ON THE MOTIVES OF MODULI OF CHAINS AND
HIGGS BUNDLES

OSCAR GARCIA-PRADA, JOCHEN HEINLOTH, AND ALEXANDER SCHMITT

ABSTRACT. We take another approach to Hitchin’s strategy of computing the
cohomology of moduli spaces of Higgs bundles by localization with respect
to the circle-action. Our computation is done in the dimensional completion
of the Grothendieck ring of varieties and starts by describing the classes of
moduli stacks of chains rather than their coarse moduli spaces.

As an application we show that the m-torsion of the Jacobian acts triv-
ially on the middle dimensional cohomology of the moduli space of twisted
SL,-Higgs-bundles of degree coprime to n and we give an explicit formula for
the motive of the moduli space of Higgs bundles of rank 4 and odd degree.
This provides new evidence for a conjecture of Hausel and Rodriguez-Villegas.
Along the way we find explicit recursion formulas for the motives of several
types of moduli spaces of stable chains.

In this article we take another approach to implement Hitchin’s strategy [23,
§7] of computing the cohomology of moduli space M¢ of stable Higgs bundles of
rank n and degree d on a curve C by localization with respect to the circle-action,
assuming that n and d are coprime.

In order to handle different possible choices of cohomology theories in a uniform
way, we want to compute the classes of these spaces in the (dimensional completion)
of the Grothendiek ring of varieties I/(\'O(Var) (see Section 1) and give the result in
a form that allows us — in case that C' is defined over the complex numbers — to
read off the Hodge polynomials of the spaces without further effort.

Before explaining our strategy let us give an overview of the main results we
obtain as an application of our approach. We show (Theorem 1 in §5) that in
the case of coprime rank and degree the n-torsion points of the Jacobian of C
act trivially on the middle-dimensional cohomology of the space of twisted SL,,-
Higgs bundles. This answers a question of T. Hausel which was motivated by the
conjecture of [18].

Also we give an explicit formula (Theorem 2 in §7) for the motive of the space of
semistable Higgs bundles of rank 4 and odd degree. We implemented this formula
in Maple and checked that for genus < 21 the result confirms the conjecture of
Hausel and Rodriguez-Villegas ([17]) on the Poincaré polynomial of this space.

Along the way we obtain recursive formulas for the motives of spaces of a-
semistable chains of several types. In particular, one could apply our method
to give a recursive description of the motive of the space of stable U(n,1)-Higgs
bundles. This application will be given elsewhere.

Let us now explain our strategy to obtain these results. It is known — we
will recall this in Section 2 — that the class [M¢] € Ko(Var) can be expressed in
terms of classes of moduli spaces of stable chains of vector bundles on C. Here a
chain is simply a collection (&, ..., &) of vector bundles together with morphisms
¢i: & — &1 for i =1,...r. For chains one usually considers a stability criterion
depending on parameters a = («q,...,a,) and the notion of stability for Higgs
bundles corresponds to a particular choice of .
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Our strategy to compute the classes of the moduli spaces of chains of vector
bundles is somewhat similar to the computation of the number of points of the
moduli space of stable vector bundles given by Harder and Narasimhan [15] and
the computation of the cohomology of this space over the complex numbers given
by Atiyah and Bott [4]: In a first step we want to compute the motive of the
whole stack of chains. The second step is then to study the Harder—Narasimhan
stratification of the space of chains, i.e., the stratification according to the different
types of canonical destabilizing subchains. As in the case of vector bundles, the
Harder—Narasimhan strata are fibered over spaces of semistable chains of lower
rank, for which we know the motive by induction.

In order to deduce the motive of the strata we need to describe these fibrations.
Quite surprisingly the fibrations turn out to be smooth whenever the stability pa-
rameter « is larger or equal to the stability parameter needed for the application
to moduli of Higgs-bundles (Lemma 4.6). For other stability parameters this prop-
erty would fail in general and this may indicate why the strategy to compute the
cohomology by variation of the stability parameter turned out to be so difficult.

For the first step of our strategy, we make use of a result of Behrend and Dhillon
[5]. They observed that the calculation of the cohomology of the stack of vector
bundles on a curves given in [7] can be interpreted in Ko(Var). For stacks of
arbitrary chains of vector bundles we define a stratification into pieces that we
can compute explicitly in terms of the classes of moduli stacks of vector bundles
(Proposition 4.13 and Corollary 4.10). The formulas turn out to be very simple.

Let us immediately remark that to apply our programme in general, one has
to overcome the problem, that although we can compute the pieces of the strat-
ification, the summation over all strata does not always converge in Ko (Var). If
the summation does converge the above approach immediately gives a recursion
formula for the class of the moduli stack of semistable chains and this is how we
find our recursive formulas.

Further, in the cases needed to compute the cohomology of the space of Higgs-
bundles of rank 4 we show how to overcome the convergence problem by a truncation
procedure. In particular we find a formula for the class of the stack of semistable
chains of rank (2,2) (Proposition 6.13). For this example previous methods failed
to compute the cohomology.

Let us briefly review the structure of the article. In Section 1 we recall the
definition of the Grothendieck ring of varieties and a variant that contains the
classes of algebraic stacks with affine stabilizer groups. We recall basic results on
motivic zeta functions of varieties and the class of the moduli space of bundles
on a curve that was calculated by Behrend and Dhillon. We end the section by
explaining how to read off results on mixed Hodge polynomials from our formulas.

In Section 2 we collect some known results on Higgs bundles and in particular
explain how the computation of the class of the moduli space of stable Higgs bundles
reduces to computations for moduli spaces of (holomorphic) chains.

After these preliminary sections we introduce (in Section 3) two general ingredi-
ents that will be the key to our computations. First we recall how to compute the
class of stacks classifying of extensions of various types of objects and second, we
give the class of the space of modifications of a family of vector bundles.

The core of the article is then contained in Sections 4 to 6. In Section 4 we
describe our general strategy to compute the class of moduli spaces of chains. In
Section 5 we give the application to the middle-dimensional cohomology of the
space of twisted SL,,-Higgs bundles.

In Section 6 we apply our general strategy to do explicit calculations. We first
consider cases where our general strategy carries through without additional effort
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to produce recursive formulas for moduli spaces of chains. We then show how in
all chain types needed in order to deduce the class of the moduli space of Higgs
bundles of rank 4 one can solve the convergence problem mentioned above. The
computation of the class of [M}] is then given in Section 7. Here we restrict ourselves
to Higgs bundles in order to reduce the number of parameters involved, but the
same arguments can also be used to obtain similar formulas for moduli spaces of
bundles with a Higgs-field taking values in a line bundle £ with deg(L) > 2¢g — 2.
For completeness we have included an appendix containing a quick computation
of the classes of [M3] and [M3]. The class of [M;] is implicitly already contained in
Hitchin’s original article [23]. The Poincaré polynomial of [M3] has been computed
by Gothen [13] and probably his argument could also be refined to compute the
motive, however the corresponding Hodge-polynomial does not seem to be available
in the literature.
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1. RECOLLECTION ON K{(Var) AND CLASSES OF ALGEBRAIC STACKS

To explain the basic setup in which we do our calculations we need to recall the
definition of the motive of a local quotient stack from the article [5] by Behrend
and Dhillon.’ At the end of this section we collect the formulas needed to read off
the mixed Hodge polynomials from our formulas.

Our main reason for using motives rather than Hodge polynomials is that our
computations only make use of geometric decompositions of the moduli spaces and
thus it is natural to write our formulas in terms that reflect the underlying geometry.

1.1. The ring I/(\O(Var). We denote by Ko(Vary) the Grothendieck ring of varieties
over k, i.e., it is the free abelian group generated by isomorphism classes of (quasi-
projective) varieties [X] subject to the relation [X] = [X \ Z]+[Z] whenever Z C X
is a closed subvariety. (See [30, Section 2] for background on this ring.)

LOther authors have considered similar definitions, see Joyce [24], Toén [37] and Ekedahl [11].
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One denotes the class of the affine line by L := [A'] € Ko(Varg). Also for any
quasi-projective variety X we denote its symmetric powers by Sym’(X) = X®. As
observed in [27] this extend this to classes in Ky(Varg), by

Sym™([X] +[Y]) := ) [Sym'(X)][Sym’ (V).

1+j=n

In KO(Vark)[%] we have the filtration defined by the subgroups generated by
classes [X]L~™ with dim(X)—m < n for n € N fixed. The completion of Ky(Varg)
according to this filtration is called the dimensional completion of K (Vark)[%], we
denote it by Ky(Var).

Before defining the motive of an algebraic stack with affine stabilizer groups,
observe that [GL,] = Z;é (L™ —L¥), by the usual argument that the first column
of an invertible matrix is an arbitrary element of A™ — {0}, the second then gives a
factor A" — A and so on. Since in Ko(Var) we have (L" —1)~! =L~ Yo Lk,
we see that [GL,] is an invertible element in K (Var).

Now suppose a stack M is a quotient stack defined by an action of GL,, on a
scheme X, i.e., M = [X/GL,]. (Unfortunately the standard notation for quotient
stacks uses the same type of brackets [ | that are used for classes in Ko (Var).) Then
Behrend and Dhillon define its class as

M) := [gﬂ] € Ko(Var).

It turns out that this definition does not depend on the choice of a presentation
of M = [X/GL,], because GL,-bundles are locally trivial in the Zariski topology.

In particular, for a quotient by an affine group G one can choose a faithful
representation G — GL,, and write any quotient as [X/G] = [X x¢ GL,,/GL,].
Similarly one can then define the class of a stack which is stratified by locally
closed substacks which are quotient stacks. This also makes sense for stacks which
are only locally of finite type, as long as they possess a stratification M = [J M.,
where for any n € Z only finitely many M, are of dimension > n.

All stacks occurring in this article will admit a stratification into locally closed
substacks that are of the form [X/GL,]. This follows for example from a theorem
of Kresch [26, Proposition 3.5.9], by which it suffices to check that the stabilizer
groups of all objects are affine.

Example 1.1 (Behrend-Dhillon [5]). Using the argument of [7], Behrend and
Dhillon calculate the motive of the stack Bun‘i classifying vector bundles of rank n
and degree d on a smooth projective curve C: Denote by

Z(C,t) =Y [CP)ek

k>0

the zeta function of C' and denote by Pic® the Jacobian of C. Then Behrend and
Dhillon [5] show:
.01 n
d1 _ 7 (n?=1)(g—1) [Pic’] —k
[Bun’] = L T IIHQZ(O,]L ).

Notation. We will often drop the degree and denote by Pic the Jacobian of C' and

by Pic the stack of line bundles of degree 0, so that we have Pic & Pic x BG,,, and
P

therefore [Pic] = %.
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1.2. Zeta functions and their relation with Hodge polynomials. To com-
pare our formulas with more classical formulas, we need to recall several facts on
zeta functions from [25] and [19].

(1) For any variety X its zeta function is the formal power series Z(X,t) =
SO[X™]¢n. The relation defining Ko(Var) implies that the zeta function is
multiplicative: for Y C X closed we have Z(X,t) = Z(Y,t)Z(X \ Y, 1).

(2) For the curve C define h'(C) := [C] — 1 — L and set?

