QUANTUM INVARIANTS II

Recall that U is the quantized universal enveloping algebra of sly over K = k(q%),
where k is an algebraically closed field of characteristic zero. In this text we show that the
braided monoidal category Modéd of finite dimensional type 1 U-modules over K is a ribbon
category. With the associated Reshetikhin-Turaev functor we construct quantum invariants
of ribbon-links (the so-called colored Jones polynomial). We show that the HOMFLY
polynomial arises as quantum invariant from the Reshetikhin-Turaev construction applied
to Uy(sl,,). In the appendix we discuss the Clebsch-Gordan decomposition of tensor product
U-modules and we give tools to compute the colored Jones polynomial in the skein. An
important element in the Temperley-Lieb algebra makes here its appearance, the so-called
Jones-Wenzl idempotent.

1. DUALITY IN Mod]/' AND SKEIN FUNCTORS

Recall that Mod(f]d is the braided monoidal category of finite dimensional type 1 U-

modules over K. Recall that M* = Homg(M,K) for M € Ob(Mod/?) is again a finite
dimensional type 1 U-module by

(X f)(m) = f(S(X)m), XeU meM, fe M.
For M € Ob(Mod/) we define dy; € Homg (M* @ M,K) by
dy(f@m) = f(m),  feM’, meM,
and we define by, € Homg (K, M ® M*) by

bu(l) = Z e ® e}

where {e;}; is a K-linear basis of M and {e}}; its dual basis of M*. Recall the following
result (applied to the Hopf algebra U).

Lemma 1.1. The assignment M — (M* by, dy) for M € Ob(Mod!?) defines a left
duality on Mod{]d.

For the category Modéd the left duality directly gives rise to strict tensor functors of the
skein category (hence also of the category of ribbon-tangles). We have seen it in detail for
the two-dimensional simple U-module L(1) in the syllabus of last week. We now shortly
discuss it for the simple U-module L(n) of dimension n+1, with canonical basis {m;(¢")}7_,
(see Corollary 1.7 in the syllabus of last week for € = +1 for the module L(n) and the

explicit action of the generators K*!, F and F of U on the basis elements). By Exercise
1
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1.9 in the syllabus of last week, the simple U-modules L(n) are self-dual: L(n)* ~ L(n).
Concretely, an U-module isomorphism &, € Endy(L(n)*, L(n)) is given by
§n(m;(q")") = ¢jmn—j(¢"),  0<j<mn,
where {m;(¢™)*}; is the basis of L(n)* dual to {m;(¢™)},; and with the constants ¢; € K*
uniquely determined by the recurrence relation
cj=—q"""%c;y (1<j<n), cn = 1.

We now define morphisms

Yy = (dpm) ® &) 0 brny € Homy (K, L(n) ® L(n)),

¢n = drmy o (&' ®idpm)) € Homy(L(n) @ L(n),K).
Exercise 1.2. Show by a direct computation that

(idrm) ® ¢n) © (Vn @ idLmy) = idrm) = (0 @ idLm)) 0 (idLm) @ ¥y).

Remark 1.3. Later on we show that the braided monoidal category Modéd with left duality
is a ribbon category. Exercise 1.2 can then be proven without computations using the
graphical calculus.

Lemma 1.4. For ¢, o1, € Endy(K) we have
qn+1 _ q—n—l
OnoYp)(1) = (-1 "(—)
( )(1) = (1) =
Proof. A direct computation using the definition of &,, the left duality, and the canonical

basis elements of L(n) shows that

n

(énown)(1) =3

=0
Set dj = ¢j/cp—j for 0 < j < n. Then d; = ¢*d;—; for 1 < j < n and dy = ¢o, hence

Cj

Cn—j

n 0i 1 _ q2(n+1)
(¢ 0 9n)(1) = co Zq T = Col——q2'
j=0
Now by the definition of the ¢;, we obtain ¢y = (—1)"¢™", which leads to the desired
expression. O

If the polynomial

(1.1) X4 (—1) (q

n+1 qfnfl
— >X2+1EK[X]
q—q
does not have a root in K, then we adjoint a root a, to K. We now work over the field
K(ay), both for the skein category as well as for the category Mod’&d. Note that for n =1
the polynomial has the root a; = q_% € K, in which case we can thus stick to our original
field K.
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Proposition 1.5. Quer the field K(a,) we have a unique K(a,,)-linear strict tensor functor
Fk: S(a,) — 1\7[\0/déd satisfying

(1) (1) = L(n),

(2) F3F(V) = ¢ and FH(N) = ¢y
Proof. In view of Proposition 3.1 of the syllabus of last week and the previous observations,

it suffices to verify that (¢, 01,)(1) = —(a? + a,,?). But this follows from the fact that a,
is a root of the polynomial (1.1). O

For n =1 this is Corollary 3.3 in the syllabus of last week.
— fd
Definition 1.6. We call F5% : S(q72) — Mod{, the skein functor.

Recall that we have a canonical strict tensor functor G : 7 — S(a,). We obtain a strict
tensor functor

sk Ih VI L
G =F,0oG:T — Mod .
The automorphism
GEF(XT) = anidpmorm) + @y Un © ¢ € Auty(L(n) @ L(n))
thus is a solution of the Yang-Baxter equation on L(n). For n = 1 the solution G5¥(X)
coincides with cr1) (1), when a; is taken to be q’%, cf. Proposition 3.5 in the syllabus
of last week (if a; = q2 is chosen, then GSF(X+) = 62(11),L(1))' We formalize this in the
following corollary.

