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Abstract

The starting point for this thesis is gauge theory in four-dimensional flat
spacetime. After a short introduction to the relevant ideas and methods
we introduce supersymmetry and a very convenient way to represent it,
namely the notion of superspace. After that we proceed to the construction
of theories which are simultaneously Poincaré-invariant, supersymmetric
and gauge-invariant.

However, supersymmetry is obviously not present in nature and, thus,
its breaking is necessary. In that direction we analyze spontaneous su-
persymmetry breaking, introduce various criteria regarding it, and explain
their implications. Furthermore, we explore the very promising perspec-
tive offered by the possibility of coexistence of both supersymmetric and
nonsupersymmetric ground states in the same theory. For that we analyze
a special case of the supersymmetric extension of quantum chromodynam-
ics and, indeed, we find that it experiences supersymmetry breaking in
metastable vacua.

In the remainder we try to motivate the string and M-theory realizations
of the above ideas. In order to achieve that we use string-theory brane
configurations to obtain the classical dynamics and their corresponding
lifts to M-theory to get the full quantum dynamics.






[ Preface

Although a very appealing idea, supersymmetry is not a part of nature. As of today numerous
experiments have not seen any sign of supersymmetry and, hence, if we want to retain its
power we need to find a phenomenologically acceptable way to break it. Now, there are mainly
two approaches regarding supersymmetry breaking: Either it is explicit, or spontaneous. In
the former case the theory not only contains supersymmetric terms but, also, terms (one or
more) which break supersymmetry. In the latter case, which is also the subject of this thesis,
although the theory has supersymmetry, its vacuum does not.

In the first chapter I give a very short reminder of the ideas and methods of ordinary
gauge theory in four-dimensional flat spacetime. I describe how supersymmetry extends the
Poincaré algebra and introduce the notion of superspace in order to be able to use classical
methods to represent supersymmetry. After that I construct Lagrangians which have three
very important properties: Poincaré invariance, supersymmetry and gauge invariance. In
that way one incorporates supersymmetry in the edifice of quantum field theory and makes
explicit that supersymmetry is indeed a beautiful extension of the established ideas of the
Standard Model.

In the second chapter I delve into the spontaneous breaking of supersymmetry, motivated
by the fact that supersymmetry is nowhere around us and, therefore, its breaking is necessary.
I introduce various ways to check whether supersymmetry is broken and extensively analyze a
particular example up to one-loop order. I give an explicit proof of the Goldstino theorem and
argue that if supersymmetry is spontaneously broken at tree-level, then the breaking persists
to all orders in perturbation theory. Likewise, if supersymmetry is unbroken at tree-level,
then it is not broken at any order in perturbation theory.

In the third chapter I introduce the supersymmetric extension of quantum chromody-
namics (SQCD) and show that the dynamics of this theory depends heavily on the number
of colors and flavors. I extensively analyze the vacuum structure of SQCD both at tree-level
and in the quantum theory, and present a very important duality for a particular range of the
number of flavors. Finally, I use this duality to find that massive SQCD has both supersym-
metric and nonsupersymmetric vacua. In particular, although at tree-level the theory breaks
supersymmetry, there is a nonperturbative (dynamical) mechanism which, without spoiling
the nonsupersymmetric vacua, brings supersymmetric vacua in the quantum theory. That is
an example where mechanisms beyond perturbation theory result in a wide variety of new
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viii PREFACE

and unexpected phenomena.

In the fourth chapter I try to motivate the form the above phenomena take in string
theory realizations. I introduce the idea of branes in superstring theories and use brane
configurations of type-ITA superstring theory to obtain supersymmetric field theories at low
energy. However, the brane configurations give us the classical dynamics in the low-energy
effective theory; in order to explore the full quantum dynamics one has to lift the type-ITA
brane configurations to M-theory. I extensively analyze the relevant interpretation and find
the shape of the so-called M-theory curve.

The fifth chapter contains a particular string and M-theory realization of the phenomenon
of dynamical supersymmetry breaking in metastable vacua. I describe how massive SQCD
arises in the low-energy limit of type-IIA brane configurations and try to see whether the
dynamical supersymmetry breaking it experiences can be seen in M-theory. Here I stumble
upon a rather disappointing result; M-theory considerations indicate that the low-energy the-
ory does not host both supersymmetric and nonsupersymmetric vacua. On the contrary, one
can see that these two sets of vacua belong to different theories. This situation is unresolved
as of this writing.

With this thesis I aim to finish my master’s on theoretical physics at the university of
Amsterdam. I want to express my gratitude to my adviser, Jan de Boer, with whom it was a
pleasure to discuss about physics and beyond it. I feel very privileged I had the opportunity
to come in contact with his way of thinking. I would also like to thank Kyriakos Papadodimas
for explaining me many difficult concepts in the clearest way possible.

Last, but certainly not least, I would like to thank my family for always being there for
me. Many thanks go to my roommates, Dimitris and Menelaos, for offering me a nice time
at home. I wish them all the best in their professional and personal endeavors. I would also
like to thank Idse, Mark and Michele for very useful discussions on and outside physics.

Andreas Stergiou,
Amsterdam, July 2007
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1 Introduction

Supersymmetry

The Standard Model of particle physics is one of the most elegant, profound and important
achievements of modern theoretical physics. It is the theory that describes the fundamental
particles and three of the four interactions they experience, namely the electromagnetic, weak
and strong interactions. Its predictions have been stringently tested in a series of experiments
in the past, and it was proved to be the most successful theory in our possession. However,
the Standard Model is not a final theory. It fails to incorporate the omnipresent gravitational
interaction, it predicts zero mass for the neutrinos, particles that actually have nonzero mass
and, in general, it looks rather artificial, since it needs a lot of experimental input in order
to operate. As of today, the consensus is that the Standard Model, within its limits of
applicability, is a theory that adequately describes our universe. Moreover, beyond those
limits, new physics is expected to appear and give more concrete answers.

The search for this new physics led to several new ideas. One of those was supersymmetry,
a symmetry that relates bosons and fermions, the two categories of elementary particles ob-
served in the universe. Supersymmetry enabled physicists to shed light on several problems
the Standard Model failed to handle. For example, supersymmetry achieves the so-called
unification of the couplings. More specifically, the running of the three couplings of the Stan-
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Fig. 1: Running of the couplings in the Standard Model (left) and the Minimal
Supersymmetric Standard Model (right)

dard Model is such that the corresponding “fine-structure constants” do not meet at a specific
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xii INTRODUCTION

point at any energy scale. However, when supersymmetry is taken into account the situa-
tion is amended, that is the three “fine-structure constants” all have the same value at some
high energy scale (see Fig. M) [1]. Additionally, unbroken supersymmetry predicts exactly
zero cosmological constant, and it is strongly believed that some hints about the smallness
of the cosmological constant will emerge from supersymmetry. Furthermore, supersymmetry
suppresses the ubiquitous infinite corrections of quantum mechanics in classical quantities
and, finally, there is a particular supersymmetric model, namely the Minimal Supersymmet-
ric Standard Model, which almost perfectly reduces to the Standard Model, an indispensable
attribute of any theory we might construct.

However, our universe is definitely not supersymmetric since we do not observe the par-
ticles supersymmetry predicts. In addition, we do not yet know if nature utilizes supersym-
metry at high energies, even though there are several reasons to believe so. But the beautiful
solutions supersymmetry offers are too attractive to be dismissed at the first difficulty, and
the Large Hadron Collider (LHC) at CERN is expected to give a definitive answer within five
years. Since this answer is strongly believed to be positive, this gives a rather strong impetus
to the idea of supersymmetry.

Therefore, it appears as the best possibility that we retain supersymmetry up to some
point, and then find a physical mechanism that will explain the transition from the super-
symmetric to the nonsupersymmetric regime. As of today, the proposed solutions to this
problem are far from satisfactory and intense research is conducted in order to unravel the
mystery. One of the most promising directions the research has taken involves the breaking
of supersymmetry in the framework of string theory. This is a very appealing prospect since
string theory automatically incorporates gravity, thus being a theory which offers unification
of the interactions straight from the beginning.

String theory

After string theory was found inadequate to describe the strong interactions among quarks
and gluons, it was realized that quantum mechanics and gravity could be amalgamated by
replacing point particles by strings. The idea of this replacement per se sounds so naive that
it might be hard to believe that it is truly fundamental. But this very idea is perhaps as
basic as introducing complex numbers in mathematics. The orbit of a particle in spacetime
is one-dimensional—a line (Fig. B(a)). On the other hand, the orbit of a string in spacetime
is two-dimensional—a surface (Fig. Bi(b)). Therefore, we are tempted to say that physics
without strings is roughly analogous to mathematics without complex numbers.

Although an area of intense research, the construction of consistent string theories was
delayed by the complex problem of respecting all physical requirements a theory has to
respect. A vast effort towards this direction resulted in five different, yet perfectly consistent,
theories, bearing the strange names type-I, type-I1IA, type-IIB, heterotic E8 x E8 and heterotic
SO(32). Nevertheless, this plethora of theories posed an embarrassing problem for string
theory; it was highly unlikely that the long-sought unification would eventually be achieved
in five different ways. If one of these ways describes our universe, then what do the other
four describe?
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Fig. 2: The spacetime orbit of a point particle (a) or a string (b) is a manifold of real
dimension one or two respectively

Various attempts to solve the aforementioned problem failed, until in 1995 Edward Witten
derived a great result: All five different string theories along with another interesting theory,
the eleven-dimensional supergravity, are limits of a single, underlying theory (Fig. Bl). The
new theory was baptized M-theory.

M-theory is the only auspicious candidate for the missing unification of the forces of
nature. As of today, though, its intricate nature has deprived physicists from the insights
that would lead to the understanding of its meaning and predictions. Therefore, further
developments in high energy physics (and, of course, in physics in general) rely heavily on
the deep understanding of this challenging theory. This fact declares the imperative need for
research in M-theory. In particular, since our world is not supersymmetric, it is required that
a theory contain nonsupersymmetric vacua. Therefore, the discovery of phenomenologically
acceptable nonsupersymmetric vacua in M-theory would signal a giant leap forward.

Research question

The basic research question pertains to the identification of nonsupersymmetric vacua. This
is an important and long quest both in field-theory and in string/M-theory considerations. In
particular, an alluring possibility is the one where supersymmetric and nonsupersymmetric
vacua coexist in the same theory. In this case the nonsupersymmetric vacua are metastable.

Although beyond the scope of this thesis, there is a very important phenomenological
question which stems from the answer to the question we address. If field theory and/or
string/M-theory admit metastable nonsupersymmetric vacua, then which are the models
that most accurately resemble the observed universe? Can those vacua be as long-lived as
required so that our universe be perturbatively-away from them? Evidently, it is only the
answer to these questions that will judge whether we can achieve with the aid of field theory
and/or string/M-theory what we set out to achieve in the first place.
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Fig. 3: M-theory and its various limits

Relevance for science

At the moment M-theory is the most promising candidate for the unification of all interactions,
the problem that occupied Albert Einstein himself until the very end of his life. After many
years of intensive research, the verisimilitude of string/M-theory results in its ever increasing
acceptance. The lack of incontrovertible evidence for the factuality of string/M-theory further
bolsters up the research activity, thus indicating that something important is under way.

In fact, the aspired start of LHC at CERN in early 2008 will test both supersymmetry and
the quality and potential of our research efforts. As the expectation that supersymmetry will
be verified in LHC is universal, a positive result will indicate that the current approach is on
the right path and needs to be elaborated further. In addition, the implications and prospects
of string theory extend to astronomy and cosmology, in that future detailed astronomical
observations may offer hints in favor of string theory. More specifically, the identification of
objects called cosmic strings could possibly provide us with some pieces of evidence for the
correctness of string theory. Despite the limited reference to the relevant issues, I hope it is
by now evident that this is an absolutely key epoch for research in string/M-theory.



l Generalities

Throughout this thesis we work in units where
h=c=1
The metric we use is the mostly-minus metric

+1
B ~1
v = .
~1

Unless otherwise stated Einstein’s summation convention is at work, i.e. in any expression if
an index appears both in an upper and a lower position, then it is assumed to be summed
over the values it takes.

All the spinors we will be using are two-component Weyl spinors which anticommute. Left-
handed spinors carry an undotted index from the beginning of the greek alphabet. Undotted
indices are raised and lowered with the antisymmetric symbol €., o, 8 = 1,2,

0 = 60‘50@ and 03 = 0%.p

for which we choose the convention €'? = —ej5 = 1. For example,

0' = €905 = €'%0, = 0y
and
0> = 705 = €10, = —6,

The contraction of two left-handed spinors, ¥® and x®, acquires a minus sign if we change
the position of the indices:

Y Xa = €Phaxa = =P Psxa =+ Naths = +XPYP =~y

Right-handed Weyl spinors carry dotted indices from the beginning of the greek alphabet.
Dotted indices are raised and lowered with the antisymmetric symbol €4 a, B = 1,2, with

12

the convention €' = —¢j5 = 1. If we have two right-handed spinors, % and Y, then

Pax® = €dgiﬁﬂid = —EBQWW = +eﬁ-d>2d1/;ﬁ = +>251/35 = —ﬂjﬁiﬁ'
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xvi GENERALITIES

The massless Dirac equation in terms of Weyl spinors splits into
1Y 1he = 0
for left-handed, and N
io! 0,0 =0

for right-handed spinors. The 2 x 2 identity matrix is often denoted by ¢V, and ¢?, i = 1,2, 3,
are the usual Pauli matrices:

10 0 1 0 —i 10
0 _ 1 _ 2 _ 3 _
(o0 (o) () = (0 )

Therefore, the components of o are (1,0',0%,0%). One can also see that the components
of 6+ are (13, —o!, —02, —03).
Finally, note that any expansion in the anticommuting superspace coordinates terminates

in order A2 and 6?2, since
0% = eP050,, = 20501 + 210105 = 2020, = —20,05 = 20%0" = —20'6?

and similarly for §2. Note here that 62 is used for both # squared and the second component
of 6.
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CHAPTER 1

Supersymmetric gauge theories

Contents

1.1  Ordinary gauge theories

1.2 Supersymmetry algebras

1.3 Superspace formulation of N = 1 supersymmetry
1.4 N = 1 supersymmetric gauge theory

1.5  The nonlinear sigma model

1.6 N = 2 superspace

1.7 N = 2 supersymmetric gauge theory

Bl Bl Bl El Bl El &= =

1.8 Effective gauge theories with N = 2 supersymmetry

The aim of this chapter is to introduce ordinary gauge theory as well as gauge theory in
superspace. Although a few ideas are described, I assume some familiarity of the reader with
the supersymmetry algebra and the representations of the “group” it generates.

1.1 Ordinary gauge theories

1.1.1 The Abelian case

Ordinary gauge theories constitute the cornerstone of modern theoretical physics. The power
of these theories is manifested through the assumption that Lagrangian densities have to
remain invariant under gauge transformations. Once we impose that constraint it is easy to
see that terms which describe interactions come into play.

Before we attempt to put the above discussion in mathematical language, let us point out
the difference between Lagrangians and Lagrangian densities. Suppose we have a classical

3



4 1. SUPERSYMMETRIC GAUGE THEORIES

field theory described by a Lagrangian, L, which depends on some classical fields, ¢;(x), and
their derivatives:

L = L(¢i(z), 0udi())
Then, the action is given as the integral of the Lagrangian over time from ¢ to ts:

to
S = [ dt Li6i(@). 9,0,@)

1
Obviously, in the above equation time is distinguished from the other coordinates of space-
time. Since we intend to rely heavily on Lorentz invariance that is certainly an undesirable
feature and, hence, we should find a fundamental quantity which has to be integrated over
all four spacetime coordinates in order to give the action. This function is the Lagrangian
density, .Z, and it is given by the formula

to
5= [ atLio@).0,6w) = [ a2 (0u@).0,0(0)

1
where R indicates the spacetime region over which we have to evaluate the integral. From
now on we will never use Lagrangians and, hence, I will refer to Lagrangian densities simply
as Lagrangians.

With the above clarification in mind let us consider the specific example of the Dirac

Lagrangian:

Q%Dirac = 1/_1(25 - m)¢ (111)
where ¢ = ¢T~? and @ = ’y“@uﬂ It is easy to see that under the global transformation

W — €% and ¢ — e %) (1.1.2)

where ¢ and « are real numbers (« is the parameter of the transformation), the Lagrangian
(CTT) remains invariant. Therefore, Noether’s theorem guarantees the existence of a con-
served current density J#. A straightforward calculation gives

JH = qipyFap (1.1.3)
from which we can verify using the Dirac equation that
OuJ" =0

With the identification of ¢ as the electric charge, ([LI3]) is recognizable at once as the
electromagnetic current density of the spinor field.

Now suppose that the global transformation ([CT.Z)) becomes local, i.e. the parameter «
is substituted with a real function a(z) over spacetime. The complication we encounter now
stems from the Leibniz rule of differentiation:

I — €@ (Jo(z))p + €9 Gop

'Note that we suppress the z-dependence of the spinor field ).
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Gauge invariance is lost and we should do something to reinstate it. The key observation is
that if we perform the so called minimal substitution:

Oy — D,y = 0, +iqA,
and we demand that the vector (or gauge) field A, transform according to
A, — A, —0u0(x) (1.1.4)
then we recover invariance under gauge transformations A Indeed, the Lagrangian
Lhirac = VD —m)

= (i — m)Y — gAY
= Loirac — Ay JH (1.1.5)

where J# is given by ([CI3), is gauge-invariant as it can be easily checked.

If ¢ = e where e is the absolute value of the electron charge, then the additional term in
(CTH) is the well known vector-spinor interaction of quantum electrodynamics (QED) with
gauge coupling e. If we now add the kinetic term for the vector field,

Lom = —3F" Fuy, Fu = 0,4, —0,A,

which is manifestly invariant under local gauge transformations (since partial derivatives
commute), we get the Lagrangian of QED:

Loup = V(i) — m) — eA py*p — TFME,, (1.1.6)

The gauge principle is therefore seen to introduce the so-called minimal coupling of the
electromagnetic field to the electron field in a natural fashion. We say that QED is an
Abelian gauge theory with gauge group U(1)—its gauge group is the group U(1) because we
assumed gauge invariance under the transformation

wﬁeiea(x)w and 1/;—>6_iea(x)1/;

and, of course, e*(*) is an element of U(1) expressed in its most general form, and it is

Abelian because the group U(1) is Abelian.
1.1.2  The non-Abelian case

The non-Abelian generalization of the above construction was introduced by Yang and Mills
in 1954 [2]. At that time quarks were not known and so it was naturally assumed that the
Dirac Lagrangian can be used for protons and neutrons,

&L = p(id — m)p + a(id — m)n

2In modern terminology we would say that with the above procedure we gauge the global symmetry.



6 1. SUPERSYMMETRIC GAUGE THEORIES

where in the absence of electromagnetism protons and neutrons were assumed to have the

same mass. If we introduce the composite spinor

-0

then we can write the Lagrangian more compactly:

L = (i) — m)y

Evidently, the Lagrangian ([LT1) is invariant under global isospin rotations,

b — exp <z'7'2-a> "

where 7 = (71,72, 73) describes the 2 x 2 Pauli isospin matrices,

(01 (0 —i A (10
=110/ 27\ o) ™¢B7 o -1

(1.1.7)

and o = (aq, a2, a3) is an arbitrary constant (3-vector) parameter of the transformation with

of = a;,1=1,2,3. The conserved current density is
- T
T =t T

which is the isospin current density.

The idea of Yang and Mills was to gauge the SU(2) global symmetry and explore the
physical consequences of this procedure. Let’s follow their reasoning. A gauge transformation

of the field ¥ (z),

where

results in the transformation
b — GOuy) + (0.G)Y
for the gradient. Now we perform the minimal substitution
(9M — DU = 8# +ZgBy,
B, is the 2 x 2 matrix defined by

3
by,

BH:%T-bu:%T“b‘l:%<l o
“ b, +ib,

29
b}l—zb“

3
—b3

)

(1.1.8)

(1.1.9)
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where the three gauge fields are b, = (b}m bi, bi) and the isospin index a runs from 1 to 3E
Then, we can prove that if B, transforms as

1, b -1
B, — BL =GB,G + 5(8uG)G
under the gauge transformation (([CIH), then the Lagrangian
L' =i —m)y
=2 — gy By
g —
— = Sb, By
is indeed gauge-invariant. Again, the “price” we pay in order to maintain gauge invariance is
an interaction term.
What is missing, at this point, in order to arrive to the Yang—Mills Lagrangian is the term
that describes the propagation of the gauge fields b,,. This term, of course, has to be gauge-
invariant on its own. In analogy with electromagnetism we should first find a field-strength

tensor,
Fuy = 3Fu 7 = 5Foum
py — 94 pv — 9t apv

from which to construct the gauge-invariant kinetic term
~1F, - F" = —Lt(F,, F")
The equality in the last equation follows from the identity
tI‘(’TaTb) — 267

of the Pauli matrices. Our problem, therefore, is to construct a field-strength tensor that is
gauge-covariant, i.e. transforms according to

Fu — F), = GF,G™! (1.1.10)
Again in analogy with electromagnetism we choose
1
F/U/ = E[Dua Dl/]
which, upon insertion of D, from equation ([CT), takes the form
Fu, = 0,B, — 0,B, +ig(B,, B,]
which can be verified to satisfy ([LII0]). Thus, we arrive to the Yang—Mills Lagrangian

Ly = (i) — m)y — tr(Fy, F*) (1.1.11)

3b,, is an isovector.
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Remember that the central feature for Yang and Mills was the isospin symmetry. The
emerging SU(2) gauge bosons of their theory were identified with the pions. While it is now
understood that isospin symmetry is not a true gauge symmetry, this initial confusion was
historically important for the development of the overall ideas of gauge invariance.

It is now time to consider the differences between QED and Yang—Mills theory. Sourceless
QED is a free (noninteracting) field theory. Only bilinear combinations of the photon gauge
field A,, appear in the QED Lagrangian (CTH) and, thus, the only Feynman rule to be found
is that of the photon propagator (Fig. [LTI).

AVAVAVAVAVAVAVAVAV

Fig. 1.1: The photon propagator of QED

On the other hand, Yang—Mills theory (ICTIT]) has a much richer structure. First of all,
even in the absence of fermion sources there will be interactions due to the nonlinear term
in F,,,. The non-Abelian character of the gauge group introduces trilinear and quadrilinear
terms in F),, F'*¥, besides the usual bilinear terms. Hence, in addition to the gauge field
propagator the theory contains the three- and four-gauge-boson vertices (Fig. [[2).

