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iv CONTENTS

Fourier Analysis can indicate the study of Fourier transformations, Fourier series, and
their extensions. One studies e.g. the convergence properties of Fourier series of certain
classes of functions. It may also indicate the use of the Fourier mechanism in other subjects,
e.g. in differential equations or in signal analysis. This course contains something of both
these worlds. The course is intended for the master level mathematics at Dutch universities.
Thus we assume some knowledge of elementary Fourier Analysis, Functional Analysis and
Integration theory. At the UvA the courses Integration theory and Linear analysis of the
bachelor program are more than sufficient. For convenience of the reader the essentials of
all this are mentioned in the notes, but we do not dwell on the proofs.

The notes are based on a course that I first gave in 1996 at the UvA. They have been
modified and slightly been edited, but there are bound to be many typo’s and other errors.
I would certainly appreciate it if a reader pointed out some to me.

Everything in these notes can be found in the literature, but one may have to look for
it a while.

Jan Wiegerinck



CHAPTER 1

Classical Fourier series

1.1. Introduction and Reminder

In this section we recall a few facts from the linear analysis course of the third year.
See the notes by Prof. Koornwinder [7] or the book [12]. As usual we identify functions
on the unit circle T' with on R; if f is defined on T, then g(t) = f(e®) is the associated
2m-periodic function on R. We thus denote either by L) or by LP(T), (1 < p < o) the set
of 2m-periodic measurable functions that satisfy

2 1/p
(111) 11 ([ rors) <o
0 s

Notice that we normalized LP(T') spaces, by taking them with respect to the measure thr'
The pleasant effect is that the norm of the function 1 equals 1. We know that || ||, turns
L? into a Banach space, while L?(T) is even a Hilbert space.

Other function spaces on T are L°(T') the space of 27 periodic, essentially bounded
measurable functions, and C(T') C L*°(T') the space of continuous 27-periodic functions.
Both spaces are Banach spaces when equipped with the sup-norm.

We will also have use for sequence spaces: IP(Z) (1 < p < 00) is the space of sequences
1/p

(1.12) fo= {0} lalp™ | Xlal? | < oo}
JEZ
Again [P(Z) is a Banach space with norm | |,, and [?(Z) is a Hilbert space. Other sequence
spaces that we will meet are the space of bounded sequences ¢(Z), and its subspace co(Z),
which consists of sequences {a;} tending to 0 if |j| — oo.
The Fourier series of f € L'(T) is

(1.1.3) ianemt,

where a, = f(n) = 027r f(s)e_msg—fr are the Fourier coefficients of f. We know by the

Riemann-Lebesgue Lemma that f(n) — 0 if |n| — oo, that is, f € ¢o(Z). A formal sum of
the form (1.1.3) with arbitrary a,, is called a trigonometric series. If (1.1.3) arises from a

measure, i.e.
™

on =) = [ e auo)

—T
then the a,, = fi(n) are of course the Fourier coefficients of 1 and the series (1.1.3) is called a
Fourier-Stieltjes series. Of course |fi(n)| < |||, but it is in general not true that fi(n) — 0,
if [n| — co. Taking y = 4, point mass at 0, we find 6(j) = 1/27 for all j.

We see that taking a Fourier series can be seen as a map ~ from a space of functions, or
measures, or more general, to a space of sequences. Natural question are: For what kind
of things can one define a Fourier series? Can you say something about the target space if
you start in LP(T")? Is * surjective to some [P(Z)? Is it maybe even an isometry? Is (1.1.3)
convergent in LP if f € LP? Is it perhaps convergent in any other sense?

Some of these questions will be answered in the course.
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The Dirichlet kernels Dy are defined as follows

sin(N+1/2)t)
(1.1.4) Dy(t) =Y et = sin(¢/2) if t ¢ 2
~ IN +1 if t € 277Z.
The N-th Fejér kernel K is defined by
N N
1 N+1- :
K t = —— Zn
~(®) N+1 — ; CON+1 1
(1.1.5)

in((N+1)t/2 .
_ )~ (s (s(in(t/Z))/ )> if t ¢ 2nZ
N+1 if t € 2nZ.

For the N-th partial sum Sy[f](t) = ZfL_N f(n)e™ of the Fourier series of f we find

2 ds
SnlfI(t) = ; F(s)Dn(t = s)5— = f* Dn(?).
Similarly, for the N-th Césaro sum, i.e. the average of the partial sums Sy upto Sy,
on[fI( N — Z Sal f* Ky(t).

For f,g € L*(T) Parseval’s formula holds:
(1.1.6) fgf Zf )g(n

Observe that the lefthand side of 1.1.6 is the inner product in L?(T'), while the righthand side
is the inner product in [?(Z). So 1.1.6 expresses that " is an isometry from L*(T) — [2(Z).
In fact it is also surjective. If {a;}; € I(Z) then the partial sums Z N ajedt form a

Cauchy sequence in L2(T) that converges to some f € L2(T) with f(j) = aj.

The Fejér kernels K are good kernels, they have the three characteristic properties of
an approximate identity: (a) Ky > 0. (b) KN( )— = 1. (c) For every 0 < 6 < m,
Ky(t) — 0 as N — oo uniformly on [§, 2m — (5] If a family of integral kernels Ly on [0, 27]
has these three properties, then for f € LP(T) (1 < p < 00), Ly * f tends to f in LP sense
as N — oo. At a point of continuity a of f one has that Ly % f(a) — f(a) and, moreover,
for f € C(T) the convergence of Ly * f to f is uniform.

In particular these things hold for the Fejér kernel, giving the well-known convergence
result for the Césaro sums. Every f € C(T) can be approximated uniformly by goniometric
polynomials, e.g. by its Césaro sums.

(L.1.7) F#) = lim on[f](1).

As a consequence, and because C(T')) is dense in L?(T) the exponentials ™, n € Z, form
an orthogonal basis of L?(T). We will need a few additional estimates on Ky:
2

int

™
1.1.8 Ky() <min{N+1, ——
( ) N()—mln{ + 7(]\7—{—1)752}
and, using Parseval’s formula,
N 2
N+1—|n|
1.1. Kn|3 = —FF—F | >N/2.
(119 sl 3 (T =
n=—

The sum in the middle can of course be computed, but the last estimate follows easily by
comparison with [; N (1—2/(N+1))dz.
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Convergence of the Fourier series is not nearly as good. The classical result is as follows.

THEOREM 1.1.1. Suppose that f € C(T) is Lipschitz continuous, i.e. there exist o, C' >
0 such that

[f(s) = f(B)] < Cls —t[*.
Then
SnIfI(t) — f(t), wuniformly, as N — cc.

1.2. Sine versus Cosine Series

If we start with an even function f, (f(t) = f(—t)), in (1.1.3), we will find that a,, = a_,
(the sequence is even). Then taking together the n-th and —n-th term, we obtain

[e.9] o0
ap + Z an(e™ 7MY = ag + Z 2ay, cos(nt),
n=1 n=1
a cosine series. Similarly if f is an odd function (f(t) = —f(—t)), we find a,, = —a_y, (the
sequence is odd), and we obtain the sine series

o ) ) o
Z an (™ — e = Z 2ia, sin(nt).
n=1 n=1

Notice that every function on (0,7) can be extended as an even, but also to an odd 27-
periodic function. In that light it is remarkable that sine and cosine series have different
convergence behavior even if the coefficients are the same. (Of course the series belonging
to even and odd continuation do not have the same coefficients) In the present section we
prove two theorems which enlighten this behavior of sine and cosine series.

THEOREM 1.2.1. Suppose that (an)5> . is an even sequence of positive numbers which

tend to 0 if In| — oco. If (ay) satisfies tzzozonve:m'ty condition
ap-1+ apt1 —2a, >0, (n>1),
then there exists f € LY _ such that f(n) = a,.
PRroOOF. The convexity condition implies that a,, — a,+1 is monotonically decreasing to
0. From this we have
(12.1) n(an — ant1) < (ag — agy1) + (ag+1 — agt2) - - (@n — ang1) + (B — 1)(an — ant1)
=ar — ant1+ (k—1)(an — ans1) — 0,

by choosing k fixed and large, so that a; is small, and then letting n — oo. By cleverly
rearranging of the series, so-called summation by parts, we also find
N N
n(an-1+ ant1 = 20n) = =n((an = any1) = (an-1 — an))
n=1 n=1

=ap —an — N(any — an4+1) — ao,

(1.2.2)

if N — oo. Put

N
In(t) = Z n(an—1 + ans1 — 2an) Kp—1(2).

n=1
This series has non-negative terms and converges in L' sense. For N > M
N 27

2w 2
/ |fN = fuldt = / Z n(an—1+ any1 — 2an) K1 (t)dt
0 0

_ 0
(1.2.3) =M

N
= Z n(an-1 + any1 — 2a,) <€,
n=M+1
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because of (1.1.5) and (1.2.2), therefore limy — ocofy = f € LY(T). Using again (1.1.5)
and a dilated version of (1.2.2), we compute f.

oo
f(p) = Z (anfl + apt1 — 2an)(n - |p|) = Zj(a|p\+j—1 + Alp|+j4+1 — 2a|p\+j) = Qp|-
n>|p| j=1

O
THEOREM 1.2.2. Suppose that f is in L'(T) and that f(n) = —f(=n) > 0 for n > 0.
Then 3, 4o @ converges.

PROOF. Let F(t) = fg f(s)ds, t € [=m,m]. Then F is continuous and F(—7) = F(n),
because f(0) =0, i.e. F € C(T). The Fourier coefficients of F are

Fn) =1 Z(Z)

, (n#0).

The Césaro sums of F will converge uniformly to F, therefore, subtracting F(O) from F
and evaluating at 0,

_ N+1—1n|f(n) _ SO0V — _iF
NIT"OK%;N N1 o = i(F(0) — F(0)) = —iF(0).

All terms in the sum are positive, so this sum converges absolutely. Next

which proves the theorem. O

COROLLARY 1.2.3. Let b, = then > by, cos(nt) is the Fourier series of an L'

function, but " b, sin(nt) is not.

1
log(n+2)”

1.3. Weak Topologies

Occasionally we will use weak-* convergence of measures. In this section we recall this
notion for readers who are not familiar with it.

1.3.1. Weak-* convergence. A sequence of Borel measures (11;); on a compact Haus-
dorff space X converges weak-* to p if for every f € C(X)

(1.3.1) JEIEO fdu; = /fd,u.

Similarly, in a Hilbert space H with inner product (-,-), a sequence f; converges weakly to
f if for every g € H

(1.3.2) fim {f;,9) = (£, 9).

This and the Banach-Alaoglu Theorem below is basically all we need; nevertheless we give
some background.

1.3.2. The weak topology. Recall that a topology 7 on a set X is called weaker
than 7 on X if every 7 open set in X is also 7o open; then 7 is called stronger than 7.
Also recall that the product topology is defined by requiring that it is the weakest topology
on the set theoretical product such that all projections are continuous mappings.

We can do something similar in topological vector spaces. Thus let X be a topological
vector space such that its dual X™* separates points of X, i.e. for every x € X there exists
a continuous linear functional L € X* with Lz # 0. This is certainly the case if X is a
Banach or a Hilbert space. The weak topology on X is the weakest topology that makes all
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L € X* continuous. Since they are already continuous in the original topology of X, the
weak topology is weaker than the original one.
A local subbasis for the weak topology on X consists of the sets

Vi={re X :|Lx| <&},
where ¢ > 0 and L € X*. This means that U C X is a neighborhood of 0 if there exist
g > 0, L; € X* such that (ﬂleVLEj) C U. How does this relate to convergence? Well,

x; — x if and only if ; — x — 0, that is, every neighborhood U of 0 must, for sufficiently
large j, contain x; — x. Therefore, for every choice of finitely many VLEZ?, it holds that

Tj—x € (ﬁfZIVLE:) if j is sufficiently large. This happens if and only if Lz; — La for every
L. Compare this to (1.3.2).

1.3.3. The weak-* topology. Recall that X can be seen as a subset of X** via
aL = Lz, (x € X, L € X*) and that the subset X C X** already separates points on
X*. The weak-* topology on X* is defined as the weakest topology that makes all z € X
continuous functionals on X*. We do not require continuity of functionals in X**\ X (In
many important cases, however, this set is empty, compare [13]).

Finally we quote

THEOREM 1.3.1 (Banach-Alaoglu). If V' is a neighborhood of 0 in a topological vector
space X and

Ky ={L e X": |Lzx| <1 for every xz € V}.

Then Ky is weak-* compact.
A proof can be found in [9].

EXAMPLE 1.3.2. Let X =C(T), V ={f € C(T) : ||f|loo <1}, then Ky = {p € M(T):
||l < 1} is compact. Theorem 1.3.1 tells us that every sequence of Borel measures (jiq)qa
on T with uniformly bounded mass has a weak-* convergent subsequence. In other words,
there exists a subsequence (y;); and a measure p € M(T) such that (1.3.1) holds.

1.4. Lacunary Series

DEFINITION 1.4.1. A sequence {);}, j =1,2,..., of positive integers is called (Hadamard-
) lacunary with constant ¢ > 1if Aj11 > g\ for all j > 1. A power series is called lacunary
if it is of the form ) cjzAJ', while a trigonometric series is called lacunary if it is of the form
S cieNit + 3" dje Mt with {)\;} lacunary.

LEMMA 1.4.2. Suppose that f € L and f(t) = O(t) ast — 0. If

A~

(1.4.1) f(G) =0, foralll<|ng—j| <2N,

then

|f(no)| < 27* (N1 sup [ £(8)/t] + N 72| f]lh).
<N -1/4

PRrOOF. If gy is any trigonometric polynomial of degree 2N with §(0) = 1, then

£ " —inot dt
flno) = [ e f(t)gn (),
- 0
because (1.4.1) expresses that Sy[e~0!f(t)] = f(ng). We take gy = K%/||Kn||3. Then
in view of (1.1.5) and (1.1.8) [ _gn2t =1, gn > 0, gn(t) < We use this to
estimate

. ™ dt
foo < [ IOy = [+ f +f .
—7 ™ [t|<N-1 N-I<t|<N—1/4 N-VAL|t|<n

T2
N(N+1)2¢4-
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Now these three integrals are estimated.

di _ 1 1f@®)] i1 |f@®)]
[f®)lgn(t)5- < & sup gzv(t) ~ sup :
A|<N1 2r = N v [t J & or N <n-1 [t
dt |F@®)] [t|mt2  dt
t t)— <
/1<t< 1 ‘f( )|gN( )271' - 1 |t| / N‘l‘ 1)2t4 27T
N—‘ |—N1/4 |t‘< N1/4
(1.4.2) A
; £ 2N
>~ sup 5
<~ t| 2m(N +1)
dt 742 g dt
< )| —.
f e OO < et [ 15015
These three estimates prove the lemma. [l

COROLLARY 1.4.3. Suppose that f = >°° | ancos(Ayt) € L3, with \py1 > q\n and
q > 1. If f is differentiable at a point p then a, = o(\,;1).
ProoF. Considering f,(t) = f(t + p) which has fp(n) = ¢ f(n) we may assume that
p = 0. Replace f by f— f(0) — f/(0)sint. This has no effect on the tail of the series and
now f(t) = o(|t|) at 0. We have f(j) = 0 for |j — Au| < An/q. We apply the Lemma and
obtain
; o(1)

|f(An)] <

COROLLARY 1.4.4 (Weierstrass’ nowhere differentiable function). .

() = Z cos(2"t)

2n
n=0
s continuous, but nowhere differentiable.

PROOF. The series is lacunary and uniformly convergent, so f is continuous and the
previous corollary gives that f is nowhere differentiable. O

1.5. Riesz products

Let {\,} be lacunary with ¢ > 3. A trigonometric polynomial of the form
N
Py (t) = H(l + an cos(Apt + ©n))
n=1
is called a (finite) Riesz product. Observe that, since ¢ > 3, an integer M can at most in
one way be written as

M = ch)\n, cn € {—1,0,1}.

In fact M will be a finite sum and unless ¢ = 3, not all M can be expressed as such a
sum. We use this when expanding Py. A typical factor of Py is 1 + (a,e®n/2)eint +
(ane™™n /2)e~ ! In the expansion of Py we will thus find exponentials of the form
etht — i endn)t and by the preceding observation such an exponential can be obtained in
at most one way . It follows that

I1 (w) if k=) epA,, with ¢, # 0,

0 elsewhere.

