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Aumann has proved that common knowledge of substantieneditly implies
the backward induction solution in games of perfect infafora Stalnaker has
proved that it does not. (Halpern, 2001)

The jury is still out concerning the epistemic conditionstbackward induction,
the “oldest idea in game theory” (Aumann, 1995, p. 635). Anm@ 995) and Stal-
naker (1996) take conflicting positions in the debate: tmmé& claims that common
“knowledge” of “rationality” in a game of perfect informaiti entails the backward-
induction solution; the latter that it does no®f course there is nothing wrong with
any of their relevant formal proofs, but rather, as pointetl oy Halpern (2001),
there are differences between their interpretations ohtitns of knowledge, be-
lief, strategy and rationality. Moreover, as pointed outBigmore (1987; 1996),
Bonanno (1991), Bicchieri (1989), Reny (1992), Brandegbu(2007) and others,
the reasoning underlying the backward induction methodnset® give rise to a
fundamental paradox: in order even to start the reasonimmayer assumes that
(common knowledge of, or some form of common belief in) ‘watlity” holds at
all the last decision nodes (and so the obviously irratideaes are eliminated);
but then, in the next reasoning step (going backward aloagréde), some of these
(last) decision nodes are eliminated, as being incomgatilith (common belief
in) “rationality”! Hence, the assumption behind the prexdaeasoning step is how
undermined: the reasoning player can now see,ithihibse decision nodes that are
now declared “irrational” were ever to be reached, then tilg way that this could
happenis if (common belief in) “rationality” failed. Hencghe wasvrongto assume
(common belief in) “rationality” when she was reasoning aitbe choices made at
those last decision nodes. This whole line of arguing seeraadermine itself!

Belief Dynamics

In this paper we use as a foundation the relatively standzddieell-understood
setting of Conditional Doxastic Logic (CDL, (Board, 20023leag and Smets, 2006;
Baltag and Smets, 2008a; Baltag and Smets, 2008b)), and\ytsafmic” version
(obtained by adding to CDL operators fouthful public announcementsp|):

1 Others agree with Stalnaker in disagreeing with Aumann:efaample, Samet (1996) and Reny
(1992) also put forwards arguments against Aumann’s episteharacterisation of subgame-perfect
equilibrium. Section 7 is devoted to a discussion of relditedature.
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the logic PAL-CDL, introduced by van Benthem (2007a). Intfage consider a
slight extension of this last setting, namely the logic APBDL, obtained by further
adding dynamic operators farbitrary (truthful) public announcement§, as in
(Balbiani et al., 2008). We use this formalism to captureaehootion of “dynamic
rationality” and to investigate its role in decision prable and games. As usual in
these discussions, we takalaterministic stangeassuming that the initial state of
the world at the beginning of the game already fully detesmithe future play, and
thus the unique outcome, irrespective of the players’ (ayiknowledge of future
moves. We dmot, however, require that the state of the world determines wbald
happen, if that state wermtthe actual state. That ig/e do not need to postulate the
existence of any “objective counterfactual®ut instead, we only need “subjective
counterfactuals”: in the initial state, not only the futwfethe play is specified, but
also the playersbeliefsabout each other, as well as theonditional beliefs pre-
encoding theipossible revisions of belieThe players’ conditional beliefs express
what one may call their “propensities”, or “dispositions, revise their beliefs in
particular ways, if given some particular pieces of new iinfation.

Thus at the outset of a game, all is “done”, including the fatiBut all is not
necessarily “said”. In a deterministic model, as time pesges the only thing that
changes are the pictures of the world in the minds of the ptayke information
states of the players. This fen-line” learning: while the game is being played,
the playerdearn the played moves, and so they may change their minds about the
situation. We casimulatethis on-line learning (and its effect on the players’ bedjef
via off-line “public announcements”if, beforethe start of the game, the agents
were publicly told that the game will reach some nodethen they would be in
the same epistemic stases they would have been by (not having any such public
announcement but instead) playing the game until nodes reached.

So in this paper we stress the importance ofjirgamicof beliefs and rationality
during a play of an extensive game, and we use dynamic opstiatorder to simu-
late the play of the game. Since we focus on gamgeediect informationwe only
needpublicannouncements to simulate the moves of the game. The idekliviga
modalities for public announcements to epistemic logic imt®duced and devel-
oped in (Plaza, 1989; Gerbrandy and Groeneveld, 1997). Mimapistemic logic
(Baltag et al., 1999) provides for much richer dynamic miigal than just public
announcements, capturing the effects of more complex ane fipoivate” forms
of learning. We think these could be applied to the case ofegawithimperfect
information However, for simplicity, we leave these developments fiufe work
and consider for now only perfect information, and so onlglfuannouncements.

Games

Using the terminology of Brandenburger (2007), oursliebef-based approach
to game theory (in the same category as the work of BattigadtliSiniscalchi (1999;
2002)), in contrast to thenowledge-based approaciAumann (1995) and others.
According to the belief-based approach, “only observa#teknowable. Unobserv-
ables are subject to belief, not knowledge. In particul@inep players’ strategies
are unobservables, and only moves are observables.” (Bnédger, 2007, p. 489)
This means that we take the playdpgliefs(including conditional beliefs) as basic,
instead of theiknowledge However, there is a notion of knowledge that naturally
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arises in this context: the “irrevocable knowledge”, cetisp of the beliefs that are
absolutely unrevisablé.e. believed under any conditions. This notion of knowgled

is meant to apply only to the players’ “hard information” taimed by observation

or by undoubtable evidence. This is a much stronger comditian “certain belief’
(subjective probability 1) or even “true belief”, and as sukit may happen that very
few things are “known” in this sense. One of the things we Bssto be irrevocably
known is thestructure of the gamehe possible outcomes, the players’ preferences
etc; also, in a game of perfect information, thlayed moveare observed, and thus
known, after they are played; finally, another thing irresdoly known to a player

is her own beliefsby introspection, she knows what she believes and what not.
Besides this, we do not assume much else to be known, altrmurgieneral setting

is in principle consistent with (common) knowledge of ak thlayers’ beliefs, their
strategies, their rationality etc.

One thing we danot assume as known is tHature of the ganmeno outcomes
that are consistent with the structure of the game are to tledsd at the outset of
the game. In fact, we make the opposite assumption: thatirismon knowledge
that nobody knows the future, i.e. nobody knows that someocwa¢ will not be
reached. This “open future” assumption seems to contradictmon knowledge
of rationality; but in fact, it is consistent with it, if by t@nality we only mean
“rational planning”, leaving open the possibility that ydss may make mistakes or
may change their minds. The players may certairdiievetheir rational plans will
be faithfully carried out, but they have no way to “know” tlilsadvance. We think
of our “open future” assumption as being a realistic one, mnwdeover one that
embodies the agents’ “freedom of choice”, as well as the siility of error”, that
underly a correct notion of rationality. An agent’s ratitityacan be assessed only if
she is given some options to freely choose from. There atainbrcases in which
the future can be known, e.g. when it is determined by a knaataral law. But it is
an essential feature of rational agents that their own escéce not known to them
to be thus determined; or else, they would have no real cho@g®l thus no rational
choice. Any natural determinism is assumed to be absorb#tkidefinition of the
game structure, which does pose absolute limits to choines sense, this simply
makes precise the meaning of our “knowledge” as “hard infgiom”, and makes
a strict delimitation between the past and the future clspidelimitation necessary
to avoid the various paradoxes and vicious circles thatyddlye notions of rational
decision and freedom of choice: the agents may have “haodnrdtion” about the
past and the present, but not about their own future freeceldalthough they may
have “soft” information, i.e. “certain” beliefs, with prability 1, about their future
choices).

Dynamic Rationality

Maybe the most important original feature of our paper is mation of “dy-
namic” rationality, which takes into account the dynamics of beliefs, as well as
the dynamics of knowledge. On the one hand, following StanaReny, Battigalli
and Siniscalchi etc. (and in contrast with Aumann), we as#es rationality of a
player's move at a node against the beliefs hatldhe moment when the node is
reached On the other hand, we incorporate the above-mentioneteefis limita-
tion to rationality: the rationality of an agent's move omhakes sense when that
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move isnot already knowr(in an irrevocable manner) to hdPlayers cannot be
held responsible for moves that they cannot choose or changenore (including
their own past moves)ince the players’ knowledge increases during a game of
perfect information, their set of available options dese=sa passed options/nodes,
or nodes that were by-passed, cannot be the objects of chimjomore. As a result,
our notion of rationality isfuture-oriented at any stage of the gameshether or
not an agent is dynamically rational at that stage dependg on her current and
future movesSo a player can be rationabweven if in the past she has made some
“irrational” moves. In effect, performing such an irratedmove in a game of perfect
information is equivalent to a public announcement thag fitayer is (currentlyhot
rational” (at the moment of moving) All the players jointly learn this “fact” (as

a piece of ‘hard’ information), but the “fact” itself may vish after being learnt:
while previously “irrational” (since about to make a ‘wrdmgove), the player may
“become rational” after the wrong move (simply because albthe decisions that
she can still make after that, she chooses the ‘right’ mov&s)thetruth-valueof

the sentence “playeris (dynamically) rational'may changafter a move by player

1. The way this is captured and explained in our formal sefsmgriginal and inter-
esting in itself:the meaning of our “rationality” changes in time, due to theange

of beliefs and of the known set of optiof$is is because th&ationality of an
agent” is an epistemic-doxastic concepb it is obviously affected by any changes
in the information possessed by that agent (including trengks induced by the
agent’'s own moves). In our Dynamic-Epistemic Logic settihgs is anatural and
perfectly standard featuren immediate consequence of the epistemic definition of
rationality: in general, epistemic sentences do not necigPpreserve their truth
value after they are “learnt”. Epistemic logicians are adhgfamiliar with this phe-
nomenon, e.g. the examples of Moore sentences (Moore, B9)f the repeated
public announcements of “ignorance” in the Muddy Childreeigario (Fagin et al.,
1995).

