Thread algebra for SANE Virtual Processors *

Thuy Duong Vu! and Chris Jesshope?
{tdvu, jesshope}@science.uva.nl

Sectie Software Engineering!,
Computer Systems Architecture Group?,
University of Amsterdam,

The Netherlands

Abstract. This paper presents a formal approach to the verification
and evaluation of a programming/machine model being developed at
the University of Amsterdam, called the SANE Virtual Processor (SVP).
The model is being used as a basis for designing and programming chip
multiprocessors and to support self-adaptive computation. This model
can provide solutions for effectively programming distributed multipro-
cessor systems [12,13,17]. We take thread algebra [11], a semantics for
recent object-oriented programming languages such as C# and Java, as
a theoretical framework of our approach. We model the basic interleav-
ing strategies used in SVP, and show in thread algebra that the SVP
programs has a desired property, i.e. they are communication-deadlock
free.

1 Introduction

The microthreaded model has evolved over the last decade from a low-level
machine model [12] to a high-level programming model that supports dynamic
concurrency and communication in self-adaptive systems. The latter is captured
as an abstract definition of a SANE Virtual Processor (SVP) and a C-based
language that realizes this [15]. SANE refers to a self adaptive network entity
and the SVP model was developed in the AETHER project (http://www.aether-
ist.org/), the goal of which is to explore self-adaptivity in complex computing
systems, which requires dynamic concurrency. The SVP model is based on a sub-
stantial amount of prior research that started with the DRISC microprocessor
design [12] and developed through various concurrency models based on mi-
crothreading[18,16,13,17]. SVP however, places concurrency at the core of the
machine and operating system model and provides a full range of concurrency
control mechanisms. There are controls to dynamically create concurrency as
indexed families of threads, to provide instruction-level synchronization of data
to manage sequence within a family and bulk synchronization, to provide effi-
cient synchronization between the units of work defined by concurrent families
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of threads. Finally there are controls to provide reflection on concurrency in
terms of killing or preempting concurrent programs. It should be emphasized
that composition in the model is concurrent and self-similar down to the lowest
levels of threads in a program, i.e. threads within a family may create subordi-
nate families.

The pragmatic goals of this work are twofold. The first is to have a model
that can be implemented efficiently in silicon to provide scalable performance in
the emerging era of chip multiprocessors. The second is to have a model that
has all of the characteristics of the sequential model, namely determinism and
freedom from deadlock but which exposes as much concurrency as possible from
a program without implying any scheduling. The aim is to develop a model that
can be used as a compiler target from sequential programs but which also embeds
the system infrastructure of job creation and termination. This means that the
model is capable of representing all concurrency from the instruction-level up to
operating system functionality in a unified manner.

This means programs (or microthreads) must be free of deadlock by design
and allow safe composition, so that given two SVP programs, those programs
can be composed in a third SVP program and the resulting program will be well
behaved, i.e. deadlock free and deterministic if two programs were composed
deterministically. Here determinism means that program should always give the
same result, a key property of the sequential paradigm.

This paper represents the first results from a collaboration between the Com-
puter Systems Architecture group and Sectie Software Engineering at the Uni-
versity of Amsterdam. It provides formalization to the model SVP. It like the
preceding work presented in [10,7-9] is a part of a project investigating mi-
crothreading. We take thread algebra (TA) [6,11] as a theoretical framework of
our approach. Thread algebra is an algebraic theory for sequential and multi-
threaded programming languages. It is designed on top of basic thread algebra
(BTA) [5] and contains a collection of strategic interleaving operators for paral-
lel threads capturing some essential aspects of multi-threading. Suppose that a
single thread is defined in BTA. The strategic interleaving operators will turn
a sequence of single threads to a thread in BTA as well. It has been outlined
in [6, 11] that thread algebra is a dominant form for recent object-oriented pro-
gramming languages such as C# and Java where arbitrary interleaving is not
an appropriate intuition.

We will analyze SVP program behaviors (or threads) and their compositions
(multi-threads) mathematically in the setting of thread algebra. We model two
deterministic interleaving strategies that are used in SVP. The first and basic
strategy in SVP is called the current thread persistence with blocking which exe-
cutes the threads in a round-robin fashion. This strategy is a variant of the cur-
rent thread persistence strategy in [11]. The second one deals with synchronous
cooperation of threads which intend to perform simultaneously all independent
instructions from the threads at every step in the execution for speeding up pro-
cessors [24]. We will show that SVP programs have one of the desired properties,
i.e. they are deadlock free.