(v ©

(a)

Fig. 1.2: Gauge boson propagator (a) and self-interactions in Yang-Mills
theory—3-gauge-boson vertex (b) and 4-gauge-boson vertex (c)

These additional interactions and further characteristics of SU(2) Yang-Mills theory
proved to be ideal to describe the weak interactions of leptons. Therefore, although orig-
inally misunderstood, the SU(2) Yang-Mills theory holds a remarkable position in modern
theoretical physics. Furthermore, the formulation of an SU(3) Yang—Mills theory, namely
quantum chromodynamics (QCD), for the description of strong interactions, strongly indi-
cated that Yang—Mills theories are indeed the correct mathematical way to describe particles
and their interactions.

1.2 Supersymmetry algebras

A truly remarkable result concerning quantum field theories is the famous Coleman—Mandula
theorem [3]. Suppose that the symmetry group of the S-matrix of a theory contains the
Poincaré group, generated by the (3, 3) generators P, of translations and the (1,0) & (0,1)
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generators M,,, of proper Lorentz transformations, and a unitary internal symmetry group,
generated by the (0,0) generators T4 of various internal symmetriesﬂ Then, the Coleman—
Mandula theorem asserts, under mild assumptions, that the symmetry group of the S-matrix
is isomorphic to a direct product of the Poincaré group and the internal symmetry group.

With that result at hand it seems impossible to ever find some symmetry group of the S-
matrix larger than what ordinary quantum field theory takes into consideration in its various
models. However, if we relax one of the assumptions of the Coleman—Mandula theorem,
namely that we work in a Lie algebra,ﬁ then additional operators can be utilized as well. The
symmetry group of the S-matrix is then enlarged; we can define a larger (graded) algebra
which contains the bosonic generators P,, M, and Ty, as well as some new generators,
(), and is realized by anticommutators between those new generators and commutators in
any other case. Since the new generators obey anticommutation relations it is clear that,
naively, we can think of them as carrying representations of the Lorentz group with Spin—%,
spin—%, etc. However, the Haag-Lopuszaniski-Sohnius theorem [f] states in part that the new
generators can only belong to spinor representations of the Lorentz group. Therefore, the new
generators, (), are fermionic and enlarge the usual Poincaré algebra to the so-called super-
Poincaré or supersymmetry algebra. The “group” generated by the super-Poincaré algebra is
called the super-Poincaré group.

Theories with this enlarged symmetry group are called supersymmetric. Global super-
symmetry transformations are generated by the fermionic quantum operators @), called su-
percharges, which change fermionic states into bosonic states and vice-versa:

Q|fermion) o |boson) and Q|boson)  |fermion)

As we saw the supercharges carry spinor representations of the Lorentz group. Of course,
we want to work with irreducible representations of the Lorentz group and we immediately
remember that in four dimensions (one time and three space dimensions) a Dirac spinor, @ p,
has eight real components and does not furnish an irreducible spinor representation of the
Lorentz group. However, a Majorana spinor, () s, satisfies the condition

Qum = Qy

where Q§, = C’Q}\Z with C' the charge conjugation matrix, has four independent real com-
ponents and indeed furnishes an irreducible spinor representation of the Lorentz group of
real dimension four. Likewise, we can consider Weyl (two-complex-component) spinors, Q¢,
«a = 1,2. These have four real components and, just like Majorana spinors, furnish an irre-
ducible spinor representation of the Lorentz group of real dimension four. This is denoted as
the (%, 0) spinor representation and referred to as the left-handed Weyl spinor representation
of the Lorentz group. Now, if we have a Weyl spinor, then we can find its complex conjugate,

“Here, (%, %) denotes the vector representation of the Lorentz group, (1,0) @ (0, 1) the representation of the
Lorentz group carried by parity-invariant 2-form fields like, for example, the electromagnetic field strength Fj,.,
and (0, 0) the scalar representation of the Lorentz group. For a general account of irreducible representations
of the Lorentz group the reader is referred to [4, Section 5.6]

5We work instead in a graded Lie algebra, a Lie algebra which contains anticommutators as well as com-

mutators.
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Q%, & = 1,2, where the bar denotes complex conjugation and dotted indices label the com-
plex conjugate representation of the one that is labeled by undotted indices. Q% transforms
under (0, %), that is under the right-handed Weyl spinor representation of the Lorentz group.
Evidently, quantities with dotted indices are left-handed Weyl spinors and quantities with
undotted indices right-handed Weyl spinors. If we arrange them in a spinor as

o-(5)

we obtain a spinor which transforms in (3
the Lorentz group.

At this point we are in position to ask an obvious question: Is there any kind of lim-
itation in the number of supersymmetry transformations we can have in a field theory or
supergravityﬁ model? The answer is yes and the limits originate in the requirement that
the supercharges should act on multiplets of physical states and that the underlying theory
should be either general relativity or an ordinary renormalizable field theory in four space-
time dimensions. As is well known renormalizable field theories in four-dimensional spacetime
cannot accommodate spins larger than 1. In addition, gravity considerations are limited to
spins not higher than 2.

Now, in order to find the exact limits we have to use the supersymmetry algebra and
the action of the raising operators on massless one-particle statesl] It is an attribute of the
supersymmetry algebra that half of the supercharges have to be represented by zero when
acting on massless one-particle states. From the remaining supercharges half are lowering
operators and, thus, we can safely exclude them from the discussion that follows. In addition,
possible central charges do not change the helicity of massless one-particle states and, thus,
it is sufficient to work only with the N nonzero raising operators. But those anticommute
and, hence, applying n of them to a one-particle state of minimum helicity A, and four-
momentum p* gives N!/n!(N —n)! states with the same momentum and helicity Apin +n/2.
The maximum value of n that gives a nonzero state is n = N and, hence, the maximum
helicity in a supermultiplet is given by

,0) @ (0, %), i.e. the Dirac spinor representation of

)\max - )\min + N/Q

Thus, if we want to exclude helicities A with |A| > 2 then our theory can contain up to
thirty-two supercharges, while in pure field theory considerations, where we exclude helicities
with |[A\| > 1, we can have up to sixteen supercharges.

A useful quantity with which we label supersymmetry algebras is the number N defined
above, which is also given by dividing the total number of supercharges by the dimension of
the irreducible spinor representation of the Lorentz group in the dimensions we are working in.
In four dimensions the real dimension of the irreducible spinor representation of the Lorentz
group is four (Weyl or Majorana) and, hence, in field theory considerations we can have up to

SSupergravity is the supersymmetric extension of general relativity.

TAt energy scales large enough to allow us to neglect the effects of supersymmetry breaking we can treat
the known particles as well as their superpartners as massless. That is why we are particularly interested in
supermultiplets of massless particles.
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N = 4 supersymmetry. Evidently, if we consider supergravity we can work with up to N =8
supersymmetry. The second definition of N is extremely useful when we work in theories
which are not four-dimensional. Then, we know the total number of supercharges, since that
does not depend on the dimensionality of spacetime, and we can find N by knowing the
(real) dimension of the irreducible spinor representation of the Lorentz group in the specific
dimensions.

Going back to four dimensions one can see that the case N = 3, although theoretically
allowed, results in a multiplet structure which is automatically the same with that of an
N = 4 supersymmetry. In this thesis we will limit ourselves to the study of N =1 and N = 2
supersymmetry.

1.3 Superspace formulation of N =1 supersymmetry

Field theories with N = 1 supersymmetry can be conveniently described by using the notion
of superspace [fl]. In superspace, in addition to the ordinary coordinates, xz*, there is also
a set of anticommuting coordinates, labeled by Grassmann numbers 8% and 0%, o, & = 1,2,
such that . .

{Oa,ﬁﬂ} = {éd,éﬂ} = {00‘,55} =0

Derivatives with respect to the anticommuting coordinates are defined as

0 o - 0 o ;
Bl s ) Y el ) Y pal /T G
(o —ar (e () —oma {20},

where 5(15 (and 5dﬂ of course) is the Kronecker delta, and they obey the anticommutation

relations
0 0y [0 o) [0 o)
06008 [ 1 90%" 98 | |\ 002" gpb |

Integration in superspace is defined by means of the Berezin integral:

/d@@zl and /d01:0

As we observe integration and differentiation with respect to anticommuting coordinates are
equivalent operations.

The goal of the superspace formulation is to provide a classical description of the action
of supersymmetry on fields, just as in the description of the action of the Poincaré transfor-
mations. In other words, in order to exponentiate the supersymmetry generators we need the
anticommuting coordinates in order to form well-defined exponentials:

0% Qat0:Q%
Now, consider functions of the superspace variables,

O =d(x,60,0)
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The supersymmetry generators are represented by differential operators,

Qo = % —ic”,0%0, and Q4 = _8%20" + 0%t .0, (1.3.1)

where ¢ is the unity matrix and o?, i = 1,2, 3, are the Pauli matrices:

10 0 1 0 —i 10
0 _ 1 _ 2 __ 3 _
2ot o) ) e 5

The s have mass dimension —1/2 and it can be checked that the supercharges in the repre-
sentation ([L3J]) indeed satisfy the N = 1 supersymmetry algebra:

{Qav Qﬁ} = {Qd) Qﬁ} =0 and {Qa) Qa} — Zio-gdau, (132)

One can think of the Qs as generating infinitesimal transformations in superspace with (an-
ticommuting) parameter ¢ (and €*). Then, finite transformations can be constructed by
exponentiating the @Js and since the fs are anticommuting the #-expansion of these exponen-
tials will contain only a finite number of terms. With these additional transformations the
Poincaré group is enhanced to the super-Poincaré group. The result is expressed as

e Qorea QU (1 0,,0,) = B(aH — ie“o” 0% + 0% €%, 0% + €, 0% + &)
and from this it is easy to understand that supersymmetry is to be thought of as a spacetime
symmetry.

Expanding ® in powers of # one would get a finite number of terms. However, the
representation of the super-Poincaré group obtained by such an expansion is reducible and,
thus, not a satisfactory one. An irreducible representation of the super-Poincaré group can
be constructed by introducing the superspace-covariant derivatives, D, and Dy. These are
objects which anticommute with the supersymmetry generators and, thus, are useful for
writing down invariant expressions. In the representation we are working in they are given

by

D, —ic".0%9, and D = A i0%a", .0, (1.3.3)

~ a0 a0°

and they satisfy the wrong-sign supersymmetry algebra (cf. ([L32)):
{Da,Dg} ={Da, Dy} =0 and {Da, Ds} = 20,0,

The fact that the Ds anticommute with the (s makes the condition

Da® =0

invariant under supersymmetry transformations. Superfields that satisfy this condition are
called chiral superfields and they carry an irreducible representation of the super-Poincaré
group. Their construction is rather easy: Setting

yt =2t + 0% 0% (1.3.4)

8Here we show only the anticommutation relations among supercharges.
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it is straightforward to verify that

®(y) = d(y) + V20“ha(y) + 0> F(y)

is a chiral superfield. Expanding in 6 we get

(2,0,0) = o) + 070" G0, 0(x) + 392523%(@
(1.3.5)

V2

The components of the chiral superfield ([L33) are a complex scalar field (¢), a spinor field
(1) and an auxiliary field (F'). The transformation laws for these can be worked out by
starting with

+V20%pq () 020, (z)ot 0% + 0> F (x)

60 = (“Qo + €Q%)®

The result is
56 = 2%y, 0ba = V2eaF + V2ic" 20,0 and §F = iv/2€,6"*0,1)q (1.3.6)

and it makes evident the fact that supersymmetry maps bosons to fermions and vice versa.

However, we are not done yet since, normally, any spectrum of states that is derived from
a Lorentz-invariant field theory will exhibit CPT-symmetry. This implies that for each state
with helicity A there should exist a parity-reflected state with helicity —A. So far this property
is absent in our spectrum and, hence, in order to render our theory truly Lorentz-invariant
we have to add the CPT-conjugate multiplet. Consequently, we find that the N = 1 chiral
multiplet contains one state with helicity —1/2, two states with helicity 0 and one state with
helicity +1/2.

Another irreducible representation of the super-Poincaré group, that is vector superfields,
satisfy the condition

V=Vt (1.3.7)

which is invariant under supersymmetry transformations. The #-expansion of V' yields
V(z,0,0) = C(x) + 0% () — i0sx% ()
+ 0% (M (@) +iN (@) — 50°(M() — iN(2))

a i g 025 [ ya b
—0%*" 0% A, () + 1670, ()\ (x)+ 50“ Bauxﬁ(x)> (1.38)

— 0% <)\a(a:) + %agﬁ-auxﬁ(x)>

1 5= 1
- 59292 (D(:r) + 5620(@)
The scalar fields C, D, M, N and the vector field A, must all be real for (L3 to satisfy

([C370). Moreover, we have two spinor fields (y, and A,) in the supermultiplet. Evidently,
the name of the entire supermultiplet comes from the vector field that appears in it.
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1.4 N =1 supersymmetric gauge theory

Having found irreducible representations of the super-Poincaré group for N = 1 supersymme-
try, we can now consider gauge transformations. The presence of A, in the vector multiplet
indicates that if A, is to describe a massless vector field, then there should be some un-
derlying gauge symmetry which generalizes the ordinary gauge symmetries alluded to in the
beginning of this chapter.

In the case of a U(1) theory we observe that the superfield iA — iAT, where A is a chiral
superfield, contains a term of the form

i0°01, 310, (6(z) + 67(2))] = 0°",F0,0(a)
where a(z) = —(¢(x) + ¢*(x)). Therefore, the transformation
V =V +ih—iAT, DsgA=0 (1.4.1)

induces the transformation (CTA) to the gauge field that appears in the vector superfield
and, thus, is the correct supersymmetric generalization of a gauge transformation. The
corresponding field strength is the gauge-invariant, chiral superfield

Wo = —3D*D,V

Its form is chosen so that it produces the usual terms which describe the propagation of gauge
fields (see equation ([CZZ) below). Now, the gauge freedom enables us to choose a gauge,
which in our case will be the so-called Wess—Zumino gauge:

C=M=N=0 and xo,=0

in equation (L38]). This choice is analogous to the Coulomb gauge of electrodynamics and
still allows the usual gauge transformations

Ay — Ap+ 0u(o() + ¢ (2))
In the Wess—Zumino gauge the field strength is written as

1

Wals0.0) = ~i%a) + (5./D) — 3(0"0") Fiuls) ) 03+ oL 0000)  (1:42)

where y# is given by (L34) and F,(y) = 0,4, (y) — 0, Au(Y).
The gauge transformation of a chiral superfield is

O — NP

where ¢ is the “charge” of the transformation and A is a full chiral multiplet, something that
guarantees that e ¥*® is chiral. Now, since A # Af, we immediately notice that the term
®T® is not gauge-invariant. To fix this we use the vector superfield (CIH) with the gauge
transformation ([CZJ]) to construct the term

ofe?V P
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This last term is gauge invariant and, as we will see in a while, suitable to serve as the kinetic
term for chiral superfields.

Our construction, so far, was limited to Abelian gauge groups but the generalization to
the non-Abelian case is straightforward. A transformation on a chiral superfield is given by

P — e NP

where A is now a matrix-valued chiral superfield. Introducing a matrix-valued superfield V'
and requiring that
ofe’ @

be gauge-invariant, we find that e" has to transform as

eV_,6 i\ evezA

under gauge transformations. From this we can define the gauge-covariant field strength
Wy = —%D2e_vDaev (1.4.3)

Summarizing, we have constructed the terms that represent matter fields and their su-
perpartners, included in chiral supermultiplets, and those that represent gauge fields and
their superpartners, included in vector supermultiplets. But let us explicitly construct the
Lagrangians that describe their propagation. Consider a gauge group G with corresponding
(Hermitian) generators T'%, a = 1,...,dimG in a representation R of G, which satisfy

[T%, Tx] = if".T%

where fabc are the structure constants of the Lie algebra g that corresponds to the Lie group
G, which are usually taken to be real by a suitable choice of basis of g. It is important
to stress here that the structure constants depend on the choice of basis of g. Also, note
that in the literature it is common to refer to the structure constants as if they were a
characteristic of the Lie group rather than its Lie algebra. This is certainly not so, but the
abuse of the terminology is admissible since for simply-connected Lie groups, such as SU(n)
and Sp(n) but not SO(n), there exists a natural one-to-one and onto correspondence among
the representations of a Lie group and those of its Lie algebra [[7, Theorem 3.7]. Now, suppose
that G is simple, so that we have only one gauge coupling, g, in our theory. This is introduced
by rescaling the vector field V,
V — 29V

and, hence, all its component fields, which results in rescaled definitions for the gauge-
covariant derivatives, D ME
Dyt = 9\ + gf A

and the component field strength

Ff, = 0,A% — 0,A% + gf . A AS

9Those have nothing to do with the superspace-covariant derivatives (C3.3).
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For the vector superfield we are interested in the adjoint representation of G. The adjoint
representation of a Lie group G is a real and linear representation of G which acts on the
space g, where g is the Lie algebra of G. If G is a matrix Lie group containing n x n matrices,
then g is also realized by n X n matrices with the commutator as the Lie bracket. Then, the
adjoint representation, Adg, maps X € g to GXG~! € g, where G € G, and is represented by
dim g matrices of dimension dim g x dimg. As an example consider the ubiquitous (matrix)
Lie group SU(N). Its adjoint representation acts on its Lie algebra, su(N), which is the space
of N x N Hermitian traceless matrices. Furthermore, the adjoint representation of SU(NV) is
realized by N2 — 1 matrices of dimension (N? —1) x (N2 —1). Now, if we work in the adjoint
representation we take T'y = T, with

b - rab

( ;d)c = _Zfa c
a,b,c=1,...,N? — 1, as the generators of G. Since f“bc can be chosen to be real numbers,
we immediately see that the generators T’y are matrices with imaginary entries and, hence,

> a . . .
e'%T3 are matrices with real entries.

If we introduce the complex coupling

9 +47Ti
T=—+—
2t g2

where ¢ stands for the theta—angle, then the propagation of the gauge field is described by
the Lagrangian

Lpauge = LI <T / d*0 tr W"Wa>

32m ) (1.4.4)
=tr (—1F,, F" —i\*c" . DAY + 1D?%) + Wg%r F, Fr
where
P = Laweo g,
is the dual field strength, the trace is used to denote a sum over gauge indices, and
tr D? = tr D, T4 DyT%, = Do Dytr T4 T2, = D,D*
since we use the normalization
tr T4 TS, = 6% (1.4.5)

Note that the single term tr W*W, has produced both the properly normalized kinetic term
for the gauge field, —%tr F,, F* and the instanton density ?é’%tr F Wl*:' ¥ which multiplies
the ¥-angle.

So far with the gauge fields. We can now add chiral multiplets, ®°, transforming in some
representation R of the gauge group G. The generators are represented by matrices, T}, and
gauge transformations act as

o — e and ol — Pl

1%We do not use the usual 6 here in order to avoid confusion with the superspace anticommuting coordinates.
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where A = A,T5. Then,
@Ie2gVaT9‘; Pl

is the gauge-invariant kinetic term and the Lagrangian that describes the propagation of
matter fields as well as their possible interactions is

Lrnatter = / d%0 d%0 ®1e o' + / 20 W (®%) + / d20 [w (@) (1.4.6)
where W (®%) is the so-called superpotential which is a holomorphic function of ®¢ and does
not depend on <I>ZT In components the gauge-invariant Lagrangian ([LZ6]) becomes

Lrwatter = (Du¢') DI — it 0l D, + F FY

+ V299 TING VG, — iV2g0ia N T [0
+ g9 DTS¢ — <ZZVF LLow Pl + H.c.>

2 0¢t O
+ (total derivative)

(1.4.7)

where D,, = 0, — igAq,,T% and “H.c.” means Hermitian conjugate of whatever lies in the
containing parentheses. Note that Znatter contains kinetic terms for the scalar fields, ¢*, and
the matter fermions, v, as well as specific interactions between ¢¢, ¢, and the gauginos, \%.
Additionally, there are nonderivative interactions coming from the superpotential. Note that
gauge indices carried by matter fields are suppressed in the Lagrangian ([CZ1); for example

96! D Th¢' = gty Da(TH)20™

and
82W wiawj — 82W wiaawjb
0P DI @ pia Ot «
Finally, there is another type of term that can appear if the gauge group G contains U(1)
factors. (Of course, if there exists at least a U(1) factor, then G is certainly not simple (except
if G = U(1)) and we have several gauge couplings.) These are the so-called Fayet-Iliopoulos

terms,

2964V

where the index A runs in Abelian factors, £ are in general complex numbers and Vy
denotes the vector superfield in the Abelian case or the component corresponding to the
relevant Abelian factor. The corresponding Lagrangian is

L = 2g/d29 d*0€2Vy = g¢'Dy (1.4.8)

and, under an Abelian gauge transformation, it is easy to see that it transforms as a full
derivative. Moreover, it is easy to show that it transforms as a full derivative under super-
symmetry transformations as well.

1 Of course, if we want the Lagrangian ([CZ3) to be gauge-invariant, we have to choose a gauge-invariant
superpotential.
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Gathering the terms of equations ([CZ4]), (CZH6]) and (CZS) we get the N = 1 supersym-
metric gauge-invariant Lagrangian

gN:l = ggauge + gmatter + gF.I.
_ 1 2 a 2 20 A
+/d29d29q>je2quﬂ+/d29W(q>i) +/d29[W(q>i)]T

which in components becomes

Doy = tr (= 1F, P —iX%eh DAY + 1D?) + g*tr F, FH

0
3272
+ 964D 4 + (D¢ DF' — i@ ot D, + F F?

V29I TN, — iV 200 N T b + gl Do TS (1.4.10)

2
- <8WFZ' L oW i +H.c.>

BYS ) Ot Opi
+ (total derivative)

The equations of motion for the auxiliary fields give the so-called F- and D-terms

15)%%
Fl =22
(] a¢2

and D® = —gp[The' — g

where £% = 0 if the index a does not take values in an Abelian factor of the gauge group G.
Substituting those back into the Lagrangian (ICZI) we get

. . ) g
gN:l =tr (—%FMVF“V — Z)\aO'gO-CDM)\a) + Wgztr FMVF'LLV

+ (D¢ D! — ip o DA

+ V29I TIN Y, — iv2ia N T (1.4.11)
a (1 ‘?W W+ H'C'> — V(¢!, ") + (total derivative)
2 0¢* 07 o i)
where 2
V(ehel) = FlF 430" =3 ZZ + 9—22 > (6lT5e" +€°)? (1.4.12)

is the so-called scalar potential.