— fd
Corollary 1.7. The functor G5* : T — Mod;; for a; = q’% 1s the unique strict tensor
functor satisfying G5*(1) = L(1) and

GHXF) =clyray G =41, GH(N) =d.
Proof. We already remarked that G5* is a strict tensor functor satisfying all the required

properties. It is uniquely characterized by these properties since {X* U, N} is a set of
generators of 7. O

We promote in the next section the braided monoidal category Mod{]d with left duality
(%,b,d) and braiding ¢ to a ribbon category. The Reshetikhin-Turaev functor then gives
many new examples of oriented ribbon tangle invariants. Only when colouring the ribbon-
tangles with L(1) we come back to the oriented ribbon tangle invariants which we have
just constructed via the functor G3*.

2. Mod/ 1S A RIBBON CATEGORY

We have seen that the braiding on Mod{,d arises from the fact that U is (formally) a
braided Hopf algebra, with universal R-matrix

P I

m=0
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R does not make sense as element in U ® U, but Ry;en does as K-linear endomorphism of
M & N for M,N € Ob(Mod{Jd). We do now the same for the formal Drinfeld type element
uw= (S ®id)(Ry;) and its alleged inverse u™' = u(S™! ® S)(Rg1) = pu(id ® S?)(Ra) (the
second equality follows from (S®S)(R) = R). We start first with a straightforward lemma.

Lemma 2.1. We have S*(X) = K'XK for X € U.

Proof. Both X +— S?(X) and X — K 'XK are algebra automorphisms of U. Hence
it suffices to check equality for X = K,FE and F. This is obvious for X = K since
S(K) = K~'. Furthermore,
S?(E)=S(-K'E)=-S(E)S(K) ' = K 'EK,
and similarly S*(F) = S(-FK) = K 'FK. O
We set

- <q—1_q>m m mH—2
U:ZWS(F) I
m=0 q>

(2.1) = (1 g i
v=S L__ U pmpmp—m —5H
mzzo ¢*m(m) ! !

The meaning of the expression of e.g. wu is that it represents (in universal form) the family
uy € Endg (M) (M € Ob(Mod}?)) of endomorphisms defined by

-9 2
uy =) 7 S(F)"E"q 7 [u
;—:o (m)q2!
(which is a finite sum), where the factor ¢’z acts on M[n] = Mg by
H2 n2
7% My = q 2 ldagn-
Lemma 2.2. Formally, u is the Drinfeld element u(S ® id)(Ra1) and v is its inverse.

Proof. Formally write

_nen o~ (= log(q)/2)*H* ® H

Using S(H) = —H (see Exercise 2.7 in the syllabus of four weeks ago), we get

q

o k! (m)q2!
“L_g)m lo 2)k ok
:%(q(m)q:z!) S(F)mEm;( g(Z!)/ )"y
=S g ¥

et (m)qzl
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where the second equality is due to the fact that S(F)™E™ maps M, to M, for all . For
v, we first observe that

p(id ® 52)(R21) _ Z (—10gk(!q)/2)k (q_l —q"

: F"HFKYE™ K HF
k,m>0 (m) q?’

by the previous lemma, hence

-1 m
. q —q m _—3L m
p(id ® S?)(Ra1) gy = E%F a7 B

m>0 q2m (m) q?

(q_l — q)m _ s(s+2m)
=2 iy 1 B g
2 ), S

—1 m
q —q m —-m _H?
= 0 P K gy = ol
m>0 q (m)qQ'

g

Lemma 2.3. (i) The linear endomorphisms 0y := (VK 1)y = (K~ ')y € Endg (M) and
07, = (uK)y = (Ku)y € Endg (M) are U-linear for all M € Ob(Mod!?).
(ii) We have

_ n(n+2) n(n+2)

Ormy = q 2 idpem), Ory = a4 2 idrm

forn € Zy.
(iii) @ : IdMOdlde — IdMOd{Jd is a natural isomorphism with inverse 0.

(iv) The natural isomorphism 0 is compatible with left duality,
(QM X idM*)bM = (ldM ® QM*)bM
for all M € Ob(Mod/?).

Proof. (i) This follows by a direct computation using Lemma 3.2 in the syllabus of four
weeks ago. Since we discuss a different conceptual argument in a moment (see Remark
2.5), we do not give the full details.

(ii) We have Endy(L(n)) = spang{idy,)}, see Lemma 1.8 in the syllabus of last week,
hence 01,y = cpidy(,) for some ¢, € K*. When computing 0, on the highest weight
vector of L(n) only the m = 0 term of the expression of # gives a nonzero contribution,

hence
n(n+2)

Oy (Mo(q")) = K~ 'q 2 mo(q") = ¢ "q 2 mo(q") = ¢ = mo(q").

Thus ¢, = q~ S5 A similar argument gives the result for 6.

(iii) Tt suffices to show that 6 is natural. But the endomorphism 6, € Endy (M) is given
by the action of some element from U on M, hence Oy o f = f o0, for f € Homy (M, N).
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(iv) It suffices to prove it for M = L(n) a simple module (since any module M in Mod/*
splits as direct sum of simple modules). But for M = L(n) we have L(n)* ~ L(n), hence

_n(n+2)

Ormy- = q 2 idpm-
by the naturality of 8. We conclude that

_ n(n+2)

(GL(”) ® idL(”)*)bL(”) =49 TbL(n) = (idL(n) ® 9L(n)*>bL(n)u
as desired. -
Lemma 2.3 thus turns
o0 _1 m
HZUKil :K71’U: Z (q _q) FmEmemflq,HTz

into the prime candidate for a twist of Modéd.