The structure of this paper as follows. Section 2 recalls the concepts of BTA
to define BTA,,, (basic thread algebra for SVP). Section 3 extends BTAj,,
with the basic interleaving strategy used in SVP to TA,,. Section 4 extends
TA,,, with the strategy dealing with synchronous cooperation of microthreads
in SVP. Section 5 presents a SOS for TA,,, and shows that SVP programs are
free of communication-deadlock. Furthermore, the axioms of TA,,, are sound
and complete with respect to bisimulation equivalence induced by this SOS.
The paper is ended with some concluding remarks in Section 6.

2 Basic thread algebra for SANE virtual processors

Basic thread algebra (BTA) [11] was first introduced as basic polarized process
algebra (BPPA) in [5], a semantics for sequential programming languages. This
section recalls the basic concepts of BTA from [5, 11] to provide a formal seman-
tics for SVP sequential programs, denoted by BTA,,, (basic thread algebra for
SVP). The behavior of an SVP sequential program is considered as a thread in
BTA,,,. Instructions of SVP programs are now called actions.

2.1 Finite threads in BTA,,,

We assume the existence of a fixed but arbitrary set BA of basic actions in
BTA,,,. Each basic action a € BA of a thread is taken as a command to the
execution environment of the thread. This command is accepted or rejected
depending on a boolean value 7a produced by the execution environment. If
?a =T (true) then the action a is independent and can be executed otherwise
it is blocked. The execution environment cannot do anything with it. If a is
executed then at completion of the processing of a, the execution environment
produces a reply value y,. This reply is either T' or F' (false) and is returned
to the thread concerned.

BTA,,p (basic thread algebra for SVP) is the extension of BTA with the in-
dependence and reply conditional operators [9]. Hence, the set A of finite threads
in BTA,,, is defined inductively the following operators:

— Successful termination: S € A yields successful terminating behavior.

— Unsuccessful termination or deadlock: D € A represents inactive behavior.

— Postconditional composition: — <a > — with a € BA. The thread p <al> g,
where p, g € A, first performs a and then proceeds with p if T was returned
and with g otherwise. In case p = g we abbreviate this thread by the action
prefix operator: a o —. In particular, aop=p <Ja > p.

— The independence conditional operator: —<1?a > — with a € BA. The thread
p<d?a > q behaves as p is a is independent (?7a = T') and it behaves as ¢
otherwise.

— The reply conditional operator: — <y, >— with a € BA. Similarly, the thread
p <y, > q behaves as p if the execution of a return a positive reply 7', and
it behaves as ¢ if the execution of a return a negative reply F.



z<TD>y=x CO1
c<F>y=y CO2
rdcbr==c CO3
(x<ce>y)<ce>z=x<c>z CO4
r<de>(y<ce>z)=x<c>z CO5

(z<aby)deebz=(xde>z)de > (y<e2 > z) CO6
r<da>yYdea>z)=(zda>y)<de>(xdea >z) COT

rdaly=ao(z<y,>y) RC1
T<dYtau > Y=2 RC2
r<d?taul y =2z IC

Table 1. Axioms for conditions.

rzJdtau >y =tauox
Table 2. Axioms for the concrete internal action.

We note that S and D are similar to the termination ¢ and the deadlock &
used in other process algebras such as CCS [20] and ACP [4]. Furthermore, the
independence conditional operator and the reply conditional operator originate
from the conditional operator [2] defined for process algebra, where the second
argument must be T or F. Table 1 represents the axioms on conditions.

For a thread p = p1 < ¢ > po, ¢ is called a guard of p. If ¢ is a guard of p; or
po then it is also a guard of p. The threads p; and py are called residuals of p. If
p’ is a residual of p; or ps then it is also a residual of p. A residual of p is a real
one if it does not have a guard.

It should also be noted that in [11], when dealing with blocking of concurrent
threads in thread algebra, Bergstra and Middelburg introduce guards of the form
7a as actions to request the execution of a to the execution environment. The
strategic interleaving operators of thread algebra, that turn a sequence of threads
to a single thread in BTA, may introduce guards into threads. This mechanism
deals with blocking in general. However, the thread obtained (also called a mul-
tithread) may become complicated, and hard to analyze. We decide to keep the
formalization of the model SVP as simple as possible. Thus, in this paper, we do
not consider guards ?a as actions, and instead, we treat them as boolean values
produced by the execution environment as explained above.

The concrete internal action tau € BA given in [6] plays a special role. Its
execution will never change any state and alway produces a positive reply. The
axiom for this action is given in Table 2.