2g
P(t):=>_Sym'h!(C)t'.
1=0

Then
_ PO
2CD= a0 Ly

[Pic] = Z Sym’ h'(C) = P(1).

Thus we get [Bung] = LSQ%. Using the functional equation [19,
Section 3]

1
P (ﬂL) = L9t 29P(t)
for t = Il this simplifies to:
P(1)P(L)
(L-1)*(@L2 —1)
(3) For any variety X and N, M € Z we have

[Bung] —

M
. Z(X,t)LVM
XWLNE = Coeffpp 22
kZ:O O T LN yM

This follows simply by expanding ﬁ as a geometric series.
Since we will need it later, let us give a simple application of these facts:

Example 1.2. The class [(C' x P*~1)()] € Ko(Var) is given by:
n—1 i
o P(L*t
[(C x ]P’"_l)(l)] = Coeffy —— iz 4 (L) ,
[z (1 = Let)(1 = L*1e))

Proof. Since [P"1] = S~ '[A?] we know from (1) that Z(C' xP"~1, ) = [[, Z(C x
A’ t) =TI, Z(C,L't). Together with (2) and (3) this implies the claimed formula.
]

The preceding formulas will allow us to read off the compactly supported Hodge-
polynomial of the moduli spaces we study from the their classes in I?O(Var). First
note that the F-polynomial (see, e.g.,[17, §2]) can be viewed as a map E: Ko(Var) —
Z[u,v], because for any closed subvariety Y C X the long exact sequence for coho-
mology with compact supports implies that E(X) = E(X \Y) + E(Y).

Since E(L) = uv, this map extends to a map

E: Ko(Var) — Z[u, v] Hlﬂ

uv

In terms of cohomology Sym® becomes the graded symmetric power, i.e., Sym® h'(C) corre-
sponds to the exterior power of the first cohomology group.
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taking values in Laurent-series in (uv)~?.

Example 1.3. For the polynomial P(t) = E?io Sym® h*(C)t* defined above the
description of the cohomology of symmetric products due to Macdonald [31] shows:
1 —tu)?(1 —tv)9
(1—t)(1 — tuv)

E(P(t) =1 —tu)?(1 —tv)? and E(Z(C,t)) = (

Our formulas will be given in terms of P(t),[C()] and L, so the above formulas
will suffice to read off the E-polynomial of the moduli spaces from their class in
I?O(Var). If the cohomology of a variety X is pure, e.g., if X smooth and projective,
then the E-polynomial determines the Hodge-polynomial by the formula

ut’ vt
In this case the Poincaré polynomial of X is given by
1 1

P(X,t) = t2dim<X>E< - —t).

i 1 1
H(X,U7U7t) = (uytz)dlm(X)E< - )

2. RECOLLECTION ON HIGGS BUNDLES

In this section we collect the basic definitions on moduli spaces of Higgs bundles
as well as how their topology is determined by the topology of moduli spaces of
chains. For the convenience of the reader we briefly sketch the main arguments,
more details can be found in [18, Section 2 and 9.

A Higgs bundle is a pair (£,0: £ — £ ® f2¢), where & is a vector bundle on C,
0 is an O¢-linear map and {2¢ is the sheaf of differentials on C. We will denote
by M¢ the moduli stack of Higgs bundles of rank n and degree d on C. In this
stack we can consider the open substack M%% of semistable Higgs bundles, i.e.,
those (€,0) such that for all subsheaves F C £ with 0(F) C F ® {2 we have
w(F) < u(€), where, as usual p(F) is the ratio between the degree and the rank
of F. A Higgs bundle is called stable if this last inequality is a strict inequality
for all proper (F,0,7) C (£,0). Stability is also an open condition, so stable Higgs
bundles define an open substack Mdstable  Aqdsss,

The stack of stable Higgs bundles turns out to be smooth. This follows from
deformation theory (see Nitsure [35] or Biswas and Ramanan [8]), showing that
the first order infinitesimal deformations of a Higgs bundle (£,8) are given by the
cohomology of the complex (End(€) — End(€) ® £2¢). For a stable Higgs bundle,
the only automorphisms are scalar automorphisms, so that H° of this complex
is 1-dimensional, and by Serre duality the same holds for H2. Also the Euler-
charactersitic of H*(C,End(£) — End(€) @ 2¢) is —2n%(g — 1).

Therefore M2stable j5 4 smooth stack of dimension 2n?(g — 1) + 1 and it is a
G,n-gerbe over its coarse moduli space M2, which is therefore smooth of dimension
2n%(g—1) + 2.

Finally we have to recall the Hitchin map

fiME = A= H(C,2),
i=1
given by f(€,0) = (trA'9) € @;_, H°(C, 2%, i.e., f maps a Higgs bundle (£,6)
to the coefficients of the characteristic polynomial of §. If (n,d) = 1 Nitsure also
proved [35] that the induced map on the coarse moduli space M2 — A is proper.
The moduli space of Higgs bundles has an action of G,,, given by multiplication
of scalars on the Higgs field §. The Hitchin map f becomes equivariant with

respect to this action, if we let G,, act by the character A — A’ on the subspace
HY(C, 0%) C A
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We collect the known properties of the Biatynicki-Birula decomposition with
respect to this action in the following proposition (which has been observed in [18,
Section 9]):

Proposition 2.1. Let n,d be a fized pair of coprime, positive integers.

(1) The fized point scheme (M2)®m of the G, action on M2 is a disjoint union
of connected, smooth schemes F; contained in the special fiber f=1(0) of the
Hitchin map.

(2) There are G,-subvarieties F;t,F;- C M2 such that F; is a closed sub-
scheme of FijE and FijE 1$ a Zariski-locally trivial fibration over F;, with
fibres isomorphic to affine spaces. For any x € F' we have Tw(Fii) =
T.(M)° @ T,,(M)* where T,,(M)%*~ are the weight spaces of the tangent
space at x with weights repectively 0, positive or negative.

(3) We have Mg = J F;" and (f71(0)) = U F;~ and for all points x € (MZ)Cm
we have dim(T,(M)") = § dim(MZ). In particular the closure of the F;
in M2 are the irreducible components of f71(0).

Proof. The first part of the lemma is a direct consequence of the Bialynicki-Birula
decomposition theorem ([6, Theorem 4.1] for algebraically closed k and [22, Theo-
rem 5.8] in general). The varieties FZ-Jr consist of those points such that lim;_,gt.z €
F; and F;~ consists of the points such that lim; ,o t.z € F;.

Next we use that according to Nitsure [35] the Hitchin map is proper. Since
we know that G,,, acts with positive weights on 4 this implies that the F; have to
be contained in the special fibre of the fibration. Moreover, every point of M2 is
contained in exactly one Fi+. Similarly, every point in the special fibre has to be
contained in some F;  and outside of the special fiber the limit lim; ¢ t~1.z does
not exist.

As observed by Hausel and Thaddeus [18] the claim on the dimension of T, (M)™
is a consequence of Laumon’s result [28] that the downward flow is Lagrangian. In
particular, this implies that all the F,  are smooth of dimension %dim M. O

This implies that the class of [MZ] € Ko(Var) can be computed in a very simple
way from the classes of the F;. This was observed in [18, Proposition 9.1] in terms
of E-polynomials:

Corollary 2.2 (Hausel-Thaddeus [18]). Write N := $dim M? = n?(g — 1) + 1
then we have

=1LV Z € Ko(Var).

In order to make use of this result we need to recall the modular description of
the fixed point strata of Lemma 2.1, due to Hitchin and Simpson (see [18, Lemma
9.2]): If (£,0) is a fixed point of the G,, action, (£,0) = (£,\0) for all A € G,
Then either § = 0 or if § # 0 then this implies that the automorphism group of &£
contains a copy of G,,. This implies that & = @@ &; decomposes as a direct sum of
weight spaces for this action and 0 : & — &;_1 ® 2¢. This implies that each F; is
a moduli space of bundles &; together with maps ¢;: & — &£_1 ® (2, such that the
corresponding Higgs-bundle (P E;, P ¢;) is stable. These are called moduli spaces
of stable chains and we will recall their properties in more detail in Section 4. The
main part of this paper will be devoted to the computation of the classes of these
moduli spaces.
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3. THE BASIC INGREDIENTS OF OUR CALCULATIONS: EXTENSIONS AND
MODIFICATIONS

Our calculations rely on two basic results, which we would like to explain in this
section. Firstly, an observation already contained in SGA 4 [3, Exposé XVIII 1.4]
allows to compute the class of spaces of extensions of bundles, or more generally
of extensions of chains whenever the extension problem is unobstructed. Secondly,
we can compute the class of the stack of modifications of vector bundles. As any

morphism of bundles &; i> &y can be viewed as an extension of vector bundles
ker(¢) — & — Im(¢), followed by a modification Im(¢) — Im(¢)** (here we
denoted by Im(¢)%* the saturation of the image) and another extension of vec-
tor bundles Im(¢)%* — & — &/ Im(¢)*** the above ingredients will allow us to
describe moduli spaces of chains.

3.1. Stacks classifying extensions of objects. In the following we will often
consider stacks parameterizing extensions of bundles or chains. In order to compute
their motives we will apply the following result, which appeared in SGA4 [3, Exposé
XVIII, Proposition 1.4.15], the statement as below can also be found in [20]:

Proposition 3.1. Let X be an algebraic stack, £y,E1 vector bundles on X and
&o N &1 a morphism. Viewing & as an affine group scheme over X acting on &;

via d we form the quotient stack [E1/&y]. Then for any affine scheme T 5 X over
X the category [E1/E)(T) is equivalent to:

[£1/&0)(T) = ( Objects = H' (T, t*(E — €1)), Morphisms H°(T,t*(E — £1))) -

Stacks of the form [£1/&y] as occurring in the above proposition are called vector
bundle stacks. The above proposition shows that quasi-isomorphic complexes £,
define equivalent stacks.

As an illustration of how we will apply the above proposition let us recall a
well-known application. Denote by Cohz the stack of coherent sheaves of rank n
and degree d on C. Denote by Ext((n”,d”),(n/,d")) the stack classifying exten-
sions F' — F — F” of coherent sheaves with (rk(F'),deg(F’)) = (n/,d’) and
(sk(F"), deg(F")) = (n",d").

Corollary 3.2. The forgetful map p: Ext((n”,d"),(n',d")) — Cohflll, X Coh‘,il’,', de-
fines a vector bundle stack of relative dimension n’n"((g—l)—i—%l,—%). In particular
Ext((n”,d"), (n,d")) is smooth and irreducible.

’ 1!
and F/ .. the universal sheaves on Coh?, xC and Coh?, xC.

niv univ

Proof. Denote by F/
Denote by p;; the projection on the ¢, j-th factor of Cohfll, X Cohi/, xC.

We claim that for any substack of finite type of Cohflll, X Coh‘,i;,', the complex
Rp1o,«(Hom(pisFiiie, PisFune)) 1S quasi-isomorphic to a complex [y — &1] where
&; are vector bundles. This holds since for any bounded family of coherent sheaves
F = Hom(pss F",pisF') on C there exists d > 0 such that for any closed point
p € C the sheaves F(d - p) have no higher cohomology. But then for p,q €
C' the complex pi2 . (F(d-p) & F(d-q) — F(d(p + ¢))) is quasi-isomorphic to
Rpia,.. (Hom (pis P, pis ).