Our concept of dynamic rationality, developed on purelyiarpgrounds, solves
in one move the “Bl-paradox”: the first reasoning step in thekward-induction
argument (dealing with the last decision nodes of the gamedt underminedy
the result of the second reasoning step, since the notioratibhality” assumed in
the first step isotthe same as the “rationality” disproved in the second stéy@ T
second step only shows that some counterfactual nodestdamreached by rational
play, and thus it implies that some agent must have beernomedt(or must have
had some doubts about the others’ rationality, or must haagensome “mistake”)
beforesuch an “irrational” node was reached; but this doesn’traafitt in any way
the assumption that the agenttl be rationahkt that node (and further in the future).

Stability

Dynamics cannot really be understood without its corredainvarianceunder
change. Certain truths, or beliefgay truewhen everything else changes. We have
already encountered an “absolute” form of invariancegtiocable knowledge”, i.e.
belief that is invariant undeany possible information change. Now, we need a sec-

2 Technically, this claim is correct only for binary gameswhich at any node there are only two
possible moves; but a weak version of this claim holds in ggne
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ond, weaker form of invariance: “stability”. A truth, or alk, is stableif it remains
true, or continues to be believed, after goynt) learning of “hard” information (via
some truthful public announcement). In fact, in the casendbatic” (non-doxastic)
factp, Stalnaker’s favourite notion of “knowledge” pf(Stalnaker, 1996; Stalnaker,
2006) (a modal formalisation of Lehrer and Klein’s “defdxslgtly theory of knowl-
edge”), also called “safe belief” in (Baltag and Smets, 2f)08orresponds precisely
to stable beliefin p. (But note that the two notions differ when applied to a ddikas
epistemic property, such as “rationality”!) Stability cae or not a property of a
belief or a common belief: a propositidnis a “stable (common) belief” if the fact
that P is (common) belief is a stable truth, i.£. continues to be (common) belief
after any (joint) learning of “hard” information.

What is required for achieving the backward induction onteds stable be-
lief in dynamic rationality as adefault condition (i.e. commonly known to hold
for all agents). In some contexts, we can think of this caadibs expressing an
“‘optimistic” belief-revision policy about the opponenisbtential for rationality
the players “keep hoping for rationality” with respect toegybody’s current and
future play, despite any past irrational moves. Of courdeesther or not the words
“hope” and “optimism” are appropriate depends on the plslypayoffs: e.g. in
common interest games (in which all players’ payoffs arantital at all nodes),
it indeed makes sense to talk about “hoping” for opponerasonality; while in
other games, it may be more appropriate to talk about “gergisautiousness” and
a “pessimistic” revision policy.

We can now give an informal statement of the main theoremisfahper:

Common knowledge ofthe game structure, of “open future” and afiable
(common) belief in dynamic rationality entails common belief in theckward
induction outcome.

Overview of the Paper

To formalise stability and “stable common belief”, we irdtze in the next sec-
tion Conditional Doxastic Logic CDL and its dynamic versidRAL-CDL. Section
2 recalls the definition of extensive games and shows howitd models of those
games in which the structure of the game is common knowleédgeir strong sense
of “knowledge”. In Section 3 we define “rationality” and “ranal play”, starting
from more general decision-theoretic considerations,anding at a definition of
dynamic rationalityin extensive (aka “dynamic”) games, which is in some sense
a special case of the more general notion. Section 4 givesnaafstatement of
our main results, to whose proofs Section 5 is devoted. Ini@eé we consider
a weaker condition that ensures the backward inductionoout¢ and is based on
what we calistable true beliefFinally, Section 7 discusses connections between our
work and some of the existing literature on the episteminéations of backward
induction.

3 Adding the word “common” to this condition doesn’t make aefiénce: common knowledge that
everybody has a stable belief inis the same as common knowledge of common safe belief in
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1. Conditional Doxastic Logic and its Dynamic Extensions

CDL models, also called “plausibility models” are essdhtithe “belief revision
structures” in Board (2002), simplified by incorporatingusturally the assumption
of Full Introspection of Beliefs (which allows us to use binalausibility relations
on worlds for each agent, instead of ternary relations).dtute we will also want
to talk about theactual changainder the effects of actions, like moves in a game,
rather than just thetaticnotion that is in effect captured by Board’s models, we will
enrich the language of CDL with model-changidgnamicoperators for “public
announcements”, in the spirit of Dynamic Epistemic Logit (Baltag et al., 1999;
Benthem, 2007a; Benthem, 2007b)).

The models are “possible worlds” models, where the worldusually be called
states Grove (1988) showed that the AGM postulates (Alchourrbal e 1985) for
rational belief change are equivalent to the existence aftalde pre-order over the
state spacé.The intended interpretation of the pre-orderof some agent is the
following: s <; t means that, in the evefit, ¢}, i considerss at least as plausible
ast.

In interactive situations, where there are several playesish player has a
doxastic pre-ordex;. In addition to having differertbeliefs any two players might
have differenknowledgeWe follow the mainstream in game theory since Aumann
and model interactive knowledge using a partitional strreetHowever, as in Board
(2002), we will derive’s partition fromi’s pre-order<;. Let us be more precise: fix
a setS and a relation<;C S x S; then we define theomparability clasof s € S
for <;tobetheseis; = {t € S | s <; tort <; s} of states<,-comparable to
s. Now we want the set of comparability classes to form a partiof S, so we will
define aplausibility frameto be a sequende, <;);en in which S is a non-empty
set of states, and eagh a pre-order orf such that for each € S, the restriction
of <; to [s]; is a “complete” (i.e. “total” or “connected”) pre-order.

Fact1.1In any plausibility frame,{[s]; | s € S} forms a partition ofS. We
will interpret this as tha@nformation partitionfor playeri (in the sense of “hard”
information, to be explained below).

So we can define playéis knowledgeoperator in the standard way, putting for
any “proposition”P C S:

As explained below, this captures a notion of indefeasidlesolutely unrevisable
knowledge. But we also want a notion bélief B, describing “soft” information,
which might be subject teevision So we wantconditional belief operators3”,

in order to capture theevised beliefgiven some new informatiof. If S is finite,
let min<, (P) denote the<;-minimal P elements{s € P | Vt € P,s <; t}. So
min<,(P) denotes the set of states whicbonsiders most plausible givéh Then
min<,(PN[s];) denotes the set of that states whiconsiders most plausible given

4 A pre-order is any reflexive transitive relation. In Grovespresentation theorem the pre-order must
also be total and converse-well-founded.
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both P andi’s knowledge at state. Thus we define playei's conditional belief
operator as:
BEP = {s € S|min<,(QN][s];) C P}.

There is a standard way to extend this definition to totalgraers orinfinite sets of
states, but we skip here the details, since we are mainlyecoad with finite models.
BE P is the event thaigent; believesP conditional onQ. Conditional belief should
be read carefuIIyBl.QP doesnot mean that after learning thét, : will believe P;
rather it means that after learnirdg ¢ will believe thatP was the case before the
learning This is a subtle but important point: the conditional bistiperators do not
directly capture the dynamics of belief, but rather as vantBem (2007a) puts it,
they ‘pre-encode’ it. We refer to (Benthem, 2007a; Baltag &mets, 2008b) for
more discussion. The usual notion (@on-conditional) beliefcan be defined as a
special case of this, by putting; P := B P. The notions ocommon knowledge
CkP andcommon beliefCbP are defined in the usual way: first, one introduces
general knowledg&k P := (), K; P andgeneral beliefEbP := (), B, P, then one
can defineCkP := (), (Ek)"P andCbP := ), (Eb)"P.

It will be useful to associate with the stat&some non-epistemic content; for this
we use avaluation functionAssume given some finite sétof symbols, calledbasic
(or atomic) sentencesand meant to describe ontic (non-epistemic, non-doXastic
“facts” about the (current state of the) world.valuation on® is a functionV' that
associates with eagh € ® a setV (p) C S: V specifies at which statgsis true.
A plausibility modelfor (a given set of atomic sentencek)is a plausibility frame
equipped with a valuation ob.