2.2 Approximation Induction Principle

Threads can be infinite. An infinite thread in BTA,, is represented by a projec-
tive sequence consisting of its finite approximations. These finite approximations
are defined inductively by means of the approximation operators 7, (—) of depth
n of threads with n € N whose axioms on finite threads are given as P0-P5 in



mo(z)=D PO

7Tn+1( ) S P1

7rn+1(D):D P2

Tnt1(z Ja > y)=mp(z) Ja > ma(y) P3

Tnt1(x <y, > y)=mnt1(z) <y, > mny1(y) P4
(

Tnt1(2<7a > y)=mns1(x)<?a > o1 (y) P5
If mp(x) = mn(y) for all n € N then 2z =y AIP
Table 3. Axioms for approximation operators and induction principle.

Table 3. Note that axioms P4 and P5 makes use of the assumption that B.A is
finite.

A projective sequence is a sequence (py, )nen such that for alln € N, 7, (ppy1) =
Pn-

The Approzimation Induction Principle (AIP) in Table 3 states that two
threads are considered identical if their finite approximations at every depth are
identical. We write A for the set of (finite and infinite) threads, and m, (p) for
the projection at depth n of a thread p € A®. A* is called a projective limit
model.

3 Thread algebra for SANE Virtual Processors

In this section, we extend BTA ,, with the basic interleaving strategy that is used
in SVP to TAs,, (thread algebra for SVP). We call this strategy current thread
persistence with blocking which works similarly to the current thread persistence
strategy given in [11].

3.1 Thread creation

First of all, we will explain how a family of threads in SVP is created. Thread
forking or thread creation has been studied in [11,9] with imperfect forking
(forking off a thread may be blocked and/or fail) and perfect forking. All of
them deal with the creation of only one thread. In SVP, we deal with the forking
of a family (or a sequence) of threads. Furthermore, we assume that there is no
resource deadlock in thread creation. Hence thread creation considered in this
paper is a perfect forking as the one described in [9)].

Let () denote the empty sequence, (p) the sequence having p as sole element,
and a ~ 8 the concatenation of finite sequences o and S.

The creation of a family of threads in TA,, is given by the forking postcon-
ditional composition operator — < NT(«) > — where « is a sequence of threads.
The thread p INT(«) > g for some threads p, ¢ is called the creating thread of a.
NT(«) is considered as a thread forking action. Like a real action, its execution
also produces a reply. Since we only deal with perfect forking in this paper, this
reply is always 7.



Tnt1 (@ INT((21) ~ ...~ (25)) Dy) =
() ANT((mn(21)) ~ ..o~ (Tn(21))) B ma(y) PNT
Table 4. Axioms for approximation operators with thread creation.

Let o = (p1) ~ ... ~ {pp). We say that p; for 1 < i < n are the threads in
the same family. Moreover, p; is a predecessor of p;+1 for all 1 < i < n, and p,
is a predecessor of the creating thread. Furthermore, if r # p,, is a predecessor
of the creating thread then r is also a predecessor of p;. In concurrency of SVP,
the blocking of a thread in a sequence of concurrent threads is allowed in a
very restricted manner, depending only on its predecessors. In other words, a
thread may only be waiting for some data produced by its predecessors. Hence,
dependencies between threads in SVP can be represented as an acyclic graph,
which in turn ensures freedom from communication-deadlock in the model SVP
(see Section 5). We note that communication-deadlock occurs if all concurrent
threads are blocked by its current actions.

In Table 4 we present an axiom for the approximation operator for thread
creation in TA,,,. This axiom is concise with the axiom for thread creation given
in [11,9] in the case that the sequence of threads to be created is of length one.

3.2 The current thread persistence with blocking

The axioms for current thread persistence with blocking are given in Table 5.
We assume the existence of a special action swch € BA to switch off the current
thread to another thread in the sequence of concurrent threads. This switching
off may speed up processors in some cases. The composition of an empty se-
quence of threads will terminate successfully. If the first thread of the sequence
is terminated then the execution proceeds with the subsequent threads. If the
first thread is in deadlock then whole system is in deadlock. In the remaining
case, the system will execute the actions of the first thread until there is a blocked
action, or the action swch. The control flow then proceeds with the next thread
in the sequence. The first thread meanwhile is put to the end of the sequence in
a round-robin fashion. When creating a new family of threads or switching off
to another thread, the action tau will arise as a residue to keep pace with other
threads in the sequence. We note that the threads are supposed initially not to
contain any guards.

The concurrency of a sequence containing only one thread, in the case that
there is no thread forking, is the thread itself. Furthermore, if there is no action
swch in the threads, these threads are eventually executed sequentially. It is
because the order of the threads in the execution is changed only in the case
that a thread is blocked. However, this will never happen since its predecessors
are either terminated or deadlock.