The next sensible step is to choose particular superpotentials and analyze the emerging
models. However, let us first venture into some general considerations on the physically
interesting superpotentials.
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1.5 The nonlinear sigma model

1.5.1  Only matter

Having extensively analyzed N = 1 supersymmetric Yang-Mills theory, we should now wonder
which are the kinetic terms and superpotentials that describe consistent and sensible physical
theories. In other words, we should find the class of supersymmetric theories that result in
ordinary theories which are renormalizable. For theories with chiral superfields only, it is
very easy to verify that a renormalizable ordinary quantum field theory emerges when the
kinetic term is of the form K;@I@j with some constant Hermitian matrix K , while the
superpotential is at most cubic in the chiral superfields, leading to at most quartic scalar
potentials. A very well-known example, which we will not analyze though, is the Wess—
Zumino model, a theory with a single chiral superfield, ®, a canonical kinetic term and
superpotential
W(®) = $m®d? + 113

However, it is often the case that the theory we are analyzing is not a microscopic (com-
plete) theory but, instead, a low-energy effective theory, i.e. a theory that describes our
system only up to some energy scale. Then, we need not require renormalizability any more
and, thus, our freedom in choosing kinetic terms and superpotentials increases. However we
should not forget that our effective theories should include terms with at most two spacetime
derivatives, since higher-derivative terms are irrelevant at low energies.

The above discussion dictates the form of the most general (nonrenormalizable) N = 1
supersymmetric theory we can consider. If we include chiral superfields only, then

el = /d2«9d20K(<1>i,<I>ZT) +/d29 W () +/d29[W(q>i)]T (1.5.1)
where the function K (®°, <I>ZT) has to satisfy the reality condition

K'(¢',¢]) = K(¢],4")
where ¢’ is the zero component of ®°, since we want to be working with real Lagrangians. It
is straightforward, if laborious, to calculate that in components we have
/ d?0 d*0 K (07, 0) = KI(F'F} — 0,8'0"¢| — ith;65"" 9,0}
. . I
— SEGFI gl — YKT P00 (1.5.2)
— KO D+ AKE Y s O

+ (total derivative)

j = K09 ok — PK(6.07) mi gk i Kl — _ 0'K(6.07)
where K; = 561 007 K = 961 097 09] and similarly for K7" and Kjk: and K5 = 9% 06 001 03]

2Djagonalization of K and rescaling of the fields leads to the canonical kinetic term CDZT o
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As we observe there are no holomorphic terms in the Lagrangian ([C52), i.e. there are
derivatives of K (¢,¢') with respect to both ¢ and ¢f. This shows that the so-called Kihler
transformations,

K(¢,¢") — K(¢,0") + f(¢) + f1(8")

where f and f! are arbitrary analytic functions of ¢ and ¢! respectively, do not affect the
Lagrangian (CR.2). Moreover, it is easy to see that the Kéahler transformations can be gen-
eralized to the superfield level, for the transformations

K(2,2") — K(,@%) + f(2) + f1(2)

do not affect the Lagrangian ([CEJI).
Now, note that in the Lagrangian ([C52) there is a metric for the kinetic terms for the
complex scalars which is obtained by the complex scalar function K (¢, ¢1):

82
991 09!

J
i

K(¢,¢")

Such a metric is called a Kihler metric and the complex scalar function K (¢, ¢!) is called
the Kéahler potential. Since the Ké&hler metric is invariant under Kéahler transformations of
the Kihler potential, we are immediately led to interpret the complex scalars ¢’ as local
coordinates on a K&hler manifold. In that sense the target manifold of the sigma model is
Kéhler. Also, it is natural to think of fermions as tensors in the tangent space of the K&hler
manifold. '

Once we identify K/ with the metric of the Kéhler manifold, we can easily work out the
connection and the Riemann tensor of the manifold. As is well known, for a general metric
gap the connection is given by

¢ = 59" (0agab + OYad — Oaav)
where ¢? is the inverse of g, and the Riemann tensor is defined as
(Rab)q = 0al'pg — ObLGq + Tae g — ThIGq
In the case of the Kéhler metric the only nonvanishing terms ar

I = (K} K]

ijo F;g] = (K_l)nglZ]

where K1 denotes the inverse Kihler metric,

(K YiK! = 4]

13This calculation is more easily carried out if we temporarily change our notation by substituting

T i e
¢, — ¢' and =K - K;; —
' 9Pt (9(;5;[ ¢ ” Ot OpI

and similarly for the rest, where bar and dagger both denote complex conjugation. In the end we switch back
to our usual notation to get the result mentioned in the text.
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and
Rkl F(kl KM F(_l n F(kl
ij ij ij( )m n

and it is worth expressing the component form of the Lagrangian ([C5J]) in this simpler and
more geometric language. To achieve this we first need to eliminate the auxiliary fields. Since

/d29 W(®") + H.e = (W;F' — 3W;;4"9.) + Hee (1.5.3)

where W; = OW/d¢' and W;; = 0°W/0¢"' d¢/, by adding ([CE3J) to ([EZ) we can find the

equations of motion for the auxiliary fields F:
P = (KW + 4Tk

Those can be used to eliminate the auxiliary fields from the component form of the Lagrangian
(C52), which, finally, takes the form

Lroiter = — K] (0,890} + 0" Do) + {RE Whabaf
— 3[(Wij = TEWR 9L, + (W — T W) (1.5.4)
- V(¢', qb;) + (total derivative)

where

V(gh,oh) = (KH)iww (1.5.5)

is the scalar potential and
D“z/); = u‘/’(lx + F3k8u¢]¢§

is the Kéhler-covariant derivative on fermions. From its form we immediately understand
that fermions can actually be treated as contravariant vectors on the tangent space of the
Kéhler manifold.

At this point we have to stress an important characteristic that has to do with the scalar
potential (LB of the effective theories we are analyzing. If we compare that to the scalar
potential we found in the case of renormalizable (UV-complete) theories of chiral superfields

with N = 1 supersymmetry,
V(' ¢}) = Wi

(that is the superpotential (CZTZA) with zero D-terms) then we immediately see that the
Ké&hler metric changes the way supersymmetry is broken. Indeed, supersymmetry is broken
when the scalar potential is larger than zero and, thus, when it comes to supersymmetry
breaking, theories with a noncanonical Kéahler potential differ substantially from theories
with the canonical Kihler potential Ky, (¢, (;53) = q&jqbi.

1.5.2  Adding gauge fields

It is now time to add gauge fields in our discussion. The gauge group is G with gauge coupling
g and corresponding (Hermitian) generators T, a = 1,...,dimG in a representation R of G.
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The first effect of the inclusion of gauge fields is that they change the spacetime derivatives
in the term K (¢, ¢') into gauge-covariant derivatives,

Oud" — D' = 00" — igAa, Tisd'

in the case of scalars, and the Kéhler-covariant derivatives into gauge- and Ké&hler-covariant
derivatives,

DM/’Q - Du¢é = u‘/’(ix - igAauT%W + FZkDu¢]¢
in the case of spinors. In addition, we have to add kinetic terms for the vector superfield
containing the gauge fields. Evidently, the discussion we are about to begin will closely follow
the steps we took in section [C4l

As for the matter Lagrangian we need only observe that we can follow the exact steps
that brought us to the Lagrangian ([CZE) to verify that if we just replace

¢! — (¢feV);

n (L)), then the term
/d29 d20 K (@, (dTe?9V),)

is gauge-invariant for any real function K. Therefore, we only need to guarantee that the
superpotential is gauge-invariant in order to conclude that the action
matter

L = [ @0RIR@, @+ [eowe s [Eow@) (s0)

is N = 1 supersymmetric and gauge-invariant. Its component form is

Latter = —K[D mZ'D%T + i 6" Dy,
— (F" = TR U0 (F) = §T7 )]
[\/ig(Tﬂz)ka Vo s+ H.] (1.5.7)
+ [—59D%( Tax)]¢'K; + H.c.]
+ (WiF* — IWz‘jl/)m?,/)é + H.c.) 4 (total derivative)

Proceeding to the generalization of the gauge Lagrangian ([CZ4]), we recall that the gauge-
covariant field strength is defined by

Weo = —%DQe_ngDaez"V

and it takes the form ([CZ2) times 2¢ in the Wess—Zumino gauge. Since at most two-derivative
terms should be included, we end up with the most general possibility

L, = / 420 fun (81 )W WL 4+ Hec. (1.5.8)



1.6 N = 2 SUPERSPACE 23

where the holomorphic function f,, = fp, transforms under the gauge group as the sym-
metrized square of the adjoint representation. Note that with the choice fq, = (7/647i)tr T4 T,
we recover the Lagrangian (m The component form of (L)) is

LD — iAol 9N 4 iN Gt 9, N
+ J(F™ + igF*)(Fy, +igF,) — D“D']

L Ofab ia [:yxapp o i\bpa o Ln ~vByyapb o \b a (1.5.9)
+2ﬁ 8¢i¢ [MQD + iAo D +2( 0a0 VNG, +M5F )
‘8fab 1, j a2fab
_ yaayb i = iB,00
A®ND, <F 960 2% Vhagiaer ) e

where, here, the Hermitian conjugation applies to all the terms in the right-hand side of the
equation.

The sum of the Lagrangians (L) and (CE9) gives the full Lagrangian of the model we
are studying, and from that we can work out the equations of motion for the auxiliary fields.
Those turn out to be

f ,
Fi — (K—l)z [<af5;(]¢)> Xgl;\bo'z + %Kglwkawé o WT]]

and

10

V2 0¢'
and, of course, they can be used to eliminate the auxiliary fields from the Lagrangian of our
model.

D" = L oTaie s, v

1.6 N = 2 superspace

In order to consider supersymmetric theories with eight supercharges we have to extend the
N = 1 superspace by adding another pair of anticommuting coordinates. Hence, in addition
to the ordinary coordinates, z#, N = 2 superspace contains the anticommuting coordinates
0 and éf‘, where ¢ = 1,2 and greek dotted and undotted indices are as in the case of N =1
superspace.

An important characteristic we have to think about at this point is the so-called R-
symmetry. This is a global symmetry that transforms different supercharges in a theory with
supersymmetry into each other. R-symmetry does not generally commute with supersymme-
try and particles in a supermultiplet do not have the same quantum number (R-charge) under
it. The reason we did not mention R-symmetry in our treatment of N = 1 supersymmetry
is that, in that case, the R-symmetry group was just the Abelian group U(1) which is often
broken by quantum anomalies. But in theories with extended supersymmetry the group of
R-symmetry becomes non-Abelian and, in the case of N = 2 supersymmetry without central

1To see this observe that if z is a complex number, then Re(z) = Im(iz).
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charges, it is the group SU(2). Now, if we want to respect the SU(2) R-symmetry, we
should think of (0¢,05) and (6, 0%) as SU(2)r doublets[d i.e. so that they transform in the
fundamental representation of SU(2)g.

The N = 2 hypermultiplet ¥(x, 6;,6;) is defined as an N = 2 superfield which is a singlet
under the global SU(2)r and satisfies the covariant constraints

Dig¥ =0, i=1,2

In parallel with N = 1 supersymmetry it is convenient to introduce new bosonic coordinates,
2
gt =t +1 Z o5 ch . 05
i=1

Now, if we expand a hypermultiplet in powers of 65, then the components are N = 1 chiral
superfields. Indeed,

U(x,0;,0;) = (7,01) + V205 W (7, 01) + 05G (i, 61)

where B
®(7,61) = ®(y + 050%,.,05,61)

G(9,61) = G(y + 050".,09,01)

and _.
Wa(7,01) = Wa(y + 050,05, 61)

are chiral superfields. Consequently, the hypermultiplet contains matter fields.

The physical content of the hypermultiplet is two complex scalars, ¢ and ¢, and two Weyl
fermions, 1, and wg. Since V¥ is an SU(2)g singlet, while (67,605) is an SU(2)r doublet, it
follows that the fermionic component fields are also SU(2) g singlets while, on the other hand,
the bosonic component fields form an SU(2) doublet. A convenient way which we can use
in order to exhibit the SU(2)r symmetry is to arrange the two Weyl fermions and the two
complex bosons of the hypermultiplet in the diamond

Yq
q q
vy

Then, the SU(2)r symmetry acts on the rows of the diamond. For further details on the
R-symmetry of N = 2 supersymmetry the reader is referred to [&].

The other multiplet of interest in theories with N = 2 supersymmetry is the vector
multiplet. This contains an N = 1 vector superfield and an N = 1 chiral superfield, altogether
a gauge field, two Weyl fermions, and a complex scalar (all in the adjoint representation of

15Tn fact the R-symmetry group in this case is the group U(2), but the U(1) factor of this group is again
often broken by quantum anomalies. The whole U(2) R-symmetry is present in scale-invariant N = 2 theories.
The index R makes it clear that this is the global group that corresponds to the R-symmetry.
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the gauge group we consider; for details see section [[7]). Although the hypermultiplet can be
either massless or a short massive multiplet (BPS), the vector multiplet can only be massless.
The fermions are doublets of SU(2) g, while the gauge field and the complex scalar are singlets.
Again, the diamond structure is useful; we arrange the gauge field, A,, the fermionic fields,
A and 7, and the scalar field, ¢, of the vector multiplet in the diamond

Al/«
ALY
¢

The SU(2) g symmetry acts, just as in the case of the hypermultiplet, on the rows of the dia-
mond. Under N = 1 supersymmetry the vector multiplet decomposes into a vector superfield
([C3R) with the gauge-covariant field strength ([CZ3]) and a chiral superfield ([C3H).

1.7 N = 2 supersymmetric gauge theory

Our analysis of the N = 2 supersymmetric gauge theory with gauge group G will involve only
the vector multiplet and not the hypermultiplet. Using the decomposition of the N = 2 vector
multiplet into N = 1 multiplets, our construction starts by adding the Lagrangians ([CZ4])
and (I]E:ZI) However, we should pay attention to the fact that since our fields belong to
the same multiplet they must transform in the same representation of G. The fields in the
N = 1 vector multiplet transform necessarily in the adjoint representation of G and, thus,
the same must hold for the component fields of the chiral superfield. In that case the N =2
matter Lagrangian ([LZ7) becomes

Lather = / d20 d*0 B (e )oa°
= tr((D,9) (D) — ip®ot Db + FIF (1.7.1)
+ V29T I b} — ivV29{1ha, A4} + gD[o, ¢T])
where
¢ = Ty, Vo =VaaTlyy and F = F, Ty
in addition to

)\a — )\aang, D - DaTaC,Ld and A“ — Aau E;Id

Let us see how the anticommutator in the term ﬁggﬁﬁj ®Aq?) arises. Similar steps explain
the appearance of the anticommutator in the term ﬂgzp)\aTg‘@) and the commutator in the
term gngDaTg%qb. In the adjoint representation

T TEN — OF (T2)PAGYE

"Here we do not include the superpotential for reasons we will explain below.
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and this becomes

O (Toa)eNa v = O (—if )AL,

= S+ INGYS

= @) (tr T[T, T)ASY,
= 0y (tr T T TN, — B (er TP LT,
= tr T Ay — tr dT P\
= tr ¢I Ay + tr plh® A,
=tr ¢T{>\a’ Yo}

where we used the fact that

(Taw)e = —if ™,
the obvious property , ,
fe=—1%
the normalization ([CZA]) and the supersymmetric identity

Aaa¢a = —)\2‘%{

What remains is to add terms that describe the propagation of our fields. We worked out
these terms in section [[4] (see equation (CZ4])) and, hence, we just have to add them to the
Lagrangian (CZT]). The resulting Lagrangian is

_ 1
Lo = /d29 d?0 oTe®V e + 5 Im <7/d20 tr W“Wa>
7'['
=tr(— 1F, F" —i)\*e", D, — it Dy + 1 D? (1.72)
_|_

59,29 Fu " + (D) (D"9) + F1F + gD[o, ']
+ V20NN Y} — iV20{¥a, X} )

which is indeed, although far from obviously, N = 2 supersymmetric. Now, as we saw in
the previous section, theories with N = 2 supersymmetry necessarily have a global SU(2) r
symmetry. From the diamond structure of the vector multiplet we already knew that the R-
symmetry rotates the fermionic fields ¢ and A into each other and, hence, it is straightforward
to check that indeed the Lagrangian ([L72) is invariant under the R-symmetry. Note here
that, had we added a superpotential in the beginning of our construction, then we would
have a term ~ Wijwio‘wé appearing for the matter fermions, 1, but not for the gauginos,
A. But that would break the SU(2)p invariance unless the superpotential was linear in
®. Moreover, any superpotential linear in ® would generate a scalar potential of the form
|W;|?> ~ |constant|? which is strictly positive. However, that would spontaneously break
supersymmetryL] and, thus, the superpotential can only be a constant which we can always

BWhy this is so will be explained in the next chapter.
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set to zero. Also, it has to be stressed that our description of N = 2 supersymmetric Yang—
Mills theory does not involve a central charge, since the N = 2 vector multiplet we have been
using carries an off-shell representation of the N = 2 supersymmetry algebra in which the
central charge is trivial.

Our next step is to eliminate the auxiliary fields from the Lagrangian ([CZ2). Their
equations of motion give

F*=0 and D* = —g[$,¢']"
and, thus, the Lagrangian ([CT2) becomes

Prneo = tr( = 2F F* —iX*0h DAY — %ot D,

+ 5539 Fuw " + (D) (D"9)
+iV290 A Yo} — iV29{¥u, A} o) — V (s, ¢")

where the scalar potential is
V(¢,9") = 5tr D? = §¢°tx (¢, 0]

1.8 Effective gauge theories with N = 2 supersymmetry

As in the case of gauge theories with N = 1 supersymmetry, we can as well work with low-
energy effective gauge theories with N = 2 supersymmetry. In order to begin we first have to
find an appropriate sum of ([C2.6]) with W = 0 and ([C&8]). In anticipation of some connection
to the Lagrangian ([L’ZZ), that is chosen to be

Ly = /d29d29K(<1>“,(<1>Te2W)a) +4Re (/ d29¢ab(q>i)waawab>

and, after working out its component form and eliminating the auxiliary ﬁelds, we see that
the kinetic terms for the matter fermions, v, and the gauginos, A, are

—i K22 e 0,0% and  — iRe(7ap) NG YN\

respectively. But the SU(2)z symmetry demands that the kinetic terms for 1) and A appear
in the same form and, thus, we have to require that

K} =ReT,
b — 7,0, That can be implemented by defining a holomorphic function, F(®), called
the prepotential, such that

where 7

¢Ta({%§f) +He = —%¢T“?a(¢) + H.c.

7

16K (¢,6") = —5

9Remember that now everything transforms in the adjoint representation of the gauge group
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and

0?F (o)

—1 = —iF,
Z@gba 0 Far(9)

Then, our effective theory is described by the Lagrangian

1677 (¢) =

1

f(eﬁ) = —1Im F

5 / d20 F o (D)W WE + / d?0 d*0 (d1e29V ) F (D)

N=2 " 167
where Im & plays the role of some sort of coupling. As we observe, our theory is completely
determined by the prepotential. Note that with the choice F(®) = %Ttr ®? we obtain the
Lagrangian (LZ2). Actually, for the case of SU(2) gauge symmetry Seiberg and Witten
managed to determine the prepotential, and thus solve the low-energy theory [€].



CHAPTER 2

Supersymmetry breaking
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2.7  Gaugino condensation .

Even though supersymmetry equips us with powerful methods and gives profound answers to
a series of previously insoluble problems, it nevertheless comes in direct conflict with nature
as we observe it today. Indeed, the supersymmetric partners of the particles we observe in
particle accelerators are absolutely absent in our surroundings. For example, if we consider
N = 1 supersymmetry, then the electron belongs to a chiral superfield which also contains
a scalar field, the selectron, and an auxiliary field. The selectron is the superpartner of
the electron but, although the electron is rather easy to observe, the selectron has not been
detected yet.

Therefore, if we want to retain the power of supersymmetry while, at the same time,
respect phenomenology, we need supersymmetry to be broken at some intermediate scale,
i.e. at some scale below the Planck scale but certainly above the already probed energy
of 100 GeV. In this chapter we will present various methods that are useful in the search
of supersymmetry breaking. Our treatment contains an explicit example of supersymmetry
breaking as well as various criteria that help us find out if supersymmetry is broken. I assume
that the reader is familiar with the spontaneous breaking of ordinary global symmetries.

29
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2.1 Spontaneous supersymmetry breaking

Supersymmetry is broken if and only if the supercharge @), does not annihilate the vacuum:
Qal0) #0
Given a specific field, bosonic or fermionic, it is
(0[(field)|0) = (0](e” Q) (field)[0)

and, hence, supersymmetry is broken if the variation of some field, bosonic or fermionic, is
such that
(0|0 (field)|0) # 0O

However, since the variation of a bosonic field is fermionic its vacuum expectation value (vev)
has to vanish automatically due to Lorentz invariance. Hence, in order to break supersym-
metry we need at least one fermionic field, ., whose variation has a nonzero vev:

(010kal0) # 0
But if the fermionic field belongs to a chiral superfield its variation is (see equation ([L3.6l)
5ta = V20 F + -+ (2.1.1)

while, if it belongs to a vector superfield, where, as usual, we call it A\, to avoid confusion, it
is
OAg = 1€ D + -+

where F' and D are the auxiliary fields in the Lagrangian ([CZIM), and the ellipses stand
for terms that do not contribute (due to Lorentz invariance) to the vev. Consequently, we
observe that nonzero vevs for either F' or D signal supersymmetry breaking.

Now, another way to establish supersymmetry breaking is to find a vacuum energy which
is greater than zero. To see how this comes about consider the supersymmetry algebra
equation

{Qa, Qd} = 2UZQPH
Since the Pauli matrices are traceless, taking the trace we obtain
1(@Q1Q1 + Q205 + Q1Q1 + Q3Q2) = Py
and, hence, the vacuum energy il

Eqvac = (0|P]0) >0

From the last equation we immediately see that, since (0|Py|0) = 0 implies Q,|0) = 0,
supersymmetry is broken if and only if Ey,c > 0.