Corollary 2.4. (i) uy € Endx(M) is a K-linear isomorphism with inverse vy for all
M € Ob(Mod/?).

(i) S2(X)a = (uXv)y for all X € U and M € Ob(ModJ™).

Proof. (i) Is immediate.

(ii) By By Lemma 2.1 we have

S X))y = (K'XK)y = (K" Xy (0K )y = (uXv)ay,
where 9 = Ku. (]

Note that we have obtained two properties of © which we have derived before for the
Drinfeld element in any finite dimensional braided monoidal category. In fact, with some
care one can show that most identities for the Drinfeld element u hold true in the present
situation as long as they are properly interpreted as operator identities on finite dimensional
type 1 U-modules. In particular we have

(2.2) upen = (en ) (U @ uy)
for all M, N € Ob(Mod]%).

Remark 2.5. The U-linearity of 6, (see Lemma 2.3(i)) follows without computations from
the property S?*(X) = uXwv (X € U) of the Drinfeld element. Indeed, for X € U and
m € M we have

X0y (m) = XoK 'm =vS*(X)K 'm = oK ' Xm = 0y(Xm),
where the third equality is by Lemma 2.1.

Theorem 2.6. The braided monoidal category Mod’(;d with (standard) left duality is a
ribbon category with twist 6.
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Proof. All that remains to be proven is that 6 satisfies
(2.3) Orven = enmcmn (O @ On)

for M, N € Modéd. We compute using (2.2),

Onan = Unjon Koy
= (up; @ uy)enmen Ky
= (v ® UN)K]\}%NCN,MCM,N
= ((UK_l)M ® (VK ") n)en ey
= 0y @ On)en mCrr N
= enmemn (O @ On),
where we have used A(K™!) = K~! ® K~! in the fourth equality, and the naturality of

the braiding in the last equality.
0

—— fd

As a consequence, the graphical calculus applies to Mod;, . In particular, applying

Proposition 1.11 in the syllabus of two weeks ago in the present situation gives for the
quantum trace tr, of Modéd the simple expression

tr,(f) = Trg(m — f(K 'm)), f € Endy (M),

where Trg is the usual trace.
Example. Consider the simple module L(n) of degree n+ 1. Then its quantum dimension
is

dimy(L(n)) = try(ida)

= Trg(m — K~'m)

n
_ 2j—n
=24

=0

_ qn+1 _ qfnfl

q—q!
since {777;(q")}—y is a basis of L(n) satisfying K~'7m,(q") = ¢*"m;(¢").

3. THE COLORED JONES POLYNOMIAL
. . . . —— fd
To simplify notations we write C = Mody; . Let
F IgT : TCG —C

be the Reshetikin-Turaev functor, where 77 is the category of C-colored oriented ribbon
graphs.
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Recall the subcategory 7¢ of 7 with the same objects, but with morphisms the isotopy
classes of C-colored oriented ribbon tangles (no coupons). Let [L] € Endz¢(0), i.e. an

isotopy class of a C-colored (0, 0)-ribbon graph L. Then
FSr([L]) € Endy(K) ~ K
is an isotopy invariant of L.

Exercise 3.1. Let L be a C-colored oriented ribbon link (so no coupons). Show by graphical
calculus that F&;([L]) does not dependent on the orientation of L.
Hint: Use that M ~ M* for all M € Ob(Mod/%).

For an oriented ribbon link £ and n € Z>; denote L, for the associated oriented C-
colored ribbon link obtained by coloring the components of £ by the simple U-module
L(n) of dimension n + 1. Note that

(3.1) Fer([£,]) € Endy(K) ~ K

is an invariant of £ which does not dependent on the orientation of £ in view of the previous
exercise. Furthermore,
Frr([031]) = dimg(L(n))™

where O™ is the unlink (without twists) with m components. We modify the invariant as
follows. We write D for the tangle diagram associated to the oriented ribbon link £ (with
the proper amount of curls to account for the twists in £). Denote w(D) for the writhe of
D. Recall that w(D) only depend on the isotopy class of the oriented ribbon link £. We
set

nnsuw) Fip([£a])

dim, (L (n))
for an oriented ribbon link £. Observe that P, (£) in general does depend on the orientation
of L. On the other hand, we have

(3.2) P.(L) =

Lemma 3.2. P,(L£) only depends on the core of the oriented ribbon link L.

PTOOf. We have F]%T(¢L(n)) = QL(n) = q_n(n+2)/2idL(n) and F]C%'T(gblL(n)) = qn(n+2)/QidL(n).
On the other hand, removing a positive twist ¢ in £ decreases the writhe by one while
removing a negative twist ¢’ in L increases the writhe by one. It follows that P,(L) is
invariant under removing positive/negative twists in £, hence it only depends on the core

of L. U
We conclude that P,(L£) defines an invariant of the oriented link £ which satisfies
P,(0™) = dim, (L(n))™"
for the oriented unlink O™ with m components.

Definition 3.3. The invariant P, (L) € K is called the n-colored Jones polynomial of the
oriented link L.
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The terminology is motivated by the following observation.

Theorem 3.4. P(L) is the Jones polynomial Vz(v/—1q~2) € klq, q™Y] of the oriented link
L.