In [11], a similar strategic interleaving operator that deals with blocking of
threads is also given, namely ||,. In this strategy, ?a is considered as an action
as mentioned earlier. Threads in left-hand side of the axioms of ||3,, therefore,



l[etwe (()=5 Ctpbl
l[etor ((S) ~ @)=lletpy () Ctpb2
lletor ((D) ~ @)=D Ctpb3
letro ((z da By) ~a)=

(lews ((z) ~ @) Lal [lepy ((y) ~ @))<?a > (tauo [[epy (o~ (z da By))) Ctpbd
l[etpp ((x S such B y) ~ @)= tawo (|l (@ ~ (2)) <a # () > (y)) Ctpb5
l[etpp ((x ANT(B) B y) ~ @)= tauo [l (B~ (2) ~ a) Ctpb6

ety ((z<?a > y) ~ )= |letpp ((2) ~ )<?at> [letpp ((y) ~ ) Ctpb7
Table 5. Axioms for current thread persistence with blocking. Here a € B.A.

are supposed to not to contain any guards. In our case, they threads can have
the form z<1?a > y as seen in axiom Ctpb7.

The axioms in Table 5 are defined for finite threads only. For a sequence
of arbitrary (finite or infinite) threads o = (p1) ~ ... ~ (Pm)s llepp (@) is
determined by its projective sequence:

Tn(lletpp (@) = Tn(lletpp ((Tn(p1)) ~ o~ (T pm))))

This can be obtained by applying the metric methodology of [3] as done for other
strategic interleaving operators of thread algebra in [25,26,9].

We now denote 7,y as the set of all closed terms over the signature of TA ).
The set B of basic terms is inductively defined by the following rules:

S,D e B;

— if p € B then tauop € B;
—ifp,ge Band a € BAthen pJa > g€ B;

— if p,q € B then p < swch > q € B;
—ifp,q,7m1,...,mn € B then p INT((r1) ~ ...~ (r,)) >q € B;
—ifp,ge Band a € BAthenp<y,>q€ B;

— if p,q € B and a € BA then p<?ar>q € B;

Then B is a subset of T,,. We write BO for the set of all terms from B in which
no subterm of the form p INT(«) > ¢ occurs. We will show that each term from
Tsvp can be reduced to a term from B. We use the following lemma:

Lemma 1. Forallpy,...,p, € B, there is a term q € B® such that || ctpp ((p1) ™
~ (pn)) = q is derivable from the axzioms of TAgyyp.

Proof. This can be proven by induction on v(p) where v : 7Ty, — N is recalled
from [9] as follows:

v(9) =1,

v(D) =1,

v(tauo p) =v(p) +1,

vip<da >q) =v(p) +v(g) +1,
v(ipINT((r1) ~ ... () B g) =v(p) +v(r) + ...+ v(r) +v(g) + 1
v(p<i?a > q) =v(p) +v(q),

v(p<y,>q) = v(p) +v(q).



Theorem 1. (Elimination). For all p € Ty, there is a term g € B such that
p = q 1is derivable from the axioms of TAgyp.

Proof. We prove by induction on v(p), where v(p) is defined as in Lemma 1, and
moreover:

V(lletpp ((p1) ~ oo (pn))) = w(p1) + - 4 w(pn) + 1.

We consider the following cases:

— pe{S,D}. Then p € B.

— p = tauop’. By the induction hypothesis, there is a basic term ¢’ of B such
that p’ = ¢’. Then tauo ¢’ € B. Hence p = tauop’ = tauo¢ € B.

— p=p'<a >p”. By the induction hypothesis, there are basic terms ¢’ and ¢

of B such that p’ = ¢ and p” =¢”. Hence p =p' <a >p" = ¢ Ja >¢" € B.

p=p INT((r1) ~ ...~ {(r,)) >p”. By the induction hypothesis, there are

basic terms ¢',7},...,r,,q¢" of B such that p' = ¢, p"” = ¢" and r; = 7} for

1 <i<mn Hence p=7p ANT({(r1) ~ ...~ (ry)) >p" = ¢ INT((r}) ~
() Bq” € B.

— p=p <y, >p". Similar to the previous cases, p € B.

— p=p'<?ar>p”. Similar to the previous cases, p € B.

— p=lle () = S € B.

— 0 =|letpp (1) ~ ... ~ (py)). By the induction hypothesis, there are basic
terms qp,...,q, of B such that p; = ¢; for all 1 < i < n. It follows from

Lemma 1 that p =[lcpp ((P1) ™~ .o > (Pn)) =lletpy (@) ~ o~ {gn)) €
B° C B.

We now write B’ for the set of all terms from B in which no subterm of the
form p < ¢ > q occurs where ¢ is already a guard of p < ¢ > ¢. Furthermore, if
p<dci>q € B then p = ¢ cannot be derivable from the axioms TA .