(1.5.1) P(k) = {

PN41 . PN +1 .
Also, from Pny1 = Py + %PN#/\NH + %PNS iAN+1 we see that the

Fourier series of Py, is obtained from the Fourier series of Py by adding two copies of Py
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multiplied by a constant, one shifted Ay41 to the right, the other shifted Ay41 to the left.
As g > 3 there is no overlap. In particular, whatever the sequence {a,}, if N — oo, then Py
becomes stationary on every finite subset of Z. We find that limy_.. PN is a well-defined
trigonometric series. If P = lim Py in some sense then P =lim PN.

For us there are two cases of interest:

(1) Suppose —1 < a,, < 1. Then all Py are nonnegative and ffﬂ Py = 1. Thus the Py
are (densities of) probability measures on (—7, 7). There exists at least one weak-*
limit point. If uq, o are two weak-* limit points of Py dt, we have fi; = [i2, SO
w1 = p2 and Py converges weak-* to a probability measure with Fourier-Stieltjes
series lim Py.

(2) Suppose that a,, = iby, b, € Rand Y, |b,|* < co. We have 1 < |(1+4iby, cos(Ant)| <
(1 +b2)Y/2, therefore, with suitable constant C.

(1.5.2) 1 < |Py| < eZnlos(482))/2 < 032000 <

Thus |Py| is uniformly bounded and Py converges weak-* to (a measure given by) an LS
function. (If O is open in T with Lebesgue measure |O|, and f is continuous 0 < f < 1 with
support in O, then | [ fPy dt| < C|O[; the same goes for the weak-* limit, giving that the
weak-* limit is absolutely continuous with respect to Lebesgue measure and the density is
in L)

LEMMA 1.5.1. Let {\;} be lacunary with constant q. Put A\_j = —Xj, \g = 0. There
exist constants Aq, By such that if f(t) = ZiVN cjetrit, then

> lejl < Agllflloos
1fll2 < Bqll £l

PROOF. Notice that if we prove the Lemma for real valued f, then it follows for complex
valued f with the constants A, and B, doubled. We first deal with the case ¢ > 3 and
assume that f is real, which means that ¢; = ¢_;. To prove the first inequality, we set

(1.5.3)

N

Py(t) = JJ (1 + cos(Ast + ).
j=1

We choose ¢; = argcj, j > 1. We have

N
7 1 iSign ( _
WPNf— Z Pyy)f(g) =5 30 eSmg Zm
j=—N
Also
g dt
| PNf*I < || flleo PN? = || flloo-

Thus we have proved the ﬁrst equality for ¢ > 3 Wlth Ay =4
For the second inequality we set

Py(t) = ﬁ (1 +i (|||f]||| ) cos(\jt + goj)) :

J=1

We proceed as above and find with the same choice of ¢;

‘C ’ eiSign (7))

N
17l = ZHfu = Z T

(1.5.4)
: —dt
Y ey — 2 [ Pvige <2IPallsih

j=—N
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Since the Py are uniformly bounded by el/2, compare (1.5.2), we are done. Notice that
it is the seemingly artificial factor ¢ that we introduced in Py, that makes it possible to
estimate || Pn||oo-

For ¢ > 3 we may take B, = 4e

The general case is done by carefully splitting the lacunary sequence in such a way that
the Riesz products associated to the subsequences make sense and will only pick up the
terms in the series that we want. Let M be a large integer, depending on ¢ and to be
determined in the process. Write for a fixed 0 < m < M )\;7”‘ = AMntjm- We want that
{Xj"}j is lacunary with constant > 3. Thus we require that M satisfy

1/2

(1.5.5) " >3,

hence a Riesz product associated to {)\T}j makes sense. Next, we want that each of the
frequencies A of f occurs in precisely one Riesz product. Suppose that n > 0 is written as
Z}'Izo cjAT', with ¢; € {~1,0,1} and ¢; = 1. Then

Jl)\m

J A
In — y<2)\m</\mz)\m_ TZLMS J—1’

Thus we want [A, — A}'| > in"_l for all A\, # N7, If Ay > ¢\’ this leads to

(1.5.6) q_1>1—qM or q>1+in_1,
while, if A7 > g\, this leads to

We take M so large that (1.5.5), (1.5.6), (1.5.7) are satisfied. Now let P = J[V(1 +
At M cos()\gnt + ©m+jm)) be one of the Riesz products considered in the first part of the

proof. Then
1 - 1
or [ PROT &t =5 S emejarlemssu

The first part of the proof gives
D leminl < 4l fllos,

(1.5.8) g1 s

O lemiinl®)2 < 42| £,
in respectively the first and second case of the lemma. Summing over m = 1,..., M gives
the result. (]

THEOREM 1.5.2. Suppose that the Fourier seriesy . cjeit of f € LY(T) is lacunary,
then f € L*(T). If f is bounded, then Y |c;| < co.

PROOF. Let oy[f] be a Césaro sum. These have L! norms, uniformly bounded by || f||;.
The lemma gives that
N

7] ? 2
ZON+1VHS&M

-N
This implies, by letting N — oo, that for fixed J the sum Z‘ij |cj|> < ByM, thus f € L*(T).

The proof of the second statement is similar. O

The homogeneity of behavior of lacunary series also appears in the following theorem.
We shall denote the length of a subarc I' of T' by |I'|.
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THEOREM 1.5.3. Suppose that (\;) is lacunary with constant q. For every § > 0 there
exists jo € N such that for all lacunary f € L*(T), f(t) = % cjettit with ¢; = 0 for
7] < jo, the following inequality holds for every subarc T' of T':

d
(51T~ O < / P o < (ATl + 9)l 7%

PRrROOF. It suffices to prove the theorem for trigonometric polynomials. We shall give a
proof for ¢ > 3. For the general case, see exercise 1.7.7. We have

it at dt
(1.5.9) /|P|2 /chc GO~ L P 4 chcm/ Onimie 2

n#m

Let h be the characteristic function of I'. Then h(n) = Jre~™dt/2m, therefore (1.5.9)
can be rewritten as

(1.5.10) %|F|HPH2 + ) enlmh(Am — An).
n#m

Now because ¢ > 3, A\, — A, assumes any integer j at most twice (solutions occur in
pairs: (n,m) and (—m, —n), and compare the beginning of this section). For general ¢ > 1
there exists K = K(q) such that there are at most K solution, Ex. 1.7.7. Moreover,
MiNg, n>j, |[Am — An|} tends to oo with jo. Thus frequencies j of h occur at most twice in
the sum in (1.5.10). We apply Cauchy-Schwarz to the sum and obtain that the norm of the
sum is less then

D Jencm*2 > RGP | < IPIPs,

n#m 12 inf {In =21}

if we choose jp so large that the 2-norm of the tail of the series of h is less then 6/2. It
follows from the explicit form of A(j) that this can be done independent of I'. Combining
this with (1.5.9) and (1.5.10) we obtain

1 2 2 1 2
—r| - < < (— .
(=TI =PI < [ 1Pt < (-IT|+8)1P)

1.6. Sidon sets

DEFINITION 1.6.1. Let £ C Z. A function f (or measure, or distribution) on 7' is called
E-spectral if f(n) =0if n ¢ E. Denote by Cg, L%, Mg the respective subspaces of C(T),
LP(T), M(T) consisting of E-spectral elements. These are closed subspaces. A subset E of
Z is called a Sidon set if f € C implies f € IN(E).

ExXaMPLE 1.6.2. Of course every finite set is a Sidon set. By Theorem 1.5.2 every
lacunary set is a Sidon set.

THEOREM 1.6.3. The following are equivalent:
1. E is a Sidon set. A
2. There exists K > 0 such that || f|l1 < K||f||co for all E-spectral trigonometric polynomials

3.f | 71l1 is bounded for every f € Ly.

3.a There exists a K such that ||f||1 < K| f|leo for every f € L.
4. M |g=I=(E).

5. L1 |p= co(E).



10 1. CLASSICAL FOURIER SERIES

Proor. (1 = 2) If F is Sidon, then the map f — f is linear bijective from Cg to
IY(E). Also its inverse (as a linear map) is continuous. Indeed

IFlleo = sup| 3= f(m)e™| < 3 | (m)l.

Hence, by the Open Mapping Theorem, f — f is open and thus f — f is continuous,
which means that for some K > 0 one has || f||; < K| f|lco. In particular, this is true for
FE-spectral trigonometric polynomials.

(2 = 3(a)) If f € LY, then on(f) is an E-spectral trigonometric polynomial with
lonN(f)loo < ||floo, independent of N. Thus there is a constant K such that [[on(f)|1 <
K||fllso- As in the proof of Theorem 1.5.2 we conclude that ||f]1 < K||f | so-

(3 = 1) is trivial.

Item 4 and 5 both say that a certain bounded linear transformation is surjective. Now
recall that the Open Mapping Theorem implies that a surjective bounded linear transfor-
mation F' between Banach spaces X and Y is open. Thus F({||z|| < 1}) contains an open
neighborhood of 0 € Y. By linearity we obtain that there is a constant C' > 0 such that for
every y € Y there exist x € X with Fz =y and ||z|| < C||ly||. This will be used in the last
two steps of the proof.

(3(a) = 4) Let (d;); € I°°(E). Then f+— >, f(j)dj is a continuous linear functional
on Cg which by Hahn-Banach can be extended to C(T'). By the Riesz Representation
Theorem there exists a complex regular Borel measure p which represents this functional.
Thus for f € Cg we have [ fdu = Y, f(j)d;. We choose f(t) = ¢!, A € E and find
fi(—=A;) = d;. Thus ji(\j) = d;j. Replacing d; by d; we obtain our result.

(4 = 5) First observe that modification of the Fejér kernels yields that if A is a finite
set of integers and € > 0, then there exists a trigonometric polynomial P = P, . such that
P(j) =1 and ||P||; < 1+e. We will use this with ¢ = 1. Now let (d;); € co(E). We may
assume that |d;| < 1. Put

Ep={n: 27% < |d,| < 27F1

By 4. there exist measures py, such that fix(j) = d; if j € Ey, while fi;,(j) =01if j € E'\ Ej;
moreover ||| < C27F. Let Ty be trigonometric polynomials with 7°(j) = 1 on Ej and
|Telli < 2. Then Ty * py, is a trigonometric polynomial of L' norm less than 2C27% and
with Fourier coefficients T}, (j)jur(7) = jur(j) on E. The conclusion is that

F@&) = Thx
k=1

is in LY(T') because the series converges in L'(T') and has f(j) = d; on E. )
(5 = 2) Let g be an E-spectral trigonometric polynomial. Define d,, = |g(n)|/g(n)
if g(n) # 0 and d,, = 0 elsewhere. (d,), € co(E) of norm 1, hence there exists f € L*(T)

with f |p= d, and || f||1 < C, where C is a constant only depending on E. Then

> 1) = _W fF)g(t) dt < lgllollf ]l < Cliglloo-
O

REMARKS 1.6.4. The smallest constant K in Theorem 1.6.3, such that 3a holds, is called
the Sidon constant of E.

In retrospect, we can understand the (limits of the) Riesz products in Lemma (1.5.1)
as explicitly constructed measures of Theorem (1.6.3), statement 4 and 5.

COROLLARY 1.6.5 (to Theorem 1.5.2). Suppose that E = {\;} is lacunary and that
L = (d;) € I>(E). Then there exists a bounded function f on T such that f()\j) =d,.
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PROOF. In view of Riesz Representation Theorem, L is in [?(E)* = (L%)*. In fact,
Lo =Y ¢(A\;)dj. By Theorem 1.5.2 L is also a continuous linear functional on L. Now
L% is a closed subspace of L1(T). By Hahn Banach we can extend L to all of L1(T). We
denote the extension again by L. Recalling, c.f. [13][Ch 7], that the dual space of L*(T)
is L>®(T), we find that there exists a function f € L such that Ly = 027r cpfzd—fr, for all
@ € LY (T). We now apply this with ¢(t) = ¢}? and obtain f()\j) =d;. O

REMARK 1.6.6. One can do the same for general Sidon sets by proving the analogue of
Theorem 1.5.3. This requires considerably more effort, cf. [2].

1.7. Exercises

1.7.1. Let (bn)nez be a sequence of positive numbers such that b, — 0 as |n| — oco.
Show that there exists a sequence (a,) with a,, > b, which satisfies the convexity condition
of Theorem 3.1.

1.7.2. Suppose that f € Cy, is Lipschitz continuous with exponent «, i.e. there exists
B > 0 such that for all z, |f(z+1t) — f(x)| < BJt|*. Show that |f(n)| < Cn~%. Hint: Write
the Fourier coefficients as
A 1 I —ins ds 2 —ins ds
f—2<0 (s)e ) f(s—m/n)e o |
1.7.3. Let (\,,) be lacunary. Suppose that f € L*(T) has Fourier series Y a,, cos(Ant).

Show that if f is Holder continuous at one point tg € T', then a, = O(A,;*). Next show
that f is Holder continuous on T'.

1.7.4. With the assumptions as in exercise 1.7.3, show that if f equals 0 on a small
interval in T, then f € C°°(T). Can you relax the condition that f be 0 on an interval and
still reach the same conclusion?

1.7.5. With the same assumptions as in exercise 1.7.3, f(t) = Ecne“‘”t, show that
if f is (real) analytic on a subarc I" of T, then f is real analytic on 7" by completing the
following outline.

(1) Observe that f is C* because of exercise 1.7.4 extended.
(2) Choose a clever interval I', a suitable modification f of f and show that there is a
C > 0 such that for every k, 1

Pl < © / FO@) Pt
T

(3) Use the Cauchy estimates to make the integrals in ii. bounded by a constant times
(116742,

1
(4) Make a favourable choice of I to have limsup;,_, . |cx|** < 1.
(5) Finish it off!

1.7.6. Prove Hadamard’s Theorem: If f(z) = >.°°  cn2? is a lacunary power series
with radius of convergence R then f(z) has no analytic continuation to a domain larger
than the disc with radius R. (C(0, R) is a natural boundary.)

1.7.7. Prove Theorem 1.5.3 for general ¢ by showing that now there exists K > 0 such
that every j € Z '\ {0} is assumed at most K times as a value of \,, — Ay,.

1.7.8. Under the assumptions of Corollary 1.6.5, show that f can in fact be chosen
continuous, by completing the following steps.

(1) Find sequences (ay), (b,) such that d,, = a,b,, with a,, € [?(F) and b, € co(E).

(2) Show that the convolution of a bounded and an integrable function is continuous.

(3) Prove the assertion.
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1.7.9. Suppose that f € C(T) has positive Fourier coefficients. Prove that f € I'.

1.7.10. Suppose that for every d = (d,,),, € [°°(FE) with |d,,| = 1, there exists a measure
p € M(T) with
|dn — fa(n)] <146

Prove that E is Sidon. (Think of the previous exercise and let d,, = ‘;EZ;' )

1.8. Final remarks, notes, and references

The classical book on trigonometric series is [14]. Section 1. is in [7], but also can be
found e.g. in [6].

Material concerning section 3 can be found in any reasonable book on Functional Anal-
ysis, e.g. [9], see [13] for a more extensive list of references.

Section 2. has been taken from [6], but is similarly treated in [14].

Section 4,5 and 6 are also mostly taken from [6]; [2] has a more comprehensive treatment
and was also used. Many things can be found in [14] too.



CHAPTER 2

Distributions and their Fourier Series

2.1. Introduction

Consider the wave equation on R?

*u  0%u B

(2.1.1) @ - ﬁ —

Introducing new coordinates ' = x +t, ¥y’ = x — t, we obtain the equation

d%u

(2.1.2) 920y =0,

which has the classical solution

w(@',y) = f@') +g9(y), f.g€eC*R).

Thus (2.1.1) has as classical solutions f(z+t)+g(x —t). Classically, C? is required because
2 differentiations are performed on u. Fysically, however, there is no reason to ask much
more than continuity. Also, from (2.1.2) we see that g; = g(y'), where the only thing

that matters is that this function doesn’t depend on z’. If § € L'(R) we get a solution
w(z',y') = f(2') + g(y') with no stronger conditions on f and g than continuity. There
are of course problems with changing the variables and we have a solution which is not
symmetric in  and y. The point is that it is at least inconvenient not to be able to
differentiate continuous functions.

As far as Fourier analysis is concerned, we know that f € C%W has the property that
f'(n) = inf(n). We can formally write down this sequence of Fourier coefficients also if f
is no longer differentiable. Can we give meaning to it as the Fourier series of something
interesting? Moreover, consider the Fourier transform Ff of f € LY(R). If f is C! we know
that

(2.1.3) Ff(&) = iF f(£).