Interpretation: ‘Hard’ and ‘Soft’ Information

Information can come in different flavours. An essentiatidetion, due to van
Benthem (2007a), is between ‘*hard’ and ‘soft’ informatiblard informationis ab-
solutely “indefeasible”, i.eunrevisableOnce acquired, a piece of ‘hard’ information
forms the basis of the strongest possible kind of knowledge, which might be
calledirrevocable knowledgand is denoted bys;. For instance, the principle of
Introspection of Beliefs states that (introspective) dg@ossess ‘hard’ information
about their own beliefs: they know, in an absolute, irrelidesense, what they be-
lieve and what notSoft informationon the other hand, may in principle be defeated
(even if it happens to be correct). An agent usually possessky soft information
about other agents’ beliefs or states of mind: she may haiefbabout the others’
states of mind, she may even be said to have a kind of ‘knowlezfghem, but this
‘knowledge’ is defeasible: in principle, it could be revdsdor instance if the agent
were given more information, or if she receives misinforiorat

For a more relevant, game-theoretic example, considensixeegames of perfect
information: in this context, it is typically assumed (altlgh usually only in an
implicit manner) that, at any given moment, both #teicture of the gamand the
players’past movesre ‘hard’ information; e.g. once a move is played, all ptaye
know, in an absolute, irrevocable sengieat it was played. Moreover, past moves
(as well as the structure of the game) are common knowledglgisame absolute
sense of knowledge). In contrast, a player’s ‘knowledg®tber players’ rationality,
and even a player’s ‘knowledge’ of her own future move at sapge that is not yet
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reached, are not of the same degree of certainty: in priacipéy might have to be
revised; for instance, the player might make a mistake, aildd play according
to her plan; or the others might in fact play “irrationallytrcing her to revise her
‘knowledge’ of their rationality. So this kind of defeastknowledge should better
be called ‘belief’, and is based on players’ “soft” inforricat.>

In the ‘static’ setting of plausibility models given aboweft information is cap-
tured by the “belief” operataB;. As already mentioned, this is defeasible, fiewis-
able the revised beliefs after receiving some new informatidmeing pre-encoded
in the conditional operatoB;’. Hard information is captured by the “knowledge”
operatorK;; indeed, this is an absolutely unrevisable form of belieg avhich can
never be defeated, and whose negation can never be acceprethéul information.
This is witnessed by the following valid identities:

K,P = ﬂ BEP = BP).
QCs

Special Case: Conditional Probabilistic Systems

If, for each playeri, we are given aonditional probabilistic systera la Renyi
(1955) over a common set of statggor if alternatively we are givenlaxicographic
probability systemin the sense of (Blume et al., 1991)), we can define subjective
conditional probabilities PrqbP|Q) even for events of zero probability. Whéhis
finite and the system is discrefiee., Proj P|Q) is defined for all non-empty events
@), we can use this to define conditional belief operators foiti@ry events, by
puttinng'?P := {s € S:Proh(P|Q) = 1}. Itis easy to see that these are special
cases of finite plausibility frames, by putting: <; t iff Prob;({s}|{s,t}) # 0.
Moreover, the notion of conditional belief defined in ternfithe plausibility relation
is the samas the one defined probabilistically as above.

Dynamics and Information: ‘Hard’ Public Announcements

Dynamic epistemic logic is concerned with the “origins” @rtl and soft infor-
mation: the “epistemic actions” that can appropriatelpini an agent. In this paper,
we will focus on the simplest case of hard-information-praidg actionspublic
announcement3 hese actions model th@multaneous joint learning of some ‘hard’
piece of informatiorby a group of agents; this type of learning event is perfectly
“transparent” to everybody: there is nothing hidden, gevar doubtful about it. But
dynamic epistemic logic (Baltag et al., 1999) also dealwiher, more complex,
less transparent and more private, forms of learning andraamcation.

Given a plausibility modeM = (S, <;,V),eny and a “proposition”P? C S,
the updated modeM | P produced by a public announcementfis given by
relativisation (P, <,[ P,V [ P), where<[ P is the restriction oK to P and(V |
P)(p) = V(p) N P. Notice that public announcements can change the knowledge
and the beliefs of the players. So far we have, for readgbliiiten writing events

5 By looking at the above probabilistic interpretation, one see that the fact that an event or proposi-
tion has (subjective) probability corresponds only to the agent having “soft” informatioe.(oelieving
the event). “Hard” information corresponds to the propositeing true inall the states in the agent's
information cell.
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without explicitly writing the frame or model in question.olever, since we are
now talking about model-changing operations it is usefildeaenore precise; for this
we will adopt a modal logical notation.

APAL-CDL: Language and Semantics

Our language APAL-CDL is built recursively, in the usual man from atomic
sentences i®, using the Boolean connectives, ¢ A 1, ¢ V ¢ andyp = 1, the
epistemic operatot&’; ¢, Bf 1), Cky andCby and the dynamic modalitigsp]¢ and
['¢. (The languag€ D L of conditional doxastic logic consists only of the formulas
of APAL-CDL that can be formedithoutusing the dynamic modalities.)

For any formulap of this language, we writ§p] o, for theinterpretationof ¢,
the event denoted by, in M. We write M¥ for the updated modeM | [©]m
after the public announcement @f The interpretation map is defined recursively:
[plm = V(p); Boolean operators behave as expected; and the definitives g
above of the epistemic operators in terms of events givertteggretation of epis-
temic formulae. Then the interpretation of the dynamic folae, which include
public announcement modaliti@®]:), goes as follows:

[Mellm ={s€ S |s€[elm = s € [Y]me}

Thus[!y]y means that after any true public announcemeng,of holds. Thear-
bitrary (public) announcement modaliti}y is to be read: afteevery(public) an-
nouncementp holds. Intuitively, this meang is a“stable” truth: not only it is true,
but it continues to stay true when any new (true) informat®ijointly) learned
(by all the players). There are some subtleties here: do geine that the new
information/announcement be expressible in the languagexample? This is the
option taken in (Balbiani et al., 2008), where the possilriacuncements are re-
stricted toepistemidormulas, and @omplete axiomatisatiois given for this logic.
In the context ofinite modelgas the ones considered here), this definition is actually
equivalent to allowingall formulas of our languag&PAL-CDL as announcements.
As a result, we casafely usdhe followingapparently circular definition

(Mol ={s € S|y s € [["W]ela}

Dynamic epistemic logic captures the “true” dynamics ofjftar-level) beliefs
after some learning event: in the case of public announctentre beliefs of an
agent after a joint simultaneous learning of a sentepcare fully expressed by the
operator{!y| B;, obtained by composing the dynamic and doxastic operdtare
that this isnot the same as the conditional operafjf, but the two are related via
the following “Reduction Law”, introduced in (Benthem, ZGH):

l]Biy < (¢ = B [lyly).

This is the precise sense in which the conditional beliefafoes are said to “pre-
encode” the dynamics of belief.

Special Case: Bayesian Conditioning

In the case of a conditional probability structure, the updel | P by a pub-
lic announcementP corresponds tBayesian update (conditionalisatioripe state
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space is reduced to the evéhtand the updated probabilities are given by P(Qh :=
Proh (Q|P). So a dynamic modalit}f P]@Q corresponds to the event that, after con-
ditionalising with P, event@ holds. Similarly, the arbitrary announcement modality
[']P is the event thaP stably holdsi.e. it holds after conditionalising with any true
event.

2. Models and Languages for Games

The notion ofextensive game with perfect informatisndefined as usual (cf. (Os-
borne and Rubinstein, 1994)): L&t be a set of ‘players’, and be a finite tree of
‘decision nodes’, with terminal nodes (leave&d)(denoting “possible outcomes”),
such that at each non-terminal nade G — O, some playet € N is the decision-
maker atv. We write G; C G for the set of nodes at whichis the decision-maker.
Add to this a payoff functiorh; for each player, mapping all the leaves € O
into real numbers, and you have an extensive game. We wgitéo' refer both to
the game and to the corresponding set of nodes. We alsowritev to mean that
v is an immediate successor@fandu ~» v to mean that there is a path fromto
v. A subgameof a game( is any game~’, having a subsef’ C G as the set of
nodes and having the immediate successor relatirthe set of decision nodés;
and the payoff function (for each playef) being given by restrictions t&’ of the
corresponding components of the gaGi¢e.qg.G; = G; N G’ etc). Forv € G, we
write G for the subgame off in whichw is the root. Astrategyo; for playeri in the
gameG is defined as usually as a function fr@s to G such that — o;(v) holds
for all v € G,. Similarly, the notions oEtrategy profile of the (unique) outcome
determined by a strategy profilnd ofsubgame-perfect equilibriuare defined in
the standard way (see e.g. (Osborne and Rubinstein, 19943lly, we define as
usually abackward induction outconte be any outcome € O determined by some
subgame-perfect equilibrium. We denote By the set of all backward-induction
outcomes of the gam@.