Lemma 2. For all p € B, there is a term q € B’ such that p = q is derivable
from the aziom of TAg,,.

Proof. This can be proven by induction on I(p) : B — N using the axioms in
Table 1 where I(p) is defined inductively as follows:

1(S) =1,

UD) =1,

l(pda > q)=max{l(p),l(q)} + 1,

l(p<ct>q) =max{l(r)|7 € Rpacsq} + |Gpacsql

where Rpqcsq and Gpqesq are the sets of real residuals and guards of p < c > g.

Corollary 1. For allp € Ty, there is a term g € B’ such that p = q is derivable
from the azioms of TAgyp.



gle’ =&
Elenle” = elEle”)
taul¢ —¢

2ele) = renre

Table 6. Conditions on the synchronization function.

4 Synchronous cooperation of threads in SVP

In this section, we extend TA,,, with a form of synchronous cooperation of
threads in SVP. The synchronous cooperation of threads in TA has been con-
sidered before in [9]. In this strategy, the current actions from all concurrent
threads are simultaneously performed. If a thread is blocked then the whole sys-
tem will be blocked. In SVP, we intend to perform simultaneously the maximum
number of independent actions from the concurrent threads. This will avoid
the communication-deadlock in the case that one of the threads is blocked, and
might speed up processors [24]. We call this strategy synchronous cooperation
with blocking.

4.1 Atomic actions and concurrent actions

Like [9], we assume a fixed but arbitrary set AA of atomic actions, a fixed
but arbitrary set CA O AA of concurrent actions, and a fixed but arbitrary
synchronization function | : CA x CA — CA satisfying that:

— tau € AA;

— for an action £ € CA if and only if £ € AA or there exist &,£” such that
§=¢'¢"

— for an action £ € CA there is a boolean value 7€ stating that £ is independent
or blocked;

— the equations in Table 6 are also satisfied with &, £’,¢"” € CA.

Hence, each concurrent action can be reduced to one of the following form:

— a with a € AA,;
— ay|...|a, with aq,...a, € AA for n > 1;

The set BA of basic actions is extended with this set C.A of concurrent actions.
We note that the last axiom of Table 6 on reply conditions states that the
execution of the act of simultaneously performing produces a positive reply.

We write |;cr&; to denote the simultaneous action of the concurrent actions
fi with 7 € 1. Furthermore, /\iE{ih...,ik}?fi =7§“ /\7512 VAN /\7§1k .
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l[ses (()=S5 Scb1
lses (@ ™ (S) ~ B)=llses (@ ~ B) Scb2
lscb (. ~ (D) ~ B)= Scb3
Hscb ((xl g El > y1> (B EEREA <mn g §n > y’ﬂ>):

lier&io llsev ((Xi (1 L& B yn)) ~ oo (X (@0 L& B yn)))

where I C [1,n]: Aicr?6 ADj & T :7¢; Scb4
et (@~ (& SNT((z2) . > (2)) B ) > B)=

[scb (v~ (tauoz1) ~ ...~ (tauo z,) ~ (tauoz) ~ ) Scbh

l[sev (@~ (z Q> y) ~ B)= [lseb (@ (@) ~ B) Qb [lsen (@~ {y) ~ B) Scbb
Table 7. Axioms for synchronous cooperation with blocking.

4.2 The synchronous cooperation with blocking strategy

The axioms for synchronous cooperation with blocking are given in Table 7. In
this strategy, the composition of an empty sequence of threads is a termina-
tion. If a thread is in deadlock then the whole system is also in deadlock. If a
thread is terminated then this thread is simply removed from the sequence. If
all threads are deadlock free, the synchronous cooperation strategy will execute
simultaneously all and only independent threads. The indexes of these threads
are contained in I. We note that the tau actions will arise when a family of
thread is created in order to keep pace with other threads in the sequence. Fur-
thermore, the threads are supposed initially not to contain any guards. The
auxiliary function x! is defined by:

Ay, >yifi€l,
x J €& By otherwise.

Xi(z <€ Ey)={

The axioms in Table 7 are defined for finite threads only. Like the || .p» operator,
for a sequence of arbitrary (finite or infinite) threads o = (p1) ~ ... ~ (Pm),
lsco () is determined by its projective sequence:

Tn([lsev (@) = Talllseo ((Tn(P1)) ~ oo (T (Pm))))

To show that a term from 7,, can still be reduced to a term from B, we provide
the following result:

Lemma 3. For all p1,...,p, € B, there is a term q € B° such that ||scp ({p1) ~
... {(py)) = q is derivable from the azioms of TAyyp.