Proof. Recall that F]%T(Xf(l)
thus have

(3.3) ¢ 2 Fr([(Lon]) — a2 FSr (L)) = (67" = @) Fgr([(Lo)a)])
where (L., L_, L) is a Conway triple. We have

) = cic(ll) (). By (3.4) in the syllabus of four weeks ago we

for a Conway triple (L, L_, Ly) where (D,, D_, Dy) are the corresponding link diagrams.
3w(Dg)

Hence multiplying (3.3) by ¢~ =~ we get
(3.4) ¢ Pi(Ly) = ¢ P(L) = (¢ = q)Pi(Lo)

for a Conway triple (L4, L_, Ly). Furthermore, P,(O) = 1. Comparing with the charac-
terizing properties of the Jones polynomial V(a), amongst which the relation

a'Ve, (a) —a 'V (a) = (a7 = a®)V,(a)
for a Conway triple (L., L_, Ly), we conclude that P (L) = VE(\/—lq_%). O

The Conway skein relation (3.4) gives a convenient tool to compute the Jones polynomial
P (L) of a given oriented link £. Unfortunately, such a skein relation is not available for
the general n-colored Jones polynomial. A useful technique to compute n-colored Jones
polynomials will be discussed in the appendix.

4. THE HOMFLY POLYNOMIAL

Recall from Section 4 in the syllabus of four weeks ago the quantized universal enveloping
algebra of sl,, (n > 2) over the field K, which we set throughout this section to be k(q%).
Recall that the quantized universal enveloping algebra U,(sl,,) is generated as algebra by
elements K;, E;, F; (1 <i<n-—1).

Many results derived in detail for sly have a natural counterpart for sl,,. In particular,
U,(sl,,) is formally a ribbon algebra, with explicit universal R-matrix R and associated
ribbon element given by Kj,u, where u is the Drinfeld element (S ® id)(Rs;) and

n—1
(4.1) Koy = [ K277 € Uy(st)
j=1
(in the present situation we have S*(X) = Kz_plX K, for all X € U,(sl,)). To make sense

of these formal elements we consider the category Modé‘j(s[n) of finite dimensional type
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1 U,(sl,)-modules over K. Recall that a finite dimensional U,(sl,,)-module M over K is
called of type 1 if

M= @ M,

EGZn71
where for p = (pi1, ..., fn-1),
Myl ={me M| Km=q¢"m (1<i<n-1)}

Then Modé”ql(s[n) becomes a ribbon category with the usual monoidal structure and left

duality, with braiding
CM,N = TM,N © R\M@N
(7 the flip), and with twist

9]\/[ = (U_IKEPI)M.

Furthermore, the category Mod{;;( o) is semisimple, and the simple finite dimensional type

1 U,(sl,)-modules are described as follows. The isomorphism classes of the simples are
parametrized by Z7;'. Concretely, for A = (\,...,A\,1) € Z%,' the associated finite
dimensional simple U, (sl,)-module L()\) over K is the unique simple quotient of the Verma
module U,(sl,)/I()), where I()) is the left U,(sl,)-ideal generated by FE; and K; — ¢* for
1 <i<n-—1. It follows that L(A)[}] is one-dimensional. A nonzero vy € L(A)[}] is called
a highest weight vector of L(A). Up to a nonzero multiplicative constant it is uniquely

characterized by the properties
EZ'U)\ = 0, Kﬂ]& = inUA

foralll <i:<n-—1.
Recall the vector representation V' of U, (sl,) from Section 4 in the syllabus of four weeks
ago. It is the n-dimensional K-vector space V = @, Kv; with U,(sl,)-action determined

by
+1 €;(H,;
KJ Ui = q¥ ( ])U’h
Ejv; = 0; jvita,
Fjvz‘+1 = 5j,i+1vi-

For 1 <i < n-—1setw; € Z" ! for the vector with 1 on the ith entry and zeroes everywhere
else.

Exercise 4.1. Show that V ~ L(w,_1) with highest weight vector v, € V.

Remark 4.2. In general M % M* in Mod]&f(ﬁ[n) if n > 2. For instance, L(w,_1)* ~ L(w).
We remark that

(4.2) Ory =g~ **id oy
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(see e.g. [1, §6.7] but be aware that different conventions for the Hopf algebra structure of
U,(sl,,) are used), where

p:w1+w2+~--+wn,1
and with (-,-) : Z"™! x Z"~! — 7Z the bilinear pairing defined by

i(n—j) L

fny) i < j
4.3 Wiy =< M — 7
( ) <w w]> {j(nn 7,)’ P>
Remark 4.3. To explain the strange looking formula for the bilinear form, consider R™ with
standard orthonormal basis {¢;}" | and set a; = ¢; — €41 for i = 1,...,n — 1. Then we
realize Z"~! in R™ as the lattice spanned by

(n — 1)

?
wi = — (€1+"'+€i)—ﬁ<€i+1+"'+€n)

for 1 < i < n. Note that the w; lies in the hyperplane (e; + --- + €,)* of R" (as do the
elements «;). Furthermore, (w;, ;) = 0;; for 1 < i,j < n — 1. Computing (w;,w;) we
obtain (4.3). With this realization of the w;’s and «;’s in R™ we also have

20 =Y j(n—jay,
j=1

which justifies the notation Kj, for the expression (4.1).

Exercise 4.4. Check that )
0\/ = q_n+;idv.
Note that the quantum trace tr, for Mod{z(s[n) is given by
trg(f) = Tre(m v f(K3,m)),  f € Endy,,)(M).
Exercise 4.5. Show that
: " —q"
dln’lq(V) = F

for the vector representation V =~ L(w,_1).