By Proposition 3.1 we know that [£1/&] is isomorphic to Ext((n”,d"), (n/,d)).
The relative dimension of the morphism is rk & —rk &, which by the Riemann-Roch
formula is n'n" (g — 1) + (n'd’ —n"d"). O

The classes of vector bundle stacks are easy to compute in Ko(Var):
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Lemma 3.3. Suppose that X, &y, E1 are as in Proposition 3.1, that X is a local

quotient stack, which defines a class in IA(O(Var), and that &,&1 are of constant
rank. Then we have

[€1/&0] = [X]LRED—KE) ¢ Iy (Var).
Proof. First, the lemma holds in the case that X is a scheme: Stratify X = |JX;

such that over each X; the map ¢|x, is of constant rank and both & and & are

trivial. By the proposition we can, over each X;, replace the complex & 4, & by
ker(d) N &1/ Im(d). In this case we have

[51/50 Xi] _ [Xz] > [Ark(&/lm(d))] > [Spec(k‘)/@flk(ker(d))} — [Xi]]er(gl)_rk(&)).

To prove the lemma for a local quotient stack it suffices to consider the case
that X = [X/GL,] is a global quotient. Let p: X — [X/GL,] denote the canonical
projection. Note that the automorphism groups of all objects of [£1/&] are affine,
so that by Kresch’s result [26, Proposition 3.5.9] the stack [€1/&] is again a local
quotient stack. Write [€1/&)] = U[F;/GL,,] for some schemes F; and n; € N. This
decomposition induces a decomposition

[p*E1/p*E0) = X X (x/6L, [€1/&0] = | X X (x/6L, [Fi/GLn,]-

Moreover, F; X(x/cL,] X — F; is a GL,, torsor and

Fi X(x/6L,) X = [P"E1/p"Eo] X(e, /g0 Fi = X X(x/6L,) [Fi/GLy,]

is a GL,,,-torsor. Therefore:

€1/E0] = Z [ [F}] _ Z [Fi][GL,] _ Z w

— [GLn,] = [GLy,][GL,] [GLy,][GL,]
1 *E1/p*E
= 6L Z [X X [X/GL] [Fz'/GLni]} = W
[XJLrkE)—rk(E) K(E1)—rk(Eo)
B e k),
[GL,]
This proves the lemma. O

Example 3.4. As simplest case of our problem, let us compute the motive of the
stack of stable bundles of rank 2 and degree d.
The Harder-Narasimhan stratum Bung"“ =! of those bundles having a subbundle
d

of degree [ > § is the stack classifying extensions £ — & — Q with deg(L) =

l,deg(Q) = d — l. Thus we can apply Corollary 3.2 and Lemma 3.3 to find:

[Bund,lt:l] _ Lgfl+d72l[BuanBund7l} _ }Lg71+d72l P(1)2
2 1 1 (]L _ 1)2 )

where the last equality uses 1.2. Thus for the class of the stack of semi-stable
bundles we find:

[Bung’ss] = [Bung] — Z[Bung’“:l]

>4
_ PP~y avaa PO)?
RRESTE Vi DR oy

_ (PYP(L) — Lo~ tH{dmed? P(1))
(L—1)2(L2 - 1)
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If one applies Prodge to this class in case d is odd, this formula gives a polynomial
divided by Ppodge(IL — 1), corresponding to the fact that the stack is a G,,-gerbe
over the coarse moduli space.

We’d like to point out that the same method would also allow us to compute
the class of the coarse moduli space of stable bundles (see [10]) in case the degree
is even, by further discarding the strictly semi-stable bundles.

Remark 3.5. For general n one can write [Bun®*] = [Bun?] — |JHN-Strata.

Corollary 3.2 then gives a recursive formula for [Bun*]. Namely the Harder-
Narasimhan strata are indexed by partitions n =ny +--- + ngs and d = Y d; with
d;/n; > d;+1/ni41 for all i. The class of such a stratum is given by
S
]LEKJ nimn; (g—l)—&-ZKj djn;—din; H[BUHZZ’SS}
i=1

This recursive formula has been solved by Zagier [38] and Laumon and Rapoport
in [29], who formulated the result in terms of the Poincaré series in their article and
used cohomology instead of cohomology with compact supports. Their argument
shows:

[BunZ’SS] =

n s—1 (ni+ni+1)(n1+m+zi)dmOdn

5 L
Z(—l)sfl Z H[Bungi]l‘sz nin;(g—1) H T —

s=1 n=ni+-fns =0 i=1
n;>0

Details on the computation using cohomology with compact supports can be found
in [36].

3.2. The class of the stack of modifications of bundles. The second basic
ingredient for our computation is the class of the stack of modifications. We write
Heckeln,d the stack classifying (&; N &p) such that &; are vector bundles of rank
n, degree deg(&y) = d,deg(€1) = d — I and rank(¢) = n. This is usually called the
stack of Hecke modifications of length I.

Also for any family of vector bundles £ of rank n parameterized by a scheme of
finite type (or a stack of finite type with affine stabilizer groups) T' we will write
Hecke(£/T)! for the stack classifying modifications & C € with £/’ a torsion sheaf
of length [.

The argument of [7] implicitly contains the next result. We give a slightly dif-
ferent argument, since we need to work in Ko(Var) and we will need a result over
a general base.

Proposition 3.6. The class of the stack of Hecke modifications is:
[Hecke!, ;] = [Bun?] x [(C x P""1)D] € Ky(Var).
Similarly [Hecke(E/T)Y] = [T] x [(C x Pr—1)(1)],
Proof. Since Heckefl’d parameterizes pairs & C & we have a canonical morphism:
gr: Heckeﬁhd — Bun? xoW
(&1 = &) — (Eo,supp(&o/&r))

We first compute the fibers of gr. For a point P € C and & € Buni we denote
Fg’lp = gI‘_1<g, ZP)

Claim: [gr—(E,1P)] = [Sym' P"~1].

Although this is probably known, for the sake of completeness we will give an
inductive proof. For n = 1 the map gr is an isomorphism, so the claim is clear.
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In general, choose a trivialization &£|o,, , = (’)@7’}, and chose a local parameter ¢
at P in order to obtain an isomorphism Op 2 k[[t]]. In particular the first summand
of (’)g’} defines a subbundle £ — £ and we can stratify the space of modifications
&1 — & according to the length & of the image of £ in £/&;:

L(—kP) C O/O(-kP)
A
& £ T
L,
£1/L(—kP) g/L Tk

The space of all such extensions is fibered over the space of modifications of £”
of length I — k. The fibers are defined by the extensions of 7;_; by O/O(—kP)
together with a choice of a map q.

The extensions are classified by Ext(7;_x, O/O(—kP)) which is a vector bundle
stack of rank 0 over the space parameterizing the torsion sheaves 7;. The choices
of ¢ form a torsor under Hom(&”, O/O(—kp)) which is a vector space of dimension
k- (n—1). Thus we find [Fep] = 4 _o[Fer (g p] L.

On the other hand, by Remark 1.2 we have

1
(1—t)(1—Lt)--- (1 —Lr-1f)

[Sym! (P"~1)] = Coeff,

l
1 k(n—1)
kz; Coellus T ALy @ — 2y -
l
= Z D[Sym'~*pn—2].

This proves the claim.

An arbitrary point of C) is an effective divisor D = > om Py with Y m; =1
and P; # P; for i # j. So the partitions [ = )" m; with m; > --- > m, define a
stratification Cy(ni) of C). Tn order to compute the class [Heckeil’d] we stratify this
stack accordingly.

To deduce the result for families (£, D = 3. m;P;) € Bun? XC(ml) (T') parameter-
ized by some scheme T we note that Zariski locally over T" we may choose local
parameters at P;. Also after replacing T' by a GL] -bundle over T we may assume
that there exist trivializations of £ at the points P;. These local trivializations
define an isomorphism of the fiber gr=*(7') and T" x [[,; Foen m,p,- Thus we find:

lgr ™ (T)] = xHSym (B 1),

Similarly if [T//GL,] is a any substack of finite type of Bun? XC’T(nj) we can de-
duce the same formula for this substack, because the map gr is representable and
gr ! ([T/GLx]) = [gr~1(T)) /GL,].

To conclude, observe that the fiber of the projection p : (C' x ]P’"_l)(l) - W
over a point x € C’,(ni) is isomorphic to [T, Sym™:(P"~!), since stabilizer in S; of
a preimage of z in C is isomorphic to [] Sy,,. Since P"~! is stratified by affine
spaces and the permutation action is linear on the strata this implies (see [12,
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Lemma 4.4]):
= (C)) = [ [Sym™ (P"~1)] - [CY)] € Ko(Var).

Thus the sum over all strata C’fﬂl) can be written as:
[Heckel, ;] = [Bun{] x [(C' x P"~1)1)].
This proves the proposition. O

4. MODULI STACKS OF CHAINS: GENERAL RESULTS

After recalling some basic definitions on chains ([1],[2]), we will prove in this
section that the Harder—Narasimhan strata in the moduli stacks of chains are vector
bundle stacks over moduli stacks of chains of smaller rank. Moreover we construct
another stratification of the stack of chains such that we can compute the classes of
the strata in I?o (Var). These are the key results needed to implement our strategy
for the computation of the motives of the spaces of semistable chains.

4.1. Stability of chains and basic properties of the moduli stack. A (holo-
morphic) chain on C is a collection ((&;)i=o,...r, (¢i)i=1,....r), Where & are vector
bundles on C and ¢;: & — &;_1 are morphisms of Oc-modules. We will often
abbreviate ((&;)i=o,....rs (¢i)i=1,....r) as E.

The rank of a chain is defined as rk(&,) = (rk(&;))i=o,...» and the degree is
defined as deg(&,) := (deg(&;))i=o,...r. Given & = (&, ¢;) we will denote the
compositions of the ¢; by ¢;; := ¢;0---0 ;.

We will denote by M(n)q the moduli stack of chains of rank n and degree
d. Write M(n)y € M(n)y for the open substack such that ¢; # 0 whenever
n;n;—1 7 0. To show that the stack M(n)q is an algebraic stack, locally of finite
type, we only have to observe that the forgetful map M(n)s — []._, Bunfl’; is
representable. This holds, because the fibers parameterize morphisms of sheaves.

Given (;)i—o,...» € R™™! the a-slope of a chain &, is defined as

T

HE) = pal€e) =3
i=0

rk(&')
where p(&;) := deg(&;)/rk(&;) is the slope of the vector bundle &; and the summand
isread as 0if rk(&;) = 0. Note that the a-slope is a convex-combination of p(&;)+a.
Since the slope only depends on the numerical invariants for fixed rank and degree
n, d, we also write u(n,d) for the corresponding a-slope.

A chain is called a-(semi)-stable if for all proper subchains £, C &, we have

H(EN(S)p(&),

where we use the standard notation (<) to abbreviate that the inequality < defines
semistability, whereas for stability, we require strict inequality.

Remark 4.1. Any chain &, defines a Higgs bundle £ := @, & ® 2" with Higgs
field £ — £®12 given by the sum of the ¢;. This Higgs-bundle is (semi)-stable if and
only if the chain &, is a-(semi)-stable for the parameter a = (0,2g—2,...,r(2g—2)).