Proof. This can be proven by induction on v(p) where v(p) is defined as in
Lemma 1 and Theorem 1 except that

v(pNT((r1) ~ ... (rn)) Bq) =v(p) +v(r) + ... +v(rn) +v(q) + n+ 2.

Hence, one can see that Theorem 1 still holds for TA,, extended with the ||scp
operator.
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(il E) = t:((z1|E), ..., (za| E)) (i € [1,7]) RDP
If yi = ti(y1,...,yn) for i € [1,n] then y; = (x;|E) (i € [1,n]) RSP
Table 8. Axioms for the constants (X|E).

4.3 Guarded recursive specifications in TAg,,

In this section, we adapt the definition of guarded recursion in [9] to define
guarded recursive specifications for TA 4.

We assume the existence of a fixed but arbitrary set of variables X. Let
X C X. We write T;fp for the set of all terms from 7,, in which no other
variables than the ones in X have free occurrences.

The set G of guarded terms is defined inductively as follows:

- S,Deg;

— ifﬁeB.Aandtl,tg E?;Up thent1ﬁ§ Etzeg;

— if t1,ta,t3 € 7;1,1; then ¢; S]NT(tg) >ty e g;

— if £ € BA and ty,t5 Egthent1<1y£l>t2 €g;

—if & € BA and t1,ts € G then 11 <7 >ty € G

— ift1,...,tn € G then |y ((E1) ~ ... (t,)) €G.
— if t1,...,tn € G then [[sep ({t1) ~ ... {t,)) €G.

A finite recursive specification E is a finite set {x; = t;]i € [1,n]} of recursive
equations where t;, for all 1 < i < n, are terms in 7'5%1"”’1"}. The finite recursive
specification E is guarded if for all 1 < i < n, t; are guarded.

Theorem 2. A guarded recursive specification determines a unique solution in
A,

Proof. The proof of this theorem can be obtained in the same line as the proof
of Theorem 5 in [9] in the terminology of metric topology.

If F is a guarded recursive specification and x a recursive variable in E, then
(z|E) denotes the thread that has to be substituted for x in the solution for E.
This thread is called regular. The axioms for guarded recursive specifications are
given in Table 8, where RDP and RSP refer to Recursive Definition Principle
and Recursive Specification Principle as in other process algebras (see e.g. [14]).

5 Structural operational semantics for TA,,,

Structural operational semantics (SOS) [23,1] is a formal semantics of program-
ming languages. This section presents a SOS for TA;,,. We will show that the
multithreads obtained via ||¢¢pp and | scs operators are communication-deadlock
free. Furthermore, the axioms of TA,,, are sound and complete with respect to
the bisimulation equivalence induced by this SOS.
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tau

Syl (D,p 1T (zdtauby,p) = (z,p) (zINI(B) >y,p)

E€pD) OO =T _£€p(().p&)E=F £¢ ()
(waE2yp) S @ ) @Aty S L) @IEEVA]

@.0) LEE ) (2,0 1,E€p(0) (m,p) LEEH) (w0 S (&, /> £ep(<>)
(zQ?>y,p) | (@ >y, p) T (@<9?€>y,p) ] <x<,7§|>y o) &z pr)
(@,0) LEE () (@p) 1,E¢p(0) (y,0) 1,EEP()) (x,0) S (o) p> ¢ p(()
(x?%>y,p) | (@< >y,p) T (<> y,p) ] )

(@€ >y, p) S (!, p!
(z,p) Lp((NE =T (z,p) 1,p(NE) =T (z,p) I, p(NE) =T
<w<ly§>y,p>l (zQye>y,p) 1 (z<ye>y,p) 1
(@.p) S (@', p), p()E =T
(x <y >y,p) £ (2!, p')
(w,p) Lp()(E) =F W, p) T,p()(E) =F (y,p) I, (D)) =F
<x<1y5>yp>l (zQye>y,p) 1 (x<ye>y.p) 1
.0 S .0, p(())(&):F

@y .0 S (Y p)
Table 9. Transition rules for BTA,,. Here £ € BA\ {tau,NT(8)}.

5.1 Transition rules for BTA,,,

We adapt the SOS given in [9] that deals with blocking for TA,,. In this SOS,
each action can be accepted or rejected by the execution environment, depending
on the execution history of the thread and external conditions. Let p : BA* —
(BA — {T,F}) be a function representing an execution environment. Given an
execution environment p and an action £ € BA, £ is accepted by p if £ € p(()).
Note that in TAs,,, £ is always accepted by p, i.e. £ € p(()), if all predecessors
of the thread containing £ are terminated. If £ is accepted, the derived execution
environment of p after processing £ is defined by 8%p(a) = p((§) ~ a).