Multiplication with & is a well defined operation on functions, the righthand side of (2.1.3)
is always well defined. A meaningful lefthand side, that is, indefinite differentiability of L'
functions, is desirable.

One way out is the concept of weak solution. Notice that if u € C? solves (2.1.1), then
for every compactly supported ¢ € C°°(R?) we have

u 82g0 0%

If the last equality in (2.1.4) holds for all compactly supported ¢ € C*°(R?) and u € C?,
then w satisfies (2.1.1). However the last integral in (2.1.4) makes sense for locally integrable
u. Thus one calls a locally integrable (sometimes only a continuous) u a weak solution of

(2.1.1) if u satisfies
2 2
// <g:1:f B ?9;20) u(x,t) dzdt = 0.

13



14 2. DISTRIBUTIONS AND THEIR FOURIER SERIES

We will use this idea to differentiate locally integrable functions arbitrarely often. In fact
we will go one step further. Observing that

U +— //ugoda:dt

is a linear functional on compactly supported C*° functions, we will explain how to “differen-
tiate” a large class of such linear functionals, which is determined by a continuity condition,
and identify the ones originating from locally integrable functions with a subclass.

2.2. Smooth functions on 7'

Recall, see [13]|[Chapter 6], that a seminorm on a (complex) vector space X is a real
valued function p such that

p(z) =0,
(2.2.1) p(x1 4+ x2) < px1) + p(e2),
p(Az) = [Alp().
Here z,z;, € X, A € C.
On C*(T) = C32 we define seminorms
(22 Fi() = 1969 o

the maximum of the j-th derivative. These seminorms can be used to define a topology on
C>°(T) by requiring that they are continuous, just as weak topologies were introduced in
Chapter 1. Section 1.3 Thus, a local subbasis at 0 consists of sets

Vie={p: Pi(p) <e}, jeN, e>0.

The space C*°(T') endowed with this topology is called D(T). From Chapter 1, Section 1.3
we see that

(2.2.3) f; €D(T) — f € D(T) <= VkeN {1 — f® uniformly.

So it is pretty hard for functions to converge in D(T'), cf. Exercise 2.7.1. However,
Fourier series behave nice in D(T).

LEMMA 2.2.1. Let ¢ € D(T'). Then Sy[p] — ¢ in D(T) as N — oco.

PROOF. Because ¢ is smooth, Sy[p] — ¢ uniformly, but also Sy[p] = Sy[¢] — ¢
uniformly. The same is true for higher derivatives. By (2.2.3) we are done.

LEMMA 2.2.2. The space D(T) is metrizable and complete in the metric

—,; Pilo—v)
2.2.4 d(p, ) = s S
(2.2.4) () = 2 T
PROOF. See Exercise 2.7.2. O

Observe that the metric d is translation invariant, that is d(z,y) = d(x — z,y — z) for
all z,y,z€ X

However, D(T') with the present topology cannot be turned into a Banach space because
of the following Lemma, which says that D(T) has the Heine-Borel property. A Banach
space can only possess this property if it is finite dimensional. Recall that a set X in a
topological vector space is bounded if it has the property that for every open neighborhood
U of 0, there exists N > 0 such that X C NU. If the topology is determined by seminorms,
this just means that every seminorm is bounded on X.

LEMMA 2.2.3. Every bounded sequence in D(T') has a convergent subsequence; A closed
bounded set in D(T') is compact.



2.3. DISTRIBUTIONS ON T' 15

ProoOF. This is a simple consequence of the Arzela-Ascoli Theorem, cf. Exercise 2.7.3.
O

It will be convenient to replace P, by an equivalent set of seminorms
n
B,=> P
j=0

This doesn’t change the topology, but it has the advantage that a local basis at 0 of D(T)
is now given by {P,(¢) < 1/n}, n € N.

REMARK 2.2.4. A vector space with topology induced by a complete invariant metric,
like we have met here, is called a Fréchet space. (Sometimes local convexity is required, but
that can be shown to hold here too.)

2.3. Distributions on T

Let D' = D'(T) denote the dual space of D(T'), that is the space of continuous linear
functionals on D(T). The notation is classical. Elements of D’ are called (periodic) dis-
tributions or generalized functions The space D’ will naturally be equiped with the weak-*
topology. We denote the action of L € D'(T) on ¢ € D(T) usually by

(L @) (= Lp).
The following lemma is an extension of a familiar result for Banach spaces, cf. [13][thm.
3.2].

LEMMA 2.3.1. Let X be a vector space with a topology induced by a countable set of
seminorms {p1,p2, ...} and let L be a linear functional on X. The following are equivalent.
i. L 1s continuous on X,
ii. L 1s continuous at xg € X,
iii. There exist C > 0, K € N such that

Lz| < C ().
Lo < € max, pi()

PROOF. (i = ii) is trivial.
(ii = iii). If L is continuous at xg, then for every € > 0 there exist K € N and 6; > 0,
(j =1,...,K), such that pj(x — x9) < ¢;, (j = 1,...,K) implies |L(z — x0)| < €. Let
d = min;{d;} and denote for y € X, M, = max;—1,__x pi(y). Then
M, oy M,

Ly| = |=LL(-2)| < =2
2ol =1 LGl < 5

-----

which proves iii, with C' = ¢/4.
(ili = 1). Let z,y € X.

Lz — Ly| = |L(z —y)| < C max _pi(z —y).
This is less than ¢ if p;(z —y) < ¢/KC. Thus we described a small neighborhood of = which
is mapped in an e-neighborhood of Lx. O

Apparently a linear functional L on D(T') is continuous, i.e. a distribution, if and only
if there exist n € N and C > 0 such that

(2.3.1) (L, )| < CPu(¢), YeeD(T).

The smallest n that is possible in (2.3.1) is called the order of the distribution. Of course
the zero distribution has order —oo assigned to it.

REMARK 2.3.2. If the underlying space is not compact, e.g. R instead of T', distributions
may have infinite order.
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2.3.1. Examples of distributions.
(1) Every u € L}_ defines a distribution L, via

& dt
Lu7 = a_
(Lu, @) / ups

This functional is indeed continuous: |(Ly, ©)| < ||lul|1||¢]co-
(2) We denote the set of Borel measures on T' by M(T). Every measure p € M(T)
defines in the same way a distribution L, via

<um:[¢mw

Both examples are distributions of order 0.
Abusing the language we will drop the L and identify a function or measure
with the associated distribution, writing e.g. (u, ®).
(3) The delta-distribution ¢ = ¢ is defined by

(0,) = ¢(0).
The delta distribution originates from point mass at 0.
REMARK 2.3.3. The name test functions for the elements of D is now understandable,
these functions are used to test the action of an L! function or distribution.
2.4. Operations on Distributions
2.4.1. Differentiation. Let L € D'(T). Define its derivative L' € D(T') by
<L,7 (P> = _<L7 90/>

Observe that L’ is well-defined because ¢’ € D(T); L’ is also continuous. Indeed, there exist
C >0, n € N such that [(L,¢)| < CP,(¢). Then

(L', )| = [(L,¢)] < CPu(¢") < CPryi(p).

We conclude that every distribution is infinitely often differentiable. In general, differenti-
ation increases the order of a distribution by 1.

EXAMPLES 2.4.1. Let f(z) be the characteristic function of (0, 7) viewed as element of
Li_. We compute its distributional derivative f’. Let ¢ € D(T), then

==t = [ rweg = [[Hom = 2050

We conclude that f/ = 502; On

The function f(x) = log|z| is in L} . Its distributional derivative is determined by

(o) =~y = = [ loglie )5 :rmm/% + [Tlogli )5

—T
27 e—0

< /_;+ / ’ ‘pit)dt» — p(rincipal) v(alue) / 90&“;;

Here we have used that ¢ is periodic, making the stock terms cancel in the limit. The last
equality is the definition of the principal value integral. We have shown that f’ = p.v.%.

-1
(2.4.1) = — lim <log ep(—e) —logmp(—m) —logep(e) + log mp(m)—

PROPOSITION 2.4.2. Differentiation is a continuous operation: If L; — L in D'(T) then
L — L' in D'(T).
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PRrROOF. For any ¢ € D(T'), we have (Lj,¢) — (L,¢) by definition of weak-* con-
vergence. Hence (Lj,¢') — (L,¢'), which by definition of differentiation gives (L, ) —
(L, ). O

2.4.2. Restricted Multiplication. The price one pays for infinite differentiability is
that multiplication of distributions is in general not possible. However, if f € C*(T),
L € D' then fL can defined by

(FL,p) = (L, fo).
This is indeed continuous: if ¢, — ¢ in D(T) then fp, — f¢ in D(T), therefore

(fL;on) = (L, fon) = (L, fo) = (fL, ¢).

If w € M(T) and f € C(T), then fu € M(T). Hence multiplication of a continuous
function with a distribution associated with a measure or an L' function is also possible.
More generally one can prove that a distribution of order k can be multiplied with a function
in C*, cf. ex. 2.7.5.

LEMMA 2.4.3 (Product rule). If f € C°(T) and L € D', then
(1) = 'L+ T
ProOOF. Let ¢ € D. Then

<<fL)/7(p> = _<fL790/> - _<L7 f90/>

(2.4.2) = —(L,(fo) — f'o)) = (L', fo) + (f'L, o).

O

2.4.3. Local Equality. The fact that Ll _is identified with a subset of D’ makes it
clear that the “value of a distribution in a point” makes no sense. However, on open sets
equality makes sense! Recall that the support of a continuous function ¢ is the closed set

Supp ¢ = cl{t : p(t) # 0}.

DEFINITION 2.4.4. Two distributions Ly, Lo on T are called equal on an open subset
I' C T if for every ¢ € D(T) with support in I', one has (L1, ¢) = (L2, ¢).

The support of a distribution L € D’ is the complement of the union of the open sets '
with L=0onT.

EXAMPLES 2.4.5. The support of ¢ is {0}. If L originates from a continuous function
then the two notions of support coincide.

REMARK 2.4.6. Multiplication can be localized: If L € D’ has order k, and on an open
I' C T is equal to a distribution of order j < k then L can be multiplied with C7 functions,
that are C* in a neighborhood of the complement of I'. See Exercise 2.7.11. Moreover it
turns out that (especially in higher dimensions) a further refinement is possible. This is
based on local Fourier analysis of the distribution and takes into account the directions in
which the singularities occur. We deal with this topic in a later chapter, but to get a flavour
of the problem, consider the distribution L on R? given by

0
) = ¥

7<07 0)

L. o) —

This has order 1, so we can multiply with f € C' but a closer analysis gives that we only
need to require something like f continuous and differentiable with respect to x.
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2.5. Fourier Series of Periodic Distributions

In analogy with L} we can define for L € D(T') the Fourier coefficients

L(n) = %(L, ety

For example, as we know already d(n) = 1/27.
As one expects, we put

N
SNILI(t) =D L(n)e™.
—-N

For example, Sy[6] = Dy, the Dirichlet kernel. Let ¢ € D(T)

N
1 " nt .
<SN[5L<P>:27T/_7r ZNe @(t)dt = Dy *¢(0) — ¢(0), as N — oo.

We see that the Dirichlet kernels tend weakly to 9.
LEMMA 2.5.1. If L € D' and ¢ € D(T) then

(L,o) =213 L(-n)@(n).

Proor. Using Lemma 2.2.1 we see that

N—oo

N
(Lg) = lim (L, Sxlgl) = lim 253" g(n)E(~n).
-N

This proves the Lemma.

THEOREM 2.5.2. If L € D, then the Fourier series of L tends weak-* to L.
PRrROOF. For every ¢ € D(T') we find by Lemma 2.5.1, if N — o0,

N
(SN[L), ) =2m Y L(n)p(—n) — (L, ).
—-N

COROLLARY 2.5.3. The map L — L is injective on D'.

PROOF. If L(n) = 0 for all n € Z, then L = 0 by Theorem 2.5.2.

COROLLARY 2.5.4. Let L€ D'. If L' =0 on T, then L is a constant.

O

PrOOF. The Fourier coefficients of L' are 0 = f/(n) = inL(n). It follows that the

Fourier series of L consists only of the constant term. Theorem 2.5.2 gives that L is a

constant.

THEOREM 2.5.5. The following are equivalent.
L Y02 cn€™ is the Fourier series of a periodic distribution.
ii. There exist constants N,C such that |c,| < Cn™.

PRrROOF. If>°°° _ ¢,e™ is the Fourier series of a periodic distribution L then 22[:_ N Cn€

n=—oo

tends weakly to L by Theorem 2.5.2. It follows that for every k, if N > k

N
(Z cne™ — L ey = ¢ — f/(k)
Y

O

tends to 0 if N — oo. Hence ¢, = L(k). Now L has finite order, say N. Then |c,| =

[(L,e~™)| < CPy(e”") < CNnlV.

int
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In the other direction, if |c,| < Cn®, then (c,/n¥*1), € 1%(Z). Parseval gives
(o]
_ Cn int 2
fo=>" —yre™ € LX(T).

—00
It follows that f(N+1) is a distribution of at most order N + 1. It has Fourier coefficients
iN*le, for n # 0. Dividing by iV and adding ¢y we have found a distribution with the
prescribed Fourier series. O

COROLLARY 2.5.6. Every periodic distribution is of the form FWN) +¢ with F continuous
(or in L?).

PRrROOF. This is in the proof of the second part of Theorem 2.5.2 for F' in L?. If F is

not continuous we consider
oo

C .
F(t)=>Y_ HTLCW e C(T),
—00
because the series is uniformly convergent and proceed as in the last part of the proof of
the Theorem. O

2.6. Convolution and Multiplication

From [7] we know that if f, g € Cyr, then f+g:= [T f(z —y)g(y)4 and fg are also

21
in Cy; and have Fourier series given by
7m T— —in dy dx R ~
(2.6.1) (f*g)( / flz—y s yﬂﬂ = f(n)g(n)
and

(2.6.2) an N9G) = f*a(n).

2.6.1. We can use (2.6.1) to define the convolution L;j % Lo for periodic distributions
L; €D:

(263) L1 * L2 dﬁf Z f;l(n)ﬁg (n)emw

Application of Theorem 2.5.5 gives that there exist C, k > 0 such that |L;(n)La(n)| < C|n|*,
(n # 0), and another application of Theorem 2.5.5 shows that the series represents a
distribution.

Formula (2.6.2) shows once more why it is difficult to multiply distributions: The Fourier
coefficients ( fg)A( ) have to be finite. Suppose f is a distribution of order k. Then f(n)
behaves like n¥. For (2.6.2) to converge, the §(n) have to be something like n=%, i.e. g is

fairly smooth.

2.7. Exercises

2.7.1. Prove that, as n — oo, the sequence sin(nt)/n® converges to 0 uniformly, but it
does not converge in D(T)).

2.7.2. Prove that (2.2.4) defines a metric and complete the proof of Lemma 2.2.2.

2.7.3. Recall the Arzela-Ascoli theorem: If {f,}, is an equicontinuous family of
pointwise bounded continuous functions on a separable compact metric space, then {f,}a
has a uniformly convergent subsequence. Equicontinuous means

Ve 30 such that |z —y| < d = |fa(z) — fa(y)| <e,

independent of a.
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Prove the following. If {f,}s is bounded in the C'-norm on T, that is, the norm
| “lloo + || - "loo on T, then {fa}q is equicontinuous and pointwise bounded. (Apply the
mean value theorem.)

2.7.4. Prove the continuity in example 2.3.1 by showing that ¢, — ¢ in D(T) implies
(Luy on) = (Lu, ©)-

2.7.5. Let L € D' be of order k and let f € C(T). For which k and I can you give a
definition of fL by using (2.6.1) ?

2.7.6. Compute the distribution sum of

(2.7.1) o

2.7.7. Compute the distributional derivative of

(2.7.2) f(z) =

r+nm if —m <z <O,
r—m f0<z<m.

2.7.8. Let ¢ € D(T), L € D. Put ¢*(y) = ¢(x — y). Show that
L o(z) S (L, o)

is well-defined and coincides with definition (2.6.3). Prove that L ¢ is a smooth function.

2.7.9. Let L € D’ have support {0}.

(1) Use Corollary 2.5.6 to express L as the j’th derivative of a continuous function f
on (—m,m).

(2) Show that there are polynomials P;, P, of degree at most j — 1 such that f = P;
if x >0and f(z) = Py(x) if z <O0.

(3) Conclude that we may take f = PU with P a polynomial of degree j — 1 and U
the characteristic function of (0, 7).

(4) Prove that L is a finite linear combination of derivatives of 4.