Consider as an example the “centipede” gamef. (Rosenthal, 1981)) given in
Figure 2. This is a two-player game fai(Alice) andb (Bab).

Vo, a

03 (5, 2) 04 (4, 5)

Figure 1. The “centipede” gamé/

kra_submitted. tex; 27/03/2009; 4:54; p.10



11

Here, we represent the nodes of the game by dots and the lgossibes by
arrows. For each non-terminal node, the correspondingsdabtlled with the name
of the node and the name of the player who decides the movatatale; while the
dots corresponding to the terminal nodes (outcomes) asdiéabwith the name of
the node ¢, 02, 03, 04) and with the players’ payoffs, written as paifs, p» ), where
Do 1S Alice’s payoff andp, is Bob’s. Note that in this game there is one backward
induction outcomey;, and furthermore that the unique backward induction sisate
profile assigns to eaah,, the successaf,, 1.

Language for GamesFor any given gamé&-, we define a set dbasic (atomic)
sentence® from which to build a language. First, we requibg; to contain a
sentence for each leaf: for evesye O, there is a basic sentengeFor simplicity,

we often just writeo, instead of. In addition® contains sentences to express the
players’ preferences over leavdsr eachi € N and{o,0'} C O, &4 has a basic
sentence <; o. Our formal language for gamésis simply the language APAL-
CDL defined above, where the set of atomic sentences is theselo talk about
the non-terminal nodes, we introduce the following ablaton:

U= \/ 0,
v~ 0

foranyv € G — O. As for terminal nodes, we will often denote this sentence by
for simplicity, instead of.
Plausibility Models for GamesWe now turn to defining models for gamesphau-
sibility model for gamé7 is just a plausibility mode(.S, <;, V);cn for the setd.
We interpret every state € S as aninitial state in a possible plapf the game.
Intuitively, the sentence is true at a state if outcome» will be reached during the
playthat starts at; and the sentenee=; o’ says thaplayeri’s payoff ato is strictly
smaller than her payoff at'.

Observe that nothing in our definition of models f@8rguarantees that states
come with a unique outcome or that the players know the sattobones! To ensure
this (and other desirable constraints), we later focus gueaial class of plausibility
models for a game, called “game models”.

ExamplesFigures 2 and 3 represent two different plausibility models and M
for the centipede gam@. Here, we uséabelled arrows for the converse plausibility
relations>, (going from less plausible to more plausible states), butdémvenience
we skip all the loops and all the arrows that can be obtainetréysitivity.

Note that in the modeM s, Alice (playera) knows the state of the worldh each
state, she knows both the outcome and Bob’s beliefs (andftrelision policy),
i.e. the sentenc@, ., (0 = K,0) holds at all states oM. But this isnot truein
modelM;: on the contrary, inV; (itis common knowledge that) nobody knows the
outcome of the game, and moreover nobody can exclude angroatdntuitively,
the future is “epistemically open” ioM1, but not in M. However, we can also
intuitively see that, in both models, (it is common knowledfat) all the players
know the (structure of the) gamihe available outcomes, the structure of the tree,
the payoffs etc.

We now want to formalise our intuitions about open future abdut having
common knowledge of the structure of the game. To do this, vllefecus on a
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a,b a,b

Figure 2. A game modelM; for the centipede gam@

Figure 3. A plausibility model M for G which isnot a “game model” (see below)

special class of models, that we call “game models”. Intei}i, each state of a
game model comes with a complete play of the game, and herstwitld have

a uniquely determined outcome, and the set of possible mésas well as the
players’ preferences over them should be common knowlddigeever, the players
in this (initial) state should not have non-trivial knowgdabout the outcome of the
play. Indeed, they should have “freedom of choice” during phay, which means
they can in principle play any move, so that at the outset efpfay they cannot
exclude a priori any outcomes.

Game Models

The class ofjame models fof, denoted by))is, is the class of all plausibility
model forG satisfying the following conditions (for all playeiss N):
1L.VseS3loe O:s5€ V(o)

) —
2. Vio = o) = { () otherwise

3.VseSYoe O:V(o)N|s]; # 0

The first condition entails that there is common knowledgé¢hef set of possible
outcomes, as well as of the fact that to each state is assd@atinique actual
outcome This reflects the fact that the future, for each particulay [state), is
determined. The second condition entails that the prefe®over outcomes are
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commonly known. Finally, the third condition says that §tdommon knowledge
that) thefuture is epistemically opeiin the initial state of any play, no player has
“knowledge” (in the strong sense of “irrevocable”, abselytunrevisable knowl-
edge) that any outcome is impossible. This is meant to apf@y & the states that
are incompatible with that player’s plan of action.

Open Future

We take condition (3) to embody the playefi®edom of choiceas well as the
possibility of error in principle, players might always change their minds okena
mistakes, hence any belief excluding some of the outcomgshianze to be revised
later. Even if we would assume (as is usually assumed) tlageps(irrevocably)
know their own strategy.e. even if they are not allowed to change their minds, and
even if we assume (as postulated by Aumann) thay have common knowledge
of “rationality” (and so that they can exclude some obviously irrationalag®)j it
still would not follow that they can completely exclude anyt@ome: mistakes can
always happen, or players may always lose their rationalitybecome temporarily
insane; so a rational plan does not necessarily imply analtiplay, and hence the
future still remains open.

Condition (3) is natural given our interpretation of the tkriledge” operatoi’
as representingard information that is absolutely certain and irrevocable. If any
node is “known” (in this sense) to be unreachable, then theershould simply be
deleted from the game tree: this just corresponds to plagiitjerent gameSo if a
playeri were to irrevocablknowthat a given node is unreachable, then the structure
of the game would not really be common knowledgerould in fact know that she
is playing another game thar. Thus, one can consider the “open future” postulate
as a natural strengthening of the “common knowledge of theejassumption.

A different way to proceed would be to impose the above caomstonly lo-
cally, at the “real” (initial) state of the play. Let Strycbe the following sentence,
describing the “structure of the gamé".

\/0/\ /\ =(oNd) A /\ 0=;0 A /\ -0 <; 0
0O o#£o0' €O i€EN,0,0' €O i€EN,0,0' €O
S.t.hi(0)<hi(0") S.L.hi(0)>hi(0)

Similarly, let Bz := A\ ,co ;e y K70 be the sentence saying that at the outset of
gameG the future is epistemically open. Then our proposed “locatjuirement is
that in the initial states we have “common knowledge of the structure of the game
and of open future”, i.es satisfies the sentenc&:(Struct; A Fg). Then it is easy
to see that this “local” requirement is equivalent to theabglobal requirement
of having a “game model”: for every statein any plausibility modelM for G, s
satisfiesCk(Struct; A Fg) iff it is bisimilar® to a state in some game model’ €
M.

ExamplesNote that the modeM from Figure 2 is ayame modelwhile M5 from
Figure 3 isnot indeed, inM,, it is common knowledge that Alice alwaksows the
outcomewhich contradicts the “Open future” assumption.

6 Here, “bisimilarity” is the standard notion used in modagity applied to plausibility models viewed

as Kripke models with atomic sentencesdnand with relations<;. The important point is that our
language APAL-CDL cannot distinguish between bisimilardels and states.
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Encoding Strategies as Conditional Beliefs

If a player adopts a particular (pursfrategy our language can encode this in
terms ofthe player’s conditional beliefs about what she would doeattreof her deci-
sion nodesFor instance, we say that Alice “adopts the backward iridoatrategy”
in a given states of a model for the Centipede Game in Figure 1 iff the sentences
B,o1 andB}?o03 hold at states. Similarly, we can express the fact that Bob adopts a
particular strategy, and by putting these together we cptucastrategy profilesA
given profile is realized in a model if the correspondenteece is true at a state of
that model.

Note that, in our settingpothing forces the players to adopt (pure) strategies
Strategies are “complete” plans of action prescribing guaichoice (a belief that a
particular move will be played) for each decision node ofgitag/er. But the players
might simply consider all their options as equi-plausilbajch essentially means
that they do not have a strategy.