We are now all set to apply the Reshetikhin-Turaev functor with colors from the strict

ribbon category
— fd
C = MOqu(EIn)‘
We start with the analogue of the colored Jones polynomial in the present set-up. Let
L be an oriented ribbon link. For A\ € Zggl define the quantum invariant

_ AA+H2p)w(D FIC%T([ﬁéD
(4.4) Hy(L) = ¢at2e)ul >—dimq(L(A)) eK

of £, where D is the tangle diagram associated to £ and L} is the C-colored oriented ribbon
link obtained by coloring each component of £ by L()). For n = 2 it reduces to the colored
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Jones polynomial of the previous section. Observe that the quantum invariant H, (L) only
depends on the core of the oriented ribbon link £. We furthermore have Hy(O) = 1, where
O is the unknot.

It is a difficult task to compute the quantum invariant H,(L) explicitly for a given
oriented link £. The skein theoretic methods for computing the colored Jones polynomial
(see the appendix) are not applicable here. An exception is A = w,_1, in which case
H,, ,(L) is expressible in terms of the HOMFLY polynomial.

Recall (see [4, X.4]) that the HOMFLY polynomials H(L) = H(L)(z,y) € Z[z*!, y*!]
of oriented links £ are uniquely characterized by the properties

(1) If £ and £’ are isotopic then H(L) = H(L'),
(2) H(O) =1,
(3) If (L4,L_,Ly) is a Conway triple, then
cH(Ly) —a " H(L) = yH(Ly).
Theorem 4.6. We have
H,, (L) =H(L)(¢" ¢ —q)
for an oriented link L.
Proof. It suffices to show that H,,, ,

(45) qinHwnfl(EJr) - anwnfl(‘C*) = (qil - q)Hwnfl(EO)

for a Conway triple (L, L_, Ly). Since V ~ L(w,_1) is the vector representation, formula
(4.1) in the syllabus of four weeks ago shows that

¢ Fr (L )on 1)) — a7 FSr((£)wn 1)) = (671 = Q) FSr([(L0)er 1 ))-
Now multiplying both sides by

(L) satisfies the skein relation

(wn—1,wn—1+2p)w(Do) (nfi)w(DO)

q =4q

we get (4.5) by straightforward manipulations (compare with the proof of Theorem 3.4).
Il

5. APPENDIX : COLORED JONES POLYNOMIAL AND SKEIN THEORY

We return in this appendix to the quantized universal enveloping algebra U of sly and
we relate the colored Jones polynomial to skein theory. We write C for the strict ribbon

— fd
category Mod,; of finite dimensional type 1 U-modules over K.

5.1. Quantum Clebsch-Gordan decomposition. We first need to study the tensor
product of U-modules in some detail. For r, s € Zs( the tensor product module L(r)® L(s)
of U is finite dimensional and of type 1, hence it decomposes as a direct sum of the simple U-
modules L(n) (n > 0). The following theorem (quantum Clebsch-Gordan decomposition)
gives a more precise statement.
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Theorem 5.1. For r,s € Z>y we have
Lir)@ L(s) ~L(|r—s|))® L(lr —s|+2)@®---® L(r+s—2)® L(r+ s)
as U-modules.

Proof. 1t suffices to prove the theorem for r > s (indeed, L(r) ® L(s) ~ L(s) ® L(r) since
Modéd is a braided category). In this case we are asked to prove that

L(r)® L(s) ~ éL(r — s+ 2l).

The dimension over K of the left hand side is (r+1)(s+1), which agrees with the dimension
of the right hand side since

s

D r—s+204+1)=(r+1)(s+1).

To prove the theorem it thus suffices to construct highest weight vectors w; € L(r) ® L(s)
of highest weight r — s+ 2l + 1 for [ =0,...,s. First note that

(L(r) ® L(s))gr-s+2t = spang{Tia(q") @ Ms-1-n(q") }1 2

for [ =0,...,s. Now a vector

s—I

satisfies Fw; = 0 if and only if
(s—l—n)qz(l+n—|—1)
(n + 1)q2 (7" — n)q2

(note that the denominators are nonzero). There is a nontrivial solution to these recurrence
relations, hence there exists a highest weight vector of highest weight ¢"=**% in L(r)® L(s)
forall 1 € {0,...,s}. O

Remark 5.2. We thus have two natural basis of L(r) ® L(s), namely (for r > s)
{mi(q") @m;(¢*) [0<i<r, 0<j<s}

n—r—s

Cy  (n=—l,...,s—1—1)

knJrl = —q

and
{Fru |0<k<r—s+2, 0<I1<s}

with the notations from the proof of Theorem 5.1. Thus we have an expansion

rs r+s—20\_,
ro= Y (78 TN ma ome)
057<s
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(7‘ s r+s—2l>€K
(] k

called quantum 3j-symbols or quantum Clebsch-Gordan coefficients. Explicit expressions
for quantum 3j-symbols are known (they can be expressed in terms of a family of orthogonal
polynomials called g-Hahn polynomials). Such formulas can be used to explicitly compute
colored Jones polynomials of particular oriented links, although the computations soon
become rather involved.

for certain coeflicients

Exercise 5.3. Let L(n) be the simple n+ 1 dimensional U-module.
(1) Verify the following formulas.

Fiar(Une) = bogy = 1= Y m(q") @m;(q")",
7=0

Fir(Nim) = digm - ¢ @ m— ¢(m),

FI%T( Z(n)) = bZ(n) = Z qn_Qj(mj(qn)* ®m;(q")),
7=0

Fir(Mim) = diy - m® ¢ — 6(K~'m)

form € L(n) and ¢ € L(n)*.