2.7.10. For L € D, let Ly, be defined by Ly := Lp(.—h). Compute the distributional
limit

. Lp—L
lim .
h—0
2.7.11. Suppose that L € D’ has order k, and on an open I' - T is equal to a
distribution L of order j < k. Prove that L can be multiplied with any CY function F', that
is C* in a neighborhood of the complement of I'. [ First prove the result for L = 0 on T.

Then write L = (L — L) + L]



CHAPTER 3

Distributions on R"

As before, distributions on R™ will be continuous linear functionals on test spaces of
smooth functions. However, because R™ is not compact, there is some freedom in the choice
of the test space, which leads to different classes of distributions. Also the topology on the
test space is more complicated. Therefore we will base our treatment on the semi-norm
approach, (2.3.1) of the previous chapter. In particular this makes it clear that advanced
knowledge of topological vector spaces is not necessary to work fruitfully with distributions.

We will mention some useful facts about smooth functions in Section 3.1. The proofs
will be rather sketchy. Details may be found in [5]. In what follows U will be open in R™ and
K will be compact in R™. Variables in R"™ will generally be written as x = (x1,...,z,), and
dx = dxydzsy ... dz, will denote the corresponding Lebesgue measure on R™. Also B(z,r)
will be the open ball with radius 7 centered at 2. We write C§(X) C C¥(X) for the class of
k-times differentiable functions that are supported on compact subsets of X; k may of course
be co. The space C§°(U) will be our test space and following Schwartz we denote it by D(U)
or D if no confusion is possible. As usual the elements of D(U) are called test functions. The
reader is warned that this notation is not the same as in [7]. Differential operators will be
denoted using multi-index notation: with o = (a1,...,a,) € N”, we put D* = D' ... D4,
it is a partial derivative of order |a| = ag + - -+ + a; also ol := aglas! ...yl

3.1. Smooth Functions

LEMMA 3.1.1. Let p € U. There exists a non-negative test function ¢ on R™ with
©(p) > 0 and Supp ¢ is a compact subset of U.

PROOF. Without loss of generality, p =0 € c1 B(0,1) C U. Let

0 elsewhere.

(3.1.1) f(t) = {el/t =0,

The function f is smooth on R. Now take ¢(z) = f(1—||z/|?) on R", this function is smooth
and its support is ¢l B(0, 1) O

LEMMA 3.1.2. There exists a smooth, compactly supported approximate identity on R™.

PROOF. Let ¢ be as in Lemma 3.1.1 with p = 0. Multiplying with a positive constant
if necessary, we can assume that fU o(x)dr =1. Let

pe(0) X (),

en e
Then ¢, > 0, [ . = 1 and ¢, — 0 uniformly on ||z|| > 6 > 0, hence {¢.} is an approximate
identity consisting of compactly supported functions. (I

THEOREM 3.1.3. Let f € CE(U) and let {¢:} be an approzimate identity consisting
of compactly supported smooth functions. Then f x oo is C™ and for 0 < |a| < k the
convolutions D* f x o will tend to D f uniformly on U if ¢ — 0.

PROOF. Writing f*¢.(z) = [ f(y)pe(x—y)dy, an application of Lebesgue’s dominated
convergence theorem allows us to differentiate under the integral sign infinitely often. On

21



22 3. DISTRIBUTIONS ON R"

the other hand we may write f * p.(z) = [ f(z — y)ps(y)dy which yields that for |a| < k,
D(f*xpe) = (Df) * pe. Hence it suPﬁces to prove that f* e — f uniformly if f € Co(U).
Indeed,

£rge= 1@l =1 [(le=9) - F@)el) sl <5 [ oo <5
if ¢ is so small that |f(z) — f(z — |<5fory€Suppg05 O

LEMMA 3.1.4. Let K be compact in R", ¢ > 0 and let K. = {y : d(y, K) < ¢}. There
exists . € C§°(K;) such that . =1 on K. Moreover the derivatives satisfy

(3.1.2) | DY ()| < Che™ I,
for certain constants C,, depending on « but not on ¢.

PRrROOF. Let {p:} be the compactly supported approximate identity constructed in
Lemma 3.1.2. Then ¢. is supported in B(0,¢) and its derivatives satisfy D(y.)(z) =
L (D%p)(%). Let x be the characteristic function of K., and set

elol
Ve = X * Pe/2-
As in the proof of Theorem 3.1.3 we obtain that 1. is smooth. It is obviously supported

in K. and its derivatives are 1) x D*(p/2) which is bounded by a e~lolC, by our previous
estimate. O

We have used the straightforward but noteworthy fact that for L' functions f and g,
Supp(f*g) C Supp f+Supp g, where for A, B C R" we write A+B = {a+b: a € A, b € B}.

LEMMA 3.1.5. Every open U can be written as U = UPK; with K; compact and K; a
subset of the interior of Kj 1. In fact we can make the convenient choice

(3.1.3) K;={zxecU: |z| <j and d(x,0U) > 277},
PROOF. Immediate. O

DEFINITION 3.1.6. A partition of unity of an open set U subordinate to an open cover
U = {U;}; of U, (ie.,, U = U;U;), is a countable set of nonnegative smooth functions
{¢j, 7=1,...} on R" with the following properties:
1. Vj31; such that Supp ¢; C U,.
2. If K is a compact subset of U, then only finitely many of the ¢; are non-zero on K.
3. On U we have } , ¢; = 1.

Notice that the sum in 3. is well-defined because on every compact K we only have to
take into account the finitely many ¢; that are positive on K. We keep the notation of the
definition.

THEOREM 3.1.7. For every open cover U of U, there exists a partition of unity subordi-
nate to U.

Proor. First remark that every compact K C U is contained in one of the K, of
Lemma 3.1.5. Thus we only have to check 2. of Definition 3.1.6 for these Kj.

The important observation is as follows. If x ¢ K, then d(z,0U) < 277 or ||z|| > j. In
the first case, d(x, K;—1) > 277, in the latter case d(z,K;_1) > 1. The ball B(z,r) with
r = $min{1,d(z,0U)} will have empty intersection with K;_;.

We now define for z € U, the ball B-(z) = B(z,t) with t = 3 min{1,d(z,0U,)}. By
Lemma 3.1.1 we can find non-negative ¢, € D(BT( )) with @T’m( ) = 1. Keeping in
mind that U covers U we introduce for every x € U (at least one) open neighborhood
Dr(x) ={y € B-(7) : pra(y) > 1/2}.

We will select a good covering of U. First K1 C Uger, D-(z). We can find a finite
subcover labeled D 1,...D1 . Next, Ky = Ky \ (UglleLj) is compact; again K C
UxeKéDT@J). We can find a finite subcover labeled Do 1,... D5 j,. The D; ; and D j cover
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K5. Continuing in this way, covering each time K = K; \ U;<; D; ; with finitely many D; ;,
and relabeling, we obtain a countable covering D1, Do, ... of U. Call the corresponding
B:(x)’s: By, Ba, ... and the corresponding ¢;.’s: ¢1,¢2,. . ..

Now every ¢; has support in some B; = B;(z) C U, therefore it satisfies 1. For
condition 2 notice that there are only finitely many B; of the form B(z) with z in K. By
our first observation, if z ¢ K; then B(x) N K;_; = (. Thus for every j, K;_1 is covered
by finitely many B; and condition 2 is satisfied.

To finish the proof we have to modify ¢; a little. Observe that

o)
@ZZ%
1

is a well-defined smooth function on U, because on compact sets only finitely many terms
are non-zero, and since every y € U is in some D;, the sum is at least 1/2. Now introduce

=2
¥
Clearly 1; € D(U,) and the 1); satisfy 1, 2, and 3 and form a partition of unity. O

COROLLARY 3.1.8. For every 1 € C3°(U) and every cover U of U there exists a finite
subcollection U; of U such that we can write ¢ = Zf\il Wi with ¥; € D(U;).

Proor. Let K be the support of . Let ¢, j = 1,... N be the finitely many ¢’s that
are non zero on K. Then p; € D(R") has compact support in U, N K. The Uy, constitute
a finite set {U] i =1,... N}. We have

=91 =)Y vp;, onkK.
J

Assembling the ¢; which have support in the same Uj, i.e., setting 1); = ZTJ_:Z. Pr;, We are
done. (I

REMARK 3.1.9. It is possible to put a topology on the test space D(U) that makes it a
complete locally convex topological vector space. This is not so easy, because we have tried
to keep D(U) as small as possible in order to have as many continuous linear functionals
as possible on it. However, occasionally we don’t need so many distributions and deal with
two “easier” spaces of test functions.

We introduce seminorms Qg o on C*°(U) as follows

(3.1.4) QK ,a(p) = sup [D%|,
zeK

where K runs over the compacts in U and « over all multiindices. C*°(U) equipped with
the topology induced by Qk « is denoted by £(U) or simply £.

3.1.1. The Schwartz Class. In [7] the class S of Laurent Schwartz was introduced
on R. For R" the definition is similar
(3.1.5)

S=S8R") = {f € C°(R"): for every a € N" and k € N, ||z||¥| D%(f)| is bounded}.

S is topologized by the seminorms Py . defined by
(3.1.6) Pra(f) = sup lz|[*ID*(f)I, a€N", keN.
We say that f € O is rapidly decreasing if for every k and every «, |D(f(z))|||z|/* tends

to 0 if ||z|| — oco. Replacing k by k+£" in the definition we see that in fact S is the collection
of rapidly decreasing functions.

PROPOSITION 3.1.10. D(R"™) is a dense subspace of S.
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PROOF. Let f € §. We have to show that given k,l € N, ¢ > 0, there exists ¢ € D
with Py o(f —¢) < e for |a] <I. Let ¢p € D, 0 <4 < 1, with ¢y = 1 on B(0,1). Put
Yr(x) = (x/r), then ¢, = 1 on B(0,7) and |D*(¢,))| — 0 for 1 < |a| < k if r — co. Put
or = fir. Also (1 — ) f — 0 if r — co. We have

D*(f =)= D cpgDP(f)DU(1 =),
pHg=a

for suitable (fixed) constant c,, and multiindices p and ¢. Using that DP(f) = O(1/||z|*)
and that for |g| > 1 all D9(1 —1,) can be made arbitrary small by choosing r large enough,
while in case |g| = 0 this can be done on compact sets, we can bound D®(f —vf) by e|=| .
The proposition follows.

PROPOSITION 3.1.11. D is dense in &.

We leave the proof as an exercise.

3.2. Distributions

DEFINITION 3.2.1. A distribution L on U is a linear functional on D(U) such that for
every K compact in U there exist C', N such that

(3.2.1) |Lo| = (L, )| < C|rr‘1a>]i7 | D*(¢)|l, for ¢ € D(U) supported in K.
o<

The set of distributions on U is denoted by D'(U). If N can be chosen independent of K,
the smallest IV such that (3.2.1) holds for all K is called the order of L.
We give D'(U) the weak-* topology, that is,
Lw— Ly

is a continuous map for every ¢ € D(U). Equivalently L; — L in D'(U) if and only if for
every test function ¢ we have

(3.2.2) Lije — L.

LEMMA 3.2.2. Let ¢ and (¢;); be in D(U) and have support in a compact set K C U.
Suppose that for every o, D*¢; — D“p uniformly on K. Then for every L € D(U) we
have Lyp; — L.

PROOF. L(p — ¢j) — 0 in view of (3.2.1). O
Differentiation, local equality and support of distributions are defined just like in Chap-
ter 2. E.g.,
(DL, o) E (1)L, D), LeD, peD.
EXAMPLES 3.2.3. Let 6; denote point mass at j € R. The following distributional limit
exists L =3 72, 5§] ). It has infinite order.

Let ui(x) = tVe™ x € R, N € N, then as distributions the limit for ¢+ — oo exists:
using integration by parts,

(ug, @) = / tNel®p(z) doe = iN T / o) () dr — 0, ast— oo, @eD.
R R
In addition we define

DEFINITION 3.2.4. The singular support of L € D' is the complement (in U) of the
union of the open sets where L is equal to a C*°-function.

THEOREM 3.2.5. Let V. C R™ be open. Let L € D'(U). If ¢ € C®°(U x V) is such
that ¢(-,v) has support inside a compact K C U for all v € V, then Ly(-,v) € C*°(V). If
p € DU x V), then Lp(-,v) € D(V).
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PROOF. We write down the second order Taylor development of ¢ with respect to the
second variable at v € V:

e(u, v+ h) = (u,v) + Vyp(u, v)h + P(u, v, h),
where, by compactness of K for every «

(3.2.3) max | D) (u, v, h)| < Callh]*.
ue

We conclude
LQO(W/U + h) — L@(vv) — L(VUSO(vv))h’

(3.24) ] -7

[ Lap(-; 0, h).

Using that |Li(-,v,h)| is bounded by a constant times the maximum over finitely many
a’s of left hand sides of (3.2.3), we see that (3.2.4) tends to 0 with ||||. We conclude that
Ly is O, its partial derivatives (in V) are given by LD;p(-,v). By what we have proved,
they are C!'! Continuing in this way we obtain the first statement of the theorem. For
the second statement, if ¢ € D(U x V') then ¢(-,v) will vanish identically for v outside a
suitable compact set in V', hence so will Ly(-,v). O

THEOREM 3.2.6. Let V. C R™ and let ¢ = p(u,v) € DU x V). If L € D'(U) then
L [¢(-,v)dv= [ Lo(-,v)dv.

PrOOF. We use Riemann sums. For every a we have

/Duwuv v—hmZD (u, ht)h

tezm

uniformly on a compact set in U, because of compactness. Thus Lemma 3.2.2 implies that

L/@(.,U) dv=1L <hm S e, ht) hm> = lim ) L{p(-, ht))h" —/ch(.,v) dv.

tezZm tezZm
([

THEOREM 3.2.7. Every distribution L € D'(U) of order k can be extended to a linear
form on CY(U), in such a way that (3.2.1) holds for all p € C§.

PrOOF. Let f € CE(U). By Theorem 3.1.3 there exists a sequence of functions pj €
D(U) that approximate f in the sense that the partial derivatives of f — ¢; of order < k
tend to 0 uniformly. It follows that for |a| < k, D*(¢;) form a Cauchy sequence in the
uniform norm on U. The same is then true for Ly;, because of the estimate (3.2.1). By
usual arguments this implies that

Lf = lim Lyp;.
j—o0
is well-defined, independent of the choice of ¢;, and that the estimate (3.2.1) also holds for
f. O
COROLLARY 3.2.8. A distribution of order 0 is a complex Borel measure.

PRrROOF. Recalling that complex Borel measures on U are precisely the linear forms that
satisfy (3.2.1) for all ¢ € Cy(U), this is immediate from the theorem. O

A distribution L € D'(U) is called positive if Ly > 0 for every non-negative test function
®.

THEOREM 3.2.9. Positive distributions are measures.
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PROOF. Let K be compact in U and let 0 < < 1 be a test function that equals 1 on
K. If p € C3°(K) is real valued, then

¢llocty £ @ > 0.
Applying L to these relations, it follows that for real valued test functions supported in K
(3.2.5) L] < [[llooLap.

For complex valued testfunctions we write ¢ = ¢1 +ipa. Applying (3.2.5) we obtain in this
case

|Lo| < 2||¢llLy), ¢ € D(K).

This means that L has order 0 and thus it is a measure. |

3.3. Distributions with Compact Support

Recall that we introduced £ as the space of smooth functions on U equipped with the
topology determined by (3.1.4). Its dual space is denoted by £'(U). As in Chapters 1 and
2 we see that L € £ if and only if there exist a compact set K in U, and constants C, N
with

3. < « .
(3.3.1) ‘LS"’—CIEI?TETSN’D @, (peé)

THEOREM 3.3.1. Let L € D'(U) be compactly supported with Supp L = K. There exists
precisely one linear functional L on C*°(U) with the following properties:
i. L=L onD(U);
il. Lo =0 for all ¢ in C°° with support in the complement of K.
Moreover, L € £'(U).
PROOF. Let 0 < u <1 € D beidentically 1 on a neighborhood of K and let .S = Supp u.
We define
Lo = L(up), p€E.
Observe that for ¢ € D we have

Ly = L(up) + L((1 = w)p) = L(p),

because (1 —u)p € D has its support in the complement of K, thus is annihilated by L.
Next if ¢ € £ and Supp ¢ is in the complement of K, then uy has compact support in the
complement of K, so L(up) = 0.