Examplesin (any state of) modeM; from Figure 2, it is common knowledge that
both players adopt their backward induction strategiescontrast, in the modeV13
from Figure 4, it is common knowledge thad player has a strategfat any node):

Figure 4. A game modelM 3 in which players don't have strategies

So the assumption thatayers have (pure) “strategiesis an extremely strong
assumption, whickve will not needThere is no a priori reason to assume (and there
are good empirical reasons to reject) that players playrdompto fully-determined
strategies. Our models are general enough to dispensehigtadsumption; indeed,
our work shows thathis assumption is not needed for proving (common belief) th
the backward induction strategy is played

Intentions as BeliefsIin the above discussion, we identified an agemitgntions
with her beliefs about what she is going to,dmd so we represented the decision
maker’s plan of action as a belief about her (future) actiinis identification is
philosophically debatable, since agents may be aware qfdbksibility of mistakes,
and so they may doubt that their intentions will be realiZgdt one can also ar-
gue that, in the context of Game Theory, such distinctiorlsbei of very limited
significance: indeed, an intention that is not believed temferceable is irrelevant
for strategic planning (though see (Roy, 2008) for a disounssf intentions in game
theory). The players only need to know each others’ belieésititheir future actions
and about each others’ beliefs etc., in order to make thairational plans; whether
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or not they are being informed about each others’ (complateknforceable and
not believed to be enforceable) “intentions” will not makey aifference. So, for
the purposes of this paper, we can safely adopt the simpijifgssumption that the
agents believe that they will be able to carry out their pla@iaven this assumption,
an agent’s “intentions” can be captured by her beliefs aheutfuture) actions.

Representing Players’ Evolving Beliefs

Recall that we think of every state of a game modél, € 9. as aninitial
state (of a possible playjf the game=. As the play goes on, the players’ hard and
soft information, their knowledge and belieésjolve To represent this evolution, we
will need to successively change our model, so that e.g. vaheodev is reached,
we want to obtain a corresponding model of the subgaéftieThat is precisely,
in this perfect information setting, what is achieved igydating the model with
public announcementideed, in a game of perfect information, every move, say
from a nodeu to one of its immediate successarscan be “simulated” by a public
announcemerit/. In this way, for each subgant& of the original modelM, we
obtain a modeJM", thatcorrectly describes the players’ knowledge and beliefs at
the moment when nodeis reached during a playThis is indeed a model of the
corresponding subgande’:

Proposition 2.1 If M € 9 thenM? € Mgv.

Example Consider a play of the Centipede gadehat starts in the initial situation
described by the modélt; in Figure 2, and in which the real state of the world is the
one having outcome,: so Alice first plays “right”, reaching node , and the Bob
plays “down”, reaching the outcomg. The modelM; from Figure 2 gives us the
initial situation, the modeM7* in Figure 5 describes the epistemic situation after
the first move, and then the modét7? in Figure 6 gives the epistemic situation at
the end of the play:

a,b
a,b
Figure 5. The modelM*
In this way, for each given initial state(of a given playvg, v1, . . ., 0 of the game,

whereo is the unique outcome such tha& V' (o)), we obtain asequence of evolving
game models
M= M M MO

describingthe evolving knowledge and beliefs of the playdrsng any play. Each
model M" accurately captures the players’ beliefs at the moment wicelev is
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Figure 6. The modelM {2

reached. Note also that every such sequence ends with a gvtlelonsisting of
only one node (a leab); this reflects the fact thatt the end of the game, there is
no uncertainty leftthe outcome, as well as the whole history of the game, are now
common knowledge.

Simulating Moves by Public AnnouncementdJsing the dynamic “public announce-
ment” modalities in constructs such [as B;, we can talkat the initial states € M
andwithout leaving the original modeM € i, about all these future, evolving
beliefs of the players at nodesother than the initial nodey. Indeed, in a game of
perfect information, all the moves apaiblic. So the epistemic effect of a move to
nodev is the same as that of a truthful public announcene(gaying that the node
v is reached during the play). In other wordg can “simulate” moves in games of
perfect information by truthful public announcemehts

3. Dynamic Rationality in Decisions and Games

We now define our fundamental notionsdyfnamic rationalityand rational play.
First we will look atsingle-agent (one-step) decision situatipasd then at interac-
tive decision situations, i.games

3.1. SNGLE AGENT DECISION PROBLEMS

Given aone-step decision problef with a set ofoutcomes), thedecision-maker

i selects one of the outcomes O. The decision-maker may have various hard and
soft information about which outcomes can actually be realiand which not. This
will determine her knowledge and her beliefs. We assumeniirdthard” knowledge
restricts her possible choiceshecanonly select outcomes that she doeg&mowto
beimpossible

What this amounts to is the following: for the decision makethe “true” set
of possible outcomes iso € O | —K;—o}, i.e. the set of all théepistemically
possible” outcomesSo her selected option must satistye {o € O | —=K;—o}.
This allows us to capture the “selection” problem using &pigc operators.

To assess whether the decision is “rational” or not, oneidens the decision-
maker’s subjective preferences, modelled as a total pieref; on O. We assume
thatagents know their preferenceadeed, these are interpreted as “doxastic” pref-
erences: beliefs about what's best. Given this interpgoetathe CDL postulation of
Full Introspection (of beliefs) implies that agents knowittpreferences.

7 We believe that the more general case, of games of imperféartiation, can also be handled by

using other kinds of epistemic actions proposed in DynarpistEmic Logic (Baltag et al., 1999). But we
leave this development for future work.

kra_submitted.tex; 27/03/2009; 4:54; p.16



17

Rational Choice Rationality, in this case, corresponds to requiring thatsblected
option isnot worse thamny other (epistemically) possible alternative. In otherds,
i's solution of the decision problefR is rational if she does not choose any option
that is strictly less preferable than an option she doesmtkto be impossible:

RP .= /\ (0 =i o' A=K;=0" = —o0).
0,00€0

The main difference between our definition and the standefuhiton of rational
decision-making is thepistemic limitation of the choice sd@the epistemic operators
are used here to delimithat is currently known about the availability of option's
choice should only be compared against options that aremuetik to be unavailable.
This is animportant differencgand its importance becomes clear when we generalise
our definition to extensive games, cf. the difference betwdgnamic’ rationality

and traditional ‘substantive’ rationality, describeddsel

3.2. EXTENSIVE GAMES

We now aim to extend the above definitions to the casewlti-agent many-stage
decisionsi.e. extensive games (of perfect information). Recalt thaan extensive
game we are given the players’ subjective preferenge®nly over the leaves.
However, at all the intermediate stages of the game, pldyave to make local
choices, not between “final” outcomes, but between “intatisrgy” outcomes, that
is: between other nodes of the game tree.

So, in order to assess players’ rationality, we neegktendhe subjective prefer-
ence relations tall the node®f the game tree. Fortunately, given the above doxastic
interpretation of preferences, there is an obvious (andrahtway to define these
extensions. Namely, a player considers a node be strictly less preferabléo a
nodeu’ if shebelieveghe first to bestrictly dominatedy the second. More precisely,
if every outcome that she believes to be achievable givenitigmreached is worse
than every outcome that she believes to be achievable dratn’tis reached:

’
u=;u = /\ (=B{=0 A =B} =0 = 0=, 0).
0,00€0

By the Full Introspection of beliefs (a postulate of the @IDL), it follows that
we still have thaplayers know their extended preference®r all the nodes of the
game.

Rationality at a Node Each nodev € G; can be considered as a (distinct) de-
cision problem, in which the decision-makeriisthe set of outcomes is the set
{u € G : v — u} of allimmediate successors of and the subjective preference
relation is given by the (restriction of the) extended lielat<; defined above (to the
set{u € G : v — u}). So we can define the rationality of a playett a node € G;

as rationality for the corresponding decision problem,the player’s selection at
each decision node consists only of “best answers”. Notedkdeforethe player’s
choice is epistemically limitedf she has “hard knowledge” excluding some suc-
cessors (for instance, because those nodes have alreaupyyeessed), then those
successors are excluded from the set of possible optiomsoiily difference is that
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the “knowledge” involved is the one the agewtuld have at that decision nodee.
it is conditional on that node being reachdebrmally, we obtain:
RY .= /\ (u <; u' A =KP—u' = —u)

3

u,u’ —v

whereK /v := K;(p = ).
Dynamic Rationality Let R; be the sentence

Ri= /\ R

veG;

If R; is true, we say that player satisfiesdynamic rationality By unfolding the
definition, we see it is equivalent to:

R;, = u < u A-KP—u = ).
AANK ; )

vEG; u,u’ —;v

As we'll see, asserting this sentence at a given moment isyaovsaying thathe
player will play rationally from that moment onwardise. she will make the best
move at anycurrent or futuredecision node.

In the following, “Dynamic Rationality” denotes the senten

R::/\Ri

saying that all players are dynamically rational.