Hint: By the previous theorem Homy (K, L(n)* ® L(n)) and Homy(L(n) ® L(n)*,K) are
one-dimensional. Use this fact to compute FgT(UZ(n)) and FI%T(HZ(”)).

(ii) Recall the isomorphism oy @ L(n) — L(n)™ of Proposition 2.11 in the syllabus of
two weeks ago. Show that

arm)(mi(q")) = ¢ "mi(q")*
for1 <1< n.
(iii) Show that the isomorphism &, : L(n)* — L(n) of section 1 satisfies

5;: = (_1)n04L(n) o Sn-
(iv) Use graphical calculus and (iii) to show that
Pn © hp = (=1)" dimy(L(n)),
which thus reproves Lemma 1.4.

Corollary 5.4. For k,l € Z>, we have
0, if k +1 odd,

Di H V@k V®l — 2
lmK( omy ( g >) nLH ( n) ’ if k41 = 2n even.
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Proof. For n € Z>, we have
(5.1) Ve ~ @ L(n)®ki™)
JE€Z>o

for unique k;(n) € Z>. For n = 0 we read the left hand side as L(0) = K (the unit object

in C = Mod/%), so that ko(0) = 1 and k;(0) = 0 for j > 1. By the above theorem we have
the recurrence relations

(5:2) ko(n) =ki(n=1),  ki(n) =ku(n =1 +kah-1) G=1)

for n > 1. These recurrence relations, together with the initial conditions k¢(0) = 1 and
k;j(0) = 0 (7 > 1), determine the coefficients k;(n) uniquely. Now define the polynomial
Vi(y) of degree j > 0 by

Jj+1 _ .—j5—1
Ve = —zw

r—T

It is the character of the simple sly-module of dlmensmnal j + 1 or, from the viewpoint of
orthogonal polynomials, a Chebyshev polynomial of the second kind (up to a rescaling of
the variable). The V;(y)’s satisfy V;(y) = 1 and the recurrence relation

yVi(y) = Via(y) + Vo (y), Jj > 1

By induction to n we conclude from the recurrence relations for the k;(n) and the V;(y)

that .
Yy =Y ki(n)Vi(y)
j=0

(this is in fact the equivalent reformulation of (5.1) for the characters of the associated
sly-modules). Since
sin((j +1)0)

Vi(2eos(t)) = = Lo

we have the orthogonality relations
/ Vi(2cos(0))V;(2 cos()) sin®(0)dd = 6 ;.
We conclude that

Dimy (Homy (VE*, V) = i k;(k)k;(1)
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The latter integral is zero if k + [ is odd. If k 4+ [ = 2n is even, then it equals

()= 6) = ()

the nth Catalan number. O

5.2. The skein functor revisited. We write V' = L(1) for the two-dimensional simple

— fd
U-module. Let Cy be the full braided monoidal subcategory of Mod{] with objects V™
(m € Zso). Recall the strict tensor functor F* from the first section.

Theorem 5.5. The skein functor Fi* defines an equivalence
Fi*:S(g2) = 0y
of strict K-linear braided monoidal categories.

Proof. Clearly F;* defines a bijection on objects, mapping m € Zso to V™. We also
remarked in the first section that F* respects the braidings. It thus remains to show that
the K-linear maps
Flsk . Ekl(q_%) - HomU(V®k, V®l)

(k,l € Z>p) are linear isomorphisms.

We may assume that k + [ is even (otherwise the vector spaces are zero). We write Dy,
for the K-vector space with K-basis the isotopy classes of smooth (k,[)-tangle diagrams
(no crossings and no loops). Note that

dlmK(Ekl(q*%)) S dlmK(Dkl) = dimK(HomU(V®k, V®l>>
(see Corollary 5.4 and the proof of Theorem 3.17 in the syllabus of three weeks ago). We
have canonical linear maps
Dy — Ej(q~?) — Homy (VE*, V),

the second map being F*. We show that these maps are isomorphisms. We denote the
composition of the two maps by .
We define a K-linear map

X Dkl — le
sending a smooth (k,[)-tangle diagram D to its reflection D* in the line y = % (where y
is the height coordinate). For two smooth (k,[)-tangle diagrams D and D’ we define the
link diagram

Clos(D* o D)
as the closure of the (k, k)-tangle diagram D* o D’ (connecting the endpoints (i,0) to (i, 1)
by nonintersecting arcs for 1 < i < k). Finally, we define a K-bilinear form

(',') . Dk:l X Dkl — K
defined on smooth (k,)-tangle diagrams D and D’ by
(D, D') = (Clos(D* o D'))(q™?)
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N =

with (->(q—%) the Kauffman bracket with parameter a = ¢~ 2.
For smooth (k,[)-tangle diagrams D and D’ we have

(D, D) = (=g —q ")
with m(D, D) the number of the components of the link diagram Clos(D* o D’). We have

k+1
m(D, D) <~

for smooth (k,[)-tangle diagrams D and D’ with equality if and only if D’ = D. It follows
that the assignment

D — (D, )
defines a linear isomorphism ¢ : Dy, — Dj;.

Now we use that F* is a strict tensor functor, which implies that ¢(D) for D € Dy
only depends on (D) € Homy (V& V@), Hence 7 : Dy — Homy (VE* V) is injective,
thus (by dimension count) it is a linear isomorphism. This concludes the proof of the
theorem. 0

Corollary 5.6. The endomorphism algebra Endy (V™) is isomorphic to the Temperley-
Lieb algebra E,,(q72). The algebra isomorphism Ey,(q72) — Endy(V®") is the skein
functor F&* restricted to Epny(q72).