Suppose L; is another linear functional satisfying i. and ii. Let ¢ € £. We write
¢ = up + (1 —u)p. The first term in the sum is in D, the second has support in the
complement of K, hence is annihilates by L;. Then

Lip = Li(up + (1 = u)p) = Li(up) + L1((1 = u)p) = L(up) + 0 = L.
Finally observe that by (3.2.1)

3.3.2 Lol = |L <C D® )
(3.3.2) |Lo| = |L(up)| < :ce.;,n?&)\{gN‘ (up)]

This implies by Leibnitz rule that

Lyl < ' D),
|Le| < xe;}lﬁg‘%NI (@)l

where the norms of the derivatives of the (fixed) function u are absorbed in C’. In other
words, L € £'. O
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The proof of Theorem 3.3.1 shows that for a distribution supported on a compact set
K, we can take the maximum in (3.3.1) over an arbitrarily small compact neighborhood
of K. Can’t we just take K7 The following example shows that the answer is in general
No. It is known that the supports for which the answer is Yes, are finite unions of compact
connected sets such that any two points x,y in the same component can be joined by a
rectifiable arc of length C|z — y|, cf. [5], Th. 2.3.10.

EXAMPLE 3.3.2. Consider the sequence X with elements z,, = 1/n® in R. Let K =
X U {0} be the closure of X. Define L € D'(R) by

[e.e]

(3.3.3) (Lyg) =) n(e(xn) — ©(0)).

n

=1
Observe that L is compactly supported (on K). Let us show that it has order 1. By the
mean value theorem p(x,,) — p(0) = 1/n3¢/(&,) for certain &, € (0,x,). We substitute this
in (3.3.3) and find

/
(3.3.4) (L, )| < € max |¢(2)].

However, we can not replace this maximum by a maximum over K, even if we were willing
to increase the order of L. To see this, let ¢, € D(R) satisfy

0 for x < xpmy1,
( ) m(®) {1 for x,, < x < 2.

We have |¢,,| <1 on K and all derivatives of ¢ vanish on K. If (3.3.4) would hold with the
max taken over K, then it would follow that (L, y,,) were uniformly bounded. However,
(L, om) = m, a contradiction!

REMARK 3.3.3. This example easily generalizes to more general compacts having infin-
itely many connected components.

THEOREM 3.3.4. Let L € & be of order k and supported on a compact K. Suppose
© € € has the property that D*p =0 on K for all || < k. Then Ly = 0.

PrOOF. Let u. € D equal 1 on K and 0 outside K. as constructed in Lemma 3.1.4.
Then in view of Theorem 3.3.1 we have Ly = Lu.p for all €. There exist C' and k such that

Lu <(C max D*(u .
Lucgl <€ __max |0 (1)

Using (3.1.2) we see that
D (Usp)| < G Y ePFDIg).

1Bl <le
Therefore, it suffices to show that for all || < k
(3.3.6) eBl=kpBy — 0 ase — 0.

If |8| = k, then this follows from continuity of D?p and D%p = 0 on K. For the general
case we apply Taylor’s formula to D%¢ on an interval [z,y], z € K, y € K.:

(3.3.7) D% (p(tly —2) +2)| < Cltlly — 2l Y D7 +p()].

|8'1=3
where j = k — |f], £ € [z,y]. We take ¢t = 1 and use again that for |a| = k, we have
D%p(z) = o(1) on K, for ¢ — 0. Hence (3.3.7) becomes

|IDP(o(y)| = e’o(1) on K. fore— 0.
Inserting this in (3.3.6) we are done. O
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COROLLARY 3.3.5. If L € D’ has order N and Supp L = {0}, then
Ly = Z caD%p(0).
|| <N
That is, L is a linear combination of derivatives of 6.

PROOF. Let ¢ € €. Write ¢(z) = 32| <n D2e(0) por 4 ¥ (z), where the derivatives of 9

al

up to order N at 0 vanish. By Theorem 3.3.4 L = 0, hence
D%(0
Ly = Z L(z%) o )

ol
la|<N

3.4. Convolutions and Product Spaces

It is convenient to have some notation for translated and reflected functions. Let ¢ be
a function on R".

o Translation: (7¢)(y) = ¢z(y) = ¢(y — x);
e Reflection: ¢(y) = p(—y).

Recalling the definition of convolution we see that

(3.41) Fro@= [ faa-ndi= [ fnaw) . fge @)
It is now natural to make the following
DEFINITION 3.4.1. For L € D', ¢ € D the convolution
def .
Lxg(z) S (L, @) (= (L, p(a =)

By Theorem 3.2.5, L * ¢ is a smooth function. In view of Theorem 3.3.1, if L has
compact support, then L x ¢ is defined for ¢ € £. Note that L * p(0) = L.

THEOREM 3.4.2. If L € D', and ¢, € D then
(L*p)*x1p=Lx*(px1).

PROOF. We use Theorem 3.2.6.

Lrg)ei(t) = [(Lrppitt—o)de =L [ plo =)ot - a)do

(3.4.2)

— /w:)w(t ——a)de=Lp(t— ) = L* (% 0)(1).

Convolution with a distribution is a translation invariant operator from D to £. Indeed,

To(Lx ) (t) = 7o (L(11)) = L(Ti-ap) = L(1i(12p)) = L * (T2p)(t).
It also has some continuity properties, in the sense that, of course, ¢ — L ¢(t) is for every
t a distribution. The converse is also true:

THEOREM 3.4.3. Suppose that T : C3° — C(R™) is a translation invariant operator with
the property that ¢ — Tp(0) is an element of D'. Then there exists a unique L € D' such
that Ty = L x . In particular, T maps C§° into C*.

PROOF. Let L% T(0). Then L is a distribution. We compute
Lxp(x) = L+ (T-2¢)(0) = L(1-2¢p)” = T(7-2¢)(0) = 7 T(0) = Tep(x).
Thus we have found L. If L ¢ = L * ¢ for all ¢ € D then for test functions ¢
(Lyp) = Lxp(0) = Lx9(0) = (L,¢),
and L = L by the very definition of distribution. O



3.4. CONVOLUTIONS AND PRODUCT SPACES 29

Now let Ly € D', Ly € €. Then for ¢ € D we find that
Lox (L1 x¢) and Ljx(La* )

are wel defined — for the second expression observe that Lo % ¢ has compact support.
Moreover, both operators are translation invariant. Therefore by Theorem 3.4.3 we can
make the following

DEFINITION 3.4.4. Lj * Lo is the unique distribution L with the property that L x ¢ =
Ly * (La % ¢). One similarly defines Lo * L;.

One can show that Ly x Lo = Lo x L, cf. exercise 3.6.7.

There is another way of looking at convolutions. We start with (3.4.1) and wish to view
that as a distribution, thus let it act on ¢ € D.

(fxg,0) = /n - fW)g(z —y) dye(x) dr = //nxw f(y)g(t)p(y +t) dydt.

This explains commutativity of convolution as a direct consequence of commutativity in
R™. To make it work we have to make sense of u(z)v(y) for distributions u € D'(R"),
v e D'(R™).

Let X; C R, j =1,2. For f; € C(X;) we define the tensor product as follows

fi® fa(z1,m2) = fi(z1) fa(22).
What we need is an analogous tensor product of distributions. It should be defined on
X1 x X9 and it is clear how it must act on tensor products of test functions of the form
P1 & P2.

THEOREM 3.4.5. Suppose that X; are open sets in R™ (j =1,2) and that u; € D'(Xj).
There exists a unique distribution u € D'(Xy X Xa) which has the property that

u(p1 ® p2) = ur(p1)ua(p2) @; € D(Xj).

Moreover,
(3.4.3) u(p) = ureluzy(z, y)] = ugylurep(z,y)], ¢ € D(X1 x Xy).

We write u = u1 ® uo, the tensor product of uq and us.

Notice that the expressions in (3.4.3) are well-defined in view of Theorem 3.2.5 L, is a
sloppy notation, indicating that the distribution L acts on the test functions viewed as a
function of x, while the other variables are viewed as parameters.

PRrROOF. Uniqueness follows once we can show that for L € D'(X; x X3) the assumption
L(p1 ® ¢2) =0 for all p; € D(X;), implies that L = 0. Thus let ¢ € D(X; ® X3). Choose
Y; € D(X;) positive with integral equal to 1. Then ¥ (z,y) = ™™ ™21 (e ™" x)1ha (e~ "2y)
is a tensor product, as well as an approximate identity on R™ x R™2. Therefore

L(p 1) = L* (p#9.)(0) = (L * ¢) * 9)(0) = 0,
by the assumption. Letting ¢ — 0 uniqueness follows.
Next we show that

(3.4.4) @ = uig[ugy(p(@,9))], ¢ € D(X1 x Xp)
is in D'(X; x X2). We estimate, using Theorem 3.2.5,

|urz[ugy (p(2,9))]] < C1 sup | D (ugy(p(z,9)))] = C1 sup [(ugy(Dzp(z,9)))|

Ja]<my || <mq
z€EKq zEKy

< C1Cy sup  sup |[DJDSo(x,y)))l.
la|<mq [B]<mo
TEK yeKo

(3.4.5)

Hence w is in D'(X; x X3). Since u has the required behavior on tensor products of smooth
functions, the unicity part completes the proof. O
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REMARK 3.4.6. We mention without proof the important kernel theorem:

THEOREM 3.4.7 (Laurent Schwartz). There is a one one correspondence between distri-
butions K on X1 x Xo and continuous linear maps T' from D(X1) to D'(X2) given by

KeD'(X) xXs) « Tk, (Tr(e1),92) = (K ,¢1® p2).

Here continuity means Tp; — 0 in D’ if ¢; — 0 in D. A proof can be found in [5].

3.5. Tempered distributions

The dual space S’ of S is called the space of tempered distributions (or temperate). It
turns out that this is the “best” space to do Fourier analysis on. In this section we only
give a few properties of S’. In view of (3.1.6) a linear functional L on § is in S’ if and only
if there exist C' > 0, k, N € N, such that

|Lo| < C sup ||z]|¥|D%p(z)|, for all |a| < N.
rER?

ExaMPLES 3.5.1. The distribution associated to a locally integrable function f with the
property that

/(1 + |z)|>) "N f(x)| dz is bounded,

for N sufficiently large, is tempered. This explains the word tempered: moderate growth
at infinity is allowed. If P is a polynomial and L € 8’ then PL € &'; also D*L € §';
compactly supported distributions are in S’.

3.6. Exercises
3.6.1. Determine the distributional limit of any approximate identity (..
3.6.2. Suppose that ¢ € D(R™) and ¢(0) = 0. Prove that there exist ¢; € D such that
p(z) =37 7j¢(j)(x). Hint: At 0 write

1
gp(a:):/ Dip(t,xa, ... xp)dt +©(0,29,...,20).
0

Continue with respect to the other variables and chanche the interval of integration to [0, 1].
get everything in D by writing far away from 0

()
=2 =2

and patch things together with a partition of unity.

3.6.3. Let us(z) = tVe'™®, for 2 > 0 and wu(z) = 0 elsewhere. Determine the distribu-
tional limit limy_, oo uy.

3.6.4. Let w(x) = tV/keite" 1 c R and k an integer > 1. Determine the distributional
limit limy oo u;. Hint: Using integration by parts, write

(w0} == [ F@)t/*¢/(2) di = (F(o0) ~ F(=20))(0),
with F(z) = fox et dt. Next apply Cauchy’s theorem to compute
lim F(x) = e’”ﬂk/ e at,
Tr— 00 0
lim F(z)= —e(l)k”/%/ et at.
T——00 0

Compare with the case K = 1 which is in Example 3.3.2.

3.6.5. Show that distributions are locally determined, i.e., if L € D’ has the property
that for every z there is a neighborhood B, such that L = 0 on B,, then L = 0.
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3.6.6. (continued) Suppose that U, is an open cover of U and that on every U, there
is given L, € D(U;). Show that there exists L € D(U) with L = L; on U; if and only if
L, = L, on U; NU, whenever this intersection is non empty. Show also that L is unique.

3.6.7. If uy, us are distributions one of them with compact support, then uq * us =
ug * u1. Prove this by showing first that for any @1, 2 € D the equality
UL kU2 * P1 * P2 = U * UL * P1 * P2
holds and that this implies the equality that you are looking for.
3.6.8. (continued) Show that Suppwu; + Supp ug contains Supp uj * us.
3.6.9. (continued) Prove that (u; * u2)(¢) = (u1 ® uz)(e(x + y).

3.6.10. Suppose L € D’ has the property that D;L =0 for j = 1,...,n. Prove that L
is a constant.

3.6.11. Let u,v € D'. Show that u* ¢ = u. Show that u x D*6=D%u. Finally show
that DY(uxv) = (DY) * v = u % (D).

3.6.12. Show that for every compactly supported distribution u there exists a sequence
(¢4); in D such that ¢; — w in distribution sense. (Use smart convolutions).

3.6.13. (continued) Show that every u € D’ is a distributional limit of distributions
with compact support. Conclusion?

3.6.14. (Riesz) Let a € C and let

(3.6.1) Xa(®) =

z%, if x > 0;
0, ifxz<0

i. Show that for Rea > —1 the function x, is in L}, (R), i.e. integrable over compact
sets in R, and satisfies (a + 1)Xa = % Yat1-
ii. Let I, denote the distribution associated to x,. Show that it satisfies
(3.6.2) Iy = —al,_1(p), ifRea>0, ¢eDR).

iii. Observe that for fixed ¢ the function I,(y) is analytic in a for Rea > —1 and use
(3.6.2) to extend I, analytically to C\ {—1,—2,...}. Show that

(3.6.3) (Ig,xp) = (Ig1,p) if a€C\{-1,-2,...}.

iv. Try to compute the residues of I, in the negative integers. (These must be distri-
butions, of course).

v. Try to compute the distribution I, minus its principal part in a, where a is a
negative integer. Show that (6.2) holds for this distribution too.

3.6.15. Show that the distribution on R™ induced by f(z) = elzl” is not tempered.
Construct a function g on R such that g induces a tempered distribution and

lim supg(t)e_t2 = 1.

t—o0

3.6.16. Show that the compactly supported distributions are dense in S’.

3.7. Final remarks

Distributions were introduced in the 1940’s by Laurent Schwartz. His book [10] is a
classic. Already around 1930 Sobolev came very close to the concept while the physicist
Dirac worked with distribution ideas informally. An interesting book about the history of
distribution theory is Lutzens [8]; Dutch readers may be happily surprized by the relatively
large Dutch role in it. Another classical reference is [3].
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We have followed Hormander [5] quite closely. Because this book is aimed at partial
differential operators, it selects the parts of the theory that are really important for other
subjects in a way that can be appreciated beyond abstract functional analysis. It is an
excellent book anyway and highly recommended.



CHAPTER 4

The Fourier Transform

We begin this chapter by reviewing the Fourier transform on S(R™). The case n =1 is
treated in [7]][part 2] and also in[12]; this part of the theory is virtually the same if n > 1.
Proofs that are analogous to the one variable case that is treated in [7, 12] will often be
omitted.

In the later sections we will deal with Fourier transforms of tempered distributions and
prove the Paley- Wiener Theorem, which characterizes Fourier transforms of distributions
with compact support. We will also study Fourier transform in relation with other spaces.

Notation in this and later chapters: For x,y € R" (or C") we will write the bilinear

form
n
def
Tr-y= Zﬂfzyz
i=1

Also, from now on

def . O

This absorbing of ¢ in the operator is convenient in connection with Fourier transform.

4.1. Fourier Transform on S

The Fourier transform Ff of f € L'(R"™) is defined as
FNE = 1©) = | fa)e ™ da.

The function f is bounded and continuous. In fact, the Riemann-Lebesgue Lemma states
that f — 0 as [{| — oc.

THEOREM 4.1.1. Let f € L*(R"™). Then
lim Ff(¢) =0.

|§|—o0

An instructive proof is indicated in exercise 4.5.1. If f and f are both in L!, then the
tnwversion formula holds:

R S B
@) = e [ flOe e

In particular, F is a continuous injective map from S onto S and the inversion formula may
be written as

Fop(—z) = (2m)"p(x).
See exercise 4.5.2 for a proof different from [7]. Other properties are
(4.1.1)

F(Djp)(€) = &(Fo)©), Flz;0)(6) = (=DiFe)(€), Flo(. —2))(€) = e Fp(€)
The map F is extendible to an isometry from L?(R") — L?(R™), thus

[ 10at) = 5 [ F@ite)

(2m)" Jgn

33
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The following related formulas are valid, first on S and then continuously extended to L?:
(112) [fo=[ 1o @xpr=fa. Fo=(mixo

Proofs of these formula are indicated in exercise 4.5.3

4.2. Fourier Transform on &’

We will use the first formula in (4.1.2) and the fact that 7S = S to define the Fourier
transform of a tempered distribution. In fact if in this first formula g € S, then g € S so

the righthand side of the formula has a meaning for f € S’ and can be used to define the
lefthand side.