Comparison with Substantive Rationality To compare our notion with Aumann’s
concept of “substantive rationality”, we have to first adApmann’s definition to

a belief-revision context. This has already been done byraben of authors e.g.
Battigalli and Siniscalchi (1999; 2002), resulting in a d#&fon of “rationality at a
node” that differs from ours only bhe absence of epistemic qualifications to the set
of available optiongi.e. the absence of the terrf? /). The notion oubstantive
rationality is then obtained from this in the same way as dynamic ratitynaly
qguantifying over all nodes, and it is thus equivalent to thieofving definition:

SR, = /\ /\ (u=<; u' = ).
VEG; u,u’ —;v
It is obvious thasubstantive rationality implies dynamic rationality
SRL = Ri;

but the converse is in general fals€o better see the difference between; 3Rd
R;, recall that a formula being true in a modet € 9t means that it is true at
the first node (the root) of the game tr&e However, we will later have to evaluate
the formulas R and SR at other nodesw, i.e. in other modelof the form M¥
(models forsubgamesg:"). Sincethe players’ knowledge and beliefs evolve during
the gamewhat is (not) known/believed conditional enn modelM ™ differs from
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what was (not) known/believed conditional enin the original model(i.e. at the
outset of the game). In other words, the meaning of both dyneationality R and
substantive rationality SRwill change during a playBut theychange in different
ways At the initial nodev, the two notions are equivalent. But, once a nade
has been bypassed, or once the mowvetas already been played by a playehat
player is counted astional at nodev according to our definition, while according to
the usual (non-epistemically qualified) definition the gagnay have been irrational
atv.

In other words, the epistemic limitations we imposed on aunoept of dynamic
rationality make it into duture-orientedconcept. At any given moment, the ratio-
nality of a player depends only on her current beliefs andatedge, and so only
on the options that sheurrently considers possihl@ast, or by-passed, options are
irrelevant. Dynamic Rationality simply expresses the faet the player’s decision
in any future contingencies is rational (given her futuréags and beliefs). Unlike
substantive rationality, our concept has nothing to do wwith past or with contin-
gencies that are known to be impossible: a playaray still be “rational” in our
sense at a given moment/nodesven whenv could only have been reachediif
has already made some “irrational” move. The (knowledg®nfes) past mistake(s)
may of course affect the othenseliefsabout this player’s rationality; but it doesn’t
directly affect her rationality, and in particular it do&sautomatically render her
irrational.

Solving the Bl ParadoxAs explained above, our concept s very different from (and,
arguably, more realistic than) Aumann’s and Stalnakestantive rationality, but
also from other similar concepts in the literature (for epgrRabinowicz’s (1998)
“habitual” or “resilient” rationality, etc). The differaae becomes more apparent if
we consider the assumption tHaationality” is common belief, in the strongest
possible sensancluding common “strong” belief(in the sense of Battigalli and
Siniscalchi (2002)), common persistent belief, or evenmom “knowledge” in the
sense of Aumann. As correctly argued by Stalnaker and Reagetassumptions,
if applied to the usual notions of rationality in the litaxeg, bear no relevance for
what the players would do (or believe) at the nodes that aenipatible with these
assumptions! The reason is that, if these counterfactuddsovere to be reached,
then by that time the belief in “rationality” would have aidy beerpublicly dis-
proved we cannot even entertain the possibilities reachable tatiagnal moves
except by suspending our belief (or “knowledge”) in ratilityaHence, the above
assumptions cannot tell us anything about the players’\betaor rationality at
such counterfactual nodes, and thus they cannot be useglue far the plausibility
of the backward induction solution (even if they logicalgply it)! In contrast, our
notion of dynamic rationality imot automatically disproved when we reach a node
excluded by common belief in it: a playeraystill be rational with respect to her
current and future options and decisiamgen aftermaking an “irrational” move.
Indeed, the player may have been playing irrationally ingast, or may have had a
moment of temporary irrationality, or may have made someakés in carrying out
her rational plan; but she may have recovered now and mayatiayally thereafter.
Since our notion of rationality is future-oriented, no infation about past moves
will necessarily and automatically shatter belief in ratifity (although of course it
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maystill shatter it, or at least weaken it). So it is perfectlysistent (although maybe
not always realistic) to assume that players maintain twitmon belief in dynamic
rationality despite all past failures of rationality. Ircfathis is our proposed solution
to the Bl paradoxwe will show that such a “stable” common belief in dynamic
rationality (or more precisely, commdmowledgeof the stability of the players’
common belief in rationality) is exactly what is needed tsume common belief in
the backward induction outcome!

Rational Planning A weaker condition requires only that, for each decisionewgd
the option that the decision-makisrplanning atv to select (ab) is the best, given
the other (epistemically) possible alternatives. By idfgintg as above the players’
plans of actions with their beliefs about their actions, \&e thus say that a decision
maker is arational plannerin the game? if at each decision node shelieveshat
she will take “the best decision”, even if in the end she masidentally make a
wrong choice:

RP:= A B/R!.

veG;

By unfolding the definition, we see it is equivalent to:

RP, = /\ /\ (u =i v A=K!—u' = BY-w).

vEG; u,u' —;v

No MistakesRP; only states that the decision maléras arational planfor current
and future contingencies. But mistakes can happen, so if avd te ensure that the
decision that is actually taken is rational we need to regtlie player makeso
mistakesn carrying out her plan:

No-Mistakes := A /\ (BY-u = —u)

vEG; u—v

The sentence No-Mistakesays that playei’s decision are always consistent with
her “plan”: she never plays a move that, at the moment of ptayshe believed won't
be played.

As expected, the conjunction of “rational planning” and “mistakes” entails
“rational playing” (i.e., “dynamic rationality”):

RP; A No-Mistakes = R;.

4. Backward Induction in Games of Perfect Information

It is easy to see that Aumann’s theorem stating that commawlatge of sub-
stantive rationality implies the backward induction outen(Aumann, 1995) can be
strengthened to the following

Proposition 4.1 In any state of any plausibility model for a game of perfefbin

mation, common knowledge of dynamic rationality impliesthckward induction
outcome.
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Unfortunately, common knowledge of (either dynamic or sabtve) rationality
can never hold in a game modélis simply incompatible with the “Epistemically-
Open Future” condition. By requiring that players have tfianformation about
the outcome of the game, Aumann’s assumptioes not allow them to reason
hypothetically or counterfactually about other possibleanmesat least not in a
consistent mannér.This undermines the intuitive rationale behind the backiwar
induction solution, and it is thus open to Stalnaker’s cistin.

So in this section, we are looking for natural conditionst ttan be satisfied
on game models, but that still imply the backward inductieicome (or at least
common belief in it). One such conditionég®@mmon knowledge of (general) stable
beliefin (dynamic) rationalityCk[!] EbR. This is in fact a “strong” form of common
belief, being equivalent t&’%k[!|CbR, i.e. tocommon knowledge of stable common
belief in rationality.

Theorem 4.2 The following holds in any stateof any game mode\t € Mig:
CE[lJEbR = Cb(Blg),

where B := \/{o | o € Blg} is the sentence saying that the current state de-
termines a backward-induction outcome in the gamd=quivalently, the following
formula is valid over plausibility frames for the garae

Ck(Struct; AFg A JCOR) = Cb(Blg).

In English: assuming common knowledge of the game struetudeof open future, if
it is common knowledge that, no matter what new (truthfulprmation the players
may (jointly) learn during the game (i.eo matter what is playedgeneral belief in
rationality will be maintained, then it is common belief thlae backward induction
outcome will be reached. If we define “stable common belieféiproposition® as
['|CbP, then we can give a more concise English formulation of trevattheorem:
common knowledge of the game structure, of open future asteloie common belief
in dynamic rationality implies common belief in the backe+arduction outcome.

Although rationality cannot be common knowledge in a gamelehgational
planning can beWhen this is the case, we obtain the following

Corollary 4.3 In a game model, common knowledge of “rational planning” and
of stable belief in “no mistakes” implies the backward-imtion outcome; i.e. the
formula

Ck(RPA ['|EbNo-Mistakes = Cb(Blg)

is valid on game models.

The above results only give wo®mmon beliefin the backward-induction out-
come, but nothing ensures that this belief is correct. If vemtito ensure that the
backward-induction outcome is actually played, we needitbthe requirement that

8 Indeed, ifo is the backward induction outcome, then the above Propasititailsk ; o for all players

1, and thus for every other outcomé # o and every propositio, we haveBZ?/P: the playerselieve
everything(including inconsistencies) conditional oh
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the (stable common) belief in rational play assumed in tlkeyse is correct, i.e. that
players actually play rationally

Theorem 4.4 The following holds in any stateof any game mode\t € Mig:
RACK[|EVR = Blg

No strategies!

Observe that we did not assume that the players have con{plete) “strate-
gies”. That is, we do not insist that they have fully deteredirplans of action,
uniquely specifying one move for at each decision node, bly that they have
partial plans, i.e. incomplete beliefs about what moves they shplay: at each
decision node they choosesatof moves rather than one unique move. So an impor-
tant side-result of our work is that the assumption thatglaphave (complete, pure)
strategies isiot necessarfor proving backward-induction results.

Ensuring Backward-Induction Strategy Profile

If, however, we want to postulate thexery player does have a (complete, pure)
strategy we need to say that, for each nodef her choice, there exists a (unique)
immediate successarthat shebelieveswill be played ifv is reached (i.e. shglans

to playu atwv):
Strategies= /\ A \/ B/u.

i vEG; u—;v
In cases where Strategies is common knowledge as well, westcangthen the
Theorem 4.2 to:

Corollary 4.5 The following holds in any stateof any game modeUt € Mig:
Ck(Strategies\ ['|EbR) = Cb(BI-Profile,)

where BI-Profilg, is the sentence saying that the strategies given by eaclerday
conditional beliefs in the initial state form a backward-induction profile.