5.3. The colored Jones polynomial revisited. We show in this subsection that the
n-colored Jones polynomial of an oriented link £ can be expressed as the Reshetikhin-
Turaev invariant of a closely related C-colored (0, 0)-ribbon graph £ in which all oriented
arcs have color L(1). Beside the coupons in the ribbon graph £, which we investigate in
more detail in the next section, we thus have the Conway skein relation of the ordinary
Jones polynomial to our disposal to compute the colored Jones polynomial.

We use the notation V' for the simple 2-dimensional U-module L(1) for the remainder
of the section. We fix n € Z-(. By Theorem 5.1, and by Lemma 1.8 and Exercise 2.11 in
the syllabus of last week we have

dimg (Homy (L(n), VE™)) = 1 = dimg (Homy (V®", L(n)))
and, given two nonzero morphisms
tn € Homy (L(n), V&™), 7, € Homy (V" L(n)),

we have 0 # 7, 01, € Endy(L(n)) = spang{idi@)}. We normalize the morphisms such
that m, o ¢, = idp(,) and we set

o i= tn 0y € Endy (V).

Let now £ be an oriented ribbon link. Recall that £,, is the associated C-colored ribbon
link in which all components have color L(n).
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Proposition 5.7. We have B

Frr([£4]) = Fre(ILa]),
where ENn is the (0,0)-ribbon graph obtained from L by splitting each ribbon component in
n parallel oriented ribbon knots, labelling each ribbon knot by V', and inserting in each band
of n parallel ribbon knots the coupon ﬁl € Endy (V™).

Proof. Let L! € Endq—cc(@) be obtained from £, by inserting the coupon id ) = 7, 0 ¢y in
each component. Obviously £,, = L. For each component in £] we take the coupon ¢,
and move it along the component in the orientational direction until it meets the coupon ,
again. Compared to £/, we have split each component in n parallel oriented ribbon knots,

colored them by V', and replaced the original coupon idy,) by the coupon fn =, 0m,. It
follows that

L =L,
hence L,, = En. O
Corollary 5.8. Let L be an oriented ribbon link. Then
qn(n+22)w(D)
( ) dlmq(L(n)) RT([ ])

where D is the oriented link diagram associated to L in the usual way.

5.4. The Jones-Wenzl idempotents. Our next aim is to compute F}%T([Zn]) in the
skein. We start with a useful exercise.

Exercise 5.9. Let D, be the set of isotopy classes of smooth (n,n)-tangle diagrams, viewed
as K-basis of the Temperley-Lieb algebra En,(q2). It contains id, (the (n,n)-tangle dia-
gram with all strands going straight down). For X =3, ., ApD € Enn(q’%) with A\p € K
set

€(X> = )\idn-

) — K is an algebra homomorphism.

[NIES

Show that e : En,(q~
Write f, € Em(q_%) for the pre-image of fn under the algebra isomorphism
F*: Bon(q77) =5 Endy (V).

Note that f; = id; € Eu(q_%). When computing the colored Jones polynomial in the
skein, it is convenient to have some tools to deal with f,,. The basis properties are given
in the following proposition.
For 1 < i < n denote N; € Enm_g(q_%) and U; € En_gm(q_%) for the smooth tangle
diagrams
Ny =1id;—1 ® N ® idy—i—1, U; = idj—; @ U ® idy—i_1,

viewed as morphisms in the skein category & (q*%).

Proposition 5.10. The element f, € E,m(q_%) satisfies:
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(1) f, is an idempotent, f* = f,.

(2) Nifn =0 and f,U; =0 for 1 <i<n.

(3) fuX = X fo = e(X)fn for X € Eun(q~2) with e the map from Exercise 5.9.
(4) f. is the only nonzero element in E,,(q~2) satisfying (1), (2) and (3).

These statements should be interpreted in the obvious way when n = 1.

1 ~

Proof. Tt suffices to prove all statements in the image of the equivalence F* : S(¢72) —
Cy of strict monoidal categories.
(1) We have

]?nOfn:LnO(ﬂnOLn)OWn:Lnown:fn.
(2) Note that F*(n;) o ¢, = 0 since Homy (L(n), V¥™=2) = {0} by Theorem 5.1. Hence
F*(0;) o fo = (F*(N;) 0 1) o 7 = 0.
Similarly, 7, o F¥*(U;) = 0 since Homy (V®("=2 L(n)) = {0}. Hence
Fa o FiH(U1) = tn 0 (m 0 F*(Uy)) = 0.

(3) Let D € D, (for the notation see Exercise 5.9). If D # idy ) then there exists a smooth
(n,n — 2)-tangle diagram D, and a smooth (n — 2,n)-tangle diagram D_ such that

UiDJr - D == D,m]’
in the skein category S(q_%) for some 1 <i,j5 < n, hence
Dfn:Df(mjfn):Oa an: (fnUz)DJr:O

by (2). This directly leads to the desired result.
(4) Let g, € E,m(q’%) be a nonzero element satisfying properties (1), (2) and (3). Then

e(gn)gn = gi = On;
hence e(g,) = 1. In particular, e(f,) = 1. Then

In = e(fn)gn = fngn = e(gn)fn - fn‘

Definition 5.11. The element f,, € Enn(q_%) 1s called the Jones-Wenzl idempotent.
We need the following lemma in a moment.