!The nonnegativity could be directly seen by looking at the scalar potential (CZIJ).
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Let us now consider an example. A class of supersymmetry-breaking models involving only
chiral superfields is the class of O’Raifeartaigh models. As a representative consider a theory
with three chiral superfields, A, B and X, canonical Kéahler potential and superpotential

W = MA(X? — %) + mBX
The F-terms areE
Fa=XX?%-p?), Fg =mX and Fx = 2)\AX +mB

and, evidently, Fy and Fp cannot be set to zero simultaneously. Therefore, supersymmetry
is broken. To find the vacuum energy and the vevs we have to minimize the scalar potential.
Since no matter what the vev of X is we can always choose the vevs of A and B such that
Fx =0, we just have to minimize the scalar potential (1 and m are assumed to be real)

V = [Fal? + |Fp|* = [AP|X? — 422 + m?|X|?

The solutions are

m2

X)=0or (X)?=p*— -
(X) =0 or (X)? =~ it
The corresponding vacuum energies are

m

4|2

Note that the branch (X)? = u?—m?/2|\|? does not survive if Eyac o < 0. More specifically, if
Eyac2 < 0, then two of the roots of the cubic polynomial 9V/0X are no longer real and, thus,
of no relevance to our considerations. Thus, the only physical case is the case Eyac2 > 0, in
perfect agreement with broken supersymmetry.

It is now time to investigate the spectrum of the massless states in the case (X) = 0.
First of all, there is a massless scalar arising from the fact that at this level, which is called
the tree or classical level, not all of our fields are determined. Indeed, at (X) = 0 the F-term
for X does not fix the vev of A. We say that we have a vacuum degeneracy at tree level.
In the next section we will see how this degeneracy is lifted by loop (quantum) corrections.
Furthermore, there is a massless fermion, ¥ x. This could not be absent; it is the sign that
supersymmetry is broken and it is called the Goldstino. It is the analog of the Goldstone
boson which is observed in the massless spectrum of spontaneously broken ordinary global
symmetries and we further analyze its connection to supersymmetry breaking in section EZ41

Finally, let us consider the massive spectrum of our theory. The importance of doing so
is to show that for nonzero energy the bosonic and the fermionic states are not paired. For a
general supersymmetric theory with n chiral superfields Q% and superpotential W(Qa)ﬁ the
mass matrices for scalar and spin—% fields are given respectively by the 2n x 2n matrices

o _ (WITWey WiV, s (Wiewy, 0
Mo = (WachVTc Wowier | #0d My = 0 W oo W teb (2.1.2)

Evac,l = |)\|2,U4 and Evac,2 = m2M2 -

2Note that here and in what follows we denote the chiral superfield and its zero component with the same
symbol.
3Note that any Kihler potential other than the canonical one, Kecan(Q%, QL) = QLQ°, alters this result.
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with W, = gTI/; and similarly for the rest, where the derivatives are to be evaluated at the
vevs assumed for the zero components of the chiral superfields. Calculating and diagonalizing
the mass matrices in our case shows that the boson mass matrix has two zero eigenvalues,
the two eigenvalues

m® + 20 (A + [MPp? £ [AV4m2|(A)]2 + 4RI+ APt + 42|\ (A) 2

and the two eigenvalues

m? + 2NMA)? — APp? £ IAVAm2[(A)2 + 4P[{A)[*F + [A2pt — 4p2|A(A)P2

while the fermion mass matrix also has two zero eigenvalues but the two double eigenvalues

m? + 2IM(A) 2 £ 2NV m2[(A)2 + [A[(A)[1

which are different from the ones found for the boson mass matrix. Therefore, our expectation
that we would find a mass splitting between bosons and fermions is fulfilled. As a mild
consistency check note that at A = 0 there is no mass splitting, something that was to be
expected since, then, supersymmetry remains unbroken. Also, note that

STrM* = Tr Mg — Tr M7, = 0

i.e. the mass splitting in each supermultiplet vanishes. Of course this should be expected
because of the form of the mass matrices (EZT2).

2.2 Loop corrections

In the previous section we analyzed an O’Raifeartaigh model at the classical level and we
found that in the case (X) = 0 there is a large vacuum degeneracy: No matter what the
vev of the zero component of the chiral superfield A was, the vacuum energy was exactly
the same. In general, vevs of zero components of superfields that are undetermined in the
vacuum of a theory are called moduli, and the space they parametrize is called moduli space.

In our particular case (A) is an approximate modulus since a potential for A is generated
at one-loop, thus lifting the vacuum degeneracy. To see this we have to integrate out all the
massive fields in order to get the effective action for A. The one-loop correction to the vacuum
energy is given by the Coleman—Weinberg potential [9], which in the case of supersymmetric
theories where quadratic divergences cancel among bosons and fermions,

STrM? = Tr Mg — Tr M3, = 0

takes the form

1 M2 1 M2 M% 2
AV((4) = o 5STM' I T = (Tng In = — T, 1nA—2/ (2.2.1)

where A is the scale below which our theory is valid. The minus sign in the fermionic
contribution arises because fermionic path integrals of Gaussians give a result proportional
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to the determinant of the matrix coefficient in the exponent, in contrast to bosonic path
integrals which give a result proportional to the inverse of this determinant. Note that if our
theory is supersymmetric this correction vanishes automatically due to the pairing of bosons
and fermions.

Now, to compute the correction exactly we need the spectrum as a function of (A). But
this was done in the previous section and, thus, we can find the result which, in fact, is too
long to be presented here. However, plotting the correction to the scalar potential for some
values of the parameters as a function of (A) can tell us what is the behavior of the correction
as we vary (A). The plot is shown in Fig. EXJland it can be seen that its crucial characteristics
do not depend on the particular values we assumed for the parameterS.E Thus, we say that
the potential is stable under deformations.

(4)
~100 50 0 50 100
IR T TN S TR TR T T N T T S L PR [T T S S N SO T
~0.0000430 -
~0.0000435 -
AV ]
0000440
~0.0000445 -
1 2=0.01, u=10, m=1
E 8
~0.0000450 and A=10

Fig. 2.1: The one-loop correction to the vacuum energy

We observe an absolute minimum at (A) = 0 where the correction to the vacuum energy
is slightly smaller than zero. As expected, quantum corrections lifted the vacuum degeneracy
we found in the previous section.

2.3 Dynamical supersymmetry breaking

In the example we just analyzed we saw the spontaneous breaking of supersymmetry tak-
ing place at tree-level. However, we often happen to consider a theory where at tree-level
supersymmetry remains an exact symmetry of the vacuum, i.e. where supersymmetry is not
spontaneously broken. Then, there exists a wide class of theorems, known as nonrenormal-

4This can be done, for instance, by drawing the 3d plots of AV with respect to (4) and one of A, i, m and
A at a time. Note that A is dimensionless while p, m A and (A) have mass dimension one.
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ization theorems, which guarantee that supersymmetry cannot be broken at any loop order.
That is a remarkable result and although it was originally proved using Feynman diagrams in
superspace (supergraphs) [10], it was later found to arise solely by considerations regarding
the holomorphy of the superpotential [11]. Also, it can be shown that if supersymmetry is
broken at tree-level, then nothing can be done to restore it in perturbation theory. Let us
see an example, namely the Wess—Zumino model. As we saw in section this is a theory
with a single chiral superfield, ®, a canonical kinetic term and tree-level superpotential

Wiree(®) = 3m®? + 12d?

For m = A = 0 the theory has a U(1) x U(1)g symmetry under which ® transforms as
(1,1). Note that under R-symmetry d?6 has R-charge —2 and, thus, in order for the term
[ d?0 W (@) to be invariant under U(1) g, the superpotential has to have R-charge +2. Now, if
Wiree is invariant under the U(1) x U(1) g symmetry even if the couplings are nonzero, then we
have to impose the condition that the charges of m and A under U(1) x U(1)  are (—2,0) and
(—3,—1) respectively. Now, the most general renormalized superpotential invariant under

U(1) x U(1)p is
Weg = m®2f <A—q’>
m

where f is an arbitrary holomorphic function. Considering a small X in order to give meaning
to perturbation theory, we expand f around A = 0 and we find

o )\nq)n+2
Wer = Y _an"——

n=0

In the limit m — 0 we have to require that Weg be free of singularities. That is so because
we use the Wilsonian effective actionl] and gives the condition n < 2. In addition, as A — 0
we have to recover the tree-level superpotential. This fixes the undetermined constants ag
and a; and shows that Weg does not receive any corrections. Thus, we proved the standard
perturbative nonrenormalization theorem and, moreover, we extended it beyond perturbation
theory. However, the Wess—Zumino model probably does not exist as an interacting field
theoryﬁ and, hence, this nonperturbative result is of little interest.

Actually, as we will see, nonrenormalization theorems can be violated by nonperturbative
mechanisms, thus making theories with supersymmetric vacua at tree-level subject to pos-
sible spontaneous supersymmetry breaking. This kind of supersymmetry breaking, that is
spontaneous supersymmetry breaking by a nonperturbative mechanism, is called dynamical
supersymmetry breaking [13]. Also, note that in case our theory has a noncanonical Kéhler
potential, then that is corrected by quantum effects since it is not protected by holomorphy.

The most important theory in which dynamical supersymmetry breaking occurs is the
N = 1 supersymmetric extension of QCD, a theory which we will extensively analyze in the
following chapter.

SFor further details the reader is referred to [12].
5Unless we work in two dimensions where the Wess—Zumino model is an asymptotically free theory and,
so, probably exists nonperturbatively.
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2.4 The Goldstino

A direct consequence of the breaking of any bosonic global symmetry is the appearance of
massless scalars, 7(p), called Goldstone bosons, which couple linearly to the symmetry current
J*. Due to Lorentz-invariance it is

(0 (2)|m(p)) = fple ™
and, correspondingly, the current takes the form
Ju(@) = fOum(z) + -

where the ellipsis stands for terms quadratic in the fields and for potential derivative termsﬂ
Similarly, the breaking of supersymmetry in any theory is communicated by the appear-
ance of a Goldstone fermion, more commonly referred to as the Goldstino, which couples
linearly to the supersymmetry current [14]. The Goldstino coupling to the supersymmetry

current can be expressed as
JE = foh % 4 - (2.4.1)

where, again, the ellipsis stands for terms quadratic in the fields and for potential derivative
terms. As we will now show, when supersymmetry is broken f is nonzero.

Proceeding to the proof of the above statement we can consider for simplicity a theory
with n chiral superfields in which we have the usual F-term supersymmetry breaking, i.e.
the F-term, F', of say one chiral superfield cannot be set to zero consistently with all other
F-terms being zero. Our proof will be based on the K&llén—Lehmann spectral representation,
that is the fact that the Fourier-transformed two-point function exhibits a pole at the mass
of the one-particle state, which for fermions takes the form

4 . ipT 7 o Z(p + m)
[daerori@uo) =
where the ellipsis stands for terms contributed by multi-particle states and T' denotes time-
ordering. Evidently, what we need to prove is that in case supersymmetry is broken, then the
Fourier-transformed two-point function for fermions has a pole at zero mass. Let us, therefore,
study the Green’s function (0|T'¢®.J g (2)1)*(0)|0), where €’ is an infinitesimal constant Weyl
spinor. Our starting point is the equation

/ d*x 0, (0T’ J4 (2)1*(0)]0) = 0 (2.4.2)
which is true since the integral of a total divergence is identically zero (when there are no

surface terms). However, if we act with the derivative before performing the integration, then
we take two contributions: One from the derivative acting on the exponential,

/ d' (9,€™) (0T e T (2)1(0)[0) = ips / d'w (0| T T (x)y" (0)]0)

"Those are not taken into account in the low-energy effective theory.
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and one from the derivative acting on the Green’s function. This can be calculated by ex-
pressing the time-ordering in terms of theta functions and remembering that time derivatives
of theta functions are delta functions. The result is

/ d'a ™9, (0T’ J4 ()1 (0)]0) = / d*z 6™ (2)(0]69(0)]0)
where the variation of ¢ if
5¢%(0) = { / df”xeﬁJg(x),wa(O)]

which, remembering equation (ZI11]) and dropping derivative contributions since those have
vanishing vevs due to Lorentz invariance, becomes

5%(0) = V2 F

Hence, by equation (ZZ42]) we get
V3E(F) = —ip, / a7 (0| TP T4 () (0)]0)
The last equation can obviously be brought to the form

/ 0 (| T T (1) (0)[0) = ea%
where f = z\/§<F), which, by the Kaéllén—-Lehmann spectral representation, indicates that
there exists a massless fermionic one-particle state in the spectrum. Therefore, our initial
assumption that (F) # 0, i.e. that supersymmetry is broken, resulted in the appearance of
the Goldstino in the spectrum.

The Goldstino coupling to the supersymmetry current is

and, indeed, when supersymmetry is broken f is nonzero. For completeness, note that it can
be shown using the Noether technique that the supersymmetry current of a theory with n
chiral superfields is given by

T = V208,510, of +ivV2F o 8 (2.4.3)

where i =1,...,n.

8Note that the space integral of the zero component of the supersymmetry current is the supercharge:
Qo = /d3m € Jo (x)

and
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2.5 The Witten index

A very powerful tool which helps us see whether a given theory breaks supersymmetry is the
Witten index [15]. The Witten index is essentially based on the fact that supersymmetry
breaking depends on the existence of zero-energy states. To be more specific, consider the
supersymmetry generators and their action on bosonic and fermionic states (in finite volume):

Q|boson) = V/E|fermion) and Q|fermion) = v/E|boson)

where E > 0 is the energy of either of the states. Evidently, states of nonzero energy are
constrained by supersymmetry to appear in boson-fermion pairs. However, zero-energy states
are not subject to this constraint since, then,

Q@|boson) = 0 and Q|fermion) =0

But if there exists some zero-energy state, then supersymmetry is unbroken since, then, the
scalar potential has zero as its minimum. On the other hand, if there are no zero-energy
states, then supersymmetry is broken.

However, in supersymmetric theories it is very hard to count the exact number of bosonic
and fermionic states at each energy level. A somewhat easier, but still hard, job is to count
their difference. Thus, we can calculate the quantity

> (ng —nE) (2.5.1)

E

where ng is the number of bosonic states with energy E and ng the number of fermionic

states with energy E. But for £ > 0 bosons and fermions come in pairs and, hence, the
nonzero energy contributions in the quantity (250I) cancel. What remains is the so-called
Witten index

Tr(—1)F = nE=0 — p£=0

If the Witten index is nonzero, then supersymmetry is obviously unbroken. On the other

hand though, if the Witten index is zero we cannot reach a conclusion, since either ng:o =
ng:o # 0 and supersymmetry is unbroken, or ng:o = n£=0 = 0 and supersymmetry is
broken.

The usefulness of the Witten index lies on the fact that it is a topological invariant of the
theory. It may be calculated for some convenient choice of the parameters of the theory but
the result is true in general. A very important application of this fact is that we can obtain
results for the strongly-coupled regime of a theory by calculating the Witten index at weak
coupling. More specifically, under mild variations of the parameters of the theory the states
may move to or from zero energy. But the pairing of positive-energy states guarantees that
they do so in pairs, thus not changing the value of the Witten index. Now, by mild variation
of the parameters we mean that as long as a parameter of a theory is nonzero and varied to
another nonzero value, then we do not expect the Witten index to change. The change can
only happen if new states of zero energy appear, which is a possibility if there is a change in
the asymptotic behavior of the potential in field space. This can occur if some parameter of
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the theory is set to zero or is turned on, in which case states may come in from or move out
to infinity.

Witten calculated the index of several theories. For example, he found that the index of
pure supersymmetric Yang—Mills theory is nonzero and, thus, he proved that those theories do
not break supersymmetry spontaneously. In addition, supersymmetric Yang—Mills theories
with massive matter do not break supersymmetry either, for, at least at weak coupling, one
can take all masses to be large in which case there are no massless states beyond those of
pure supersymmetric Yang-Mills theory and, so, the value of the Witten index is the same
as in the case of pure superglue.

However, we can easily be carried away here so we better be careful. The theory with zero
mass has flat directions along which the scalar potential is classically zero. On the contrary,
the theory with nonzero mass for the matter fields does not have classical flat directions.
Hence, as the mass is taken to zero the asymptotic behavior of the scalar potential changes
and so might the Witten index. In fact the Witten index is ill-defined in the presence of
flat directions since, then, there exist zero-modes associated with the flat directions giving
rise to a continuous spectrum of states, while to calculate the Witten index we actually need
to consider the theory in a finite volume so that we have a discrete spectrum. Therefore,
we cannot draw any conclusion regarding supersymmetry breaking in massless, nonchiral
theories based on the Witten index of the corresponding pure supersymmetric Yang-Mills
theory.

2.6 Global symmetries and supersymmetry breaking

Another means of checking whether supersymmetry is broken is provided by the connection
between global symmetries and supersymmetry breaking. Consider a theory with an exact,
nonanomalous global symmetry and no flat directions, i.e. without moduli. If the global
symmetry is spontaneously broken, then there is a massless scalar field, the Goldstone boson,
without a potential. Now, if supersymmetry is an exact symmetry of the vacuum, then the
Goldstone boson belongs to a chiral superfield which also contains another massless scalar,
namely the parity-reflected state of the Goldstone boson, without a potential. But then, this
second scalar is a modulus and, therefore, we have a contradiction with our initial assumption
that there are no moduli. The only way to avoid the contradiction is to drop the assumption
of unbroken supersymmetryﬂ The aforementioned criterion for supersymmetry breaking first
appeared in a paper by Affleck, Dine and Seiberg [16] and it is often referred to as the ADS
criterion for supersymmetry breaking.

In general, the spontaneous breaking of a global symmetry requires a detailed knowledge
of the potential of the theory under consideration and, thus, it is as difficult to decide as
determining whether the vacuum energy vanishes. Moreover, in the case where the theory is
strongly coupled at the scale of supersymmetry breaking, then neither of those questions can
be directly answered. However, in some cases, we can see if a global symmetry is broken based
on the so-called 't Hooft anomaly-matching conditions: If a continuous global symmetry is

9This result can be invalidated if the parity-reflected state of the Goldstone boson is a Goldstone boson
itself.
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unbroken in the vacuum, then the massless fermions of the low-energy theory should reproduce
the global triangle anomalies of the microscopic theory [17], [L&]. Therefore, if a global
symmetry is unbroken, then there should exist a set of fields, with appropriate charges under
the global symmetry, that give a solution to the anomaly-matching conditions. Now, if we
find that in order to satisfy the 't Hooft anomaly-matching conditions we need a large set of
fields, then it is plausible to conclude that the global symmetry is spontaneously broken.

In supersymmetric theories we have a ubiquitous continuous global symmetry, namely
the R-symmetry. The ADS criterion, then, says that if we find that the R-symmetry is
spontaneously broken and there are no noncompact flat directions, then supersymmetry is
broken. If the scale of supersymmetry breaking is much lower that the strong-coupling scale,
then we can study supersymmetry breaking in the low-energy effective theory. This contains
only chiral superfields and, typically, some terms in the superpotential acquire vevs. But
then, the fact that the superpotential has R-charge two indicates that the R-symmetry is
spontaneously broken. The above argument makes it clear that the spontaneous breaking
of the R-symmetry is much more easily established compared to that of any other global
symmetry.

In fact, it is known [19] that the existence of an R-symmetry is a necessary condition for
supersymmetry breaking. Furthermore, if the effective Lagrangian is a generic Lagrangian
consistent with the symmetries of the theory (no fine tuning), and if the low energy theory can
be described by a supersymmetric Wess—Zumino effective Lagrangian without gauge fields,
then a spontaneously broken R-symmetry is a sufficient condition supersymmetry breaking.

2.7 Gaugino condensation

Finalizing this chapter let us introduce a criterion for supersymmetry breaking which is based
on gaugino condensation. Suppose that a certain chiral superfield or a linear combination of
chiral superfields does not appear in the superpotential and, yet, all the moduli are stabilized.
In such a case the Konishi anomaly [2(] implies that

D?(®TeV®) ~ tr WO, (2.7.1)

where D% is the superspace-covariant derivative, ® is the chiral superfield that does not
appear in the superpotential and V is a vector superfield. From the component form of

equation (2Z7ZTI) we find
{Qa, ¢} ~ tr X%\ (2.7.2)

where ¢ and ¥“ are the zero and fermionic components of ® respectively, A“ is the gaugino
and tr denotes a sum over gauge indices. From this equation we observe that supersymmetry
is broken by a nonzero vev of the lowest component of tr W*W,, that is by nonzero (tr A*\,).
Therefore, the existence of gaugino condensation in this case implies that supersymmetry is
broken.

If the superfield ® appears in the superpotential, then the right-hand sides of equations
1) and [ZT2) are modified in such a way so that the gaugino condensate forms without
violating supersymmetry. As an example, consider the case where the superpotential contains
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a mass term for ®. In components this gives the term mef¢ for the scalar component and,
then, equation (ZZ2) becomes

g2
3272

{Qa, ¢} ~ —mo'o + tr A\,

The last equation is not necessarily incompatible with supersymmetry and, moreover, deter-
mines the vevs of the scalar fields in terms of the gaugino condensate.
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In this chapter we will analyze the supersymmetric extension of quantum chromodynamics.
We will study its classical and quantum dynamics and we will make use of an important
duality in order to find nonsupersymmetric vacua in the strong-coupling regime of the massive
theory.

3.1 N =1 supersymmetric QCD

N =1 SQCD with N, colors and Ny flavors is an N = 1 SU(NN,) gauge theory with Ny quark
flavors Q' (left-handed quarks) which are chiral superfields transforming in the N of SU(N,)
and Ny quark flavors Q; (left-handed antiquarks) which are chiral superfields transforming
in the N, of SU(N,), where i,7 = 1,... , Ny are flavor indices. Since the gauge group does
not contain U(1) factors there are no Fayet-Iliopoulos terms.