Finally, the following theorem ensures that above resuksat vacuous:

Theorem 4.6 For every extensive gantg, there is a game modeéll € M and a
states € M satisfying the sentence

No-Mistakes\ Ck(RP A Strategies\ [!] EbNo-Mistakes.
As a consequence, the senteRee Ck[!| EbR A CkStrategies is also satisfied.

The proofsof these theorems are in the next section. Some alternatiwaker)
conditions ensuring the backward induction outcome arergin Section 6.

5. Proofs
Definition 5.1 For a finite setD of “outcomes” and a finite se® of “players”, we

denote by&ames(O, P) the class of all perfect information games having any subset
of O as their set of outcomes and having any subsét a$ their set of players. «
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Definition 5.2 For any sentence of our language,
@ isvalid on a gamé7 if ¢ is true at every state of every game modeM € M.
v isvalid over&ames(O, P) if ¢ is valid on every gamé&' € Games(O, P). <

When the gamé- is implicit from the context, we will often abbreviaf@/q.,
i.e. the name for the formula that defines all the backwadiition outcomes in the
subgame of~ that starts at the node to BI*“.

Lemma 5.3 For every perfect information gant@, if we denote the root af by vy,
the first player ofG (playing atwvg) by ¢ and the first move aof (the successor node
played atvy) by vy, then the sentence

ROA N\ B[u]BI* A[lvy]BI = B

u—vg

is valid onG.

Proof.This follows directly from the definition of rationality atrmode and the def-
inition of BI. The assumption thaB![lu] BI* is true ats means that all the states
(deemed as “most plausible bgonditional oru ) in the sets¥ := min<,(@N[s];)
have only outcomes that are backward induction outcomehéncorresponding
subgame: i.e. we hawgt) € Bl for all ¢ € s¥. Given that all these outcomes
{u: u < vo} are consistent witl's knowledge (since we are in a game model), the
fact thati is rational atvy implies that the successor nodge chosen byi must be
one that maximises her paydff(o(sj')) among all the outcomes @,,._,,, Bl
But, by the definition, such a node is exactly the choice prescribed@t by the
backward induction strategy! Given this backward-indutthoice () of ¢ at node
vg, and given the fact (ensured by the conditjbn]BI"*) that starting from node
vy everybodywill play the backward induction choices, we can conclude that th
outcomen(s) belongs to the backward induction set of outcorBdg~, = Bl for

the game=. Hences satisfiesBI. QED

TheMain Lemmaunderlying our results is the following:

Lemma 5.4 (“Main Lemma”) Fix a finite setO of outcomes and a finite sét of
players. Lety be any sentence in our language APAL-CDL having the follgwin
property: for every gamé’ € Games(O, P), if we denote the root aff by vy, the
first player ofG (playing atvg) byi and the first move af(the successor node played
atvg) by vy, then the sentence

o= R A /\ B [lulp A [lvr]e

u—vg

is valid onG.
Under this assumption, we have that the sentence

¢ = Blg

is valid over&ames(O, P).
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Proof.We need to prove that, for every gamfiec Games(O, P), the sentence =
Blg is valid onG. The proof isby induction on the length of the garge

For games of length (only one outcome, no available moves), the claimis trivial
(since the only possible outcome is by definition the backhviraduction outcome).

Let G be now a game of length > 0, and assume the claim is true for all games
of smaller length. Lety be the root of, i be the first player o&&, M € M be a
game model for7 ands be a state ifM such thats =1 .

Let u be anyarbitrary immediate successof v, (i.e. any node such that «—
vp). By the property assumed in the statement of this Lemma,ave thats =4
B¥[lu]p, and so (ifs}" is the set defined in the proof of the previous Lemma, then)
we havet = [lu]p for all ¢ € s¥. Hence, we have = ¢ forall ¢ € s¥ Nw.

By the induction hypothesis, we must havie- ..« BI* (sinceM™ is a game model
for G, which has length smaller tha#, and so the implicatiopp = BI* is valid
on M"), for allt € s Nu. From this we get that = [lu]BI* forall t € s¥, and
hence that = BY[lu]|BI".

Let v; be now the first move of the game in statéi.e. the unique immediate
successor;, < vp such thak = v1). By the property assumed in this Lemma, we
have that =4 [lv1]p. By the same argument as in the last paragraph, the induction
hypothesis gives us that|=, [lv1]BI"'. Putting together with the conclusion of
the last paragraph and with the fact (following from the tle@o's assumption) that
¢ = R} isvalid onM, we infer thats =r R;° AN, Bi'llu] BI* Allvi] BT
The desired conclusion follows now from Lemma 5.3. QED

Lemma 5.5 The sentence
¢ = RACK[JEbR

has the property assumed in the statement of Lemma 5.4.

Proof.The claim obviously follows from the following three sulaths:

1. dynamic rationality is a “stable” property, i.e. the ingglion R= A ['u|R is
valid;

2. the implicationCk[!|Ebyy = B}[lu]Ck[!|Eby is valid, for all formulasy and
all nodesu € G;

3. the implicationCk[!|Eby = [lu]CK[!]Ebiy is valid, for all formulasy and all
nodesu.

All these claims are easy exercises in dynamic-epistergicId he first follows
directly from the definition of dynamic rationality.

The second sub-claim goes as follows: assume that we Ga{leEDby) at some
state of a given model; then we also have[lu][!] Eby for any nodeu (since[!]d
implies ['u][!]0), and so alsak;Ck[!u][!|Eby (since common knowledge implies
knowledge of common knowledge), from which we §Ck[!u|[!] Eby (since knowl-
edge implies conditional belief under any conditions).sTiBithe same aBY (v —
CEk[lw][|Eby), which impliesBY (v — Ck*[lu][!|Eby) (since common knowl-
edge implies conditional common knowledge). But this ldause is equivalent
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to BX[lu]Ck[!|Eby (by the Reduction Law for common knowledge after public
announcements).

The third sub-claim goes as follows: assume that we 1848 Ebi) in some state
of a given model; then as before we also h&Vé!u|[!| Eby, and thusCk* [lu]['] Eby
(since common knowledge implies conditional common knadg®). From this we
getu — Ck"[lu][!|Eby (by weakening), which is equivalent ttu]Ck[!|Eby (by
the Reduction Law for common knowledge after public anneoments). QED

Theorems 4.4 and 4.2

Proof.Theorem 4.4 follows now from Lemma 5.4 and Lemma 5.5. Theofen
follows from Theorem 4.4, by applying the opera€t[!] Eb to both its premiss and
its conclusion, and noting that the implication

CE[Eby = Ck[l|EbC[!)Ebip

is valid. QED

6. An Alternative Condition: Common
Stable True Belief in Dynamic Rationality

The epistemic condition R Ck[!]EbR given above imot the weakest possible
condition that ensures the backward induction outcome. pwoperty ¢ satisfy-
ing the assumption of our Main Lemma (Lemma 5.4) would doritpérticular,
there exists aveakestsuch condition (the smallest eveit C S such thatF C
R°NN,y, Bi'['w]EN[lv1] E), butitis a very complicated and unnatural condition.
The one given above seems to be the simplest such conditimmessible in our
language APAL-CDL.

However, one can give weaker simple conditions if one isinglto go a bit be-
yond the language APAL-CDL, by adding fixed points for otluaf{nable) epistemic
operators.

Let stable true beliebe a belief that is known to be a stable belief and it is also
a stably true belief. Formally, we define:

Sthip == K[!|Bip A [Vep.

Thus stable true belief istablebelief in astablytrue proposition. Stable true belief
is a form of “knowledge”, sincé implies truth and belief:

Stbip = ¢ A\ B;p.

We can also think of stable true belief as an epistemic dtitowards thetability
of a proposition: clearly it implies stably trutt§¢b;0 = [!]p), but furthermore,
knowledge that something is stably true implies stable elgef in it

Kl['](p = Stbi(p.

kra_submitted. tex; 27/03/2009; 4:54; p.25



26

Stable true belief is inherently a “positively introspeetiattitude, i.e.
Stb;p = Stb;Sth;p,

but it is not positively introspective with respect to (“d&rknowledge:
Stb;p # K;Stb;p.

Stable true belief imot negatively introspective, neither inherently nor withpest
to knowledge.