DEFINITION 4.2.1. For L € 8" we define its Fourier transform FL = Led& by
(L) =(L,9), ¢€S.

Fourier transform is continuous on &', see exercise 4.5.4. Because (4.1.2) is valid for
f € LY(R") and g € S, the Fourier transform of a distribution stemming from an L' function
f is the same as the distribution associated to f . Most formulas for Fourier transform remain
valid in the distribution setting. E.g.,

(L) = (L, @) = (L, §) = (2m)"(L,®),
Therefore, L = (2r)%" L, which is the inversion formula for S’. In particular F is a bijection
of §'.

THEOREM 4.2.2. Let uw € &'. Then 4 can be represented by a smooth function (also
denoted by ) and

(4.2.1) () = ug(e7%), € e€R"
Moreover, the righthand side of (4.2.1) defines a holomorphic function on C™.

PROOF. In view of Theorem 3.3.1 and 3.2.5 the righthand side of (4.2.1) is a smooth
function of & on C™. It satisfies the Cauchy-Riemann equations, i.e.

90 o j-1m
0&;

because e ¢ satisfies these, and differentiation towards the parameter is allowed in view
of Theorem 3.2.5.
This proves holomorphy. Now let ¢ € §. Using Theorem 3.4.5 we find

() = u($) = uy / T (E) de

(4.2.2) | | |
= Uy @ pe(€%) = pelug(e7)] = / ug(e770)p(€) dE.

EXAMPLES 4.2.3. The Fourier transform of ¢ equals
6= 6,(e7 ™) = 1.
Its derivatives have Fourier transform
(4.2.3) D8 = Djo(e™") = 6(gje™ %) = ¢;.

THEOREM 4.2.4 (Convolutions). If uy € &', ug € & then uy xug € S and (ug * ug)" =
ULls.
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PROOF. Recall that by the definition of convolution
(u1 *u2)(p) = ug *xug * (0) = uy (2 * ), @ € D.

The righthand side extends to a continuous form on S: if uy has order k and ¢ € S, then
using s * ¢ = u2(p(z +.)), we check that

Z sup |27 D (iig * )| < Z sup [2°D* ().
la+B<j la+B|<j+k
Now we compute the Fourier transform. For ¢ € §
(u1 * up) (@) = ur (g * @) = ura(lgy(P(x — y)) = le(/uzye_i(”y)%(t) dt
(4.2.4)
= mx(/ g (t)e " hp(t) dt = urg ((B2)) = i (f2) = (inia) ().
O

COROLLARY 4.2.5. For v € 8’ we have
ﬁju = fjﬂ, Zc\ju = —Dj'&.
PROOF. This follows directly from (4.2.3) and the previous theorem, e.g.,
Dju = DJ(S *U = fj'lfb(g)

One can also use that the corollary is known for S a dense subset of 8’ in combination with
continuity of F on S’ O

REMARK 4.2.6 (Computational tricks). If f € &’ is associated to a locally integrable

function, also denoted by f, its Fourier transform can be computed by approximation:
. ) . f(z) if |z| < A;
4.2.5 = lim in S’ with fa(z) = ’
This follows from Lebesgue’s dominated convergence theorem. By continuity of F we find
(4.2.6) f= lim fq= lim f(z)e = d.
A—o0 A—o0 lz|<A
Similarly, again by Lebesgue’s theorem
— i —elz| S’
f 61%1 fe in

and therefore

(4.2.7) f=1lim (z)ecl71=2€ g¢.
EJ,O Rn

Of course, all limits are in S’ and will in general not exist pointwise or in L' sense.

ExXAaMPLES 4.2.7. Applying 4.2.6 and 4.2.7 to the tempered distribution 1 on R yields

A ) in A

F(1) = lim e~y = lim 225 £ (= 270).

A—oco J_ 4 A—o0
0 0 . 1 1
F(1) =lim e HETET gy 4 / e 8P g — lim g ( — — ; ) (= 2m9).
el Jo oo elo \&—1ie &+
The limits as € — 0 of the fractions between the big brackets are usually denoted by
1 tivel 1

—— respective —_—.
c—i P Y E+i0

These two are not the same! Indeed, with y denoting characteristic function, we have by

the above ) ]
i —1i

f(X(o,oo)) = 5_7
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In the same vein we find for the signum function Sign

1 —1 1 1 2i& 1
F(Si = — = lim1 =lim —= = 2iP.V.—.
(Sien) = ==%6 ~ e 570 Qﬂ)”<g—z's+§+ie> 0212 e
The Airy function Ai(z) is classically defined as the inverse Fourier transform of ei€’/3,
Thus Ai(x) is a tempered distribution. In fact, it is in C°°. We have in analogy with 4.2.7

1 o o
(4.2.8) Aiw) = 5 lim el(Etie)’ [3riletie)rge iy &,
The integrals on the righthand side are (for a fixed positive €) convergent and yield smooth
functions of z. They can even be extended analytically to x € C, because the leading term
in the exponent is —£2¢, independent of z € C. On the other hand they are independent of

€ in view of Cauchy’s theorem.

In R™ we will consider Gaussians. Let A be a positive definite symmetric matrix. Then
clearly e~ 4% is in S. It is called a Gaussian. We compute its Fourier transform. We can
write A = R? with R again positive symmetric.

(4.2.9) / eAx’xig'xda;:/eRx'inRlé’Rxdx.
Now we change coordinates, Rx = y and (4.2.9) equals
/e—yﬂ—iRléydR—ly = (det A)—1/2€_41A1§~§/e—(y+;R1§)-(y+§R1§)dy.

The last integral is, by an application of Cauchy’s theorem (compare the proof of the Paley-
Wiener-Schwartz theorem), equal to

/e—yﬁdy _ H/ey?dyj _ (2m)"2.
j=1

The conclusion is that

FleAre) = (2m)™/?(det A) ™27 A 6L,

4.3. The Paley-Wiener-Schwartz Theorem
Let K be a compact subset of R"™. The supporting function of K is

H(x) =§161[g{w-y}-

PROPOSITION 4.3.1. Let Hy = {y: y-x < H(x)}. Then the convex hull of K is given
by
ChK - ﬂxeRon

PROOF. Recall that the convex hull of K C R" is the intersection of all convex sets that
contain K. Observe that y € K implies that for every x, z -y < H(z), therefore K C H,
for every x. Using the well-known corollary of the Hahn-Banach theorem, cf. [W], that for
every closed convex G and y ¢ G there exists a hyperplane separating y from G, we find
that ch K equals the intersection of all half-spaces containing K. In particular, if z¢g ¢ ch K
then we can find = such that = - ¢ > H(x), thus zo ¢ H,. O

THEOREM 4.3.2 (Paley-Wiener-Schwartz). Let H be the supporting function of a com-
pact set K in R™.
1. The following are equivalent:
i. The distribution u € £ has order N and support with convex hull K C R™
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1. There exists a constant C such that the Fourier transform 4 is an entire function on C™
that satisfies the inequality

(4.3.1) [i(z)] < C(1+ |z|)NeIm2) ;e C).

2. The following are equivalent:

i. The function u € D has compact support with convex hull K C R".

1. For every N there exists a constant C such that the Fourier transform 4 is an entire
function on C™ that satisfies the inequality

(4.3.2) [i(z)] < On(1 4 |z|)NeflIm2) (o e C).
PRrROOF. We begin with 2. If u € D then for every o, D*u € D and

12%(2)| = [Du(z)| < |D%u(2)|; max |e ¢ < CpeTm2),
£eSuppu
This shows that (4.3.2) is necessary. Next, suppose that (4.3.2) holds for some entire

function U. Then U restricted to R™ is the Fourier transform of some function «w which is
in C*° because of (4.3.2). We have

(4.3.3) u(§) = (2%)_”/ei5'mU(az) dx.

Consider the integral in (4.3.3) as a repeated integral, say first integrating with respect to
1, the other variables being fixed. The integrand is a holomorphic function in 1 + iy1,
and on the strip {21 : |y1| < A1} it is bounded by a constant times (1 + |z1])~". Thus we
may apply Cauchy’s theorem and replace integration over R by integration over R + 1Ay,
for any A; in R. We can also do this for the other variables, and obtain that for every
A=A, ..., Ay

(4.3.4) u(€) = (2m)™ / S EHAT (¢ 45 A) d.

Using (4.3.2) with N sufficiently large, we infer from (4.3.4) that for every A
[u(€)] < (2m) e EATHID,

By considering tA, t > 0, instead of A, we infer that u(§) # 0 implies that £ - A < H(A),
that is, £ € H 4 for all A. However, by Proposition 4.3.1, this implies that £ € K.

Next we turn to 1. and show that (4.3.1) is necessary. Suppose that u has order N
and compact support in the convex set K C R". Let Ky = {z+y:z € K, |y| < §}
be the d-neighborhood of K. Let x = x5 € D(Ks) equal 1 on K;/p. By Lemma 3.1.4

|D%s| = O(6711). In view of Theorem 3.1.3 we estimate

|i(2)] = [u(e™™")| = Ju(xse ) < > mex Ca|Dg (x5(£)e* |
la|<n

(4.3.5) s - o
< CetW)+alyl Z sl 4 |z[)yN el

la]<N

For a fixed |z|, choose § = &(1+|z|)~! and necessity of (4.3.1) follows. Finally we show that
(4.3.1) is sufficient. If U satisfies (4.3.1) then U restricted to R™ is the Fourier transform
of a distribution u, cf. Example 3.5.1. Let (¢.) be an approximate identity, which has
Supp p. C B(0,¢). By 2. of the Theorem (u * ¢.)" = 1@, which in view of (4.3.2) and
(4.3.1) satisfies

|(u * pe)(2)] < Cn (1 |2]) Ve W+,

From 2. we conclude that u * (. has support in K.. Letting ¢ — 0 we obtain that
Suppu C K. O
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4.4. Fourier Transform and other Function Spaces

4.4.1. Sobolev Spaces. For positive integers s Sobolev introduced what is now known
as the Sobolev space H(y). It is the completion of the space of compactly supported smooth
functions on R™ in the norm

(4.4.1) 1£llsy = D 1D flle.

laf<s

Obviously, this norm is induced by an inner product, namely, the sum of the L? inner
products of the derivatives, and thus H(, becomes a Hilbert space. In fact, a similar
definition with LP norms is possible, leading to spaces H f; . We will not pursue this here.

Using Fourier transform we can give an alternative definition which is meaningful for
all s € R, thereby in some sense defining derivatives of fractional order.

2m)n"
Its norm is denoted || -||s. The Sobolev space H(z)(R™) consists of all u € " such that @ € L2.
We put a norm on H,) by
3

2 2
(1.42) ) = Nl = [ Ja©Ra+ )

This turns H(,) into a Hilbert space and Fourier transform is obviously an isometry from
H, onto L2

DEFINITION 4.4.1. For s € R, let L? denote the weighted L* space L? (R” (1+ (€ )*1 a4 )

PROPOSITION 4.4.2. In case s is a positive integer the norms defined by (4.4.1) and
(4.4.2) are equivalent.

PROOF. There exist positive integers C,, such that (14 [£|?)* = (1 + &2 + - +&2)5 =
> al<s ca &2, so that an application of Plancherel’s theorem yields

||u||’(§) :/|a|2(1+ €7)" =D calali =Y /Do‘uDau— > cal Dul3.

laf<s laf<s laf<s
O
In fact, we don’t need all monomials. For 0 < s < oo there exists constants Cs with
L+ [6%)* < Co(1+ [€]*) < 20:(1 + [€*)*.

Therefore the norm (4.4.2) is equivalent to

(4.4.3) (lull” () —/W|2(1+ ‘5’25)(262-5)71'

This may be used to derive Sobolev’s Lemma
LEMMA 4.4.3. Suppose that f € Hio (R™). If p >0 and s > p+n/2, then f € CP(R").

For a proof, see exercise 4.5.7.
Next we give a description of H () without Fourier transform.

PROPOSITION 4.4.4. Let 0 < s < 1. There exists a constant As such that

(1.4.4) () = [ e+ A, [ [ 1u(e) = ) Pla = ol ey,

PROOF. We rewrite the double integral in (4.4.4) and apply the Plancherel theorem
with respect to the variable ¥, using that (u(z + y) — u(y)) = (¢ — 1)a(€):

/ u(z +y) — u(y) Pl "> dedy = / €6 = 1P|a(€)*la| "> dadg.
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To prove the statement it is sufficient to show that

g7 / € =1 [a| "2 de = A(s),

where A(s) only depends on s. This is indeed the case. The integral is invariant under
rotation of &, (change the coordinates accordingly) so it is a function of |£]. Next replace £
by t€ to see that it is constant.

Thus for 0 < s < 1 H(y is the space of L? functions such that (4.4.4) is finite. More
generally for k a positive integer, H; ) is the space of functions f with D*f € L? for
la] < k and (4.4.4) is finite for all derivatives of f of order k.

For negative s we can use duality to describe Hy) as follows. By the Riesz representation

theorem the dual of L2 can be identified with L? via the inner product of L2. However, we
can make another identification with L2,. An f € L2 acts on g € L? via

(4.45) (f.9) = / F(Hg(t)dt

Observe that fg is integrable because [ |fg| < || f|l-s|lglls, which also serves to show that f
induces a continuous functional. Moreover, every [ € L2 may be represented, according to
Riesz, by some f € L2. Then f(x) = f(z)(1+ |z|?)~* represents [ in the sense of (4.4.5). In
view of Fourier transform being an isometry from H (25) onto L2, we conclude that for s < 0,

H(Q) can be identified with the dual of H(2 5"

4.4.2. [P-spaces. Because
F: L*(R") — L*(R™),
F: LYR™) — L®(R"),

it is reasonable to expect that for 1 < ¢ < 2 Fourier transform maps L? to some space
between L? and L*°. That this is indeed the case follows from the Riesz-Thorin Convezity
Theorem.

(4.4.6)

THEOREM 4.4.5 (Riesz Thorin). Let 1 < pj,q; < oo and let T' be a continuous linear
mapping from LP* N LP2 to L9 N L%, such that

(4.4.7) 1T fllg; < M| fIlp,-

1 _ 41 1 1 _ 41 1
Put =ty + (1 —t),- and ; =t -+ (1—1t),.. Then
(4.4.8) ITFllg < MM fllp-

COROLLARY 4.4.6 (Hausdorff-Young). If f € LP, 1 < p < 2, then f € L', 1/p+1/p' =1
and

A1, < o)™ £ 1.

PROOF OF THE COROLLARY. . F satisfies the conditions of Riesz-Thorin, with p; = 1,

g =00, My =1and ps = ¢ = 2, M2 (277)"/2. So the intermediate estimates follow from
(4.4.8). O

PROOF OF THE RIESZ-THORIN THEOREM. Recall from functional analysis that (L?)* =
LY with 1/q 4 1/¢’ = 1. Moreover, for any h that is locally integrable we can estimate by
duality

Ao = sup |(hg)l= sup | / 1) d].
llgllyy=1 IIHH/ 1

The sup is finite if and only if h € LY. We can now rewrite (4.4.7) as
(4.4.9) (Tf 9 < M|l Fllp;llglly, Vg € LY.
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To prove the theorem it suffices to prove
(4.4.10) (T f,9)| < MIMy ™| Fllpllgllys

which is the dual version of (4.4.8), for f of the form foF'/? tested against g of the form
goGl/ q/, where fy, go are in absolute value < 1 and, because step functions are dense in L”

if » < 00, F,G are non negative step functions with integral equal to 1. Now consider, for
fixed such fy, F, g0, G

B(z) = <T(fOFZ/101Jr(l—Z)/pz)7 gOGZ/q1+(1_Z)/qQ>M1_ZM§_1.

This function is continuous on 0 < Re z < 1 and analytic on the interior of this set (The
reader may want to check this first for F, G being multiples of characteristic functions).
Moreover it is bounded on the strip and has boundary values < 1 on Rez € {0,1}. The
Phragmén-Lindelof Theorem states that ® is in absolute value < 1 and the Theorem is
proven. O

4.5. Exercises

4.5.1. Prove the Riemann-Lebesgue Lemma 4.1.1 along the following lines
i Write f = f1 + fo with f1 = Z?Zl cjx; and || f2||1€ small. Here, y; are indicator functions
of blocks of the form {a; < x; < b;,i = 1,...n}. (This is essentially a fact from integration
theory.)
ii Prove the Riemann-Lebesgue Lemma for x; by direct integration.
iii Conclude from i and ii that lim¢_, [Ff(§)| < & and complete the proof of the theorem.