In order to start with, consider the theory without superpotential for the quarks. Its
Lagrangian can be written down immediately with the aid of the Lagrangian ([CZ9]) and it
turns out to be

L = / 420 d20 QleV Q' + / d%0 429 Q;e*V Q'

) (3.1.1)
+—1TIm <T/d29tr W“Wa>

327
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or, in components,
& = (DuQ)'DHQ" — i ot D +iv2gQI T NG,

— iV200i NATAQ" + (D, Q;)T DM Q; — i@goéangmzm

i ~ . ~ s - (3.1.2)
— iV29QTTN;,, + V200 NAT4Q; - V(Q', Q5 Q1L Q)
v Sy N & Y %
+tr (=1 F F"™ — iX*oh, DA )+Wg2ter,F“
where the scalar potential is
~ N2 ~
V(Q,Q: 0L Q") =34 Y (QIT*Q" - @;14Q")’ (3.1.3)
A=1

and the Qs and Qs that appear in the component expansion are called squarks and are the zero
components of the chiral multiplets that represent the quark multiplets of SQCD. The use of
the same letter for both a multiplet and its zero component, with the meaning hopefully clear
from the context, is common practice in supersymmetric gauge theory considerations. Note
that T4, A=1,... , N2 — 1, are the generators of SU(N,) in the fundamental representation,
Q! and Q; are N, x 1 and 1 x N, matrices respectively and, also, note that we do not write
the total derivative that appears in the component expansion.
Our theory (B has a large global symmetry since

e We can transform the Qs and Qs by separate SU(/Ny) transformations
e We can multiply the Qs and Qs by different phases
e There is the usual R-symmetry U(1) s
The relevant representations and charge assignments are shown in the following table.

| SUNy) SUNy) U)p UM)a U()w
ol N; 1 1 1
Q 1 Nf -1

However, there is an anomaly of the U(1)4 x U(1)p symmetry. Despite that, a single U(1)
symmetry which we will denote U(1) g survives and is a full quantum symmetry. Therefore,
the global symmetry of the quantum theory is

SU(Ny) x SU(Ns) x U(1)p x U(1)Rg
and by the usual results about anomalies we find that the appropriate charge assignment is

[SUNp) SUWYY) UM)s  U()g
N; 1 1 1-N./N;

1 N, -1 1-N./Ng

OO
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To make our notation more convenient we define the matrices

7 —
a —
- Q] )
= e e 9= s
( Qk, )
and .
77—
a — a
A Q1 ) —_—
= 5 Q=" |am
( Qn; )

where a = 1,..., N; is a color index. Evidently, @ is an N, X Ny matrix, Q' is an Ny x N
matrix, while the opposite holds for @ and Qf. In this notation the Lagrangian (1.2
becomes

& = Tr[(D.Q)'D"Q — iyl D +ivV29Q TN e
— iV3ghaNATAQ + (D, Q) DG — i D"

- - = . ~ ~ - 3.14
— iV29Q TNyt + V29 N THQ) — V(Q, Q, QT, Q) (314
v e RN 19 2 oI
+tr (—1F,, F* —iX* 0! D, AY) + 3539 tr F,, B
where
N2-1
V(Q,Q,Q",Q") = 34 Z (Tr Q'TAQ — Tr QTAQT)? (3.1.5)
A=1

Note that Tr denotes a sum over both gauge and flavor indices,
TrQ'T4Q = QI,(T")’Q and Tr QTAQT = Q:,(T)0Q

and we immediately see the equivalence of the scalar potentials (B-IH) and (BI3).

Now, it turns out that in order to give masses to the quark flavors consistently with the
gauge symmetry of our theory, we have to use the unique gauge-invariant chiral superfield we
can construct from @Q* and Qg, namely the mesonic superfield

M = Q;¢

Mf is gauge invariant since @ is in the fundamental while Q in the antifundamental represen-
tation of SU(V,) but, evidently, it is not invariant under the global symmetry of our theory.
The superpotential that results in mass terms for the zero components of the quark flavors is

Wiree(Q, Q) = tr' mM (3.1.6)
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where m is a nondegenerate Ny x Ny mass matrix and tr’ is not the same as tr, since it denotes
a sum over flavor indices, while tr denotes a sum over gauge indices. With the inclusion of
Wiree the Lagrangian (B4 becomesﬂ

L' = Tr[(D,Q)'D'Q — iy’ Db +iv2gQTT NG
~ iV2gUANGTAQ + (D, Q) DMQ — i oty Dyl
— Z'\/ZQQTTA)\%”LZ}Q + z'\/igd:}dj\%TAQ] — (%Tr my® i, + H.c.)
+tr (=1 F, F* —iX*o". D, \%) +
-V'(Q.Q.Q".QN
where the scalar potential is

V'(Q,Q,Q7,Q") = Trm?Q'Q + Tr m?QQ"

9 .
32?‘92t1' FMVFMV

N2-1
+39° > (rQIT4Q — Tr QTQT)?
A=1
with . ‘ ‘
Trm?Q'Q = mi(m)!Q! Q™
and

Trm?QQ! = (m)imiQ;, Q"
Indeed, the choice (BLH]) for the superpotential resulted in the anticipated mass terms for
the squarks.

3.2 The classical moduli space

As we saw in the previous section, in the absence of mass terms the scalar potential is given
by equation (BIH). We now want to study the vacuum structure of SQCD, i.e. we want to
find vevs for the squarks that make the scalar potential (B0l vanish B A necessary condition
for that to happen is

DA x TrQITAQ — Tr QT4QT =0 (3.2.1)

for every A=1,..., N2 — 1. Now, define
Dy = QL (AFIQ™ — Q;, (AR Q™ (3.2.2)

where A%/[ are the real generators of GL(N.) and L, M =1,..., N, count them. Since @Q° is in
the fundamental and Q; in the antifundamental representation of SU(INV.) we have to choose

(A%r)s = 83,0

!This is easily seen by looking at the terms a (nonconstant) superpotential contributes to the Lagrangian

2Note that in what follows we denote the squarks and their vevs with the same symbol.
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Then, equation (B2Z2)) becomes
Dify = Q1,846 Q" — Q;,64,6 Q™
= QZMQiL - QZMQTiL
which helps us see that
(THY DYy = (THYQLQ™ — (T Qi Q™

2 4
)
g

(3.2.3)

where the roles of Q and QT and those of Q and Q' have been interchanged, i.e. Q and Qf
are now Ny X N, matrices and Qf and Q are N, x N + matrices. Note that this change will
not be made explicit in what follows since our notation will remain exactly as it was.

Now (using color indices instead of the indices L, M) we observe that Dy is a Hermitian
matrix and, thus, it can be uniquely expanded as

D§ = A6 + A\p(TF)§ (3.2.4)

where T are the generators of SU(N,), A and A\g are constants and 0y represents the unit
matrix. Therefore, since the matrices TF are traceless, we conclude that if we need D =0
for every E =1,..., N2 — 1, then we better have

DS = A&¢

for the second term in the right-hand side of equation (B2ZZ4]) would contribute the nonzero
term

tr 74TF = 154

upon contraction with (74)2. Thus, the equation we have to solve in order to reveal the
vacuum structure of SQCD is

QLQ™ - 0301 = A5} (3.2.5)
Now, the matrix Q has rankf] min(N., Ny) and so does Q. Therefore, since

rank(QTQ) < min(rank(QT), rank(Q))

we conclude that the rank of QTQ is at most min(N., N #). Of course, the above discussion
can be repeated in exactly the same way for the matrix QOt, proving that the rank of QQt is
at most min(N,, Ny) as well. Note that QTQ and QQ' are N, x N, Hermitian, positive semi-
definite matrices, i.e. they can be diagonalized by an SU(N,) transformation (not necessarily
by the same one) and their eigenvalues are nonnegative.

3Remember that the rank of a matrix A is given by the maximal number of linearly independent columns
of A, which is equal to the maximal number of linearly independent rows of A.
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3.2.1 Fewer flavors than colors

In this case the rank of QTQ is at most N ¢ and so is the rank of QQf. If we diagonalize QTQ
by an SU(IV,) transformation, then we would get at least N, — Ny zero eigenvalues. But then,
equation (BZI) says that QQT is also diagonal in this basis and, hence, the existence of at
least one zero eigenvalue with the rest positive guarantees that A = 0. Therefore, up to an
SU(N,) transformation, equation (B2ZH) is true if

|a1[?
QRIQ=QQ"= lan, |2 (3.2.6)
where a;, 7 =1,..., Ny, are complex numbers, i.e. iiﬂ
af

Q-Gi-
a}‘vf

up to global transformations. Now if we remember the interchange that took place in equation
B2Z3)), then we find the solution to equation (BZZTl) in terms of the original variables:

al

Q=0Q" = ' an, (3.2.7)

up to global and gauge rotations.

The discussion we presented so far is obviously not gauge-invariant. However, it turns
out that we can combine the squarks into the gauge-invariant combinations

M =Q;Q, ii=1,...,N;

which we call mesons. As we observe the mesonic matrix contains N]% complex entries.
Actually, one can show that the complex dimension of the classical moduli space is exactly
NJ% and, therefore, we can parametrize the whole moduli space with arbitrary vevs of the
mesons up to global symmetry transformations. For further details the reader is referred to
[18] and [21]

4Undisplayed entries in matrices are zero and the asterisk denotes complex conjugation.
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3.2.2 More flavors than colors

In this case the rank of QT(Q is at most N, and so is the rank of QQT. Again due to equation
B21) we can see that QTQ and QQ' are diagonal in the same basis but, now, they do not
have any zero eigenvalues. This means that A need not vanish and, hence, up to an SU(NV,)
transformation, equation (BZZXl) becomes

|a1]? |a1]? 1
Q'Q-QQ" = - = A
lan. | jan. | 1
where a;, az, i,i=1,...,N,, are complex numbers. The solution to the last equation is
ay ay
Q — a“?\fc and QT — d?vc

with .

|la;|* — |6ias|* = A, for every i,i=1,..., N,

up to global transformations and, consequently, in terms of the original variables, equation

BZT) is satisfied if

al ay
Q= and QT =

an., an,

with .
|la;|* — |6ias|* = A, for every i,i=1,..., N,

up to global and gauge rotations.

Obviously, the chain of reasoning we followed in this case can be easily followed to solve
the case Ny = N, as well. But, again, we have a description of the moduli space which
is not gauge-invariant. The situation is once again amended by combining the moduli in
gauge-invariant combinations. If A = 0, we can again use the mesons

M= Q:QF, ii=1,...,N,

On the other hand, when A # 0 the mesons are not enough to describe the moduli space
since new flat directions arise. This can be seen by the observation that although for A =0
one can see that the complex dimension of the moduli space is N2, if A # 0 this changes to

2N Ny — N2 which is larger than N2 if Ny > N,. In that case, the missing 2N.(N; — N,)
complex parameters are provided by the baryons

1 ; i
B . = eal“‘aNCG' . 2 Ne
ZNC+1~~~7'Nf NC' Zl...ZNf QaNc
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and ) ) ] o
HINe+1-INy & ANy Aar | ANe
B = N Caane €
where the s and s are flavor indices while the as are color indices. Therefore, up to global
symmetry transformations, the classical moduli space is labeled by vevs of the mesons and

the baryons. For further details the reader is again referred to [1§] and [21].

3.3 Dynamics of SQCD

In the previous section we found a large vacuum degeneracy of massless SQCD at the classical
level. Now, as we mentioned before, there are nonrenormalization theorems which prove that
if there is no superpotential in the classical theory, then loop corrections cannot generate one.
Therefore, the vacuum degeneracy we found can only be lifted by a dynamically generated
superpotential, i.e. by a superpotential generated by nonperturbative mechanisms. In this
section we will investigate this possibility. For a thorough review of these ideas and methods
the reader is referred to [12].

But before we begin our discussion let us briefly discuss the idea of the running of a
coupling constant. This phenomenon arises when we require that the physical quantities
predicted by our theory do not depend on the scale at which we impose the renormaliza-
tion conditions, that is on the scale at which we observe the theory. Indeed, if we use the
renormalization scale ;1 and then we change it to ', then the physical quantities should not
change. As we will see, this requirement is fulfilled if the Callan-Symanzik equation holds.
Then, solving the Callan-Symanzik equation we find the renormalization group equation, an
equation which proves that couplings run, i.e. they depend on the momentum or, equivalently,
length scale at which we study our theory.

Consider for simplicity a theory with n scalar fields and bare coupling A\g. The bare
n-point Green’s function,

(0]T'po (1) - - - Po(xn)[0)

has no dependence on the renormalization scale u, but this is not so for the renormalized
n-point Green’s function,

(OIT (1) - - ¢()[0) = [Z(1)]~"/*(0|T o (1) - - - o ()|0)

where Z(p) is the field strength renormalization at scale p.
Let us now see what is the effect of a shift of u. Let

G(n) (3317 cee 71'71) = <0|T¢(l‘1) e ¢(xn)|0>connected

be the connected renormalized n-point Green’s function. Now, if we shift p by du, then there
is a corresponding shift in the renormalized coupling constant and the rescaled field such that
the bare Green’s functions do not change:

=+ op
A—= A+ 0
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and

¢ — (1+0n)¢
Then, the shift in G is the one induced by the field strength shift:

G™ — (1 + nén)G™
Thinking of G as function of 1 and \, we can write the shift in G as

(n) (n)
oG 5t aG™
o

(n) —
o¢ oA

and since this is equal to ndnG™ we obtain the famous Callan-Symanzik equation:

0 0
- - (n) . _
p B35 +mi0)| 60 () 3) =0
where
B = Lsa
op
is the beta function and i
A)=——6
Y(A) 501

is known as the anomalous dimension, owing its name to the fact that the mass dimension
for ¢ is 1 + v(A). The Callan-Symanzik equation asserts that there are two functions, 3(\)
and y(\), related to the shifts in the coupling constant and field strength respectively, which
depend only on the coupling and which are responsible to compensate for the shift induced
to the bare Green’s functions by the shift in the renormalization scale p. In fact, since

5 — Z(n+om) 2

[Z ()] ~1/2

we get

1 0
T(A) = 5#@1112

In addition, if A is thought of as a function of u it is

O\
oN=—9
ou K
and, thus,
B = p-x

From the last equation we immediately observe that the beta function gives information about
the behavior of the renormalized coupling constant as we vary the renormalization scale p.
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Let us now solve the Callan-Symanzik equation for the two-point Green’s function in
a theory with a single massless scalar field. Since G (p) has mass dimension —2 we can
express its dependence on p? and p? as

GP(p) = I%g(—ﬁ/ﬁ)

Replacing the derivative with respect to p with a derivative with respect to p = /—p? we
can write the Callan—-Symanzik equation as

9 a2 oo @)y 2) =
b~ B0 +2- 10| 6293 =0

which is solved by

G (p,\) = p%S(?\(p, A))exp |2 / d <ln%,> YA, N)) (3.3.1)
=p

p/
where A(p, \), the running coupling, solves the equation

d

TG0 @) = B ), with A, A) = A (3.3.2)

The function §(\) can be determined by computing G® (p,\) as a perturbation series in
and match terms in the expansion of equation (B3l as a series in A\. Equation (B33 is
known as the renormalization group equation. Obviously, if the beta function for a coupling
is positive, then the theory becomes more weakly-coupled at low momenta (large distances).
In that case the theory is called IR (infrared) free. In contrast, if the beta function is negative
the theory becomes more weakly-coupled at high momenta and it is said to be asymptotically
free.

If we consider, for example, an SU(NN,) gauge theory with Ny flavors and coupling g, then
it can be shown that at one-loop the beta function is

g3

ﬁl—loop(g) = —bom

where
11 2
by = 2N, — 2N

Therefore, for an ordinary SU(3) gauge theory the one-loop beta function is negative if there
are no more than sixteen flavors. In particular, in QCD there are six flavors in total and,
hence, QCD is asymptotically free. In contrast, QED can be shown to be IR free.

The solution to the renormalization group equation at one-loop exhibits a disturbing
behavior, namely the existence of a finite momentum scale at which the coupling diverges.
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This is the so-called Landau pole. In the case of an SU(N,) gauge theory with N flavors and
coupling g the solution to the renormalization group equation at one-loop is

1 1 bo D
— =—=+—In=—
*(p) ¢* 87 u
and the Landau pole lies at
—872 /bog?

ALandau = pe

If bg > 0, i.e. if the theory is asymptotically free, the Landau pole lies at very low energies.
On the contrary, if by < 0, i.e. if the theory is IR free, we encounter the Landau pole at high
energyﬁ The position of the Landau pole in a gauge theory is referred to as the dynamically
generated scale of the theory. (It is dynamically generated because of the e~1/9? dependence,
a dependence which cannot be seen in perturbation theory. That is so because the functions
T(g) and T(g) + e~ /9" have exactly the same perturbation expansion.)

Of course, couplings are expected to be running in supersymmetric theories as well. It
can be shown that for SQCD, as we have described it so far, the exact beta function is [22],
R, di
g 3N.— Ns+ Nivy(g?)

Blg) = - (3.3.3)
1672 1— Ncg%
where 5y o
2 g° N —1 4
=-" Q)
v(97) o (g")

3.3.1 The case Ny < N,

In this case the global symmetries of our theory turn out to be a very useful tool in the search
for a dynamically generated superpotential. Any superpotential that might be generated has
to be invariant under the full nonanomalous global symmetry. In fact, there is a unique
superpotential that is compatible with the symmetries of our theory [24]:

ABNe—Ny\ 1/(Ne—=Ny)
> (3.3.4)

War = O (gerar

where A is the dynamically generated scale of the theory and Cy, n, are constants which
depend on the subtraction scheme. Indeed, the generated superpotential is nonperturbative
and, hence, there is no conflict with the nonrenormalization theorems.
The superpotential (B34)) is further constrained in the limit of large M j;f or, equivalently,
f
in the limit of large ay, in equation (BZE). In this limit, SU(N.) with Ny flavors is broken

to SU(N, — 1) with Ny — 1 flavors by the Higgs mechanism at energy a N;- The scale of the
low energy theory is

ABWem D=1y _ AT
L =T
Ny

5Note here that in the above calculation we took into account only the one-loop result for the beta function
and, therefore, we cannot be sure that the Landau pole persists once we use the exact beta function.
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in the so-called DR subtraction scheme. Requiring the superpotential (B34]) to produce the
correct result for the low-energy theory in this limit gives the condition

CNC,Nf = CNC—Nf (3.3.5)

Furthermore, if we give a very large mass to the Ny-th flavor by adding the superpotential
Wiree = mM]]\\,[Jf then the resulting low-energy theory is SU(N.) SQCD with Ny — 1 flavors
and scale

AiNC_(Nf_l) — mA?)NC—Nf

(in the DR scheme) a condition that appears by matching the running gauge coupling at
the transition scale m. By requiring invariance under the symmetries we can prove that the
exact superpotential is of the form

ABNe—Ny\ 1/ (Ne—=Ny)
) (1)

Wexact = <W

where NN
ABNe—=Ng\ ~ =Ny

b (A

f det M

Now, in the limit of small mass and weak coupling we know that f(¢) = Cn, n, +t. But all
values of ¢ can be obtained in this limit and, thus, the function f(¢) in this limit is exactly
f() = Cn. N, +t for all t. This conclusion shows that the exact superpotential with the
added mass term is

A3Ne—N; > 1/(Ne=Ny)

N

Wexact = CNC,Nf <
But the requirement that the superpotential (B30l should give the correct superpotential
upon integrating out M]]\\,[Jf relates Cl,, N, to Cn,, Ny-1 which, when combined with the con-

dition (B33I), gives

where C' is a numerical constant. Actually, in the case Ny = N, — 1 we can carry out a
detailed one-instanton calculation which shows that, in the DR scheme, C' = 1 [2€]. Hence,
the dynamically generated superpotential in the case Ny < NN, is

AB3Ne—Ng\ 1/(Ne=Ny)
> (3.3.7)

War = =N (Pgeear

We should now investigate the vacuum structure of the full quantum theory. It is

OWegr
oM

ABNe—Ny\ 1/ (Ne—=Ny) n
_< det M > '

(M)
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and, thus, the superpotential (B31) results in a potential for the squarks which slopes to zero
as det M — oo. Therefore, the quantum theory does not have a ground state. It is rather
surprising that we started with the infinite set of vacua (B2ZZ7) in the classical theory and we
ended up in a quantum theory without a vacuum.

Nevertheless, the addition of masses for the N flavors results in the appearance of vacua.
To see this, suppose that we add the superpotential (B8l to Weg. Then, the Ny flavors all
get a mass and the exact superpotential is

+tr' mM

ABNe—Nj\ 1/ (Ne=Ny)
det M >

Wexact = (Nc - Nf) <

This gives N, vacua at

(M) = (A*Ne=N7 det m) LN (m™1):
corresponding to the N. branches of the N.-th root. If the masses of the flavors are very
large, then the massive fields decouple leaving a low-energy SU(N,.) supersymmetric Yang—

Mills theory. The low-energy theory has confinement with a mass gap and N, vacua.

3.3.2 The case Ny = N,

In the case Ny = NN, the superpotential (B37) obviously cannot be generated. Consequently,
we expect classical flat directions to persist in the quantum theory, although the geometry of
the classical moduli space might change. We will refer to the moduli space of the quantum
theory as the quantum moduli space.

The classical moduli space of Ny = N, SQCD is parametrized by vevs of mesons,

M; = Q;Q
and baryons,
and . o
B = N—C!EaL..aNc Eiln.iNclel T Q?]J\j:

subject to the algebraic constraint
det M — BB =0 (3.3.8)

The generic point of this space does not have any unbroken gauge symmetry. However, at
B = B =0 and if rank(M) < N, — 2, i.e. if at least one of the N, eigenvalues of M is zero,
then the classical moduli space has a singular submanifold. This is immediately seen by the
fact that the function

F(M{,B,B) = detM — BB

has Jacobian matrix

OF OF OF . i
:<8M3' OB a_B>:<(M_1)§detM -B —B) (3.3.9)
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which has rank zero when B = B = 0 and rank(M) < N, — 2. Physically, in the singular
points of the moduli space we have the appearance of extra massless fields.
The quantum moduli space is parametrized by the same fields but the constraint (B3]
is modified to [27]
det M — BB = A*Ne (3.3.10)

Obviously the quantum moduli space does not have singular points; all the singularities of
the classical moduli space have been smoothed out by quantum effects.
The constraint (B310) can be implemented with the superpotential

W = \det M — BB — A*M°) (3.3.11)

where A is a Lagrange multiplier. The form of the superpotential (B3TTl) is motivated by
requiring that if we give mass to the N.-th flavor and then integrate it out, then we should
obtain a low-energy theory with Ny = N, — 1 flavors and superpotential

A2NC+1
" det M
which is exactly the superpotential (B31) for Ny = N, — 1.