Lemma 5.12. Let £ be an oriented link represented as the closure of a braid with m
strands. Let D be its associated oriented link diagram. Then

(_1)comp(£)+w(D) _ (_1)m

where w(D) is the writhe of D and comp(L) is the number of components of L.
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Proof. Let £ be the link obtained from £ by forgetting its orientation. Let B € B,, be the
braid such that £’ is the closure Clos(B) of B. Let s € S,, be the element of the symmetric
group to which B is mapped under the natural group epimorphism B, — S,,. Let ¢(B)
be the number of crossings in B. Then

(1) = (=1)7 ) = (=1)'¢) = det(s),

where

I(s) ={1<i<j<m]s(i)>s(j)}

is the length of s and det(s) is the determinant of s (viewed as m x m permutation matrix
with on row i zeroes everywhere expect a one in column s(i)). The lemma thus is equivalent
to

(5.3) (—1)cmPED) = det(s)(—1)™,
in which case all factors are obviously independent of the orientation of £. Now write
S =TTy Ty

as product of disjoint cykels 7; € S, (including the cykels of length one). We denote ;
for the cykel-length of 7;, and m,. (respectively m,) for the number of cykels with even
(respectively odd) cykel-lengths. Then r = comp(L’) hence

(_1)c0mp(5’) _ (_1)me+mo‘
On the other hand,

and
(=)™ =(=1)"™
since m = l; + Iy + - -+ + [, = my modulo 2. This proves (5.3). O

Theorem 5.13. Let L be an omented ribbon link and D its associated link diagram. Let
n € Z~o and let D, € Ey(q ) be the element in the skein obtained from the oriented
C-colored (0,0)-ribbon graph L, by forgetting its color and orientation and replacing the
coupons labelled by ]?n € Endy (V®") by the Jones-Wenzl idempotent f,, € Em(q’%). Then

(5:4) Frp([£,]) = (=1)(m @t (D,).

Proof. The key observation is the following relation between the Reskehtikin-Turaev func-
tor FS, and the skein functor F* (cf. Corollary 1.5, Corollary 1.7 and Exercise 5.3),

FICZT(X:E) = va = FSk(Xi)
(5.5)  Fre(nv) = F*(N) o (& @ idy), Fip(Uy) = (idy ® &) o FT*(U),
Far(Ny) = F*(N) o (idy ® (=€1)),  Fre(Uy) = (=& @idy) o F7*(U).
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In the right hand side of the formulas X=, U and N in S(¢~2) are interpreted as G(X*), G(U)
and G(N) with @ the usual strict tensor functor G : T — S(¢~2) and with X+, U and
N the generators of the category 7 of tangles (so then they represent unoriented tangle
diagrams).

Recall that the category 7 of ribbon tangles is braided. We denote ¥,, € Endr(n)
for the braiding of n € Z-o and we use the same notation for its image G(1J,) in the
Temperley-Lieb algebra E,, (q*%).

Observe that (5.4) is agreeable with adding (respectively removing) a full twist in one
of the arcs of £,,. This amounts to showing that

FI%T<¢L(H)) = (_1)n7TnFiSk(19n)Ln

which follows from the graphical calculus by adding the coupon m,,,, on top of ¢r,), moving
the coupon ¢, through the twist, applying F$; and using (5.5).

Since furthermore both sides of (5.4) are independent of the orientation of £, it suffices
to prove the theorem for an oriented ribbon link £ represented as the closure of a braid B
of m strands without twists and with orientation such that the m closing arcs are oriented
from the top towards the bottom boundary points of the braid. In view of Lemma 5.12 we
are then required to prove

Fip([£a]) = (=1)"™" F{*(Dy).
This is immediate from Proposition 5.7 and (5.4). O

The previous (proof of the) theorem can be very convenient in computing in the skein
or in computing invariants. We end with giving some examples.

Corollary 5.14. (i) Let f, € Eoo(q’%) be the closure of the Jones-Wenzl idempotent
fn € Enn(q_é) (i.e. we connect the top boundary points to the bottom boundary points of
fn by disjoint arcs and view it as element in the skein Eo(q~2)). Then

o qn+1 _ qfnfl
fn = (="

=D q—q!
(ii) With the notations from the proof of Theorem 5.13 we have

_n n+2)

i
ﬁnfn = (_1) q 2 fn
in the Temperley-Lieb algebra Enn(q’%).

Proof. (i) We have by Theorem 5.13,

n+1 —n—1

T = (“1)"F([04]) = (—1)" dimg(L(n)) = (1)
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For a direct proof in the skein, see [7, XII, Lemma 4.4.2].
(ii) It can be proved by a rather elaborate inductive proof in the skein itself using Propo-
sition 5.10, but here is the conceptual proof by graphical calculus:

Flsk(ﬁnfn) = Flsk<19nf3)
= F*(fa0nfn)
= JuF{H(0)
= 1y (T F55 (9,10 T
= (_1)nLnF§T(¢L(n))7Tn
 _n(nt2)

=(=1)" 2 tymy,
n _ n(n+2) s
= (=1)" = F*(fa):
The fifth equality is shown by graphical calculus in the proof of Theorem 5.13 and the
sixth equality is by Lemma 2.3. 0

Corollary 5.15. The Jones polynomial satisfies
Ve(—q) = (<1 1V (q)
for an oriented ribbon link L.

Proof. We compute
sngo) Fir(L1])
q+qt

(=1)m ) (—g7)

Ve(—q) =

w(o) F (D)
q+qt

(—1)mPE=1Y, (g).

Here the first equality is by Theorem 3.4, the second by Theorem 5.13 and the third equality
by Corollary 3.2 in the syllabus of last week.

The corollary can also be proved by verifying that the right hand side satisfies the
characterizing properties of the Jones polynomial V;(—q). U
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