Note that — as in the case of vector bundles — given an extension £, — £, — £/
of chains of rank n/ and n/’ we have
1

L PN |
(&) = niu(&) + . (&),
n/ n//
u(es) = Zluen + I en.

n| |n|
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So the slope of an extension is a convex combination of the slope of the constituents.
As for stability of vector bundles, this property immediately implies the following
properties of stability of chains:

Lemma 4.2. (1) A chain &, is semistable if and only if for any quotient E4 —
El we have p(€e) < p(EY).
(2) If Ea, Fe are semistable with 1(Ee) > u(Fe) then Hom(E,, Fs) = 0.
(3) For every chain &, there is a canonical Harder—Narasimhan flag of sub-
chains 0 C 5.(1) C ...E.UL) = &,, such that u(é'.(l)) > > u(E.(h)) and the

subquotients S.(i)/é'.(i_l) are semistable.

We will denote by M(n); > C M(n)q the substack of a-semistable chains. The
same argument as for vector bundles shows that this is an open substack and that
its complement is the disjoint union of the Harder—Narasimhan strata, i.e., the
constructible substacks of those £, such that the 5.(i) are of some fixed rank and
degree.

Note that for any ¢ € R and o = (a;)o=1,...,» and a + ¢ := (o; + ¢)i=o,...» define
the same stability condition. Also if we denote by @ := (—a,—;)o=1,... then we
have

H(E)) = —pia(Ea).
Lemma 4.3. Dualizing gives an isomorphism
Mno, o)™ o 2 Mol
In particular for a; :=1i- (29 — 2) we have
M(ng, . .. ,n,.)?d_:_s..7dT) ~ M(ng,... ,no)‘("__;fwﬁ_do).

Proof. The first claim is immediate from the equivalent characterization of stability
given in Lemma 4.2 (1). The second follows, because in this case @ + r(2g — 2) =
a. O

Given n,d a parameter « is called critical (for n,d), if there exist strictly semi-
stable chains of rank n and degree d. Otherwise « is called non-critical.

Let us call a to be good if for any chain £, occurring as subquotient £i/£i~1 in
the Harder—Narasimhan filtration of a chain of rank n and degree d the following
holds:

(1) Whenever &/ and &/_; are non-zero then ¢; is non-zero, and

(2) the set {0 <i<r|& #0} is an interval in Z.
Note that any chain &, violating one of the above conditions can be written as
&L = EL @ £2 such that £4% are both non-trivial and for all i either with &' or £2
is 0.

Thus we see that a parameter « is good if the «; are linearly independent over

Q, because in that case (L) # w(€2). In particular this implies that if o is not
critical, then there is a good, non critical &’ such that M(n); > = M(ﬂ)g‘,_ss.

4.2. Extensions of chains and the classes of Harder—Narasimhan strata.
Note that one can embed the category of chains into an abelian category, by allowing
the &; to be coherent sheaves instead of vector bundles. In this category one can
then do homological algebra (see, e.g., [14]).

In this section it will further be useful to consider more generally chains £ =
(&, ¢;) with @ € Z such that only finitely many &; are non-zero. We will extend any
chain & = ((&;)i=o,..rs (#i)i=1,...») by putting & := 0 for all ¢ < 0 and all ¢ > r.
Similarly we will allow stability parameters o = (;)icz.
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Notation. Given chains &,,E. we denote by Hom(E), &]) the group of homo-
morphisms of chains, by Extl(é'ﬁ’ ,E.) the set of isomorphism classes of extensions
E, — & — & and by Ext(E),EL) the stack of such extensions. In particular we
have

Ext(£],€,) = [Ext'(&],€,)/ Hom(EY, £,)].

For chains &}, ..., &} we denote by Ext(£L,...,EL) the stack of iterated exten-
sions, i.e., chains &, together with a filtration 0 = F) ¢ Fl c --- ¢ Fl = ¢
and isomorphisms Fi/Fi~! = i, Similarly, fixing given ranks n’ and degrees d',
we denote by Ext(n”,...,n')s  n the stack of chains €, together with a filtra-
tion F¢ such that (rk(FZ/Fi~1),deg(Fi/Fi~)) = (n',d"). Also we will denote by

Ext(n", ... ,@l)gfﬁ” 5 the open substack of filtered chains such that the subquo-

tients Fi/Fi~1 are a-semistable.

We need the following basic result, which can be found in [2, Proposition 3.1
and 3.5]:

Proposition 4.4. Let £/ ,E, be chains. Then we have a long exact sequence:

0 — Hom(E', EL) — @Hom (&N EN — @Hom (& E D)
— Ext}(EV,EL) —>EBExt &gl —>EBExt (EE)

— Ext*(EL,EL) — O.

If the ¢ are injective for all i or the ¢l are generically surjective for all i, then
Ext?(E/,E) =0

The above proposition is most useful, if the Ext?-term vanishes. We will need
another criterion to show this. To this end, we recall that the long exact sequence
computing Ext-groups in the category of chains is obtained from the cohomology
of the complex of sheaves

@’Hom (& ED %@Hom (&' E_1)
i

on C, where the differential is given by ( fi) — (fi—1 0 ¢ — ¢l o f;). In particular
the last group in the sequence of Proposition 4.4 is Ext*(E/, £L). Moreover, we can
apply Serre-duality to this sequence and find that

Hi(C,@’Hom (& & —>@’H0m (& E21)Y

=~ H>~(C, D Hom(&] 1,5"@90 —>@Hom ElLE @ 0c)).

The complex occurring in the second hypercohomology group is the one computing
Ext® (€L, @ 1), where £/, is the chain obtained by shifting the chain &£
by placing &/ in degree i — 1, so that the bundles of the resulting chains may be
non-zero for —1 <7 <r — 1. This irnplies:3

Lemma 4.5. Let ] £, be chains, then we have
Ext?(E/,EL)Y = Hom(EL,EL | @ Q0).

In our applications we will mostly be interested in the case that «; = (2g — 2)i.
In this case the following lemma is the key to our the computation of the Harder—
Narasimhan strata:

33. Mozgovoy independently observed this lemma.
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Lemma 4.6. Suppose for all i we have a; — ;1 > 2g — 2.

(1) Let E,,E. be chains of slope pimin(EL) > ptmax(EY). Then ExtQ(Ei’,é':) =0.
(2) If &, is an a-stable chain, then Ext?(&,,&,) = 0.

Proof. Let us prove (1). The preceding lemma says that the statement is equivalent
to the vanishing of

Hom(&,,E)_ 1 @ Q¢).
The image of a morphism f: &, — &/ | ® 2¢, is a quotient of £,. Thus this image

is of slope > fimin(EL) > tmax(EL). Also f(E,,1) is a subchain of £] ® 2¢, and we
have

H(EL) = BUED) + Y mmm )

> pu(f(&,)) +29—2
> tmax (EY) 4+ 29 — 2 = pmax (E) @ 020).

This is a contradiction.
For (2) the same argument shows that any element of Hom(&,,E—1 ® 2¢) must
be an isomorphism, which cannot exist, since £_1 = 0. O

Remark 4.7. One should compare the above Lemma with [2, Proposition 3.5],
which gives a similar statement. Note however that statement (2) cannot be gener-
alized to a pair of stable chains &£,,E. of equal slope if ; — ;1 = 29 — 2, e.g., the
chains &) := (O — 0) and &, = (0 — 2¢) are both stable, since they are of rank
1, they have equal slope, but Ext*(E/,£]) = Ext' (0, 2) = H°(O)V is non-trivial.

In particular, in (iii) of loc. cit. the condition imposed by Lemma 4.5 saying that
Hom(&,,E) @ 2¢) = 0 has to be added. This is for example satisfied if one of the
chains is stable and all £/, & are non-trivial. The same applies to [9, Proposition
3.6 (2)].

The above lemma allows us to describe the Harder—Narasimhan strata of chains:

Proposition 4.8. Let « be a stability parameter and (@i,di)izl,,,,h be ranks and
degrees of chains. Suppose that

ap—ag_1 >29g—2 fork=1,...r and ,u(@i,di) > u(@”l,diﬂ) fori=1,...h—1.

Then the forgetful map:

h
gr: M(ﬂh, - 7ﬂl)grafss — HM(ﬂi)O{fss
i=1

dr,....d' d’
is smooth and its fibers are affine spaces of dimension x = ZKJ- Xij, where
Xii =D mini(g — 1) — i} +nd]
k=0
— Zninz_l(g —1) —nj,_qdj, + njdy,.
k=1
Moreover in Ko(Var) we have
h
Ext(n”,.... )55 = LS T[ M) ).

i=1
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nl)gr a—ss

Proof. Let us denote the projections from the product Ext(n~!, a1, g X

M(@h)(" % x C onto the i-th factor by p; and similarly denote by pi; the projection

onto the product of the i-th and j-th factor. Denote by &] .., €L ., the universal
chains on Ext(n/~! ...,ﬂl)iial ® g x Cand M(n?)g™ x C. Since &, ,;, has a

filtration with semistable subquotlents of slope bigger than (&L Lemma 4.6

Ld unlv)
implies that

RplQ’* (@ Hom(p§3g£univ7pl3g’: unlv — @ Hom p2351, un1v7p13g/ 1,univ))
i

is a complex with cohomology only in degrees 0,1. As in the proof of Corollary 3.2,

this complex can be represented by a complex of vector bundles F o, Fi A, Fo
and since its cohomology is only in degree 0,1 it is quasi-isomorphic to Fy —
ker(dy). This is a complex of vector bundles of length 2, to which we can apply
Proposition 3.1, showing that the vector bundle stack [ker(d;)/Fo] is isomorphic to

Ext(n”, ... ,@l)gfbo‘. * . By the Riemann-Roch formula the dimension of the fibers
of gr is Z?:_ll Xjh- The result now follows by induction on h. O

4.3. A stratification of the stack of chains with simple strata. Next, we
want to define — for any n,d — a stratification of the stack of chains M(n)q such
that classes of the strata can be computed using the results of Section 3.

Any chain & = (£, — -+ = &) has a canonical subchain:

Flgo - (gr — ¢r(€r)sat — ¢1r(gr)sat - 50)7

in which all maps are generically surjective. We call this subchain the saturation of
&, in & and write (tk(F1&,), deg(F1E,)) =: (n/,d'). Also we set [ := (deg(F'&;) —
deg(di+1(Eiv1)))i=o0,..r—1-

For fixed ', d’, [, the stack of those chains such that the saturation of £ in &, is
of rank n’ and with degrees d', [ is a locally closed substack M (n )n 4l M(n)q.

For any chain &,, the quotient &/F'€ = (0 — E_1/¢p(E)F — -+ —
Eo/P1-(E:)%*) is a chain of shorter length. This has a corresponding subchain,
the saturation of &._1/¢, (€)%, Inductively this defines a filtration

F'&c---c Frtlg, =&,

such that the subquotients F&,/F~1&, are chains of length 7 — 4 + 1 in which all
maps are generically surjective. Proposition 4.4 will therefore allow us to describe
the substacks of chains such that the rank and degree of the chains in this filtration
are constant.