4.5.2. Let T = "FFyp). Prove that (T'D; — D,;T)p = 0 and T'(z;¢) — z;T(p) = 0,
for ¢ € S. Use exercise 3.6.2 and these relations to show that (T'¢)(z) = c(z)p(z) for an
appropriate function ¢(z). Use the relations again to show that ¢(z) is a constant c¢. Take

)2 . . . .
¢ = e~ 1*I° to determine ¢ and derive the inversion formula for S.

4.5.3. Prove the formulas (4.1.2). Start with applying Fubini’s theorem to the double
integral of f(z)g(y)e*™¥. For the Fourier transform of a convolution, split the exponent in
the exponential function in accordance with the convolution.

4.5.4. Prove that F is a continuous map from S to S.

4.5.5. Suppose that f is an entire function on C” that satisfies the growth condition
(4.3.1) for some N and that its restriction to R™ is in L?(R"). Show that f is a compactly
supported L?-function.

4.5.6. Suppose that f is an entire function on C" that satisfies for every € > 0 a growth
condition

[F(2)] < Ce(1 4 [2)NeesTPm AL,
Show that f is a polynomial. (Hint study f )

4.5.7. Try to prove directly that on CSO(JRQ) the following norms are equivalent
9 9?
a ([P + 1242 + 124 2) 12,
b (f (X a2 D)2

Also give a proof using Fourier transform.

4.5.8. Show that H ) (R") consists of continuous functions if s > n/2. Can you now
prove Sobolev’s Lemma 4.4.37

4.5.9. Show that if s; > s9, then H(,,) can be regarded as a dense subset of Hy,).
Can you give a description of

NserH (s and User Hs).
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4.5.10. (Sobolev for periodic functions) Let H ) (T) denote the set of periodic distri-

butions f with the property that S [n|2%|f(n)|? converges. Check that H ) (T) is a Hilbert
space with norm given by the root of the sum in (). Show that for s nonnegative integer,
H(T') coincides with L? functions with derivatives of order up to s in L.

4.5.11. (continued.) For f € D(T) define f) =3 f(n)n® where (—1)* = €™, Show
that for integer s this formula gives the ordinary derivative of sufficiently smooth functions.
Show that (f (5))(t) = f(s+1)_ Can you make sense of this calculus for complex values of s.

4.5.12. Prove that the Airy function satisfies the differential equation
Ai"(z) — zAi(x) = 0.
Let w be a third root of unity (w® = 1). Show that Ai(wx) is an other solution of this

equation. How many linearly independent solutions are there? Conclusion?

4.5.13. Prove that Ai(0) = 37/6T(1/3)/2r and Ai’(0) = —371/61(2/3)/2x. (Take
e=1in4.2.8)

4.5.14. Let A be a symmetric matrix, possibly with complex coefficients. Show that
e~ A7 ig a tempered distribution if and only if Re A is positive semi-definite. Assuming in
addition that A is non-singular, compute the Fourier transform of e=4%%,

4.5.15. Suppose that f € S is radial, i.e., f(Uz) = f(x) for rotations U, Prove that f
is also radial. Extend to temperate distributions.

4.5.16. Let x, and I, be the distributions of exercise 3.6.14. Compute their Fourier
transforms.

4.5.17. (continued) Give an interpretation of the previous exercise in terms of fractional
derivatives.






CHAPTER 5

(Micro) Local Analysis

In many applications Fourier transform and its inverse are used to analyze the frequen-
cies that occur in a signal and to recover the signal from its frequencies. Ff(§) can be
viewed as the amplitude of the frequency £ as occurring in the whole signal f(¢). Naturally,
one wants to localize, that is, find out which frequencies are important at a small time
interval. (Here one often makes the comparison with a music score which describes the
frequencies that are prevailing at each beat, and certainly is not giving a global frequency
analysis of the whole piece).

A theoretically very satisfactory localization, both in time and frequency, is obtained by
means of the wave front set. We deal with it in section 1. For practical purposes it is not
suitable and a weak version, the so called windowed Fourier transform is used. This is the
topic of section 2. In section 3 we encounter the continuous wavelet transform. It is one of
the several wavelet transforms that have been used succesfully in the recent past in all kind
of applications. In the later sections we will discuss discrete wavelets and multiresolution
analysis.

5.1. The Wave Front Set

Consider a compactly supported distribution T" on R™. According to the Paley-Wiener-
Schwartz theorem, T" can be distinguished from the compactly supported smooth functions
by the fact that T(g) doesn’t decrease rapidly if |{| — oo. We will now study more precisely
the set of directions £ where T(f) is not rapidly decreasing.

DEFINITION 5.1.1. A subset U of R™\ {0} is called conic if it has the property: £ € U
implies £ € U, for all positive . We will call a conic set closed if it is closed in R™ \ {0}.

For later use we remark that if a closed conic set is covered by a union of open conic
sets, then it is covered by a finite subcollection, because the unit sphere is compact and the
behavior of conic sets is completely determined by the behavior of their intersection with
the unit sphere.

For a compactly supported distribution 7' we consider the set (7' consisting of all
£ € R™\ {0} with the property that there is no conic neighborhood Ug of £ such that

(5.1.1) T(m)| < Cv@+[n)™, N=12.. nel.

Y(T) is clearly a closed conic set.

While SingSupp(7’) describes the location of the singularities of T', 3(T") describes the
directions of the high frequencies causing them. The following lemma shows that ¥(7") can
be localized.

LEMMA 5.1.2.
Suppose that p € C§°(R™) and T € &'(R™). Then X(pT) C X(T).

Proor. We have

(5.1.2) () = —

e | T mdn

Here ¢ € S and |T(¢)| < C(1 + [¢])N for some constants C, N > 0. We want to show
that if T is rapidly decreasing in some conic neighborhood Uy, of £y, then so is ¢T" in a

43



44 5. (MICRO) LOCAL ANALYSIS

possibly smaller conic neighborhood of £. It is natural to split the domain of integration
into {|n| < ¢|&]|}, where a favourable estimate must come from 7', and its complement,
where ¢ must do the job. To wit:

1
BLII< G </|77|S05|| |+/>C|€...|>
|

+Cu (L+|n)~ M1+ \5—77|)Nd77>-
[n]>clé]

Now observe that |n| > c[¢| = |£ —n| < (14 1)|n|. Hence the last integral in (5.1.3) is
bounded by

IN

_ 1 _
Cur 1+ )~ M1+ =|n))Ndn < C)y (1+ [n))~M+Ndp
(5.1.4) [n|>cle| ¢ In|>clé|

< Cfy L+ Jg) M,

In other words, since M is arbitrary, this integral is rapidly decreasing.

To control the max in (5.1.3), we choose ¢ so small that (§ —n) € Ug, if £ is in a small
conic neighborhood of £. Then this max is also rapidly decreasing, which completes the
proof. ([

We will use Lemma 5.1.2 to localize 3.
DEFINITION 5.1.3. For T' € D’ and x € R"™ define
Ea(T) = NpX(pu); ¢ € C°(R™), p(x) #0.
The wave front set of a distribution T' € D’ is the set
WE(T) = {(z,&) : x e R", £ € X,(T)}.

Observe that for the projection on the first coordinate we have, p; (WF(7")) = SingSupp(7).
For the projection on the second coordinate we get po(WF(T")) = ¥(T") as Proposition 5.1.5
will show. Thus WF(T') combines the information on the singularities of a distribution in
a very efficient way. This is known as micro localization.

LEMMA 5.1.4. If (pn)n is a sequence in D(R™) with ¢n(x) # 0 and Supp ¢ — {z}, then
Y(pnT) — X5(T), that is NE(p,T) = X(T).

ProoF. If V is an open conic neighborhod of ¥, (7") then its complement V¢ is covered
by the union of the open conic sets X(pT)¢, taken over ¢ € D, ¢(x) # 0. Thus, as
remarked after Definition 5.1.1, there exist finitely many @;, i = 1,...,m, such that V¢ C

Y(vf;T)c. It follows that X((¢1---¢m)T) C V. Next, if ¢ is any function such that
Supp ¥ C (Supp @1 - - - ©m)?, then by Lemma 5.1.4 X(¢T) C Z((p1- - om)T). O

PROPOSITION 5.1.5. With the notation as above, po(WF(T) = X(T).

ProoOF. Clearly p2(WF(T')) = U,2,(T) C X(T). To prove the converse inclusion,
notice that po(WF(T)) is a closed cone, this follows by restricting to the unit sphere in
&-space. Suppose that £ ¢ po(WF(T)). Then for every x € Supp(T) there exists @, > 0

with ¢, (x) = 1 such that (¢,71)(n) is rapidly decreasing for 7 in a conic neighborhood of €.

By compactness we can find finitely many ¢,, such that >, p;, > 1/2 on Supp(T).
Then (), ¢g,u)” will be rapidly decreasing in a conic neighbourhood of £. By Lemma 5.1.4
this will also hold for T' = (Z}Pm ) px, T O

EXAMPLES 5.1.6.
1. WF(§) =0 x R™.
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2. In R, WF(-+5) = 0 x Rq.

3. Let V.=Az: =z, = -+ = 2341 = 0} C R". Define a tempered distribution Ty
(integration over V') by

Tv(cp):/f: flxy, ..., 2k,0,...,0)dz1dxs . . . dzy.
\%4 RF
The wave front set is computed in the next lemma.
LEMMA 5.1.7.
(5.1.5) WF(Ty) =V x (VE\ {0}).
PROOF. Let £ € C°. Then, writing { =¢' +¢", eV, " LV,

(5.1.6) XTIy = / x(z,0)e " @) day L day,.
RFE

This is rapidly decreasing if £ is in a conic neighborhood of & with & # 0, but if we take &
in a conic neighborhood of & with ), = 0, i.e. § L V, then &’ can be chosen to be bounded
while £ — oo, from which we conclude that (5.1.6) is not rapidly decreasing and the claim
is proved. O

REMARK 5.1.8. Let X be open in R™. It can be shown that any relatively closed subset
of X x (R™\{0}) that is conic in the second variable, can occur as WF, for some distribution
L, cf. [5], Th. 8.1.4]

THEOREM 5.1.9. Suppose that u,v € D'(X) are distributions with the property that

(5.1.7) (z,€) € WF(u) = (z,-¢) ¢ WF(v).
Then the product uv exists and may be defined as
(5.1.8) F ax*v).

PROOF. It is sufficient to prove this locally. Thus, let x € X and let U be a neighborhood
of z with the property that for all y1,y2 € U we have (y,&) € WF(u) = (y2,—&) ¢ WF(v).
Such a U can be found because wave front sets are closed. We may suppose that v and v are
supported in U and, for simplicity, that their Fourier transforms are bounded by C(1+ &))"
for some fixed N. Now we show that @ * ¥ is in §’. From the assumptions it follows that
we can find a finite cover of R™\ {0} with open cones I'; such that for slightly larger cones
I, 4(n) is rapidly decreasing on I'; or #(n) is rapidly decreasing on —I"; (or both). Let
£ € R*\ {0}, n € I'; be fixed. If n € I'; is sufficiently large, then { —n € —I";. Thus,
assuming v rapidly decreasing on —F;, we find for fixed N and any M a Cjs with

(5.1.9) a(n)o(€ — )] < Car(1+ )N (1 + 1€ —n)~™.

A similar estimate is obtained when @ is rapidly decreasing on I';. We conclude that @+ 0()
is well defined for every £. Moreover, this convolution grows at most like a power of (1+[¢]).
Integrating a(n)v(§ — n) over cones I'; where 4(n) is rapidly decreasing, this follows as the
proof of Lemma 5.1.2. On the other cones we make a substitution ("¢ —n =7") to obtain

integrals of the form
/ o(n)a(€ —n)dn.
ne—-T;+¢

Now observe that the domain of integration is contained in the union of —1“;. and a ball
of radius c|{| with ¢ depending on the angle between F;- and I';. The integral over F; is
treated as before, while the integral over the ball of radius ¢|£| is bounded by a constant
times [¢|2N*". This proves that @ * ¢ is a tempered distribution. O

REMARK 5.1.10. In [5][Chapter 8.2] a proof can be found based on analysis of the wave
front set of tensor products.
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5.2. The windowed Fourier Transform on R

In this and the next section, we will only consider L? and denote the 2-norm by || - ||.
Choose a “good” function g on R. Best is with most of its mass and most of the mass
of its Fourier transform centered at 0, but for the time being think of a smoothened out
characteristic function of an interval I. The Windowed Fourier transform (associated to g)
is the following function defined on R?

(5.2.1) fwmﬂawz/e%wm—wﬂ@wrwﬁfw

Here g&*(z) = g(x—t)e®®, the inner product is the usual one of L?(R). Basically Fyn f(., )
is the Fourier transform of f restricted to the interval I shifted over ¢. In terms of the Fourier
transform of f and g we find

Fwin (1) = 5 / F)atn— &) dn

This formula expresses that Fyy 7y f(€,t) will be very much like e f (£), if g has most of its
mass at the origin. Unfortunately it is impossible to have the mass of g and § concentrated in
a small neighborhood of 0. This is the fundamental reason why windowed Fourier transform
has only limited possibilities. However, all information of f is contained in Fynf as we
shall prove now.

LEMMA 5.2.1. for f1, fo and g functions in L*(R) we have

(5.2.2) / Fwin F1 (6, ) Fwin 26, 1) de dt = 2 |gl|2(fu. fo).

PROOF. We use that the left hand side of (5.2.2) is an inner product of Fourier trans-
forms which is integrated against ¢, and apply the Parceval Theorem. Then

L.H.S of (5.2.2) (x —t)f(x)g(x —t)f(z) dzdt
(5.2.3) //

=/MMﬁ/ﬁwﬁmm=%anﬁy

The middle equality follows by a change of variables and Fubini’s Theorem. ([l

COROLLARY 5.2.2. In the weak L? sense we have
@) = 2l [ [ Fwins(€ 00" @) s ar

PROOF. Integrating both sides against an L? function F should give a genuine equality:

(f,F) f(t) = (27||g[|*) Fwinf(&,t) | g5t (x)F(x) dx dE dt
(524 / g / WIN /9
/ Fwrn F(€,1)g5 () d€ dtF(w)da

5.3. The Continuous Wavelet Transform

There is another way of windowing, which, in retrospect, is much more natural. Again
let 1 be in L?(R). For reasons to become clear later, we require that

(5.3.1) ()
el
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is finite. We set ¥®*(z) = |a|7/?(Z2). Then | (these are again the L2
norms). We will normalize ¢) and assume from now on that |[¢)|| = 1. The continuous
wavelet transform of f € L*(R) is now defined as

T —0b

(532) T av Fla,b) = (£.60) =12 [ f)o(" %) da.

Thus both Ty avf and Fynf are function on R? and both are square integrable,
(with a suitable weight in the wavelet case, cf. Lemma 5.3.1 below). The difference with
windowed Fourier transform is that there the size of the window is constant, independent
of the frequency to be tested for, whereas in the case of wavelet transform the size of the
window is proportional to the wavelength to be sampled, that is roughly equal to |a|. Short
waves are tested over short intervals, long waves are tested over long ones. The shape of
the testing function is not changed as a, b vary. The same is true for Fourier transform, but
not for its windowed version.

As far as inversion is concerned we are in an analogous situation as in the previous
section.

LEMMA 5.3.1. Suppose that ¢ satisfies (5.3.1). There exists a constant Cy, such that if
flan € L2(R)7 then

————~dadb —
633 [ Twahi@n T Bleh T = Cothfa) = Cu [ fia) ) da
PRrROOF. Notice that, in view of Plancherel’s Theorem, we have the following equalities:

(fop™) = (F,49%°) = (f(€), lal/*(a)e™™)

We proceed as in Lemma 5.2.1. Recognize the two inner integrals in the following line as
Fourier transforms, and use the Plancherel and Fubini theorems.

(5.3.4)

Lais. of (533 = [ 9 ([l fuepbtagresae [ o Fale)itae)e s
- ( [ @it 5)w<a£>d£>

/f1 Vial€) de [ [ (a *—Cw<f1,f2>

The constant Cy is defined by the last equality. O

COROLLARY 5.3.2. In the weak L? sense we have

f(z) = Cl’w // Twav f(a, b)w“’b(x)dZde.

