, and by
reducingthe searcho a singlenon-determinististep,we seethatsuchproblemsbelongto NP.

Now for a more demandingquestion: are thereary NP-hardproblems?The celebratedCook-
Levinetheoremtells usthatthereare:

Theorem 3.9 (Cook-Levine Theorem) Thepropositionalsatisfiabilityproblemis NP-complete

Proof. An elegantproof is given on pages309-317of the secondedition of Lewis and Papadim-
itriou [Lewis andPapadimitriou,1981] -
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Oncewe have shavn that one problemis NP-completejt becomesnucheasierto shav that other
problemsareNP-complete Givena problemL which we suspecto be NP-completeall we have to
dois (a) shav thatit is in NP, and(b) shav thatsomeproblemknown to be NP-hardis polynomial
time reducibleto L. In this book, shawing point (b) is trivial: all the logicswe areinterestedn are
extensionf classicalpropositionalogic, soNP-hardness immediateby Cook’s Theorem.

The classedNP and coNP (thatis, the classof problemswhosecomplementsarein NP) seem
to have very differentcompleity profiles. A classicproblemin coNP is the validity problemfor
propositionalcalculus— the problemof decidingwhetherall assignment®f truth valuessatisfy
a propositionalformula. The validity problemis widely believed not to be in P. However (unlike
the satisfiability problem)it doesnt seemto belongto NP either: becausave needto considerall
possibletruth assignmentsnon-determinisndoesnt seemto help us solve it. But we faceanother
openproblemhere: althoughit is standardlyconjecturedhat NP # coNR no-onehasbeenableto
prove or disprove it.

The classPSPACE

PSACE is the compleity classof mostrelevanceto modallogic. It is definedin termsof determin-
istic Turing machines.

Definition 3.10 A deterministicTuring machineis polynomiallyspaceboundedf thereis a polyno-

mial p(n) suchthatno computationof the machinescansmorethanp(n) tapesquareswheren is

thelengthof theinput. PSRACE is the classof all problemsthataredecidedby a polynomially space
boundeddeterministicTuring machine. -

Proposition3.11 NP C PSRACE

What's the intuition behindthis theorem?As we have alreadyremarled, a deterministicTuring ma-
chinecansimulatea non-deterministid’uring machine thoughit widely believedthatthe simulation
will in generakun exponentiallyslowver thanthe non-deterministienachine Proposition3.11tellsus
for any problemin NP, it is alwayspossibleto carry out the simulationin suchaway thatthereis no
blow-up in spacerequirementsRoughlyspeakingwe work systematicallyhroughthe searctspace,
with thesearcHor eachitemtakingonly polynomialspace Whenit’ stimeto searctor thenext item,
we reusethe samesquaresThereis a booklkeepingoverheadwe needto keeptrack of wherewe are
in the searchspace)ut (with carefulmanagementhis canbe doneusingarelatively smallnumber
of squaresSowhile the simulationmaytake along time, we dont needmuchmemory

PSRACEIis definedin in termsof deterministicTuringmachinesNPSFACE,theclassof problems
computabléby non-deterministipolynomialspaceboundedTuring machinesis definedby rephras-
ing the definition in termsof non-deterministicTuring machines.Intriguingly, NPSFRACE contains
nothingnew:

Theorem 3.12 (Savitch’s Theorem) PSFACE = NPSACE.
Proof. SeeTheorem7.5andthe surroundingdiscussionn Papadimitriou Papadimitriou,1994] -

Soif wewantto shav thata problemis in PSFACE, we cando so by shawving thatit isin NPSRACE.

Finally, PSFACE = coPSIACE. Why? Well, ary deterministicTuring machinethat decidesa
problemL in PSRACE canbe corvertedto a machinethatdecidesL simply by flipping yessto nos
andvice versa.Thisinvarianceundercomplementatiohasnothingmuchto dowith PSFACE: for ary
time or spaceclassC definedin termsof deterministicTuring machinesC = coC, asthe‘switch the
outputs’agumentshavs. (Notethatthis agumentdoesnotwork with non-deterministienachines.)
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The classEXPTIME

EXPTIME is definedin termsof deterministicTuring machines:

Definition 3.13 A deterministicTuring machineis exponentiallytime boundedif thereis a polyno-
mial p(n) suchthatthe machinealwayshaltsafter at most2P(®) stepswheren is the lengthof the
input. A problemis solvablein exponentialtime if thereis an exponentiallytime boundedTuring
machinethatsolvesit. The classof problemssohablein exponentialtime is calledEXPTIME. -

EXPTIME-hardproblemsareintractable. Thereare problemsin EXPTIME which provably do not

belongto P (see for example, Theoren6.1.2in thesecondeditionof Lewis andPapadimitriou[Lewis

andPapadimitriou,1981), henceary EXPTIME-hardproblemis at leastashardassuchintractable
problems.

The classNEXPTIME

NEXPTIME is theclassof problemssohableusinganexponentiallypoundedhondeterministiduring
machine.Like NP algorithms NEXPTIME algorithmshave a ‘guessandcheck’ profile. The crucial
differenceis that guessednformation may be exponentiallylarge in the size of the input, thusthe
deterministiccheckingthatfollows maytake exponentiallymary stepsin thesizeof theinput.

We won't mentionNEXPTIME much,but it is implicitly presentwhenmodallogicsareproved
decidableusingthefinite modelproperty a NEXPTIME algorithmis usuallybeingemplo/ed.

An Overview of Satisfiability Costs

Thefollowing tablelists compleity resultsfor thesatisfiabilityproblemfor anumberof modallogics:

NP-complete| PSFACE-complete] EXPTIME-complete
PropLog X
BasicMod Log X
Multi-Mod Log X
TempLog (F, P) X
PropDyn Log X

What is “T ractable”?

Following generalpracticein computerscienceandin complity theory we have definedtractable
to mean'decidablein P’. Butif a problemis decidablen polynomialtime, this alsomeans'directed-
ness’and“no guessing’or “no ponderingd. While, if we areinterestedn inferencejt seemaatural
thatwe needto considerdifferentsituations.So askingfor P in the settingof automatedeasonings
surelytoo strong.For thelogicsthatwe will beconsideringNP is alwaysa lower bound,andwe will
usuallybewaorking with reasoningproblemsthatarecompletefor PSFACE or EXPTIME.

Butif aproblemis notsolvablein polynomialtime, then(someinstance®f it) will bevery hardto
solve indeed.For example,if aproblemrequiresresourcegxponentialin thelengthof theinput (for
example,2”, wheren is thelengthof theinput), thenno algorithmis goingto solve all instance®f
the problemefficiently: on someinput, evenfor quite smallvaluesof n, the computatiorwill not halt
within the expectedifetime of theuniverse.So,from a practicalpoint of view, what's the difference
betweenEXPTIME andundecidability? Usually undecidabilityis “bad behaior that comeseasy”.
Thatis, you canusuallyencodeundecidablgroblemswith simplemeans.
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Notes

[Goldblatt, 1987] is an accessiblentroductionto temporalanddynamiclogics. An introductionto
descriptionlogicsmaybefoundin [Donini etal., 1996]

For detaileddiscussion®f computability see[Rogers,1967]or [Odifreddi,1989] Foraccessible
introductionsto the subject,see[Boolos andJefrey, 1989] or [Cutland,1980] But the singlemost
useful sourceis probablythe (secondedition of) [Lewis and Papadimitriou,1981} this introduces
computabilitytheory andthengoesonto treatcomputationatompleity. For moreon computational
complity, try [Garey andJohnson1979]and[Papadimitriou,1994]
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