Given n, d and [, let us denote by M(n)5™ M the stack of chains of rank
n and degree d, such that all maps ¢; are generically surjective and denote by
M(n)g" u the locally closed substack of M (n )gen‘SurJ defined by the condition

li = deg(&;) — deg(i(Eiv1))-

Lemma 4.9. The stack M(n )gm U s nonempty if and only if ny > np_q > - >
ng, l; > 0 and for all i such that n; = N1 we have l; = d; — d;y1.
If these conditions are satisfied, the stack M(n);"" U s smooth and connected.
Let v = (nit1ni —ni)(g — 1) +niy1di — nidi Frivt #ni gy
0 if niv1 =n;
have:
. r—1
M (ﬂ)zzn-surj] = Buny, H[Bunni+1_ni][(c % Pm—l)(li)]LZ Xi—nitili ¢ Ko(Var).
i=0
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Proof. For any chain in the substack write KC; := ker(¢;), Q; := Im(¢;). Then we
have rk(KC;) = n; —n;—1 and deg(K;)) = d; — (dj—1 — l;—1). Thus the stack classifies
a collection of extensions (K; — & — Q;) together with Hecke modifications Q; C
51'_1 of length li—l-
For fixed IC;, Q; the dimension of the stack of extensions of Q; by K; is
rk(K;) rk(Qi)(g — 1) — (rk(Q;) deg(K;) — rk(K;) deg(Q:))
=(ni—ni—1)ni—1(g—1) — (ni—1(di — di1 +lic1) — (i —ni—1)(dim1 — li—1))
= (nin;—1 — 7%{1)(9 — 1) +nid; 1 —nili—1 —ni_1d; = xi — nili1.
Recall that for a family of bundles £ parameterized by some space T" we defined

Hecke(£/T)! to be the space of all modifications of length [ of &, i.e., the fibered
product:

Hecke! (€ /T) — Hecke'

b

T— ~ Bunl.

Since p is a smooth fibration with connected fibers, we see that if T is connected
Hecke(E/T)! is connected as well. This proves the claimed connectedness.
Using the formula for [Hecke(E/T')] (Proposition 3.6) we find:

r—1
[(M()§7™"] = Buny, [ [Buny,,,—n,)[(C x Pt ximnint,
i=0
which is the claimed formula. O

Corollary 4.10. The stack M(@)ien'surj is non-empty if and only if n. > n._1 >
-+ >mng, and for all i such that n; = n;_1 we have d; < d;_4.
If these conditions are satisfied, we have:

M) = L= % Bun,,] [ [Buns,,] J[ [(Cxprrt)idizds],

B M p1FENG 11 Njp1="n;

where

o _ J niyadi = nidigr +nigani(l—g)  if niga # n
v 0 if nig1 = ny.

Proof. Summing the formula obtained in Lemma 4.9 all [; > 0 we find:

r—1
MOE™) = L2 Buny, [[Bung o) T (€ x Bt
=0 My p1="n;

H Z(C x Pt L),
it mip1—n; >0
Moreover we know Z(C' x P*=1¢) = [['24 Z(C,Lit) and we have the formula
[Bun,,] = LW ~D@=D[Pic| [[™, Z(C,L~%). Putting these two formulas together,
we find [Bun,,] = L&m=+)(@=1)[Bun,, ,]Z(C x P¥=!, L=™). To conclude we only
need to substitute this expression for m = n;y1,k = n; in the above formula for

[M (ﬂ)ien—surj] ) 0

Remark 4.11. In case n, > --- > nqy > ng the above formula reduces to:

r
[M(ﬂ)gen-surj] — ]LZ'?Zl nidi—1—ni—1d;+n;n;—1(1—g) H Bunni ]

n=0
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This formula looks quite surprising, because in this case the class of M(n)5™ sur]

is equal to the class of a vector bundle over []_, Bun n. of rank equal to the Euler
characteristic of @;_; R Hom(&;, £;—1), although the forgetful map M (n)5™" s
[1;_o Bun,, is far from being a bundle for any d.

Remark 4.12. By duality (Lemma 4.3) the class of the stack of chains, such that
all morphisms ¢; are injective, is also given by the expression given in Corollary
4.10.

Lemma 4.9 also allows us to define the stratification we are looking for. Given
n,d, we consider partitions n = Z:+01 n', such that ni = 0 for k > n — 4, so
n=n,, nl_; =n._1—nl | etc. Let (d )121’,_1 be such that ), d" = d and such
that n’,d" satisfy the condition of Corollary 4.10. We call n’,d" satisfying these
conditions a partz'tion for the stratification by saturations. Given such a partition
let us denote M(n ) n'd) - M(n)q the locally closed substack of chains &, such

that (nf,d') = (tk(Fi& /Fi~1E,), deg(Fi. [ Fi~1E,)).

Proposition 4.13. For any n,d, the set of substacks M(n ) n'd) - M(n)q indezed
by partitions for the stratification by saturations defines a stratification of M(n)q.
Moreover in Ko(Var) we have

[M( )(n ,d* )] LX((n d)i=o,...r) H gen surj])
where X((Qi,di)i Z Z nknk )+ nkdj — nkdl
i<j k=0
- an (g — 1) +ng_yd], — i)

Proof. This holds, because by Proposition 4.4 the canonical map

gr: M Eiﬂ dh) N H M gen surj
is a composition of vector bundle stacks and their dimension is given by the Riemann-
Roch formula. O

5. APPLICATION TO HIGGS BUNDLES WITH FIXED DETERMINANT

In this section we give an application of Lemma 4.9, namely we prove that the
action of the n-torsion points of Pic% on the middle-dimensional cohomology of the
space of rank n Higgs bundles with fixed determinant is trivial. This answers a
question of T. Hausel, which was motivated by the mirror symmetry conjecture of
[18]. The result will not be used in the rest of our article, but gives an instance
where the results of the previous section can be applied without evaluating explicit
formulas. In order to simplify the exposition we will assume in this section that
the characteristic of the ground field does not divide n. We denote our cohomology
theory by H*(M), which means singular cohomology in case k = C and étale
cohomology with Qg-coefficients otherwise.

For a line bundle L € Pic?(C) we define

ME = ((£,6: € 5 €@ Q0,5 det(€) = L) | () = 0)

to be the stack of Higgs bundles of rank n with fixed determinant L.
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Tensoring with line bundles defines an action of the group of n-torsion points
I' := Pic’(C)[n] on this stack and this action respects the semistable locus MZ-s,

Theorem 1. Suppose (n,deg(L)) = 1. Then the action of I' on MES induces the
trivial action on HYmM) (AML-ss),

Proof. As in the case of Higgs bundles without fixed determinant (Section 2), the
cohomology of H*(MZL=%) is a direct sum over cohomology groups for the fixed-
point strata for the G,,-action on MZL-*5. Moreover, these fixed-point strata are
moduli spaces of semistable chains with fixed determinant. We denote these strata
by M(ﬂ)g’ss and write M(n)L for the corresponding stacks of all (not necessarily
semistable) chains.

Since we assumed that (n,deg(L)) = 1, the spaces of semistable chains with
fixed determiant are projective, so their cohomology coincides with cohomology
with compact supports.

As in the previous section the spaces M(n ) 4 come equipped with a natural
stratification defined by the saturation of the images of the bundles &;. This strat-
ification is obtained by pull-back from the stratification of the stack of chains with
arbitrary determinant.

Let us fix a partition n’,d" of n,d for the stratification by generic rank and fix
moreover Ik satisfying the numerlcal conditions of Lemma 4.9. Let us denote by

M(@)Z A - M(n)g 4 the substack, such that Fi&,/F~1&, € M(n )‘z’;r}fu” for

all 4. The action of Pic’(C') on M(n)4 respects these substacks.

Also, by Lemma 4.9 the stacks ./\/l(ﬂi)cgifr;surj are smooth and connected, and by

Proposition 4.4 the map

or: M( (n',d* 1) N HM i;erz—lsurj

( ){(121 4L are smooth

is a composition of vector bundle stacks. Thus the stacks M(n
and connected as Well
We define M(n ) 254N 0.L ¢4 be the analogous stack of chains with fixed deter-

n',d"1"),L
()4t

minant, i.e., the stack M(n is the fiber over L of the determinant map

det: M(n )‘" ')

— Pic.

The action of I' = Pic’ (C)[n] respects these strata, so it is sufficient to show that
I' acts trivially on the top cohomology with compact supports of each stratum, i.e.,
to show that the strata are connected

By our description of M(n ) 2580k the map det factorizes as:

i i r . .
M(ﬂ)éﬁ ,d'\L) & HM(QI)E?Z?UU
=0

r or—i

22 LT Bunyi i < [T
i=0 k=0

ror—i

REN H H Pic% %17l x Picte

i=0 k=0
I Pict.



20 O. GARCIA-PRADA, J. HEINLOTH, AND A. SCHMITT

Here, the map p; is given by mapping &, to the subquotients Fi&,/F~1&, of
the filtration given by the saturation of the constituents &,,...,&;. This map is a
composition of vector bundles stacks, so it has connected fibers.

The map po is the product of the natural maps

gr: M(n')E H Bund’“id%_lilﬁ“ X HC(li)

i i
d NA nL—ny_q

sending a chain &, to (&o, ker(¢r)p=1....r—i, SUPP(Ek—1/ Ok (Ek))k=1,....r—i), Where we
write supp(Ex—1/¢x(Ex)) for the divisor defined by the torsion sheaf E;_1/dk(Ex).
This map is a composition of vector bundle stacks and Hecke modifications, so
again this map has connected fibers.

The map ps is the product of the natural maps det: Bun®, — Pic® and C(¢) —
Pic®, which have connected fibers as well.

Finally, the map m is the map reconstructing the determinant of £, out of the
graded pieces defined by the p;. It is of the form m: (Ly,...,Ly) — ®fi1 Lf"', SO
this map has connected fibers if and only if ged(kq,...,kny) = 1. We claim that this
condition is satisfied, because of our coprimality assumption on rank and degree of
the corresponding Higgs bundles. This is elementary, but slightly tedious:

Let us first consider a single factor:

det: M(n )frztwm PR HPICdk di-1=li o) T Pic |
=0
For a chain & € M(n )f’i‘frzfu” write K; := ker(¢;), Ko := & and let D; denote

the divisor defined by the torsion sheaf £;_1/¢;(&;). Then

det(@ &) ®det N ®O ),

Suppose k > 1 divides all exponents occurring in this expression for K; # 0 and
D; #0, i.e., suppose k|r +1 — j for all j such that K; # 0 or D; # 0. Since

k(@ &) =D (r+1— ) rk(K)),
§=0

this implies k| k(€ &;). Moreover,

deg(@ &) =D _(r+1—j)deg(K;) + Y _(r+1—j)deg(D;),
j=0 j=1
thus k| deg(P &;).
Finally the degree of the corresponding Higgs bundle is

des( @& © 20 = des( @ &)~ S — )20~ 2) ( Zrk(m)
7=0 =0

— deg(@ &) — (29— 2)sk(i;) j)(g_ﬂ' +1)
=0

Therefore we also have k| deg(@D & @ 2~ (=9).