Weff

3.3.8 The case Ny = N.+ 1

In the case Ny = N, + 1 there are two kinds of gauge invariant objects: The mesons,
M; = Q;Q"

and the baryons

1 - ;
R ai...an, ... . J1 ... () Ne
Bi = NI€ “€ijr...jn.Qay -+ Qan;
ct

and i !
B

— ;513]\7 a1 AN
e —6 6 c ~ DY ~
i N QI QI

From these we can build the superpotential

1 -
which is invariant under the global symmetry, which, in this case, has representations and
charge assignments

|SU(Np)L SUWNpr U)p  U()r
N/ 1 1 1/(N.+1)
1 Ny -1 1/(N.+1)

@
Q

It is easy to see that if we give a mass to the (N, + 1)-th flavor and, then, integrate it
out, we obtain the quantum moduli space with constraint (B30 in the low energy theory
with Ny = N,.
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3.8.4 The case Ny > N.+1

From the form of the beta function of SQCD, (B33]), we can immediately recognize that for
Ny > N+ 1 there are various ranges of Ny with different dynamics. In our treatment we
will consider the case N, +1 < Ny < 3N, only, since in the range N; > 3N, the dynamics is
trivial, in the sense that the IR theory is weakly-coupled. As we will see in the next section,
in the range N. +1 < Ny < %Nc the physics of our theory has a dual description which will
turn out to be very helpful in the search for supersymmetry breaking.

For now, we turn our attention to the range %NC < Ny < 3N,, where SQCD is asymp-
totically free. However, the coupling does not grow to infinity at long distances but, instead,
it reaches a finite value. Our theory, therefore, reaches a fixed point of the renormalization
group. Indeed, because for the beta function of SQCD there are values of Ny and N, such
that the one-loop beta function is negative, while the two-loop contribution is positive, there
might exist a nontrivial fixed point of the renormalization group. In [2§] it was argued that
such a fixed point exists for any number flavors such that %Nc < Ny < 3N,. Therefore,
for this range of Ny, called the conformal window, the infrared theory is a nontrivial four-
dimensional superconformal field theory. The elementary quarks and gluons are not confined
but appear as interacting massless particles. Furthermore, as the number of flavors decreases,
the fixed-point coupling increases. In fact, for Ny at or below %NC the theory is very strongly
coupled at the IR fixed-point.

3.4 Seiberg duality

The idea of analyzing the same physics using two different descriptions is particularly ap-
pealing. The reason, of course, is that problems that are not easy (or even impossible) to
analyze in the one description, might turn out to be trivial in the dual description. To be
more specific consider a gauge theory with coupling constant g > 1. At this case the only
tool we have in our disposal in order to analyze the theory, namely perturbation theory, is no
longer meaningful. But imagine that the same physics could be described by another gauge
theory with gauge coupling, ¢/, related to g by

g~t

[Y
Then, perturbation theory in this dual description can be used to analyze the physics and
the results can be translated back to the original strongly-coupled theory. The above duality
is often called S-duality or strong-weak duality. For example, the coupling constant of QED
is the fine-structure constant which is proportional to the fundamental electric charge, e,
squared. Now, the Dirac quantization condition states that if there are monopoles in the
universe, then
eqg = 21mn

where ¢ is the fundamental magnetic charge and n is an integer. Therefore, there might
exist a theory with coupling proportional to e~2 which describes the same physics as QED.
However, this theory would be strongly-coupled and, so, not really useful, but there is always
the possibility that we can find a weakly-coupled dual to a strongly-coupled theory.
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The basic result discovered by Seiberg is that low—energyﬁ “electric” SQCD with N.+1 <
Ny < 3N, has a dual description in terms of “magnetic variables” [2§]. More specifically, the
physics of the interacting fixed point in the range N. +1 < Ny < 3N, has a dual description
based on the gauge group SU(N; — N.) with the same number of flavors, an elementary
(singlet) magnetic mesonic field, (Mm)g = Mf / Al and superpotential

1 . -

where the scale A is inserted in order to guarantee that the superpotential has the correct
mass dimensions. SU(N = N,) is called the magnetic gauge group and the quarks ¢; and
§' are referred to as magnetic quarks in order to avoid confusion with the electric quarks
Q' and Q;. Note that if SN, < Ny < 3N, then 3(N; — N.) < Ny < 3(N; — N,) and,
thus, the magnetic theory indeed flows to an interacting conformal fixed point. The claim
is that this fixed point is exactly the one to which the electric theory flows. However, if
Ne+1< Ny < %Nc the magnetic theory has a positive beta function, i.e. it is IR-free. It is
exactly in the range N.+1 < Ny < %NC, called the free-magnetic range, that Seiberg duality
is an example of S-duality, albeit only in the IR.

uv
Electric Magnetic

Duality point
IR

Fig. 3.1: The flow of the electric and magnetic theories to the same infrared physics

An important fact that needs to be stressed at this point is that adding tree-level masses
for the quark flavors does not spoil the duality we established. Indeed, the superpotential
(BI0) which gives masses to the quark flavors in the electric theory is interpreted as a term

5Note that Seiberg duality applies to the low-energy and not the UV-complete theory.
"In our treatment we will use M and A instead of M,,.
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linear in the fundamental magnetic mesonic field in the superpotential of the magnetic theory.
Again, those two theories describe the same physics in the IR.

At the more technical level the magnetic theory has scale A which is related to the scale
A of the electric theory by

ABNe=Ng R3(N;j=Ne)=Ny — (_1)Ns=Ne { N (3.4.2)

Equation (BZ2) shows that as the electric theory becomes more strongly-coupled the mag-
netic theory becomes more weakly-coupled and vice-versa. Due to the presence of the phase
(—1)Ns=Ne equation (BZ2) does not look dual. But if we perform another duality transfor-
mation it becomes

A3Ne=Nj {3(Ng—Ne)—Nj _ (_1)NCA/Nf (3.4.3)
and, therefore, the requirement that equations (BZZ2) and (B:23)) have the same form enables
us to relate A’ and A:

N =—A

In fact, the minus sign is important when we dualize the magnetic theory. Then, we obtain
an SU(N,.) theory with scale A, quarks p’ and p; and additional singlets Mf and Nf = ¢’
with superpotential

1 = . 1 s . 1. 5 . .
W= SN+ NIME = 2N~ + M)
Since M and N are massive they can be integrated out by use of their equations of motion:
Nf =0 and Mf = ﬁgpi

The equation of motion for M shows that we can identify p’ and p; with the original quarks,
Q' and Q; and since, additionally, the superpotential vanishes, we conclude that the dual of
the magnetic theory is the electric theory.

Seiberg duality says that the electric and magnetic theories, two theories with different
gauge symmetries, both describe the same IR fixed point. This is possible since gauge sym-
metries are not true symmetries but have actually to do with a redundant description of the
physics. In that sense, having two different redundant descriptions of the same physics is not
a problem. On the other, hand global symmetries are real symmetries and they have to be
the same in both the electric and the magnetic description. Indeed, the magnetic theory has
the same anomaly-free global symmetry as the electric theory with M;Z transforming as Q;Qi
and with representations and charge assignments

[ SUWN)L SUWNpR  U()p  U(Dr

N N
q Ny 1 N;—N. %
-~ Ne¢ c
q 1 Ny “N;-N. Ny

for the magnetic quarks.

In order for the magnetic dual to describe the same physics as the original electric theory
there must be a mapping of all gauge-invariant operators of the electric theory to those of the
magnetic theory. Indeed, the electric mesons Mf = Q;Qi become identical to the magnetic
singlets Mf in the IR. Likewise, magnetic baryons can be written down and shown to be
related to the electric baryons.
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3.5 Metastable vacua in SQCD

As we saw in the previous section massive SQCD in the free-magnetic range, N.+1 < Ny <
%Nc, is an asymptotically free theory which flows to a nontrivial fixed point. For this range of
Ny there is also another theory which flows to exactly the same fixed point, namely the dual
magnetic theory, which is IR free and, thus, its vacuum structure is rather easy to analyze.
In fact, using this duality, Intriligator, Seiberg and Shih found that supersymmetry in SQCD
with small masses for the flavors is broken in a metastable vacuum [29].

3.5.1 A toy model

To begin with consider a theory of chiral superfields ®;;, ¢l and ¢, wherei=1,...,N ¢ and
c=1,...,N with N < Ny, canonical Kéhler potential and superpotential

W = hTr o®p — hy’tr’ @ (3.5.1)

The F-terms for ¢ and ¢ can be set to zero by choosing ®;; = 0, but the F-terms for ®
cannot all be set to zero. To see this note that the F-terms

oW

Fp, =
q>2] a@z‘]

= hopl @ — hy*67

can be written schematically in the matrix form
ai

F@Zh —h,u2

1

where we diagonalized the matrix ¢ which has rank N and, thus, at least Ny — N zero
eigenvalues. Now, we can choose a; = --- = ay = p? but we cannot do much with the
zero eigenvalues. Therefore, not all Fg ;s can be set to zero and, thus, supersymmetry is
spontaneously broken. This is the rank-condition mechanism of supersymmetry breaking.

Without the term hp?tr’ ® in the superpotential the theory we described above has the
global symmetry

SU(N) x SU(Ny) x SU(Ny) x U(1)p x U(1)' x U(1)g

and matter content

| SU(N) SUWNp) SUWNp) U(L)s U(L) UL

| 1 Ny Ny 0 -2 2
| N Ny 1 1 1 0
| N 1 Ny -1 1 0
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The term hpu?tr’ ® breaks the global symmetry to
SU(N) X SU(Nf) X U(l)B X U(l)R

where the unbroken SU(Ny) is the diagonal subgroup of the original SU(N)2. The minimum
of the scalar potential is
Vmin = (Nf - N)|h2li4‘

and it occurs along a classical moduli space of vacua which, up to global symmetries, is given

by
_ (0 0 _ [ ¥o ~T _ @g
0= (0 a)e o= (5) wa o= (5

with ¢@? = p?1y, where @ is an arbitrary (N — N) x (Ny — N) matrix and ¢¢ and @
are N x N matrices. Up to unbroken flavor rotations the vacua of maximal unbroken global

Ssymimetry are
dg=0 and @o = @ = p*ly (3.5.2)

and by calculating the one-loop effective potential around the vacua (B5:2) it can be shown
that they are stable, i.e. they do not develop any tachyonic directions.

So far we have considered a theory that breaks supersymmetry spontaneously. Our next
step is to gauge the SU(N) symmetry. We will be interested in the case Ny > 3N, where the
SU(N) theory is IR~free and, thus, has a scale A,, above which it is strongly coupled. Then,
the running of the gauge coupling, g, is

Ny—3N
6_871-2/92—"_“9 — E !
Am

and, indeed, g runs to zero in the IR. Note that here we take F and A,, to be complex
numbers and that is why we can have the term e” multiplying e=87%/9°  Our theory has a
Landau pole at £ = A,, and, hence, our description will be valid up to energies E ~ A,,.
As we have already encountered before, the gauging of a global symmetry results in the
appearance of D-terms in the scalar potential, terms that arise because of the gauge fields
that are introduced with the gauging. The contribution of the D-terms to the scalar potential

is (cf. equation ([CZT2) and use equation (BI0))

N2-1
Vp=39" Y (Tr@' T3 — TrpT pl)? (3.5.3)
A=1

The D-term potential (B:0.3]) vanishes in the vacua (B5.2) and, so, (B22) remains a minimum
of the tree-level potential
Viree = VF + VD

where
oW |2

8(13ij

Ve=>_

ihj
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The SU(N) gauge theory is completely Higgsed in the vacua (B52). Again, the one-loop
correction to the scalar potential after the gauging brings no surprises since, even in this
case, the vacua ([B5:2) do not develop any tachyonic directions. The reason for this is that
the tree-level spectrum of the massive SU(NV) vector multiplet is supersymmetric and, thus,
its contributions to the supertrace of the Coleman—Weinberg potential (EZZT]) cancel.

Although the gauging of SU(/V) does not affect the nonsupersymmetric vacua it has an
important effect elsewhere in field space, namely it leads to the appearance of supersymmetric
vacua. If we give ® a nonzero vev, then the first term in the superpotential (BX21]) gives mass
(h®) to the fundamental flavors ¢ and ¢ and, below the energy scale (h®), we can integrate
out these massive flavors and take a low-energy pure SU(N) Yang—Mills theory with scale
Ap. Matching of the running couplings at scale (h®) gives

3N N
o872 /g% _ (ﬂ) _ iLV if;tq) (3.5.4)
E A 2V B3N

Now, gaugino condensation results in the superpotential
Wgaugino = NA%

in the low-energy theory and, therefore, after eliminating Ay in favor of A,, with the aid
of equation (B54l), we obtain the superpotential of the low-energy pure SU(/N) Yang-Mills
theory:

B 1N
(N7 =30 Qet <I>) — hpPtr’ @ (3.5.5)

Wiow = N (VA
Extremizing the superpotential (B2.H) leads to Ny — N supersymmetric vacua at

1
(Nf=3N)/(Ny—=N)

(h@) = Am62N/(Nf_N)]1Nf =M ]lN
€

f
where € = pu/A,,. Note that our analysis is reliable when |e| < 1.

Therefore, we find that gauging the SU(/N) symmetry results in the emergence of su-
persymmetric vacua without spoiling the supersymmetry breaking vacua we had found in
the case of only global symmetries. Therefore, supersymmetry is dynamically broken in a
metastable vacuum. Note that our result is in accordance with the conclusions of section
More specifically, the global theory has an R-symmetry which is broken spontaneously
when the zero components of she superfields acquire vevs. (In addition, the global theory
has no moduli. Hence, the global theory breaks supersymmetry.) In contrast, once we gauge
the SU(N) global symmetry the R-symmetry is anomalous under the gauged SU(N). Cor-
respondingly, there are supersymmetric vacua. However, for (®) near the origin, the SU(V)
gauge theory is IR-free. Consequently, the U(1)z symmetry returns as an accidental symme-
try of the infrared theory and, thus, the nonsupersymmetric vacuum near the origin is related
to the accidental R-symmetry there.

8For A,, — oo with p fixed the theory breaks supersymmetry. For A,, large but finite, corresponding to
small but nonzero ¢, a supersymmetric vacuum comes in from infinity.
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Finally, we have to mention that the perturbative and nonperturbative calculations we
carried out so far are completely under control and lead to the dominant contributions to the
low-energy dynamics. Corrections can be safely neglected and, thus, our result of metastable
supersymmetry breaking is robust.

3.5.2  Supersymmetric QCD

We now move on to the interesting case of massive SU(N.) SQCD with scale A. This theory
has N. supersymmetric ground states given by

(M) = (A et )
All these supersymmetric states preserve baryon number and, correspondingly, the vevs of all
the baryonic operators vanish. The eigenvalues of the mass matrix, m, are positive numbers,
mg, © = 1,...,Ny. We will be interested in the free magnetic range, N. +1 < Ny < %NC,
with me

m; < |A| and — ~ 1
m;j

Then, the expectation values <Mf) approach the origin.

Seiberg duality dictates that, in the free magnetic range, the region around the origin can
be easily analyzed by using the dual magnetic theory, a theory which is IR-free. In the free
magnetic range the metric of the moduli space is smooth around the origin. Therefore, the
Kéhler potential is regular there and can be expanded as

tr' MM

1 1
K = -Tr(qq" +§'q

3 (gq" +¢q q)+a\A|2
where o and (§ are dimensionless positive numbers of order one. The superpotential of the
magnetic theory is

1
Wanal = XTr GMq + tr' mM (3.5.6)

where the matching of the scales is given by equation (BZZ). Now, if all m;s are equal,
m; = mg, © = 1,..., Ny, then the theory we are analyzing is exactly the toy model of the
previous subsection under the dictionary

p=q ¢=4q, ®=M/Jal
h:\/aA/A, ,u2:—m0fX, A, =A and N =Ny - N,

Here we have chosen 8 = 1 by rescaling the magnetic quarks and expressed our answers in
terms of A and A.

In the case Ny = N, + 1 we do not set 3 = 1 but, instead, we scale the magnetic quarks
to be the same as the electric baryons of subsection More specifically ¢; — B; and
J — B and, then, the Kéhler potential is

1

K=——_ _Ty(BB'+B'B) +

/
JIAPN tr' MM

alA?
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where again (3 is a dimensionless positive parameter and « is the same as before. The
superpotential in this case is given by equation (B3I2)) with the addition of the mass terms:

W (Tt BM B — det M) + tr’ mM

= A2N1

For N, > 2 the additional determinant term is irrelevant in the IR and, thus, negligible near
the origin. Hence, this theory is the same as the N = 1 version of the theory in the previous
subsection.

Therefore, borrowing all the results from the previous subsection, we conclude that for
Ny in the range N.+1 < Ny < %Nc and for suitable tree-level masses, SQCD has a moduli
space of nonsupersymmetric metastable vacua near the origin. It can actually be proved that
the dynamical supersymmetry breaking in metastable vacua persists if the quark masses are
different, although, still, well below |A|. Finally, it can be shown that the metastable vacua
we found can be made arbitrarily long-lived.

Qualitatively, the potential can be thought of as resembling the one shown in Fig.
Although quantum tunneling can lead the system to the supersymmetric vacuum, the fact

VA

»
o

Fig. 3.2: Qualitative form of the potential of massive SQCD in the free magnetic range

that € < 1 shows that the two sets of vacua are widely separated in field space and, thus, the
lifetime of the vacuum can be made arbitrarily long by making e arbitrarily small.

3.5.8 Metastable vacua in Ny = N, SQCD

It was conjectured in [29] that metastable vacua exist in Ny = N. SQCD. In this subsection
we will try to check this conjecture. As we found before, Ny = N, + 1 SQCD experiences
dynamical supersymmetry breaking in metastable vacua near the origin. Beginning with the
superpotential

W (Tt BM B — det M) + tr’ mM

~ A2N.1
bringing M, m to the form

M m
M= Netl |, om= N
Ne+1 Ne+1
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B=(? B= 5
B Bn,41)’ B BN+l

and separating the terms referring to the (V. 4 1)-th flavor, we can write

B, B to the form

~ 1 L
(Tt BM B — det M) + tr' mM 4+ ——— By, 41 ABYNtt 4 A

w A2N—1

= A2N.-1
: _ o Netl _ oy Netl
where traces and determinants count only up to N, and n = my°7) and A = M_<"". The

. Ne+1
F-terms for Mf and A are

1 , e |
Fap = vy (BiB = AM )i det M) + m]

and 1 o
Fy= W(BNCHBNC+l —det M) +n

and the conditions B; = 0 and B = 0 which set the other two F-terms to zero result in

: 1

and
1
Fa=n—oyg4
Fyi can be set to zero by
Z 1
_ 2
<M> =1 6(2Nc_1)/Nc ]]‘Nc

where, now, m is the mass of each of the N, flavors and ¢ = n/A. Then, F4 can be set to

zero with the choice )

(4) = 77256(2NC—1)/NC
where 6 = m/n. Note that, as expected, if n = m, then (A) becomes equal to the diagonal
entries of (M).

Therefore, we found supersymmetric vacua for the above choices of (M) and (A). Now,
the nonsupersymmetric vacua lie in the origin of field space, (M) = 0 and (A) = 0, and they
have energy

Vi = Nem? + 12 = n?(N6% + 1)

In order to find the lifetime of the nonsupersymmetric vacua we can model the needed cal-
culation of the bounce action by a triangle potential barrier. Then, using the results of [3(],
we find that the bounce action is

[N T (BAP ! B (Nt 52

5 V. T ACND/NS N2+ 1
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or

1

S~ 2(Ne—2)/N.

As we observe, as long as € < 1, i.e. n < A, our nonsupersymmetric vacua can become
parametrically long-lived. However, this behavior is spoiled when n — A, i.e. as we flow
down to Ny = N, SQCD.

To be more specific, it is very hard to reach a verdict on the existence of metastable
supersymmetry breaking in Ny = N, massive SQCD. The rank condition breaks down at
Ny = N, while the corrections to the Kéhler potential are not easy to control. That is
because the Kéhler potential does not belong to the holomorphic information of the theory
and, thus, it is not protected by supersymmetry. Our analysis, however, seems to suggest
that metastable supersymmetry breaking occurs in this case as well.
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CHAPTER 4

Brane configurations and N = 2 U(N..) gauge theory
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Bl EIEE]

In this chapter we will use branes, extended objects in string theory, in order to describe
four-dimensional N = 2 U(N,) supersymmetric gauge theories. Our treatment will make
use of brane configurations in type-IIA superstring theory. It will be seen that these classical
brane configurations give rise to the corresponding classical gauge-theory dynamics. Quantum
effects in gauge theory are introduced through the lift of the classical brane configurations to
M-theory. For a general and detailed exposition of the subject the reader is referred to [31]
and references therein. I assume some familiarity of the reader with superstring theory.

4.1 Dp-branes and NS5-branes

Superstring theories not only contain one-dimensional fundamental strings, but, also, ex-
tended p-dimensional objects called p-branes. The world-volume of these objects is (p + 1)-
dimensional and they fall in two categories according to their behavior at weak string coupling,

Js:
e Solitonic or Neveu-Schwarz (NS) branes, whose tension is proportional to g2
e Dirichlet or D-branes, whose tension is proportional to g;*

Obviously, at weak string coupling, gs — 0, the NS-branes are much heavier than the D-
branes.

67
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In a superstring theory at weak coupling branes are stable BPS-saturated objects which
couple naturally to a corresponding field in spacetime. By natural coupling we mean the
equivalent of the usual coupling, ¢ [ A, dz#, of a particle (zero-dimensional object) to a
vector field. The immediate generalization is that a p-dimensional brane couples naturally
to a (p + 1)-form potential. Moreover, each (p + 1)-form potential, A,,1, gives rise to a
(p + 2)-form field strength,

Fpro=dAp

where d denotes the exterior derivative. But then, by the usual Hodge-star operator, we
can find the magnetic dual of F},12 which, in d spacetime dimensions, is a (d — p — 2)-form
which solves the Bianchi identities, and whose corresponding potential is a (d — p — 3)-form.
Therefore, the magnetic dual of a (p+ 1)-form potential, 4,1, is a (d —p — 3)-form potential,
Ad_p_g. Consequently, we establish the existence of a (d — p — 4)-brane, the magnetic dual
of the p-brane we started off with, which couples naturally to Ad_p_g. Having said all that
and knowing the massless bosonic field content of the different critical, i.e. ten-dimensional,
superstring theories, one can now see which branes appear to each superstring theory at weak

coupling (Table ETI).