The following transition relations on threads are used in the SOS of TA,,:

— the action step (p, p) LN (p', p') for each € € BA,;

NT
— the action step (p, p) =) (p',p'): in execution environment p, thread p

can fork off a family of threads « and after that proceeds as thread p’ in
execution environment p’;

— the termination (p, p) |;

— the deadlock (p, p) 1; and

— the blocking (p, p) |;

Transition rules for BTA,, are described in Table 9. Transition rules for ap-
proximation operators and guarded recursion are given in Table 10.
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(x,p) | z,0) 1 {@,p) 1 (z,0) ] (@,p) 5 (&, p)
(Tns1(2), p) L (m0(2),p) T (Tns1 (@), p) T (Tns1 (@), ) T (e (), p) S (n (), )
(tE).p) L _ (E) o)1 _ (E)p) 1 _

@B L= E 1T em TR
WE).p) = @h) g
(@lE), p) & (@', p)

Table 10. Transition rules for approximation operators and guarded recursion.

<1}1,p> lv"'7<m"7p>l <I17P>T
(letpp ({@1) ~ ..o~ (), p) | (letpp ({1) .o~ (@n)), p) 1

<I17 P> J'v KRR <In7p> J'v <I"+17 P> = <I;’L+17 pl>
(letwp ({x1) ~ oo (@n) A~ (Tng1) > @), p) = (llegps (27,40) ~ @), 0)

<1}1,p> lv" '7<$"7p> lv(mn+17p> I

(letps (@) A~ <o @) A (@agr) ~ @), 0) 2 ((leps (@ A (@as1)), p)

<‘T17p> lv"'7<1’n7p> l,Oé 7é <>
tau

letpn (@1) A oo v (@) > (& Dsweh 2y) A @) p) 2 (e (@~ (@), p)

<1}1,p> lv"'7<$n7p> l
(leps (@1) ~ - > (@a) ~ (@ D sweh =), 0) = (s (1), p)

NT(g)
<$1,p> l?"'?(l‘"?p) l,(l’n+1,P> - <‘T’.'In+17p>
tau
(lews ((x1) ~ ..~ (@n) ~ (@pg1) > @), p) = (letwp (B (T744) ~ @), p)
Table 11. Transition rules for current thread persistence with blocking. Here a €

BA\ {swch,NT(3)}.

5.2 Transition rules for current thread persistence with blocking.
Transition rules for the || .4, operator are given in Table 11.

Theorem 3. (Communication-deadlock free for || . ). A multithread o0b-
tained via the current thread persistence with blocking operator is communication-
deadlock free, i.e. given an execution environment, the multithread either termi-
nates or is in deadlock or there is a thread in the sequence that can execute its
current action after some (zero or more) tau steps.

Proof. Let p =|lctpp ((p1) ~ ...~ (pn)). f p =5 or p = D then we are done.
In the remaining case, there is a thread p; # S such that it has no predecessors
or its predecessors are terminated. Then either (p;,p) T or (p;,p) = (p},p')
for every execution environment p since the blocking of a thread depends only
on its predecessors. Hence, according to the transition rules in Table 11, the
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(I, N ) N i<n
Moo (@)~ @) L (o (@ > oo @] s

{@s.p) Vi€ I} {lan,p) [ k€ K} JUK = [1,7]
(lsev (1) ~ o~ (@a)), p) |

{<xi7p> é} <1’;7p;>|2 S I},{<£j,p> l |.7 S J},{(l’k,p> I |k7 € K},
I#0,JUJUK = [1,n]

‘LEIE

(lsev (1) ~ o (@), p) (Ilseb (@) ~ -~ awqru)s arcgrP)
(Tm) ifme K
where am = { X1 () and &, = &, if &, # NT(B),
B~ {xy,) and &, = tau if &, = NT(3)
Table 12. Transition rules for synchronous cooperation of threads.

multithread will be in deadlock or one of threads can execute its current action
after a number (< i) tau-steps.

5.3 Transition rules for the synchronous cooperation with blocking

Transition rules for the ||s.» operator are given in Table 12. In this table, we
use an auxiliary function b which stands for an arbitrary bijective function from
[1,]7UK]|] to I UK such that for all m € [1,|I U K], b(m) < b(|I U K]).

Theorem 4. (Communication-deadlock free for ||s.p). A multithread ob-
tained via the synchronous cooperation with blocking strategy is communication-
deadlock free, i.e. it is not blocked.

Proof. If this thread is a termination or a deadlock then we are done. In the
remaining case, the proof follows from the fact that there always exists the set
I # ( of all independent actions. It is because there always exists an active
thread (that is not a termination neither a deadlock) whose current action is not
blocked (see the proof of Theorem 3).