Taking the product over all factors M(n )(g;r;fu” this shows that, if k divides all

the exponents occurring in the map m, then k has to divide n and deg(L) so that
k=1. O
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6. MODULI STACKS OF CHAINS: RECURSION FORMULAS AND EXAMPLES

In this section we will explain our strategy to compute the cohomology of mod-
uli spaces of chains by giving several examples. Whenever the stack of chains of
fixed invariants defines a class in I?O (Var) our strategy immediately gives recur-
sion formulas for the class of the space of a-semi-stable chains whenever « satisfies
ait1 —a; > 2g—2. We will say that « is bigger or equal to (0,29 —2,...,7(2g—2)),
the stability parameter occurring in the study of Higgs bundles, if this condition is
satisfied. We will begin with examples where this strategy works without further
effort.

In general the stack of chains will have infinitely many strata of the same di-
mension, so that the sum over all strata does not converge. However, we know
a priori that the stack of stable chains of fixed rank and degree is of finite type.
In particular the convergence problem only stems from the fact that only finitely
many strata will contain stable chains. We use this observation in some examples,
in order to avoid this convergence problem.

In particular, we will explicitly work out the recursion formulas in the cases
needed for our application to Higgs bundles of rank 4 and odd degree. In this case
the stability parameter for the corresponding chains is a = (0,29 —2,...,7(2g —2))
and since there are no strictly semistable Higgs bundles this stability parameter will
not be a critical value. Thus we may as well replace a by o, such that oy —a >0
is irrational and small. This will be helpful, because a might not be good for the
spaces occurring in the Harder-Narasiman strata.

We use this only to simplify our formulas. We could as well use «, but then
we would have to include chains for which some of the maps are 0, but this would
increase the length of the formulas.

6.1. Stacks of semistable chains of rank (m,1,...,1). For allm € Nym > 1
and degrees d = (do,d1,...d,) the stack M(m,1,...,1)4 is empty unless d, <
dr—1 < --- < dy and that if this condition on d holds we have (Remark 4.12):

s
6.1) M1, 1)) = L7090 By J[pi] et %),
i=2
Also the stack M(m, 1,...,1)4 is stratified by the substacks defined by the condition
¢; = 0 for i € I where I C {1,...,r}. To specify a subset I is equivalent to the
choice of an ordered partition r + 1 = Zézl(m + 1), where the r; are given by the
length of the subchains with ¢; # 0. Thus we find:

r+1 k—

M(m, 1, D= > JIm(

;>0 i—1
Ele ritl=r+1

1.1 )gM(n,1,...,1)4].
—— ——

r;+1—times rr—times

Here the index d on the right hand side of the formula refers to the corresponding
subset of the degrees d;.

Example 6.1 (Rank (m,1)).
MG, 1)] = Lm0 i Bun,
[M(m, 1)] = (L2~ D+do=24 4 1) [Pic][Bun,,].

Next, we want to apply the general recursive procedure in order to compute
the class of M(m,1,...,1)* 5. We have to study the Harder—Narasimhan strata,
assuming that the stability parameter « satisfies a; 11 — a; > 29 — 2 and we will
furthermore assume that « is good.
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Let & € M(m,1,...,1)4 be a chain and let (£} C --- C E} = &,) be its Harder—
Narasimhan flag. Since « is good and the subquotients £ /Ei~! are semistable we
find that

i i—1y (mé,l,...,l,O,...,O) 1fm67é0
tk(€,/677) = { (0,...,0,1,...,1,0,...,0) ifmi=0

Removing the 0 constituents of the subquotient we see that any such subquotient
is a chain of rank (m’/,1,...,1) of possibly shorter length.

The type of the flag is therefore given by a partition m$ + - -- + mb = mg with
mg > 0, given by the ranks of the subquotients 53/56'71, a partition 7 = 1 ... 47"
with r? > 0 giving the length of the sequences of 1’s in the rank of the subquotients
together with an index [;, specifying the starting index, i.e., we set [; := min{l |
E/ETT # 0} and

o [ max{l> 0] &/EF #0} —1;+ 1 if 3> 0 such that & /& #0
o otherwise.

These data satisfy [; = 0, if n{ # 0, and for all 1 < j < r there is exactly one
index 1, such that I; < j < l; + r;. Summing up, the Harder-Narasimhan strata
are indexed by partitions of ng and r together with starting indices [ and a set of
degrees d', such that d = Zdi.

In order to write down our formulas we use the notation M(m,1,) to denote the

stack of chains & — -+ — &y of rank (m,1,...,1). For m = 0 this is isomorphic
to the stack of chains &1 — +-- — & of rank (1,...,1).
Further, for a type (m},r;,1;,d") of a Harder-Narasimhan stratum occurring in

(mévrhlivdi).

M(m,1,...,1)q we denote the corresponding stratum by M(m,1,)

Proposition 6.2. Fiz a degree d and let a be a good stability parameter satisfying
Qi1 — oy > 29 —2. Let (mf,r;,1;,d") be the type of a Harder—Narasimhan stratum

occurring in M(m,1,...,1)q. Then we have:
[M(m, 1,) o tod)] = TTLX MO (miy, 1, )M (m, 1),
i<j

where x;; is the Buler characteristic computed in Proposition 4.8.
In particular this gives a recursive formula for
M(m,1)* ) = [M(m, L)) = Y [M(m,1,)mereledd],
(mf,ri,li,d") HN-type

Remark 6.3. In the same way one can obtain a recursion formula for the space of
semistable chains of rank (mg, 1,...,1,m,) for any mg,m, > 1 for any r > 2.

Let us evaluate this recursion formula for m = 2 and m = 3. After tensoring
with a fixed line bundle we may assume that d; in both cases:

Example 6.4 (Rank (2,1)). Let o = (0,0) be a good stability parameter with
o>2g9—2.
(1) M(2,1)g, " is empty unless & < do < 20. If these inequalities hold then:

o0 r240=21-1
M2, )58 = M2, Dag0l — Y [PigP[COLo =20 3™ [cO]L!
l:[ZdOT*U} 1=0

’—2d0370‘-‘_1
— [@]2 Z [C(l)](Lg_1+do_2l _ Ll).
=0
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(2) M(2, 1)5(’)':6“>h is empty unless min{o, dg, 2} > h. If this holds then

3
0o [2h—0]
M2, 1)5067" = M2, Dagol = Y [RieP[CWLo o2 — 37 [CO]L]
I=[do—h] 1=0
[do—h]—1 [2h—0o]
PP 3 Ot S (oo,
=0 =0

Proof. To prove (1) first note that since « is good for any semistable triple & BN &o
the map ¢; is non trivial. Therefore & contains 0 — & and & — & as subtriples.
Thus there are no semistable triples unless %0 < do% & dp < 20 and % < do% =
S < do. This proves the bounds on dp.

Let us now list the Harder—Narasimhan strata according to the rank of the last
step £, := EM1 C &,. Since M(2, Dgoo C M(2,1) we only need to determine the
intersection of the HN-strata with M(2,1). We write d' := deg(EL):

Type (1,1). The bounds on the degree are:

d6+0>d0+0®d’ >2d0—0
o )

2 3 3

In this case the Harder—Narasimhan stratum is one of the strata M(2, 1);. Its class
is Lo~ D+do—2dy [Pjc]2[C(d0)]. Thus the sum over all these strata is

Z L9~ D +do=2[pjc]2[C(D)].

_ 2dg—o
1=d)> 2902

(&) > p(&s) &

Type (1,0). (&) > wu(€l) implies df, > do + o /3. The quotient & LR &o/& has to
be semistable. This implies ¢” # 0 and 0 < dy — df, < o. Here the second condition
is implied by d“% < dj, since dy < 20. The dimension of Ext(€. /&L, EL) is do — dj.
Thus the class of a stratum is L% ~% [Pic]2[C(d~d0)] and putting [ = d}) — Ld“%J
we find that the sum over all strata is:

2dg—o
[=5—=1-1

S Lpige®).

=0

This proves (1).

For the second part we only have to adjust the inequalities. First, any triple has
the quotients & — 0 and 0 — & /&;. This implies that there are no triples with
Lmin > h unless o > h and dy > h. Also we need p(€,) > h. Moreover the Harder—
Narasimhan strata of rank (1,1) are in /\0/1(2, 1)Hmin>h ynless dy — dfy < h, i.e.,
d{, > do — h. For rank (1,0) we only need to discard the strata with W < h,
ie., dy — d{, < 2h — o. This proves (2). O

Remark 6.5. Using Example 1.3 we can read off the Hoge polynomial of M(2,1)%
from the above formula and thereby obtain a rather short proof of the main result
of [32].

Example 6.6 (Rank (3,1)). Let o« = (0, o) be a good stability parameter satisfying
o > 2g — 2. Then the space M(3,1)* ™ is empty unless o < dy < 30. If these
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inequalities hold, we have

[M(3,1)5,5°] = [Pic] [Bun]L% =391

L2d0*2|_3d€[gj [do—§1—1
P —314+2do—(g—1
—_ [h] [Bung] (]1427—1) + dz L 0o—(9—1)
1= 9f7 |41
[4e-21-1 o0
o [m] [Bung] Z ]L2l [C(Z)} + Z L73l+d0+2972[C(l)}
=0 =L 0= )41
+ [m]?) Z [C(k)]L—m@ Z L2d0+3g—3—2l
k=] 2077 | +1 1= 2902 | +1
oo [do—g1-1
+ Z [C(k)]L—Qk Z [,29—2+2do—3
k=205 1 1= %087 41
(#5211 do—%
+ Z [CL—2k Z [,29—2+2do—3l
=0 l:LstAL_GJ*k?Jrl
[f0-21-1 ~
+ [CILF Z L9~ 1+do—21
r=0 =L )41

Proof. This is a bit tedious, but not difficult. As before, since « is good for any

semistable triple &; & &y, the map ¢, is non trivial. Therefore £, contains
0 — & and & — & as subtriples. Thus there are no semistable triples unless
% < df{# & do <30 and § < dc{% < 0 < dy. This proves the bounds on dy.
We will group the HN-strata according to the rank of the last step of the HN-
filtration &£, := -1 C &,. In particular & /€, must be semistable. We write
deg(€L) =: d'. Finally, to add the contributions of the HN-strata we will — as in

the computation of [Bun®*s

58] — write each stratum as

(extensions of all chains) — (contribution of the unstable locus).

As in the case of vector bundles, there are cancellations between unstable contribu-
tions of different strata. Thus, it will be useful to use the same parameterizations
in each occurrence.

Type (2,1). The bounds on the degree are:
3d0 — 0
4

J(EJEL) < p(Es) & do —dy < DT

& dy >

and
Nmin(gi) > N(Eo/g:) = dO - d6
By Proposition 4.8 we have:
dim Ext(&./E,,E) = 2(g — 1) — dfy, + 2(do — dyy) = 2dy — 3dg, + 29 — 2.