Massless bosonic fields Branes
NS-NS sector ‘ RR sector
Type-1 G, ® Cuw D1, D5, D9
Type-lIA | G, ®, By, | HO, Cy, Cpup NS5, D0, D2, D4, D6, D8
Type-lIB | G, ®, By | C, Cpu, Cuupe | NS5, D(—1), D1, D3, D5, D7, (D9)
Heterotic | G, ®, By, NS5

Table 4.1: Massless bosonic fields and p-branes appearing in the five critical superstring
theories at weak coupling

Type-IIA superstring theory has a constant nonpropagating zero-form field, H () a vector
potential, C,, and a three-form potential, C),,, all in the RR sector. In addition there is the
dilaton, ®, the graviton, G, and the antisymmetric field, B,,, in the NS-NS sector. On
the other hand, type-IIB superstring theory has the same field content in the NS-NS sector,
but a zero-form, C, a two-form potential, C,,,, and a four-form potential, C),, s, in the RR
sector.

The D(—1)-brane sits at a particular point in spacetime (its world-volume is zero-dimensional)
and has to be interpreted as a (Euclidean) instanton. The space-filling D9-brane indicates
that open strings can propagate freely in spacetime, while the D8-brane is a domain-wall
coupling to the magnetic dual of the nonpropagating field H®). Note that we can introduce
a D9-brane in type-1IB superstring theory as well. The rest of the D-branes in Table BT all
couple, electrically or magnetically, to the appropriate field in the RR sector. For example,
the D2-brane of type-IIA superstring theory couples electrically to C\,,,, while the D4-brane
couples magnetically to it, since the magnetic dual of C),,, is a 5-form field. In general, the
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tension of a Dp-brane is given by
1

gsl2T!

T, =

where [, is the fundamental string scale. (The tension of the fundamental string is T = [;2.)
The tension of the Dp-brane is equal to its RR charge. An anti-Dp-brane carries the opposite
RR-charge.

The NS5-brane in Table BTl couples magnetically to the antisymmetric field B, and, thus,
can be thought of as the magnetic dual of the fundamental string of type-II and heterotic

theories. Its tension is )
Tns = 55
S7Ss

The introduction of D-branes in a superstring theory has a major impact on the symme-
tries of the theory. First of all, the SO(1,9) Lorentz group is broken by the introduction of a
Dp-brane to SO(1,p) x SO(9 — p), i.e. to the Lorentz group in the world-volume of the Dp-
brane times the (global) rotation group in the 9—p transverse directions. Secondly, half of the
supersymmetry of spacetime is broken on the brane. To see this, remember that the thirty-
two supercharges in the bulk of type-II superstring theory are arranged in Majorana—Weyl
spinorsﬂ In type-IIA we have a left-handed Majorana—Weyl spinor, Q1,, and a right-handed
one, Qr, while, in type-I1IB superstring theory, the two Majorana—Weyl spinors have the same
chirality. Now, open strings whose both endpoints lie on the same brane induce the reflection
of right-movers to left-movers and vice versa at the boundary of the world-sheet. Corre-
spondingly, one can see that a Dp-brane stretched in the hyperplane (z!,..., 2P) preserves

supercharges of the form e; Q1 + egQr with

e, =0T .. TPep

where I's are the 32 x 32 Dirac matrices in ten dimensions. Therefore, the world-volume
theory of a D-brane has half the number of supercharges of the superstring theory at whose
spacetime it is introduced. Furthermore, two parallel D-branes of the same dimensionality
preserve the same supercharges. If we introduce two D-branes of different dimensionality,
then, in general, they break all the supersymmetry of spacetime. However, one can see
that they can be arranged in such a way so as to preserve one-quarter of the spacetime
supersymmetry. We will see an example of a system containing D4- and D6-branes in the
next chapter. The generalization to larger numbers of D-branes is straightforward and has
no surprises.

The low-energy world-volume theory of an infinite Dp-brane is a (p + 1)-dimensional
supersymmetric field theory with sixteen supercharges, which describes the dynamics of open

'In ten dimensions and, in general, in dimensions d such that d mod 8 = 2, we can have spinors which are
both Majorana and Weyl. (Note that this holds if we have only one time dimension.) Hence, the real dimension
of the irreducible spinor representation of the Lorentz group is 2047211 ingtead of 2%/? if d mod 8 # 2, where
[d/2] denotes the integer part of the division d/2. Therefore, a ten-dimensional superstring theory can have
up to N = 2 spacetime supersymmetry. Type-II superstring theories have N = 2 supersymmetry, hence the 11
in their name, while the type-I1 and heterotic superstring theories have half of it.
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strings whose both endpoints lie on the brane. At the massless level it contains a (p + 1)-
dimensional U(1) gauge field, A*(x), 9 — p scalars, X!(z), which parametrize the transverse
fluctuations of the brane, and fermions required by supersymmetry. (@ = 0,...,p, I =

p+1,...,9 and z is a point on the brane.) The bosonic part of the low-energy world-volume
action isﬁ ) ) )
S = 9—2 /dex (ZF“VFW + l—48“X18“X1> (4.1.1)
S

where F),, = 0,A, — 0,A,, obtained by dimensional reduction of N =1 U(1) gauge theory
from ten to p + 1 dimensions. The U(1) gauge coupling, g, can be shown to be related to the
string coupling, g, and the fundamental string length, [, as

g =9s 15_3

At higher energies the interaction with the infinite tower of open-string massive states and
that of closed strings of the bulk of spacetime has to be taken into account. However, we will
mainly be interested in the supersymmetric gauge theory on the brane, for the study of which
we have to decouple the gauge theory degrees of freedom from gravity and massive string
modes. This is achieved in the limit [; — 0 with g kept fixed. In the case p < 3, keeping g
fixed while Iy — 0 means g; — 0. Then, we have a consistent theory on the Dp-brane, whose
UV behavior is that of a supersymmetric (p + 1)-dimensional gauge theory. On the contrary,
if p > 3 then g5 — oo if [ — 0, something that means that the description of the theory on
the Dp-brane as a supersymmetric (p 4+ 1)-dimensional gauge theory is valid only in the IR.
Finally, if p = 3, g is independent of [; and, thus, in the [; — 0 limit we obtain a consistent
N =4 U(1) supersymmetric gauge theory in four dimensions.

The transition to the non-Abelian case is achieved by placing N parallel Dp-branes close
to each other. The fact that D-branes are BPS-saturated objects implies that parallel Dp-
branes do not exert forces on each other. More precisely, in the case of parallel Dp-branes the
attractive gravitational (G,,) and dilaton (®) forces cancel against the repulsive electromag-
netic force (B),,). Therefore, a stack of N nearby parallel Dp-branes is a stable configuration
which, as discussed before, preserves sixteen supercharges. Now, open strings whose end-
points lie on the Dp-branes give rise to a (p 4+ 1)-dimensional supersymmetric U(/N) gauge
theory at low energies. The bosonic part of the low-energy world-volume action is

S = i/dﬁ“xtr <1F 4+ Lp xTprx, - l[Xf XJ]2>
92 4 5% l;l o 1 I8 3
where F,, = 0,A, — 0,A,, —i[A,, A,] and DHXI = 8uXI —i[Ay, XI]. The 9 — p transverse
scalars, X!, are now N x N matrices transforming in the adjoint of U(N), and so are the
N? gauge fields. The off-diagonal elements of those matrices, (a,b) and (b,a), a,b=1,..., N
with a # b, arise from the two orientations of a fundamental string connecting the a-th and
b-th brane. The N photons in the Cartan subalgebra of the algebra of U(N) and the diagonal
components of the matrices X! correspond to strings whose endpoints lie on the same brane.
Again, supersymmetry unambiguously determines the fermions that will appear in our theory.

S

2Here we write down only the bosonic part of the action, since supersymmetry unambiguously defines the
fermionic part.
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Let us driefly discuss now the symmetry- and gauge-theory-related matters for the case
of the NS5-brane. The inclusion of an NS5-brane in the spacetime of a superstring theory
results in the breaking of the SO(1,9) Lorentz group to an SO(1,5) x SO(4) symmetry. As
for supersymmetry, an infinite NS5-brane stretched in the hyperplane (x?,..., %) preserves
supercharges of the form e; Q1 + erQpr with

er, = POTII2I3 04 %¢, and e = PO 203006
for the type-IIA NS5-brane and
e, = DT 04%¢, and eg = —TOT' D236

for the type-IIB NS5-brane. As we observe the nonchiral type-IIA superstring theory gives
rise to a six-dimensional chiral theory with (2,0) supersymmetry in the world-volume of the
NS5-brane, while from the chiral type-IIB superstring theory we obtain a six-dimensional
nonchiral theory with (1,1) supersymmetry in the world-volume of the NS5-brane. In any
occasion, as in the case of D-branes, the world-volume theory of an NS5-brane has half the
number of supercharges of the superstring theory at whose spacetime it is introduced.

The light fields that appear in the world-volume of a single type-IIA NS5-brane, namely
a self-dual field, B, , five scalars and the corresponding fermions required by supersymme-
try, belong to a tensor multiplet of (2,0) supersymmetry. Four of the five scalars describe
fluctuations of the type-IIA NS5-brane in the transverse directions, while the fifth lives on a
circle of radius l4, thus giving a hint for a hidden extra dimension. On the other hand, the
world-volume of a single type-IIB NS5-brane has a six-dimensional gauge field, four scalars,
describing fluctuations of the type-IIB NS5-brane in the transverse directions, and the corre-
sponding fermions. The gauge coupling, g, in this case is given by

7 =10

Finally let us describe what happens when we place N NS5-branes on top of each other.
(This configuration is stable since NS5-branes are BPS-saturated objects.) If we have type-
IIB NS5-branes, the low-energy theory is a six-dimensional (1, 1) supersymmetric U(N) gauge
theory, arising from the ground states of D1-branes (D-strings) stretching between the type-
IIB NS5-branes. In the case of type-IIA NS5-branes the low-energy theory is a nontrivial
six-dimensional field theory with (2,0) supersymmetry, arising by D2-branes (membranes)
stretching between the type-IIA NS5-branes. (For details see [31].)

4.2 M-theory interpretation

The five different ten-dimensional superstring theories can be thought of as asymptotic ex-
pansions around different vacua of a single quantum theory [32]. This theory is known as
M-theory and it is eleven-dimensional. Its low-energy limit is eleven-dimensional supergrav-
ity [33] and its only parameter is the Planck length, [p. The physics is weakly coupled and
well approximated by semiclassical supergravity for length scales much larger then [p, and
strongly coupled at scales smaller than [p.
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The spectrum of M-theory, besides the graviton Gy, M, N =0, ..., 10, includes a three-
form potential, A3. The theory possesses a membrane and a ﬁve—brane,ﬁ commonly referred
to as M2- and Mb-brane respectively. An Mp-brane, p = 2 or 5, has tension

1
TPZW
P

and, when it is stretched in (1...p), preserves supercharges eQ) WithE
Iort...IPe=e¢

where I's are the 32 x 32 Dirac matrices in eleven dimensions. Therefore, the number of
supercharges preserved by the Mp-brane is sixteen.

The ten-dimensional type-IIA vacuum can be thought of as a compactification of M-
theory on R x S', where S' is the circular direction (10) with radius Rjo. The parameters
of type-1TIA superstring theory (s, gs) are then related to those of M-theory (Rio,lp) by

Ry 1
B2 and Ryo = gsls
P S
Thus, the strong coupling limit of type-ITA theory, gs = Rig/ls — o0, is described by the
eleven-dimensional Minkowski vacuum of M-theory.
Type-IIA branes have a natural interpretation in M-theory:

e A fundamental type-IIA string stretched, say, along (1), can be thought of as an M2-
brane wrapped around (10) and (1). It is charged under the gauge field B,1 = Aigu-

A D-particle corresponds to a Kaluza—Klein mode of the graviton carrying momentum
Rl_Ol along the compact direction and electric charge under G, 19.

e A D2-brane corresponds to an M2-brane unwrapped around (10). It is charged under
Ay -

° A~ D4-brane corresponds to an M5-brane wrapped around (10). It is charged under
A107l"/17"'7p’5'

An NS5-brane corresponds to an M5-brane and is thus charged under /Im,...,%-

e A D6-brane is a Kaluza—Klein monopole magnetically charged under the gauge field
A, = Gpo.

e A D8-brane can is conjectured to correspond to an eight-dimensional M-theory brane.

3Since we are in eleven dimensions the magnetic dual of a 2-brane is a 5-brane.

“In eleven dimensions there are only Dirac and Majorana spinors. Majorana spinors carry an irreducible
spinor representation of the Lorentz group of real dimension thirty-two. As a result, we can arrange the
thirty-two supercharges of spacetime in one Majorana spinor and, hence, M-theory has N = 1 spacetime
supersymmetry.
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Ten-dimensional type-IIB superstring theory has a complex coupling

T=a+ -

Js
where a is the vev of the massless RR scalar, C'. The ten-dimensional type-IIB vacuum
corresponds to M-theory compactified on a two-torus of complex structure 7 and vanishing
area. The theory appears to be nine-dimensional but, in fact, as the area of the torus goes
to zero the wrapping modes of the M2-brane become light and give rise to a noncompact
direction, xp. If a = 0 the M-theory torus is rectangular with sides Rg9 and Rig. Then, the
mapping of the M-theory parameters (Rg, R1g,lp) to those of type-IIB theory (Rp,gs,ls) is

Rig l Ry 1 RgR1g . 1

v d -
B2 B g2 M B T Rg

Type-IIB branes have a natural interpretation in M-theory:
e A fundamental type-IIB string corresponds to an M2-brane wrapped around (10).

e A D-string wrapped around x? corresponds to a Kaluza-Klein mode of the eleven-
dimensional supergraviton carrying momentum in (10). An unwrapped (around z?)
D-string arises by an M2-brane wrapped around (9).

e A D3-brane wrapped around z® corresponds to an M2-brane. An uwrapped D3-brane
arises by an M5-brane wrapped around (9,10).

e A D5-brane wrapped around z? arises by an Mb5-brane wrapped around (10). An
unwrapped D5-brane arises by a Kaluza—Klein monopole charged under the gauge field
G,10 and wrapped around (9).

e An NS5-brane wrapped around z” arises by an M5-brane wrapped around (9). An un-
wrapped NS5-brane corresponds to a Kaluza—Klein monopole charged under the gauge
field G, 9 and wrapped around (10).

e A D7-brane wrapped around z® arises by a KaluzaKlein monopole charged under
the gauge field G 10. An unwrapped D7-brane is related to the conjectured eight-
dimensional M-theory brane.

4.3 N =2 U(N,) supersymmetric gauge theory

As we saw in section EETl D-branes are defined with the property that open strings can end on
them. However, it can be shown using dualities that this is not the only possibility; in fact
branes can end on branes. This is a very interesting result and it opens new ways for realistic
model-building. As an example consider the setup of Fig. EETE A type-ITA superstring theory
configuration of two parallel NS5-branes a distance Lg apart in the direction (6) stretched in
the directions (12345) and at the same point in the directions (789), and N, nearby parallel
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NS5
D4

(6)

Fig. 4.1: Four-dimensional N = 2 U(NN,) supersymmetric gauge theory without flavors

D4-branes stretched in the directions (1236), with both sides ending on the NS5-branes in
the direction (6).

This configuration has global symmetry SO(1,3) x SO(3) x SO(2), where the SO(1,3)
acts on (0123), the SO(3) on (789) and the the SO(2) on (45). Furthermore, the preserved
supercharges are of the form e; Q1 + erg@r subject to the conditions

e, = TOTII2D3MT%;, and ep = TOTID2T3IM D06 (4.3.1)

from the NS5-branes and
ep = T30 (4.3.2)

from the D4-branes. Conditions (30 cut in half the number of preserved supercharges
and condition (E32), which is independent of conditions (EE3T]), further reduces the number
of conserved supercharges in half. Therefore, the configuration of Fig. Il preserves one-
quarter of the spacetime supersymmetry, i.e. eight supercharges. In four dimensions this
corresponds to N = 2 supersymmetry. However, we are not there yet, for we did not establish
the existence of an R-symmetry, the ubiquitous automorphism of supersymmetry algebras
(remember the discussion in section [[H). In fact, the breaking of the SO(1,9) Lorentz group
provides us with the global symmetry SO(3) x SO(2) which can be immediately identified
with the SU(2)r x U(1)r = U(2)gr symmetry of N = 2 supersymmetry.

In general, for an observer on a Dp-brane, modes that live in the bulk of spacetime and
modes that live on the higher-dimensional branes are nondynamical background degrees of
freedom in the low-energy theory (at least in infinite volume). They are frozen at their
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classical values by infinite volume factors, as it can be seen by the example of a U(N) gauge
field living on a D(p+4)-brane on which a Dp-brane is connected; its coupling on the (p+1)-
dimensional world-volume of the Dp-brane, g,41, is related to its coupling in the p + 5-
dimensional world-volume of the D(p + 4)-brane, g,5, by

Lo Vo1, pta

2 2
Ip+1 Ip+5

where Vp11, . pta is the world-volume of the D(p + 4)-brane transverse to that of the Dp-
brane. Hence, from the point of view of the Dp-brane, the U(N) gauge symmetry of the
D(p + 4)-brane is a global symmetry. Of course, modes of strings stretched between the Dp-
and D(p + 4)-brane have to be included in the discussion of the low-energy theory on the
Dp-brane.

Now, fundamental strings of type-IIA theory do not end on NS5-branes and, thus, the
modes we encounter in the low-energy theory of the configuration of Fig. Bl are those of
stretched strings ending on the N, nearby D4-branes. Since the D4-branes are finite in (6),
those modes are dynamical in four dimensions onlyH Therefore, the configuration of Fig.
BTl gives, at low-energy, a four-dimensional N = 2 U(N.) supersymmetric gauge theory in
the four dimensions (0123). The gauge coupling of the five-dimensional gauge theory on the
D4-branes is

9ba = gsls
and, if we use Kaluza-Klein reduction in order to single out direction (6), we find that the
gauge coupling of the four-dimensional N = 2 U(N,) supersymmetric gauge theory is
1 Lg
gsls

7

So far in our discussion we uncovered only vector supermultiplets of N = 2 supersymmetry
in four dimensions. However, it is often the case that we want to obtain a low-energy theory
which contains hypermultiplets as well. If we want them to transform in the fundamental
representation of the gauge group, then the relevant configuration is shown in Fig.

The addition is Ny semi-infinite D4-branes to the left of the leftmost NS5-brane. Super-
symmetry is not affected by the introduction of this new set of branes. Open strings with one
end on the N, D4- and the other on the Ny D4-branes describe hypermultiplets transforming
in the N, of U(N,). The position of each of the Ny D4-branes in (45), labeled by the complex
number m;, i = 1,..., Ny, can be thought of as mass for the corresponding hypermultiplet.

Note here that the configuration of Fig. is not enough to describe the complete dy-
namics of the low-energy N = 2 gauge theory. More precisely, the configuration of Fig.
cannot describe the Higgs branch of the moduli space of the low-energy N = 2 gauge theory.
In order to obtain a full description of the moduli space one needs a set of N semi-infinite
D4-branes, that is a set of D4-branes in (1236), each ending on the right to the leftmost
NS5-brane and on the left to a different D6-brane stretched in (123789). We will see such a
configuration in the next chapter.

5Note that there is also an infinite tower of modes which, however, we do not take into account in our
analysis of the low-energy theory.
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Fig. 4.2: Four-dimensional N = 2 U(V.) supersymmetric gauge theory with Ny flavors

4.4 Quantum effects (pure N = 2)

The brane configuration depicted in Fig. BTl gives rise to the classical N = 2 gauge-theory
dynamics. In general, loop (quantum) effects are incorporated by lifting the classical brane
configurations to M-theory, in which case we interpret the superstring-theory branes as M-
theory branes. For finite g; the type-IIA superstring theory becomes eleven-dimensional at
small distances. The eleventh dimension is circular and its radius is R1g = gsls. In the case
of Fig. E1l D4-branes stretched between NS5-branes are interpreted as a single M5-brane
with a curved world-volume [34]. Since all type-ITA branes are stretched in (123) and sit at a
single point in (789), the world-volume of the M5-brane is R!3 x ¥, with ¥ a two-dimensional
surface embedded in the four-dimensional space Q = R? x S, where (456) span R? and (10)
S1. Evidently, our goal is to find the exact shape of X.

If we parametrize () with the complex coordinates

s=2%+i2° and v =2+ iz

then, in the classical type-ITA limit, the D4-branes correspond to constant v, while the NS5-
branes to constant s. Therefore, placing two NS5-branes at si,sy and N. D4-branes at
v1,...,UnN, results in a classical complex curve, ., described by

Ne
(s —s1)(s —s2) H(v —v,) =0, Res; <Res < Resa

a=1
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Y. is a singular surface with different components which meet at the singular points s = s,
i=1,2,andv=v,,a=1,...,N,.

To determine the shape of the smooth complex curve ¥ we can consider its large-v asymp-
totics. At this point it is important to recognize that, in the quantum theory, the end of a
brane ending on another brane looks like a charged object in the world-volume theory of
the latter. Consider for example a fundamental string ending on a Dp-brane. In the world-
volume of the Dp-brane the endpoint of the string provides a point-like source for a Dp-brane
world-volume gauge field with Coulomb potential

where @ is the charge provided by the endpoint of the string in the world-volume of the
Dp-brane and r the distance from the endpoint on the Dp-brane,

r= V(@) e @)

In that case, minimizing the action of the Dp-brane world-volume theoryﬁ would require a
scalar, say XPt!, to satisfy the p-dimensional equation

0? 0?
(g +* ) X7 =00

in the large-v limit. For p # 2 the last equation is satisfied if

| _ QR
XPrl = e (4.4.1)
and, therefore, the string bends the Dp-brane: Its position at large v becomes r-dependent,
XP+l = XP+l(y) approaching the classical value XP*! = 0 at large r (for p > 2). Likewise,
in the quantum theory a brane is bent according to equation (EEZTl) when another brane
ends on it, where p is now the codimension of the intersection of the first brane and r the
p-dimensional distance from the end of the second brane in the world-volume of the first.