5.4 Bisimulation

A bisimulation is a symmetric binary relation B on closed terms such that for
all closed terms p and ¢:

— if B(p,q) and (p, p) 5 (p', p'), then there is a ¢’ such that (g, p} (d,p);
— if B(p,q) and @MHJMH@>

— if B(p,q) and @WHAMH@>

— if B(p,q) and (p, p) |, then (g, p) I

Two closed terms are bisimilar, written p £ ¢, if there exists a bisimulation B
such that B(p, q).
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The above bisimulation equivalence is given in [9], and is the stateless bisim-
ilarity according to [22]. It is a congruence with respect to the transition rules
given in Table 9, Table 11 and Table 12 since these transition rules are in the
relaxed panth format [19]. The transition labels containing terms, as stated in
[9], do not complicate matters because there are no volatile involved [21].

Theorem 5. (Soundness). The azioms given in Table 1, Table 2, Table 3,
Table 4, Table 5, Table 6, Table 7, and Table 8 are sound with respect to bisim-
ulation equivalence.

Proof. Since bisimulation is both an equivalence and congruence with respect
to TA,,,, we only need to check that if s = ¢ is an axiom in TA,,, and o is a
closed substitution then o(s) £ o(t). We consider the following axioms:

— Ctpb2: (o(||ctpp ((S) ~ @), p) and (o(|letpy (@), p) will perform the same
initial transitions to the same states as (||cpp ((p) ~ &), p), where p # S
and o(a) = (SYy ~ ...~ (S) ~ (p) ~ &'. Thus,

—_———

>0

o([[etps ({S) ~ @) £ o(|[ctpp (@)).
— Ctpb3: (o(||etps (<§)> ~a)),p) T and (D, p) 7. Thus,

|
([letpp (D) ~ @)

— Ctpb4: Let s and ¢ be the left- and right-hand sides of this axiom. Then

(0(5),9) 2 (o ([letpp (@ ~ (& D a B y))), p) and

(0(t),0) 2 (0 (letp (@~ (@ <Da =), p) if a & p(()). Otherwise,
(0(5), ) % (0(letpp (&) ~ @), Zp) and

(0(1),p) 2 (o[l etp (&) ~ @), £p) if pla)(a) = T and

(0(), ) < (0 (|letp ((4) ~ @), 22 p) and

(0(1),p) 5 (o (lletp ((y) ~ ), Zp) if pla)(a) = F. Hence, a(s) < o(t).

— Ctpb5-7 are checked similarly as the previous axiom.

— Scb2-6 are checked similarly as the axioms Ctpb2-6.

— RDP, RSP and AIP are checked as in other process algebras (see e.g. [14]).
— Other axioms are trivial.

Theorem 6. (Ground-completeness). The axioms given in Table 1, Table 2,
Table 3, Table 4, Table 5, Table 6, Table 7, and Table 8 are complete with respect
to bisimulation equivalence.

Proof. Let p and ¢ be two regular threads. We show that if p & ¢ then p = ¢
can be derived from the axioms of TA,,.

— First, we show that if p and ¢ are closed terms (or finite) then p = ¢ is
derivable from the axioms of TA,,. It follows from Corollary 1 that p and
g can be reduced to basic terms p’ and ¢’ in B’. Hence, p = p’ and ¢ = ¢'.
Since p € ¢, it follows from Theorem 5 that p’ € ¢’. One can prove by
induction on max{l(p'),1(¢')} that p’ = ¢’ is derivable from the axioms of
TA,,p. Therefore p = ¢ is derivable from the axioms of TA,,, if p and ¢ are
finite.
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— We now assume that p and ¢ are solutions of two guarded recursive speci-
fications. Since bisimulation is a congruence, m,(p) € m,(q) for all n € N.
It follows from the previous case that 7, (p) = m,(¢) for all n € N. By AIP,

p=gq.

6 Conclusion

In this paper, we have taken thread algebra as a theoretical framework to the
study of the SANE Virtual Processor (SVP), an architectural model for effec-
tively programming distributed multiprocessor systems.

We have formalized SVP program behaviors and two interleaving strategies
that are used in SVP in the setting of TA,,, (thread algebra for SVP). We have
presented a projective limit model as a denotational semantics, and a structural
operational semantics (SOS) for TA,,. We have shown that SVP programs has
a desired property, i.e. they are communication-deadlock free. Furthermore, the
axioms of TA 4, are sound and complete with respect to bisimulation equivalence
induced by this SOS. In the future, we will concern with determinism of SVP
programs, i.e., the program should always give the same result, a key property
of the sequential paradigm.
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