If we restrict our attention to onlgntic (i.e. non-doxastic) facts, then we cannot
detect the subtleties of stable true belief, and the diffeeebetween this concept,
“stable belief” (simpliciter) and “safe belief’. Notice iparticular thatwhen when
applied to ontic fact®, stable true belief op is just the same as stable beliefof
and the same as the “safe beliefifirom (Baltag and Smets, 2008b). (which is the
same as what Stalnaker calls “knowledge” (Stalnaker, 206®)wever, it is typical
of interactive epistemologyat one is not in general interested in epistemic/doxastic
attitudes towards ontic facts, but in attitudes towardgpsitions that in turn depend
on other attitudes. Examples of such higher-level attgumle the important game-
theoretic notions of “common knowledge of (or common beliéf rationality”,
“common knowledge of stable belief in rationality” and “coran stable true belief
in rationality”: exactly the notions that interest us ingipiaper!

We can defineommon stable true beliéh the same way as common knowledge:
first definegeneral stable true belief

Estbp = /\ Sth;p
ieP

(“everybody has stable true belief”), then put
Cstbyp = /\(Estb)"gp.

Note that this definition, although semantically meanihgéunot a definition in our
language APAL-CDL, since it uses infinite conjunctions.dad, we conjecture that
common stable true belief is undefinable in the language ARABIL, since it doesn’t
seem to be expressible as a combination of common knowledgemon belief and
dynamic operators.

Lemma 6.1 The sentenc€'stbR satisfies the assumptions of our Main Lemma (Lemma
5.4).

As an immediate consequence, we have:
Theorem 6.2 The sentence
CsthR = Blg

is valid over game models. In English: (if we assume commaowkedge of the
structure of the game and of open future, thea)nmon stable true belief in (dy-
namic) rationality implies the backward induction outcome
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7. Comparison with Other Work

The game-theoretic issues that we deal with in this papeiraie in the work of
Aumann (1995), Stalnaker (1994; 1996; 1998) and Reny (199%] have been
investigated by a number of authors (Binmore, 1987; Binm&896; Bicchieri,
1989; Battigalli, 1997; Battigalli and Siniscalchi, 199attigalli and Siniscalchi,
2002; Bonanno, 1991; Brandenburger, 2007; Halpern, 208i1ef 1996; Claus-
ing, 2003) etc. Our work obviously owes a great deal to theghoas for their
illuminating discussions of the topic.

The logic CDL of conditional belief was first introduced anxicanatised by
Board (2002), in a slightly more complicated form. The vanspresented here is
due to Baltag and Smets (2006; 2008b). The dynamic extedi@DL obtained
by adding the public announcements modalities (coming fitwapublic announce-
ment logic PAL, originally developed by Plaza (1989)) hasrbdeveloped by van
Benthem (2007a) and, independently, by Baltag and Smels(Band Smets, 2006).
The extension of PAL with arbitrary announcement modalitieo is due to Balbiani
et al (2008). The belief-revision-friendly version of APAresented here (obtained
by combining APAL with CDL) is an original contribution of opaper.

The work of Battigalli and Siniscalchi (2002) is the clos&sburs, both through
their choice of the basic setting for the “static logic” @@lgiven by conditional
belief operators) and through the introduction of a streegéd form of common
belief (“common strong belief”) as an epistemic basis foragkward-induction
theorem. Strong belief, though different from our “stalitelief, is another version
of persistent belief: belief that continues to be maintdineless and until it is con-
tradicted by new information. However, their notion of cetality is only “partially
dynamic”: although taking into account the dynamics of éfsli(using conditional
beliefs given node to assess the rationality of players’ choices/gtit does not
fully take into account the limitations posed to the set o$gible options by the
dynamics of “hard knowledge”. In common with most other [oeg notions of
rationality, it requires agents to make rational choiceslbhodes, including the
past ones and the ones that have already been bypassed. #&dtaités enough
for a player to make only one “irrational” move to completshatter the (common)
belief (however strong) in rationality; and as a conseqaeoommon strong belief
in rationality does not by itself imply backward inductidfa obtain their theorem,
Battigalli and Siniscalchi have to add another assumptiat: the game model is a
complete type structurée. it contains, in a certain sense, every possible episte
doxastic “type” for each player. This means that the plaggesassumed to have
absolutely no “hard” information, not only about the outcemor about the other
players’ strategies, but also about the other players’ &fgliso that they have to
consider as epistemically possitd# consistent (probabilistic) belief assignments
for the other players! This is an extremely strong (and, inapinion, unrealistic)
“completeness” assumption, one that can only be fulfillednninfinite model. In
contrast, the analogue completeness assumption in ousagipis the much weaker
“Open Future” assumption, postulating that (at the begigrif the game) players
have no non-trivial “hard” information about the outcomesdept the information
given by the structure of the game): they cannot foretelfibgre, cannotirrevocably
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know the players’ freely chosen future moves (though theirrevocably know the
past, and theynayirrevocably know the present, including all the beliefs dhe
plans of action of all the players). Our more realistic ptatiis weak enough to be
realized on finite models. In particular, it can be realizadhwodels as small as the
set of terminal nodes of the game tree (having one state &brteaminal node), and
in which all the plans of action are common knowledge, sotthebnly uncertainty
concerns possible mistakes in playing (and hence the finebme).

Samet (1996) introduces a notionlofpothetical knowledgén order to develop
an epistemic characterisation of backward induction. Hiyptical knowledge looks
prima facie similar to conditional belief, except that tinerpretation of the hy-
pothetical knowledge formuld’?y is different: “Had¢ been the case, would
have known)” ((Samet, 1996), p. 237). This mixture of counterfactuaiditionals
and knowledge is specifically introduced in (Samet, 1996) ttndiscuss backward
induction, and it has not occurred before or subsequenthdiiterature. In contrast,
our approach is grounded in the relatively standard andwelkerstood foundations
of Conditional Doxastic Logic, independently studied bgitdans and philosophers.
While Samet does make what we agree is the important poihtstirae form of
counterfactual reasoning is of vital importance to thetepidc situation in extensive
games, his model and conditions seem to us more complexréesparent and less
intuitive than ours.

We are aware of only one prior work that uses dynamic epistéogjiic (more
precisely, the logic of public announcements, but in thetextrof “classical DEL”,
i.e. dealing only with knowledge update and not with bel@fision) for the analysis
of solution concepts in extensive games: (Benthem, 200#m|t work takes Au-
mann’s “static” notion of rationality as given, and acceftsnann’s classical result
as valid, and so it does not attempt to deal with the casesichwumann’s assump-
tions do not apply, nor to address the criticism and the ssaised by Stalnaker,
Reny and others. Instead, van Benthem’s contribution fesws thesourcesof
knowledge, on explainingow complex epistemic conditions of relevance to Game
Theory (such as Aumann’s common knowledge of rationaligy)tie brought abouyt
via repeated public announcements of rationality. So varigen doesiotuse pub-
lic announcements in order to simulate a play of the gamelid®abnouncements
in van Benthem’s approach represefi-line learning i.e. pre-play or inter-play
learning, whereas the public announcements in our prepprbach simulaten-line
learning, i.e. learning that takes pladering the playof the game. A very interesting
open question is to address the same issue answered by véreBebut for the case
of the dynamic-epistemic condition proposed here, instdafumann’s condition:
find some off-line communication or learning protocol thahcachieve common
knowledge of stable common belief in rational play.

We should say how our result resolves the apparently canfiigositions of Au-
mann and Stalnaker. Under sympathetic interpretationsaxfet authors, we would
say that we agree with both of them:

We have already commented on the differences between owagipand that
of Aumann (1995). However, in order to find a similarity, metithat if we say that
strategiesre beliefs, then the condition we give begins to look a littleelcommon
knowledge of rational strategies. (This identification whtegies with beliefs was
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not possible in Aumann’s framework, so even from this pertipe our work would
be a considerable advance.)

Stalnaker writes that “[t]he rationality of choices in a gagepend[s] not only
on what players believe, but also on their policies for riegjgheir beliefs” (1998,
p. 31). He then gives a condition on belief revision polidie$erms of “epistemic
independence” of the players. We agree entirely with theirsemt in the quoted
sentence. Indeed game models provide a specification oflgxemv players will
revise their beliefs, including their beliefs about othiyers’ beliefs, so that these
beliefs remain consistent no matter how the play of the games.grheorem 4.4 goes
further andspecifiesconditions necessary on such models, purely in terms of epis
temic and doxastic attitudes towards rationality, thauemshe backward induction
outcome. Stable belief in dynamic rationality is in effeqtatial description of an
“optimistic” belief revision policy, that says: ‘when yoavise your beliefs, maintain
at all costs a belief in the opponents’ rational potentiakgite their past deviations
from rationality’.

In fact, as mentioned in the Introduction, whether this golian appropriately
be called “optimistic” or “pessimistic” depends on the gaamal the players’ pay-
offs. In many contexts, such an “incurably optimistic” (@ersistently pessimistic”)
revision policy may seem ‘naive’, but our point is thatly such a policy can offer a
rational doxastic justification to backward inductiofhe well-known examples of
‘catastrophic’ Bl outcomes can thus been seen to illusthetelangers of “rational”
pessimismwhile the examples of ‘desirable’ Bl outcomes illustreite saving power
of “incurable” optimism
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