From Example 6.4 we know that the conditions on M (2, 1)55“2)“>d°7d’° to be non-
empty, are given by min{u(&,), u(E&1 — 0), u(0 — &5/E1)} > do — dfy = u(€./E)).
This condition is automatically satisfied for the first two terms, because their slope
is > p(&) and it also holds for the last because p(0 — £5/E1) < (€ /EL) < (&)
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implies that & — &; is destabilizing, which we excluded. Thus the contribution of
the strata is:

oo
Z L2d°_3d5+29_2[m][/\/l(2 1)5/,,,,6,>do d) 0
dy=| 292 +1
oo

(6.4) Z [L240+29-2=3k [Pic| [ M (2, 1)5,0]
k=[ 2907 | +1

_ Z Z L2d0+3g—3—2k—2l [C(l)][ﬂ]g

k:[3d070j+1 1=2k—do

2do—2k—o0o
_ Z Z L2d0+2g_2_3k+l[c(l)“m]3
k=207 |41
. o 1295~
d,
(Gil) (]LQ O[PI)C]Z[LE;;:-’H%}J . Z i L2d°+3g_3_4k_2l[c(k)][E}S
L2 L

k=LdQ;0J+1l=L3dQ4—oJ+1_k

[40721-1 [do— 23" ~k] -1
_ Z Z L2d0+2g_2_31_2k[c(k)][PICF’.

k=0 l:Lgd()[aJ_H_k

(In the second step we substituted I — k,k — [ + k.)

Type (2,0). The bounds of the degrees are:

do — d’ d! d
pESE) < plEL) & DT < 0 gy > BT

Further &, /&, must be semistable, so we need 0 < dy —djy < 0 < dp—o < df, < dy.
Note that dy — o < do% & dy < 30 is automatic, so that we end up with

do+ o0 do—d6+0’

< dy < dp and pimin(Ey) > B

We have
dim Ext(, /), 1) = 2(g — 1)+ 2(do — dy) — dj — (2(g — 1) — dj)
= 2dy — 2d.

Thus the sum over the strata contributes (I := do — dj):

[or2]-1 l
> L¥[RiclC)Bung
=0
[do-21-1 [do-21-1 o
(349 [Pic|[Bun,)] Z L2 [C(l)} _ [@}3 Z [C(l)]Ldo+l—2k+g—1.
1=0 1=0 k=|do— 22 |+1

Type (1,1). The bounds on the degree are:

do — d! d! do —
pEE) < w(EL) & P < 0T > 02".

Furthermore we need pmin(Eq) > (& /E,) < min{ =3 °+a o} > =520, The condi-

tion o > 2d° is automatic, because dy — 20 — dOT_U = dOT?"’ < 0. Thus the only
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condition is
do — 0

7

The space of extensions is of dimension 2g — 2+ dy — 3dj. Thus the contribution
of the strata is

/
d0>

o0

Z L2972+d073l[ﬂ] [O(l)HBungo_l’ss}
1= 57 |+1
(B4 1 2g—2+do [p; o —31[ (D)
L L2024 pic] [Buny] Y. L[C0)
1= 9077 |41
(oo} (oo}
_ Z Z [@]3[C(l)]L3973+2d074l72k.
= 9032 +1 k=] 5 +1
Type (1,0). The bounds on the degree are:
do — df d
HEJE) < p(ED) & dy > LT oy > DT

Also &, /&, must be semistable. By Example 6.4 the space of these semistable
triples is non-empty only if § < dy —dj < 20 or equivalently dy —20 < dy < dp— §.
However dy — 20 > dﬂ# < dy > 30, which we already discarded. Thus we find

the condition
do+ o0

<%g%—%
Finally dim Ext(E./&L,EL) = 2(g—1) +do—3dy — (9 —1—d}) = g—1+do — 2d.
Thus the contribution of the strata is
[do—%1-1
LO-D¥oPpic) = LT M(2,1)575% ]

=190 J+1

[do—51-1
=L D¥oPpic] Y LTM(2,1)d,-10]
1= 907 41
[do—51-1 0
. Z [E]?’ Z ]L2972+2d073lf2k[c(k)]
=902 )41 k= 200222
[do—51-1 e
. Z [E]?’ Z Lgfl+d072l+k[c(k)]
=27 |41 h=0
[do—51-1
— L2do—(g—1) [@]Q[Bung] Z L3
=90 |41
0 do—%5
_ Z Z [m]swg—zwdo—w—gk[C(k)]

F=0 1= max{ S0 do - 52} 41
[90521-1 [do— 25211

_ Z Z [E]3L9—1+do—2l+k[c(k)].

k=0 1|40k |4
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Adding up the above terms we find the claimed formula. O

Example 6.7 (Chains of rank (2,1,1)). Assume for simplicity that the stability
parameter is of the form « = (0,0,20), that « is good (e.g., o is irrational) with
o > 2g —2 and d is such that p(&) ¢ Z. Then M(2,1,1)57 is empty unless:
do < dy,dy < 2#(5.),(10 +d; < 3#(5.) — o and do + 2d; < 3/1(6.) — 3o.
If these inequalities hold then
[do—d1—p(Ee)]—1
ME LG = Piec] Y e pho0)
1=0

Proof. Any chain &, € /\0/1(27 1,1) has subchains (0 — 0 — &) which is of slope
%, (0= & — &) of slope d""'d% and (& — & — &1) of slope W. This
proves the claimed inequalities.

If the inequalities hold, we already excluded destabilizing subchains of rank
(2,1,0), (2,0,0) and (1,1,0).

If & = P71 is of rank (1,1,1) we have
H(EJEL) = do — diy < j(E4) 5 dy— dy > do — dy — p(Es) and pimin (L) > plEe/EL).
The last inequality is automatic, since the quotients of &£, are (3 — 0 — 0) and
(€2 = & — 0) which are of slope > u(&,). A Harder-Narasimhan stratum of this
type contributes

]LgflerondlfQ(d/ofdl) [E]Q[C(dlidz)} [C(dé)*dl)]'

For £~ to be of rank (1,0,0) we need djj > () and the quotient &, /€. has
to be semistable. This holds if and only if dy < dy — dfj, because the quotients
(€2 = 0 —=0) and (&2 — & — 0) are of slope > u(E) > (e /EL). Thus we find

(&) < dy < do — dj.
Finally dim Ext(&, /&L, E.) = dy — di — df,. So the class of such a stratum is
[Pic|2[C(d1—d2)][¢(do—dy—d) | do—d1~dy
Thus using 6.1 we find:
[M(2,1,1)57%] = [M(2,1,1)4] — ) _[HN-Strata]

— Lg—1+d0—2d1 [E]Q[C(dl_dr“)] Z[C(l)]L—Ql
=0

— L9~ tHdo—2d [pjc]2[C(d1—d2)) Z [CWOL—2
I>do—d1—p(Es)

— [Eﬂc(drdz)] dil Ldofdlfl[c(dofdlfl)]
1>p(E)
[do—d1—p(Ee)]—1
_ [&]Z[C(dlfdz)] Z (Lgfl+dof2d172l . ILZ)[C(Z)}

1=0
]

Example 6.8 (Rank (1,1,1,1)). M(1,1,1,1)27® for o = (0, 0, 20, 30) is non empty
if and only if:

(1) do > dy > dy > d3

(2) do+dy + da < 3ds + 60

(3) do+dy <dy+ds+4o
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(4) 3dy < djy +do + ds + 60
If these conditions hold, and « is non-critical, then

[M(L 1,1, 1)0735} _ [m] [C(dofdl)][c(mfdz)][C(d27d3)].

Proof. The first condition is the necessary and sufficient condition for M(1,1,1,1)
to be non-empty. The possible subchains of £, are 0 — & — & — &), 0 = 0 —
& =& and 0 — -+ — &). These give the other conditions.

The second part follows immediately from the first, since in this case all chains
in /\;l(l, 1,1,1) are semistable and this stack classifies chains of line bundles with
non-zero maps between them. O

6.2. Chains of rank (n,...,n) for d;_1 — d; < a; — a;—1. In this section we
give another case where we can obtain an inductive formula for any rank. For our
application to Higgs bundles of rank 4 we only need the case of chains of rank (2, 2),
but this has a natural generalization for chains of rank (n,...,n), which does not
require an extra effort. We therefore formulate the result in the more general case.

The following proposition improves [9, Proposition 6.4] and also extends the
result to chains.

Proposition 6.9. Fiz n,r € N and write n = (n,...,n). Fiz a degree d =
(doy .. dy) with d, < dp—q < --- < dy and a a stability parameter. Suppose
that for all i > 0 we have d;_1 — d; < o; — ;1.
(1) For any « semistable chain of rank n and degree d all maps ¢; are injective,
i.e., M(@)gfss - ./\/l(ﬂ)ien'sum.
(2) Suppose E, € M(n)5"™ is a chain with HN-flag EL < --- C EF = &,.

Then for any j we have rk(EL/EL7Y) = (mj,...,m;) for some m; € N.
Proof. To show (1) suppose £, was a semistable chain with rk(ker(¢;)) =m < n
for some i. Then K¢ = (-0 — ker(¢;) = 0--+) and &, := (& — -+ = & —
Ei/ ker(¢i) — Ei—a — -+ &) are subchains of &. Denote deg(ker(¢;)) := k. Thus

we have
k Z-dj—l—nZaj
o) — — i< o) — J
pKe) = — +ai < pl&) T n
& (r+1)nk§m2dj+mn2ajfm(r+1)nai
J
and

Yjziciditdi —k+nd oy —mai - dYoidj+n)a;
(r+1)n—m - (r+1n

& (r+1)n(d; —di—1 —ma;—1) + m(Zdj —|—nZozj> < (r+ 1)nk.
J J

1) =

This implies

(r+Dn(d; —di—1 — ma;—1) < —m(r + ney
di—1 —d;
—

< o — a1 <

This contradicts our assumption.

The proof of (2) is by induction. Suppose &, = £ C &, was a destabilizing
subchain such that not all £, have equal rank. We will denote by &/ := &, /&, the
quotient chain.

By assumption all maps ¢} are injective, so that rk(€) = n’ with n] < ... <
ng < n. Let ¢ be the minimal integer such that n, < n/_;.
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Then Ko := (0 = -+ — ker(¢)) — 0 — ...) is a subchain of &) and Q. :=
(---0=&_,/E —0---) is a quotient of £,. Thus we have:

11(Qe) > fimin(Eq) > pmax(Ed) > p(Ks),

ie.,
d —_d d// 4"
—1 1
j Z/ T o1 > :u(ICO) 2 77 Tt @
i1 — 1 ny —ni_y
d_, —d di—di1+d,_; —d
—1 0 i—1 —1
= j l/ t a1 > 7 - 7 f et
L ] N1 — 1y
di—1 —d;
= — > o — G-,
N1 — 1y
which again contradicts our assumption. O

This proposition allows us to deduce the following recursion formula for the
motive of M(n)z >

Corollary 6.10. Letn = (n,...,n) be constant. If a, d satisfy d;—1—d; < a;—a;—1
for all i > 0 then we have

r

[M(n)g~] = Bunge] [ T[Sym® =4 (C x P*~1)]

i=1
- ( D Lowarw H[M(m»g.—“}),
m,ek i
where the sum runs over all pam‘itions n = ;;):1 m;, d= Zj e such that for all
J
i,7 we have e(J) < e 1 and for pl ZrTe we have py > -+ > ;. We have

written xi; = m;my(g — 1) + Zizo(mkeg D myelMy — S (mgel —mye eM).

Proof. From Proposition 6.9 we know that under our assumption on « all semi-
stable chains are contained in the substack of chains such that the ¢; have full rank
and moreover for any such chain all subquotients of the HN-filtration also satisfy
this condition.