Proor. Copy the proof of Corollary 5.2.2 ]

REMARK 5.3.3. One can show actually that

da db
. a,b
i I - o s Twav @byt @) =2 <o,

|b|<B

Here the integral is viewed as the L? function which represents the continuous functional

//|<ATWAVfab /Wb )dazdb

|b|<B




48 5. (MICRO) LOCAL ANALYSIS

5.4. The mathematical zoom

Wavelets provide a good means for analyzing local smoothness as is shown by the
following theorems, which are due to Holschneider and Tchamitchian [4], see also [1] who
actually give stronger results.

In this section ¢ € C} is supported in [—1,1], 1&(0) =0, and f will always be a bounded
square integrable function on R. Recall that f is called Hoélder continuous of order «,
(0 < a < 1) at xg if there is a positive C' with

(5.4.1) |[f (o) = f(y)| < Clao —yl|*

The function f is called Holder continuous if (5.4.1) holds for all x5 in R and the constant
C' is independent of z.

THEOREM 5.4.1. The following are equivalent
a. f is Holder continuous of order .

b. |Twav f(a,b)| = |(f,®)| < Cla|'/?* for some C' > 0.
THEOREM 5.4.2. If f is Hélder o at xq then
(£, )] < Clal 2 (la]* + [b]).
THEOREM 5.4.3. If f has the property that

b|*
a71‘0+b < 1/2 « |
(.0 < Clal' (ol + 7).

then f is Holder continuous at b.

These theorems should be compared to the situation in classical Fourier theory where
such a characterization, especially the pointwise one, is not available. We will only prove
Theorem 5.4.1 and 5.4.2.

PROOF. Theorem 5.4.1 (=)

b 1
(| = \ [ s@weren = | [ e vu ai
(5.4.2) e =
=1al2| [ (et +0) = 50 w10 dt] < Cla]"?|a]".
-1
We used that 1 is supported in [—1,1], and ¢(0) = gt = f_ll 1 = 0. O

We continue with the proof of Theorem. 5.4.2, which is very similar.
(5.4.3)

1
() = a2 | [ (Gat-+b-+20) ~ fa) ) dt'

1 1
< C\a|1/2/ lat + b|*dt < C’|a|1/2/ lat* + bl dt < 2Ca2(|a|* + b]").
-1 -1

Theorem 5.4.1 (<=) requires more effort. We will split f in a L(ow) F(requency) part
and a H(igh) F(requency) part. We will show that both parts are bounded and next that
both parts satisfy a uniform Hoélder condition for |x — y| < 1. This will prove the theorem.
In fact, it would be sufficient to show that only one of the two parts is bounded, because by
boundedness of f the other part would be bounded too. However, the proof for each part
is instructive in itself. We will write I, for the interval [—|al, |al].

We have

da db
[= C’(lw) //(TWAvf)(abea’b; = fur + fLr,

with fHF = ff|a\21 ceey and fLF = ff|a\§1 oo
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Boundedness of frp:

(5.4.4)
/|a|>1 /GR < eRf( )P (¢ )dt) e )dzdb

ot Vo WG =Dl
<o [ [ 1l [ e

1
< — ——=d
< g lvlelehs | e <o

|for| = c,

Holder estimate for frp: Let |h| < 1, keep in mind that here |a| > 1. We will use that
¢ is supported in [—1, 1], which tells us where ¢®? is supported, and apply the mean value
theorem on .

(5.4.5)
!fLF(HH-h frr(z

- Cw /|a|>1 /€x+12a </€b+l 7t )W( ﬂdt) W(th) ~ (= @_ b)|d‘ng
B Cw‘h‘ la|>1 ’a\ /eb-i—la ) </be]R W(t_ab)ﬂ)) a

< —Ih (0 / f(t)|dt

C’lﬁ‘ | la]>1 | |3|| ||1 €b+a’ ()|
C da

< g M [ o = O

Observe that this estimate did not use Holder continuity of f; Fpp is apparently always
Hoélder continuous!

Boundedness of frp: Starting from estimate |(f, )| < Cla|'/?** we find

frr(@) < C / a2 q 7172 [ (B
|a|<1a beR

P(*—)
<C |al 2da/
lajl<1 @ beR

a
Holder estimate for fyp: Again fix |h| < 1,
(5.4.7)

w4+ h) = fur(a \—‘ [ [ T (7w i) b

da|a1/2+o‘/ x+h—> x—b ‘
< —_— 0 — db:/ +/
/|a|§1 a? |a]1/2 bER ( a ) ( a ) la|<h h<|a|<1

We estimate these integrals as follows. First for |a| < h. Note that [ ]w(%h_bﬂ db =

lal||1)[]1, hence
a
/ ...§2||¢||1/ L
la|<h laj<h @]

Next, for |a| > h, the mean value theorem gives

(B0 @by <ol

a a la|’

db

(5.4.6)
T —0b
< 00

o >' e /| laf*da

al<1 |al
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We only have to integrate with respect to b over the interval x + I, therefore the inner
integral in (5.4.7) is majorized by C%4|a|. This leads to

*h
/ L.<cC [ 1M 4] < o,
h<|a|<1 h<lal<1 @ |a|

5.5. Discrete Wavelets: Frames

In real life applications Ty ay f(a, b) is only known in a discrete set of a’s and b’s. It is
reasonable to let the a be of the form

and take
b=nbpa, n €Z.
Thus we introduce
Yngm = P00 0% = a(;mmw(ag‘x — nby).
There are two things that we require from our discrete wavelets:
e i. It should be possible to reconstruct f from (f,¢nm), n,m € Z, in a stable
manner. That is, small changes of (f, %y ) should only come about from small
changes of f.
e ii. Every reasonable f must have a representation as f = vam CnmW¥nm. Of
course the type of convergence is negotiable.

To make life easy on ourselves but without being really very demanding, we will assume
that the map

(5.5.1) EF f = (((f, ¥mn))mon)
is continuous from L?(R) to I>(Z x Z). Requirement i. is then equivalent with
(5.5.2) I{Fs Yma))ll = ClIf]l, for some > 0.

In particular (5.5.2) says that F' is injective. In combination with the continuity of F' we
obtain the following condition: There exist constants A, B > 0 such that

(5.5.3) AP < D 1 Ymn)? < BIFIP.
m,nEL

DEFINITION 5.5.1. Let V be a (separable) Hilbert space. A frame in V is a subset
{1 : j € J} C V with the property that there are constants C7,Cy > 0 such that

(5.5.4) CillF12 < D[P < Call £II”
J

The C; are called the frame constants. A frame is called tight if C; = Cy. The map F from
V to 12(J)

(5.5.5) = ()

is called the frame map. It is a continuous and injective. The dimension of V' is less than
or equal to the dimension of 12(.J).

It is clear that the 1y, , in (5.5.1)-(5.5.4) form a frame and that the map F' in (5.5.1)
is a frame map. Of course, if J is countable we may identify J with N.

EXAMPLES 5.5.2. An orthonormal base of V' is a tight frame with frame constants equal
to 1. Frames have to be spanning sets for V, but the interesting case is when ; are not
linearly independent. The union of two orthonormal bases of V' is a tight frame with frame
constants equal to 2. The set {(0,1), (—v/3/2,1/2), (v/3/2,1/2)} is a tight frame in R? with

frame constants 3/2.
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Tight frames behave much like orthonormal basis; e.g., polarization gives

LEMMA 5.5.3. Let ¢; be a tight frame with constant A. Then

J

Proor. Using (5.5.4)

A(IF1? + llgll? + 2Re (£, 9)) = Allf +glI> =D [f + g,95)
(5.5.7) j

= AP+ lgl®) + 2Re S (F, ) {g, ).

This gives the real part of (5.5.6). A similar computation with f replaced by if gives the
complete result. O

As before f can be obtained from F'f in the weak sense.

THEOREM 5.5.4. Suppose that {1;} is a tight frame with constant A. Then in the weak
sense

Af = ().
J

PROOF. Take the inner product with a ¢ € L?(R) and apply the previous lemma. [

PROPOSITION 5.5.5. If {1;} is a tight frame with constant 1 and for all j, ||1;]] = 1
then {1;} is an orthonormal basis.

PROOF. We compute for a fixed j

2
]|t = (Z |<¢ju¢k>|2> = [¢;|* + SUM.
k

The SUM is a sum of products of [(¢;, )|, k # j, and has to equal 0. Therefore |(v;, ¢x)| =
0 if k # j. We are done. (]

How to recover f from Ff if the frame is not tight? Well, F' is an injective map into 2,
but most likely not surjective. We want to invert F on its image in [2 only, that is, we are
looking for a right inverse G : 12 — L%(R), i.e. a map G with GF = id. From linear algebra
we know the solution in the finite dimensional case; it is known as “least squares method”
and ( is constructed as orthogonal projection on the range of F' followed by inversion of F'
as map onto its range. The formula in this case becomes

(5.5.8) G = (F*F)'F*.

Here F™* is the adjoint of F.
LEMMA 5.5.6. If F' is a frame map then F*F is invertible.
PrROOF. We have by (5.5.4) that

(5.5.9) (F*Fa,z) = (Fa, Fx) > Cy||z||?.

Hence F*F is injective. (This proves invertibility in the finite dimensional case.) Next
we show that R, the range of F*F, is closed. Let f, = F*Fz, form a Cauchy sequence
in R. Then || f, — fml|? = (F*F(xn — ), (0 — )| > Cil|zn — 2m|?, thus {z,} is
a Cauchy sequence. Let its limit be z, then f, converges to Fz. Finally, by functional
analysis R+ = Ker F*F = 0. This implies that R = L?(R) and the Lemma follows from the
open mapping theorem. O



52 5. (MICRO) LOCAL ANALYSIS

Let us introduce
b= (F*F)~
the dual frame. Using (5.5.4) it is easy to check that the dual frame corresponds to the
frame map F o (F*F)~!. It satisfies the dual relation

Co ' I < D WAl < eI
j

5.6. Multiresolution Analysis, Orthogonal Bases of Wavelets

DEFINITION 5.6.1. A multiresolution analysis of L?(R) is a sequence of subspaces V; C
L?(R) with the following properties.
el el 2 el R T G-
UjezVj = L*(R);
NjezV; = 0; '
feV,=f(2)eW,jeZ;
feVh = f(-n) €Vo,n€Z;
Jp € Vj such that {¢(—n): n € Z} is an orthonormal basis of Vj.

S T W=

EXAMPLE 5.6.2. Take V; = {f € L*(R) : fli29k,23 (k1)) 18 constant a.e.}. Properties
1,3,4 and 5 are clear; 2 is an easy exercise and for 6, take ¢ the characteristic function of

0, 1].

REMARK 5.6.3. Some further notation and simple consequences of the definition: Given
a multiresolution analysis V}, let P; denote the orthogonal projection onto V; and let W
denote the orthoplement of V; in V;_q, so that V;_; = V; @ W;, and more generally for

J<J,V; =V @g;éfl Wj_k. From this and 2. one readily infers L?(RR) = DjczWj.
Moreover,
feW; < (feViqgand f LV, < f(2.)€V_qand f(2).) € Vy < f(2).) € Wh.

The main result is as follows:

THEOREM 5.6.4. Keep the notation as above. To a multiresolution analysis of L*(R) as
in 6.1 can be associated an orthonormal basis of wavelets given by ;i (x) = 27I24h(2 Tz —k)

such that for all f € L*(R)
(5.6.1) Piaf =Pif + > (k)i
k

PROOF. Observe first that (5.6.1) is equivalent with: for every j an orthonormal basis
of Wj is formed by {¢i, k € Z}. Indeed, for f € W; we have f = Pj_1f = . (f,¥jk). By
scaling, it is now sufficient to find ¢ € Wy such that the functions ¢gx(x) = ¢(x — k) form
an orthonormal basis of Wj.

The function 1 must be constructed from ¢ and belong to Wy. Thus we will commence
to derive some properties of ¢ and Wy.

First ¢ € Vo C V_1, while ¢_1,, form an orthonormal basis of V_;. Therefore

(5'6'2) (p(l‘) = Z(‘pa W—ln)‘p—ln(x) = ﬁzhn@(Qw - n)7

n

where the coefficients h,, are defined by (5.6.2). We introduce mo(§) =
Taking the Fourier transform of (5.6.2), we obtain

(5.6.3) B(€) = % S hapl(€/2)e 42 = mo(€/2)B(E/2).

% Don hpe 8.
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Also, by orthonormality, and Parceval’s theorem

5ko=/dwso( /dﬁso (&)’

27
= [ e Y loe + 2mP
0

leZ

(5.6.4)

It follows that
1
(5.6.5) D @€ + 27l = 5. ae for £€[0,2n].
lEZ
Plugging in (6.3) we conclude that

(5.6.6) S o€ + ) 2IG(E + ) 2 = % ac. for €€ 0,7].
lEZ

Now my has period 27. Thus we naturally split the sum in (6.5) into a sum over even
I and one over odd [. This leads to

f—Zlmo OPIR(E + 2P + 3 Imo(€ + ) 2@(& + 7 + 2mj)|.
JEL JEZ
Applying (6.4) yields
(5.6.7) Imo(&)|? + [mo(€+m)> =1 ae.

This formula is at first only valid on [0,7] mod 27; for £ € [, 27] mod 27 replace & by
7+ 7 and (6.6) becomes valid on R.

Next let f € Wy that is f € V_; and f L V. We will do a similar analysis as above.
Letting fn, = (f, v_1n), we see that f € V_; is equivalent with

F=Yhapan or f©)= 5 3 fue 0(E/2) = my(€/2(€/2).

Here my(§) = >,z fne~ . so that |mgll2 = [ fll- On the other hand, f L ¢q is
equivalent with

/d&f(&) Hp(E) = /0 (Zf ¢+ 2nl) (f+27rl)> et de.

leZ
Thus -
S fe+2mBE T2 =0 ae.
l
Using (6.3) the left-hand side equals

> fE+2mhymo(é/2 + 7)p(E/2 +xl) (= 0).
l

Again splitting in even and odd [ for the second equality below, we find

(5.6.8) 0="> " my(&/24ml)ymo(¢/2+mD)|@(&/247D)[* = my(§)mo(€)+m s (§+m)mo(€ + 7).
leZ

In view of (6.6) mo(§) and mo({ + m) can be 0 simultaneously on a set of measure 0
only. Thus, it follows that the function A(§) = m(§)/mo§ + ), which, using (6.7) equals
—myg(& +7)/mo(§) is well defined a.e. and

AME +AE+7) =0, ae.
This is equivalent with the statement that A can be written as

A(€) = e*v(29),
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where v = v[f] has period 2. Our conclusion is that f € Wy if and only if f € L?(R) and
there exists a function v = v[f] with period 27 such that

(5.6.9) F(&) = v(€)e*Pmo (/2 + m)P(£/2)-
At this point let us look at where we are heading. We want to find ¢ such that

f@)=>"elfl(z—k).

Taking the Fourier transform of this relation we find f(€) = 3 cpe ™#€4)(€). This looks
much like (6.8). In fact, we have to put

V(€)= ¥ Pmo(¢/2 + m)p(¢/2)
and with v(&) = " vpe ™, just take ¢ = vi[f].
To finish it up, we have to see that ¢ € Wy and that, moreover, the functions ¢ (z — k),
k € Z, are mutually orthogonal, of norm 1 and are spanning in Wjy. Since |myg| is bounded
by 1 and ¢ € L2(R), we see that ¢ € L%(R) and therefore 1) € L2(R); (6.8) with v = lyields
that ¢ € Wy. Next

(5.6.10) /Rq/)(z:) v —k dx_/ 1 (6) 2k g = / <Z‘¢ &+ 2r)| )akﬁdg.

lEZ

Now, with the definition of 1&, by our usual splitting of the sum over even and odd [ and
(6.4),

Z)d’ (€ +2ml) ) =D Imo(&/2 +m(l+ 1) [$(¢/2 + )
(5.6.11) ez ,EZ
= ]m0(§/2)’2 + |mo(&/2 + 71')]2 =

So (6.9) is the k — th Fourier coefficient of the constant function 1/27 and vanishes unless
k = 0. We conclude that {¢(. — k)} is an orthonormal set in W.

Finally we have to show that {¢(. — k)} is a spanning set. We have already seen that
there is an expansion f = > vi[f](z — k) for every f € Wy, but this is only formal. We
had better check that v € L3_. We have

2 27
Hf2”2:/0 |d§ / IA(E) ]m0£+7r)| + |mo(§ )|2)

- [ —1/2/ w(€') e

This finishes the proof of the theorem. ([

(5.6.12)
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