In our case p = 2 (five dimensions from the NS5-brane minus three dimensions from the
intersection with the D4-brane in (123)) and the Laplace equation we obtain in the large-v
limit is the two-dimensional one. Its solution is not of the form of equation (EZTI), but of
the form

qL dR
X0 =1, Info—a;| —lgs Y Info —bj (4.4.2)
=1 =1

which describes gy D4-branes ending on the NSb5-brane from the left at the points v =
ai,...,aq;, and gr D4-branes ending on the NS5-brane from the right at v = by,...,by,.
However, from the point of view of the four-dimensional N = 2 supersymmetry, X© is the

real part of a complex scalar field which belongs to a vector multiplet. The imaginary part

5This is equivalent to preserving the original supersymmetry in the world-volume theory with the added
gauge field.
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of that complex scalar field is a real scalar field propagating on the NS5-brane. But this can
only be X! and, thus, equation (EZZ) must be generalized to the holomorphic equation

qL qr
s = Ryo Z In(v — a;) — Rip Z In(v — b;) (4.4.3)
i=1 i=1

with the real part being equation (EZZ2)) and the imaginary part indicating that '* jumps
by +27R19 when we circle a; or b; in the complex v-plane. Defining

t = e~ ¥/Fo

we avoid the multi-valuedness induced to s by the compact dimension ' and we can write

equation (A3 as
. HZ§1 ln(v — bz)

~ 1%, (v — a,)
Using the variables ¢t and v we are now in position to determine the shape of ¥. Su-

persymmetry requires 3 to be a holomorphic curve in the two-complex-dimensional space @)
labeled by t and v. Therefore, we need one condition on ¢ and v in order to define it,

t

F(t,v)=0

for some function F. Now, viewing F' as a function of ¢ for large v we have to see two
branches,

t1 = vNe and tg = v Ne

corresponding to the two NS5-branes. Therefore, ¥ should be described by setting to zero a
polynomial of second degree in t,

A()t2 + Bw)t+C(v) =0 (4.4.4)

where A, B and C' are polynomials of degree N. in v. A root of A(v) means that ¢ — oo,
something that happens only when 2% — —oo. This indicates that roots of A(v) correspond
to locations of semi-infinite D4-branes to the left of the leftmost NS5-brane in Fig. EEIl Such
a brane does not exist in the classical configuration of Fig. Ell and, thus, A(v) should have no
roots in the first place, i.e. it should be a constant. Furthermore, a root of C'(v) means that
t — 0 or, equivalently, 25 — oo, and this indicates that the root corresponds to the location of
a semi-infinite D4-brane to the right of the rightmost NS5-brane. But such a brane again does
not exist and, hence, C'(v) should be a constant as well. Since v and tY/Ne geale like energy, we
can, consistently with dimensional analysis, choose A(v) =1 and C(v) = A?\r]\;cm where An—s
is the dynamically generated scale of the four-dimensional N = 2 SU(N,) supersymmetric
gauge theory. Then, equation (EEZ4]) becomes

2 2Ne _
t°+ Bv)t + AL =0
Now, once the polynomial

B(v)=Av—wvg) - (v—vn,-1), A#0
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is expanded, it contains the term —Av™e~!(vg + --- 4 vy, _1) which can be canceled by an

appropriate shift of v:
v+ UN.—1

Ne

If in addition we absorb A in a rescaling of v we obtain

v — v+

B(v) = Ve 4+ ugo™NeT? g3 4 1 UN,

where ug, ..., uy, are constants parameterizing the polynomial B.
At this point we have found the exact shape of . It depends on N.— 1 complex numbers,
the constants ug, ..., uy,. Interestingly, we have N, — 1 moduli, something that is due to the

fact that the U(1) factor of U(/V,.) has a vanishing coupling and, thus, its gauge field appears
frozen at its classical value. Consequently, once the brane configuration of Fig. Bl is lifted
to M-theory, the resulting low-energy quantum theory is a four-dimensional N = 2 SU(N.)
supersymmetric gauge theory.

Let us summarize what we have done so far. First of all we established in the previous
section the existence of a one-to-one correspondence between configurations of D4-branes
stretched between NS5-branes and vacua of classical four-dimensional N = 2 U(N,) super-
symmetric gauge theory. Then, in this section, we established a one-to-one correspondence
between vacua of the quantum four-dimensional N = 2 SU(N,) supersymmetric gauge the-
ory and supersymmetric configurations of an M5-brane with world-volume R x ¥, with ¥
described above. The classical limit of the quantum theory corresponds to 2'° — 0, i.e. to
the limit where the extra dimension of M-theory vanishes.
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5.4 Metastable vacua in the brane picture .

In the previous chapter we presented brane configurations that preserve eight supercharges
and, thus, describe N = 2 supersymmetric gauge theories in four dimensions. In this chapter
we will further break supersymmetry. More specifically, we will consider brane configurations
in type-ITA superstring theory that preserve four supercharges. These configurations describe
classical N = 1 supersymmetric gauge theory in four dimensions. Next, the lift to M-theory
will be performed in order to obtain the full quantum N = 1 supersymmetric gauge theory.
Again the reader is referred to [31] for a general and detailed exposition of the subject.

5.1 Classical N =1 SQCD

In order to describe N = 1 U(V,.) supersymmetric gauge theory in four dimensions we consider
the type-IIA configuration of Fig. Bl An NS5-brane stretched in (12345), a rotated NS5-
brane, denoted NS5, stretched in (12389), N. D4-branes stretched in (123) and of length Lg
in (6) (they lie between NS5 and NS5’) and Ny D4-branes stretched in (123) to the left of
the NS5-brane and each ending in (6) on a different D6-brane stretched in (123789).

The N. D4-branes preserve supercharges of the form e;Q; + egQr with
e, = LT3 %R
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and so do the Ny D4-branes. The NS5- and NS5'-brane preserve supercharges of the form
er.Qr + erQr with

er, = TOTIT?I3TT%;, and ep = TOTIT2I3 T4 %6

and
er, = TOTID?D38Y€;, and ep = DT 238 Yep

respectively. Finally, the D6-branes preserve supercharges of the same form but with
er, = DT830 T8 e

Hence, we have four independent conditions, each of which cuts in half the number of pre-

Ny
/—/%
7/ N,
NS5/
(45)
NS5
——————————————————— D6
D4
(6)
(89)

Fig. 5.1: Four-dimensional N =1 U(NN,) supersymmetric gauge theory with N; massless
flavors

served supercharges. Therefore, the configuration of Fig. Bl preserves four supercharges
(one-eighth of the thirty-two supercharges of type-ITA theory) corresponding to N = 1 su-
persymmetry in four dimensions[] Note that if 0 < N < N, then we can fully describe the
dynamics of the low-energy gauge theory by attaching Ny semi-infinite D4-branes to the left
of the leftmost NS5-brane. However, the extra directions of the moduli space we found in
subsection in the case Ny > N, can be described only if we add the D6-branes.

!We should mention here the s-rule of brane dynamics [33]: A configuration in which an NS5-brane is
connected to a D6-brane by more than one D4-branes is not supersymmetric.



5.1 CrassicaL N =1 SQCD 83

There is another configuration of type-IIA branes which is equivalent to the configuration
of Fig. Bl and is related to it by a series of Hanany—Witten transitions [35]. If we move a
D6-brane to the right in Fig. Bl there will be a value of 25 where it will coincide with the
NS5-brane, for their orientation is such that they cannot avoid each other. As they approach,
the D4-brane that connects them becomes very short in (6) and, in fact, disappears when
they cross.

Therefore, when the D6-brane is in the right of the NS5-brane there is no D4-brane
connecting them. Conversely, if the D6- and NS5-brane that approach each other are not
connected by a D4-brane, then one is created once they cross and switch positions. The
phenomenon that takes place once a D6- and an NS5-brane switch positions in the manner
described above is called a Hanany—Witten transition. The resulting configuration is shown
in Fig.

NS5

(45)

(89)

Fig. 5.2: Four-dimensional N =1 U(NN,) supersymmetric gauge theory with N; massless
flavors, obtained by the configuration of Fig. BTl after Ny Hanany-Witten transitions

These configurations describe the dynamics of classical N = 1 U(N.) supersymmetric
gauge theory in four dimensions. In the quantum theory the Abelian factor of U(N.) has
vanishing coupling and decouples, leaving us exactly with the N =1 SQCD theory described
in section Bl (without mass terms for the squarks).

The color D4- and the D6-branes of Fig. Bl sit at the same point in (45) and so do the
D6-branes and the NS5-brane in Fig. Masses for the squarks are then introduced by
relative displacements of the D6- and D4-branes (Fig. Bl or, equivalently, D6-branes and
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NS5'-brane (Fig. B2) in (45). The resulting Ny x Ny mass matrix m satisfies the constraint
[m,m'] =0

and, hence, m and m' can be diagolized simultaneously. The locations of the D6-branes in
the v-plane (remember v = 2* + iz®) are the eigenvalues of m.

5.2 Quantum N =1 SQCD

We will start the treatment of quantum effects by considering pure N = 1 U(N,) super-
symmetric gauge theory, i.e. by lifting to M-theory the configuration of Fig. (without the
D6-branes) at nonzero g5 [36], [37]. As in the case of N = 2 supersymmetry the interpretation
is that of a single M5-brane whose world-volume is R x ¥. However, ¥ is now a complex
curve embedded in the three-complex-dimensional space R? x S parametrized by

v=2a*+iz®, w=2%+iz" and s =2+ iz'
The extra complex dimension compared to the N = 2 case arises because one of the NS5-
branes is now rotated.

The shape of ¥ can be determined by studying the asymptotics of v and w. Defining

t = e 5/Fo

as in the N = 2 case, we know that as we approach the region of the NS5-brane, i.e. as
v — oo and w — 0 on X, it is t = v™. On the other hand, as we approach the region of
the NS5'-brane, i.e. as v — 0 and w — oo on ¥, it is t = w—Ne. More generally, ¢ should be
a function of ¢t without poles or zeros except at v = 0, which is w = oo, and v = co. The
unique solution to all the constraints is

olVe = ¢, whe = (Nt and vw =¢ (5.2.1)

where ( is an undetermined constant. Of course, this is a redundant description of 3. Now, if
we start with the configuration of Fig. EETl and rotate the rightmost NS5-brane appropriately,
then we end up with the configuration of Fig. without the D6-branes. Therefore, the
shape of ¥ in the N = 1 case can be obtained by a flow from the N = 2 case. With an
explicit calculation we find again equations (E2ZTl) with ¢ = N.A3, where A is the scale of
pure four-dimensional N = 1 U(N,.) supersymmetric gauge theory. Again, the U(1) factor of
U(N.) decouples and, hence, we obtain quantum pure N =1 SQCD.

In the case where flavors are included the results are rather different [36]. More specifically,
the inclusion of 0 < Ny < N, massless flavors, described adequately by the addition of N
semi-infinite D4-branes to the left of the NS5-brane, leads to a singular complex curve X,
infinitely elongated in (6). Therefore, the corresponding brane configuration does not describe
a four-dimensional field theory. This is consistent with the field theory analysis of subsection
B3, where we found that the dynamically generated superpotential (B3) results in a
quantum theory without a vacuum. However, masses for the quarks lift the singularity of
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¥ and, in accordance with the purely field-theoretic analysis of subsection B3], lead to the
description of a well-behaving field theory. More specifically, if the i-th quark flavor has mass
m;, 1 =1,..., Ny, then X is described by

Ny ;
vM:tH(l—E) and vw = ¢
i=1

where
Ny

¢Ne — ABNe=N; Hml
i=1

The inclusion of Ny > N, massless flavors can be studied by lifting to M-theory the
configuration of Fig. In this case the corresponding field theory has a quantum moduli
space of vacua parametrized by vevs of mesons and baryons (see section B3)). In the brane
picture the new ingredient [38] is that the presence of the D6-branes results in a complex
curve ¥ which is embedded not in R® x S but in TN x R?, where TN is the Taub-NUT space
with asymptotic radius Rjo and charge Ny, parametrized by (r,z'%) = (24, 2%, 2%, 219) with
metric

ds? = Vdr? + VHdz'® + w - dr)?

where

N¢R
V=1+~"2 and Vxw=VV

and R? is parametrized by 28 and z°. The complex curve describing the baryonic branch of
the quantum moduli space in this case splits into two components,

X t=vNe N and w=0

and
YSp: t=ANeNry™Ne and v=0

The addition of masses in the last case is postponed until section 24l There, we will discuss
the possibility of using brane configurations to describe massive SQCD in the free magnetic
range, the theory at which we found metastable nonsupersymmetric vacua in section
The piece that is missing, however, is the realization of Seiberg duality in the brane picture,
something to which we now turn.

5.3 Seiberg duality in the brane picture

The magnetic brane setup describing four-dimensional N = 1 U(V) supersymmetric gauge
theory with Ny massless flavors is shown in Fig.

As in the case of the electric theory, the gauge bosons come from strings stretched between
the color D4-branes. Likewise, the N, flavors of magnetic quarks, ¢; and §,ii=1,...,N [
arise from strings connecting color D4-branes and flavor D4-branes. However, in this case
there are additional modes, namely the magnetic mesons, denoted (M. m)g, coming from strings
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Ny
/—/%

;

NS5’

(45) NS5
————————————— D6
—— D4
(6)
(89)

Fig. 5.3: The magnetic description of four-dimensional N = 1 U(N) supersymmetric gauge
theory with Ny massless flavors

stretched between flavor branes. These are singlets under the gauge group and we can see
that the standard coupling of three open strings gives rise to the superpotential (BZT),

.= 1 .=
W = (Mp)ia:q" = XMZQZ ’

which couples magnetic mesons and magnetic quarks. Therefore, this is exactly the magnetic
theory discussed in section B4l

Since we found the relevant description of the magnetic theory in terms of branes, it
only remains to connect it to the electric description. In other words, in order to uncover
Seiberg duality we have to connect the electric description of four-dimensional N = 1 U(N,)
supersymmetric gauge theory with N; massless flavors to the magnetic description of four-
dimensional N = 1 U(Ny — N.) supersymmetric gauge theory with N; massless flavors.
Note, here, that although Seiberg duality in field theory involves the special unitary gauge
groups SU(N.) and SU(N; — N.), the generalization to the unitary gauge groups U(N.) and
U(Ny— N.) is straightforward and achieved by gauging the baryon number symmetry, U(1) 5.
The required procedure is described in Fig. B4l and, obviously, it is valid only when Ny > N..

Starting from the configuration of Fig. Bl we connect the N, color D4-branes to N, of
the Ny flavor branes. The result is shown in Fig. B4l(a) and, in order to reach the magnetic
description, we have to pass the NS5-brane to the right of the NS5’-brane avoiding their
meeting in space. This can be done by turning on a Fayet—Iliopoulos term in the gauge
theory, something we can do since the gauge group U(N.) has an Abelian factor. In the
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Fig. 5.4: Continuous connection of electric and magnetic brane configurations

brane picture a Fayet—Iliopoulos term corresponds to moving the NS5-brane and its attached
D4-branes in (7). Then, we reach the configuration of Fig. BEZ4l(b), in which we can be
immediately exchange the NS5- and NS5’ branes in (6), thus arriving in the configuration of
Fig. B4l(c). Finally, turning off the Fayet—-iliopoulos term we obtain the configuration of Fig.
B2(d) which contains Ny — N, branes connecting the NS5- to the NS5” brane. This is exactly
the configuration of Fig. with N = Ny — N..

The above procedure shows that the classical moduli space of vacua of the electric theory
with gauge group U(N.) and Ny massless quark flavors and the classical moduli space of
vacua of the magnetic theory with gauge group U(NNy — V) and the same number of quark
flavors can be thought of as providing different descriptions of a single classical moduli space
of supersymmetric brane configurations.

However, we have to underline the fact that a Fayet—Iliopoulos term causes the complete
breaking of the gauge groups. Therefore, the duality actually appears at the classical level,
since, at that level, we do not have strong infrared gauge dynamics. As the gauge symmetry is
restored, i.e. as we turn off the Fayet—Iliopoulos term, we find a discrepancy. More specifically,
in the electric theory nothing special happens since, although the restoration of the gauge
symmetry results in additional massless degrees of freedom, the moduli space does not develop
new branches we can access. On the contrary, in the magnetic theory, turning off the Fayet—
Iliopoulos term causes an enlargement of the moduli space. Consequently, we cannot really
rely on the classical “Seiberg duality” we have found. In order to gain a deeper understanding
we have to study the quantum dynamics. In fact, quantum mechanically the jump in the
dimension of the magnetic moduli space disappears and, hence, the quantum moduli space of
electric SQCD with gauge group SU(N,) and N quark flavors and that of magnetic SQCD
with gauge group SU(Ny — N.) and the same number of quark flavors can be thought of as
providing different descriptions of a single quantum moduli space.
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5.4 Metastable vacua in the brane picture

After the discovery of metastable supersymmetry-breaking vacua in massive SQCD, a type-

/

(45) NS5
"""""""""" D6
D4
()
(59)

Fig. 5.5: The nonsupersymmetric magnetic brane configuration

ITA brane configuration that reproduces the observed phenomena was found [39], [40], [41].
The supersymmetry breaking vacuum in the magnetic theory with superpotential (B58]) is
obtained by the brane configuration of Fig.

The fact that the D4-branes are not parallel makes the nonsupersymmetric nature of this
configuration explicit. Furthermore, as we mentioned in the end of section B.Jl, masses for
the quark flavors correspond to different positions of the D6-branes in (45). Now, the N,
D4-branes are stretched between the NS5’-brane and the D6-branes that are closest to the
origin of (45), i.e. to those that correspond to the N, smallest flavor masses. The rest of the
D4-branes are stretched between the NS5-brane and the furthest D6-branes. This choice is
justified if we observe that the position of the latter set of D4-branes in (45) is related to the
vevs of the magnetic quarks. Then, if the vev of a magnetic quark is given by one of the N,
smaller masses, we encounter the situation of one D6-brane on which two D4-brane pieces
coincide. But the fact that the two D4-branes are not supersymmetric with respect to each
other results in the appearance of an open string tachyon at the intersection.

As for the electric theory, moving the flavor D4-branes of Fig. Bl in (45) does not break
supersymmetry if we keep them parallel (Fig. B6l(a)). The nonsupersymmetric vacuum in
the electric description is shown in Fig. B6i(b), which is obtained as the configuration that
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under (classical) Seiberg duality gives that of Fig.

N Ny — N,

N,

NS5’ NS5’
(a)
(45) NS5
fffffffffffffffffff D6
D4
(6)
(89)

Fig. 5.6: The supersymmetric (a) and nonsupersymmetric (b) electric brane configurations

At this point we have to lift the configurations we found to M-theory in order to be able
to explore the full quantum dynamics of the low-energy theory. What we have done so far
is just the classical approximation, gs — 0, and, of course, this is far from a satisfactory
treatment. More specifically, the effects of nonzero gs; have to be studied, since those will
reproduce the effects of quantum mechanics in the low-energy theory.

But in an attempt for an M-theory lift we find an obstruction due to the phenomenon of
brane bending (see section EE4)) [41]. The crucial observation is that the proper way to define
a theory on the branes at gs # 0 is not in terms of the detailed positions of the branes but,
instead, in terms of the asymptotic behavior of the branes that stretch to infinity. These
are the boundary conditions on the system, while the branes in the interior are dynamical
and free to adjust themselves. Now, the supersymmetric brane configuration of Fig. [.0)(a)
gives a specific set of boundary conditions and, of course, any state of this theory, stable
or metastable, must have exactly this set of boundary conditions at infinity. Therefore, we
expect the M-theory lift of the configuration of Fig. B8(b) to have exactly the same boundary
conditions as the M-theory lift of the configuration of Fig. BBl(a). In the opposite case the
metastable nonsupersymmetric vacuum it describes is not a state of the system where the
supersymmetric vacuum belongs.

In fact, the relevant calculations were carried out in [41] and it was found that the bound-
ary conditions do not match. Thus, the supersymmetric and nonsupersymmetric vacua do
not belong to the same theory. Actually, a very small g causes infinite deviation from the
SQCD limit at infinity and this means that the Hilbert space of states is drastically altered.
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Therefore, we observe that the qualitative nonsupersymmetric features of SQCD, like the
metastable vacuum of section B cannot be reproduced by the brane description of this

theory.



1 Conclusions and outlook

The discovery of dynamical supersymmetry breaking in metastable vacua in [29] was fol-
lowed by a great deal of excitement in the high-energy-physics scientific community. The
phenomenon immediately seemed to be generic and, indeed, soon after the appearance of
[29], many models where metastable supersymmetry breaking occured were found. Further-
more, it was recently proved that perturbed Seiberg—Witten theories, that is N = 1 theories
obtained by perturbing N = 2 theories with some superpotential, contain nonsupersymmetric
metastable vacua [42]. All these results show that there is a large class of field theories which
experience metastable supersymmetry breaking for some ranges of their parameters.

Based on the abovementioned results, metastability attracted great attention in model-
building. In fact, metastability simplifies model-building since, in many examples, super-
symmetric vacua are unavoidable as can be seen by arguments based on the Witten index
(see section ZH) and the so-called Nelson—Seiberg theorem [19]. Therefore, the only way to
break supersymmetry spontaneously is in a long-lived metastable vacuum. Then, we acquire
much more flexibility in constructing meaningful physical theories and, thus, we can hope
to find a model which incorporates metastability and, at the same time, correctly describes
our nonsupersymmetric universe. (For some recent attempts in that direction see [43] and
references therein.)

We should stress here that, for cosmological arguments, it is very important that we
found a large moduli space of nonsupersymmetric vacua in section Indeed, as the energy
of the universe decreases, the existence of a very large configuration of nonsupersymmetric
vacua makes it much more likely that the universe will end up there, rather than in one
of the isolated N, supersymmetric vacua further away in field space. Hence, it seems that
cosmology is not incompatible with our results so far.

Another important question which arose after the appearance of [29] pertains to the
existence of metastable nonsupersymmetric vacua in string/M-theory. In chapter B we saw a
particular approach failing to do so, but there is intensive research and several other directions
in search for metastability in string theory. A very alluring approach is offered by engineering
quiver gauge theories with several interesting features by studying D-branes at a simple
Calabi—Yau singularity [44], [45].

Metastable supersymmetry-breaking vacua would have a large impact on the landscape of
string theory. Actually, the landscape would be enhanced by theories with metastable vacua.

91



92 CONCLUSIONS AND OUTLOOK

Indeed, theories which have supersymmetric vacua would have to be taken into account, since
nothing precludes them from having nonsupersymmetric vacua as well.

Concluding, it is worth underlining again the fact that nonsupersymmetric metastable
vacua appear to be ubiquitous in supersymmetric field theories and, furthermore, once they
are utilized we gain greater flexibility in realistic model-building. The search for metastability
in string theory is widely believed to give positive results, and may even lead to new and
unexpected advances in string theory itself. Therefore, it is likely that important and beautiful
results still remain uncovered.
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