Thus we have

M(n)g™* = M(@)icn_surj - U Harder—Narasimhan strata.

The Harder—Narasimhan strata are given by rank and degrees as claimed. Since
in all occurring subquotients the morphisms ¢ are injective we can apply Propo-
sition 4. 4 to conclude that these strata are (iterated) vector bundle stacks over
[[, M(m )a **. The dimension of the fibers are:

dim Ext(&] /&3, €8 /€571 = mymul(g — 1)+ D (mel? — mye™)
1=0

- Z mke — mje Ek)1)
This proves the corollary. O

For the computation of rank 4 Higgs-bundles we will only need the following
special case:



30 O. GARCIA-PRADA, J. HEINLOTH, AND A. SCHMITT

Corollary 6.11. Let d = (do,0) with dy < aq — g and dg odd. Then:
_ LO-D+H5 L [(20) )
[M(2,2)8%)] = Bung°][(C x P')(%)] T [Pic]? :

Proof. A subtriple £, C &, is destabilizing, if and only if it is of rank (1,1) and its
degree satisfies:

(1) (&) > p(&) & dy +dy > %

(2) &, is semistable, so 0 < dj —d} < a; — ap

(3) & /&, is semistable so dy — a1 + ap < dfy — dj < do.
Since dyp < a3 — ag we find 0 < djy — d} < dp. The dimension of Ext(&,/E.,EL) is
(9 —1)+do — dj — dj. Thus the sum over all HN-strata of rank (1, 1) is:

do
(M(2,2)qp] = > Y L=DHdokpic)[ct][cldot)]

k>0 1=0
dg—1
2
= 3 LlDtdkpic? Y [0@)[0lh-)
s =
L(g— 1)+ 9(7)(do)
= T L_lz [E]Q [( C) } )
Therefore we find
L(g—D+ "+ 20)(do)
[M(2,2)%7%] = [Bun][(C x P')(@)] — — Lff [Pid]? [(2C) ]’
which is the claimed formula. 0

6.3. Chains of rank (2,2) for dy — d, > a; — ag. To complete the computation
for the class of the space of Higgs bundles of rank 4 we are left to compute the class
of the space of semistable chains of rank (2,2) in case dy — d; > a1 — ap and the
class of the stack of semistable chains of rank (1,2,1). In both situations the stack
of all chains of fixed degree does not have a class in I?O(Var). In this section we
will show how to handle this problem for chains of rank (2,2). The case of rank
(1,2,1), which is a bit simpler, will be done in the next section.

For this section we fix a = (0,0). We will only need to consider chains such that
do+d; is odd. Since we may dualize and tensor with line bundles we may therefore
assume d; = 0 and dg > o odd. In that case we may also assume that dy < 20
since otherwise for every chain &, the subchain & is destabilizing. Also, in order to
simplify one formula (type (1,1) C (2,2) below) we assume that |o] is even, which
will be satisfied in our application to Higgs bundles.

First let us explicitly compute the stratification by generic rank given in Propo-

sition 4.13 in the case of rank (2,2). Let us write M(2,2)%é’;vlo) for the space of

chains & N &o such that rk(¢) = 1, deg(ker(¢)) = k, deg(4(E1)%) = 1.
Lemma 6.12.

[M(2,2)(5)] = [Pic]s [CHHPL2(— D Hdo=2k=2L

In particular for fized dy this class only depends on k+1. It is non-zero if k+1 > 0.

This implies that the sum over all possible k, ! does not converge, so that M(2,2)
does not define a class in Ko(Var). However, if cither k or [ are large, then we
see that all triples in M(2,2); x,; will be unstable, since either ker(¢) — 0 or
& — Im(¢)*** will be a destabilizing subchain. More precisely ker(¢) — 0 is
destabilizing if k + o > u(&,) and & — Im(¢)%** is destabilizing if u(Ee) > do — 1.
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We will therefore define the following open substack of M(2,2):
M(2,2)8" = M(2,2)57 U U M(2,2) 7.

(k,1):0<k+1
kto<u(Ee)<dg—1
From Lemma 6.12 we see that in this stack the class of M(2,2)1%! occurs at most
for 0 < k+1 < dy — o. For fixed value of kK +1 = m in this range there are

|90 — 2| 4|34 — 2| m+1 such strata. Thus this stack does have a well-defined

class in Ko(Var) which by Lemma 6.12 and Proposition 3.6 is:

[M(Q’ Z)EH] =
[d—o]—1
[Bung?][(C x ") )] + [Pic] L0 DF0 Y7 (d — o] —m)L~*"[C™)].
m=0

Finally denote by M(2,2)3" := M(2,2); — M(2,2)8". This is the substack of
triples such that either ker(¢) — 0 or £ — Im(¢)%?" is a destabilizing subtriple.

Next we compute the Harder—Narasimhan strata such that the HN-flag does not
contain triples of rank (0,1) or (1,2), since only these can intersect M(2,2)f". Also
destabilizing subtriples of rank (2,0) cannot occur by our assumption dy < 20. We
will denote the HN-flags by --- C &) C &, C &, and d] = deg(&)) etc.

As before, we group the strata according to the rank of the HN-flag. For each
rank we will first compute the bounds on the degrees given by the characteriz-
ing property of the HN-flag. Then we compute the dimension of the Ext-space
from Proposition 4.8. Finally we compute the intersection of the stratum with

M(2, 2);‘“.

Type (2,1) C (2,2). The bounds on the degree d" are:

d d
WEJEN <) & —di+o< 2+ 2 ad > 2 %
4 2 2 4
In order to have M(2,1)(, 5 # 0 we need (Example 6.4) d < % —

(do.d Thus we
0,07
found the bounds:

g
1

g do " do g
7 3 “h<y o1
By Proposition 4.8 we have dim Ext(&./E,,E,) = do — (g — 1).

We claim that strata of this type are contained in M (2, 2)i2: Since £ is semistable
the morphism ¢’ is not zero, so that ker(¢) — 0 injects into &, /E,. Thus ker(¢)
cannot be destabilizing. Also if rank(¢) = 1 then 0 — &/ Im(¢) is a quotient of
E., so it is of slope > u(€,) > u(&,), so it cannot be a destabilizing quotient. Thus

these strata contribute:
[2-%1-1

LY~V [Pig[M(2, 1)§ 5]
di=1§—1+1

Type (1,1) C (2,1) C (2,2). The bounds on the degrees are:

/! U
p(El) > wELfel) & DTIET

2dy — 4dy —
>do—dl & dl —d) > Ofla
and
w(EL/ED) > u(&e/EL) & do — dfy > —d\ + 0 < dy —dy <dy—o.

Thus we find

2d0 - 4dll — 0

3
ag do

and in particular dj > § — 2.

<d6/7d/1<d070',
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Semistability of £ implies furthermore 0 < dj —d} < 0. Since dy < 20 the right
hand inequality follows from the first set of inequalities. Also % < 0<%
do e <d.

We have dim Ext(&,/E),E)) = (9 —1) +do — 2d and as in the previous stratum
dim Ext(&,/E.,E.) = dy — (g9 — 1). Thus the contribution of the strata is:

12 -%) ldo—o]

( Z LQdo—Q(H—d/l)[O(l)]

o d —4d! —o
dy=|§— P +1 = 20200 4y

00 [do—0o]
£y X et pig

di=1F-Fl+1 =0

Finally we compute the intersection of these strata with M(2,2)3". First, note
that ker(¢) — 0 would inject into & /&, so this cannot be destabilizing.

If rank(¢) = 1 then Im(¢)*** = &J. Thus & — & is a destabilizing chain if
dy > do — (&) = 3dy — §. Equivalently dfjf —d} > ¢ — % + dy — o0 — d}. Since

d; > 2 — % this implies dfj — d} > %. Thus we find the conditions:
3d o
max{fo—§— /1,0} <dj—dy <dy—o.

The class of the intersection of the stratum with M(2,2)9"" is the stack of ex-
tensions in Ext(E,/EL,EL/ELN,EY) that satisfy ¢(£1) C &, which is equivalent to
Ext(&./EL,E)) x Ext(&o/EL, EY). The dimension of the first Ext-stack is (g — 1) —
2d) — ((g—1) —dj — dj) = dj — dj, the dimension of the second is g — 1+ do — 2dJ.

Thus the intersection of the HN-strata with M(2,2)"" is

1525 oo
Z I ~=2di+do+(9=1) [0(D][Pic]
el
0o [do—o]
LEEED DD Dl i i1

di=1%0-g)+1 =0

Type (1,0) C (1,1) C (2,1) C (2,2). We claim that this cannot occur, because we
need u(E3) > u(&l/E3) & dy +o < dfj and p(E,/EY) > u(&/EL) & do — dfj >
—dy+ o0& dj <dy+dy —o. This implies d} + o0 < dj < dy +d} — o0 = 20 < dy,
contradicting our assumption on dy < 20.

Type (l,O)NC (/27 1) C (2,2). The/bounds on the degrees are: u(€Y) > u(fﬁ/f/ﬁ’) &
dy > St thte o g s DAL and w(EL/EY) > p(E/EL) & Db dte s
—d}y + 0 < dj <3dj +dy— 0. Thus we find

do + d} d

% < dy < 3d} + dy — o, in particular % - ZO <d.
The quotient £, /€. has to be semistable, i.e., 0 < dy — dj — d} < o equivalently

g

do—d} —o < dj < dp—dj. In particular we need w% <dy—d| &d <% <

Thus we find § — @ < dj <@ 2
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Also do —dj — o > 9Fh8ET 9y — 4o > 4d; > 20 — dy = dy > 20 which we
excluded. Finally 3d} 4+ do — 0 > do — d} < d} > §. Thus we find

M<d” <3d/1+d0—0' 1fd1§%
3 O <dy—dj if df > §.

We have dim Ext(E, /€, E)) = do—djj —d} and dim Ext(Ee/EL,EL) = do—(g—1).
Strata of this type are contained in M (2,2)", because ker(¢) — 0 injects into
E./E,, so this cannot be destabilizing. Also if rank(¢) = 1 then & has to inject
into &/ Im(¢) because £ — &/ So this cannot be a destabilizing quotient.

Thus the contribution of these strata is (I = dy — dj — d}):

2dg—4d) —o

lg]  [o—idioeq

( >, LY

di=|g-%)+1 l=lo]+1-4d;
d,

2dg—4d} —o
L% -g) 12050011

+ Z L [C(l)]>]Ldo(gl) [Pic]?.

a=[5)+1  1=0

Type (1,1) C (2,2). The bounds on the degree are: u(E]) > p(Ea) < djy+di > %.
Moreover &, and &, /€, are semistable, so 0 < dy —dj <o and 0 < dy —dy +d} <
o< dy—o <dj—d} <dy. Since dy > o we find the bounds
d
do—o <dy—d, <o,dy+d, > 50
We have dimExt(E,/E,,EL) = (9 — 1) + dp — djy — d}. Strata of this type auto-
matically satisfy rank(¢) = 2, so they are contained in M(2,2)f". Thus the sum
over all these strata is:

o Lo}
ST Lordem+do S [C =] (o~ ~d1)) ] [Pig]2
htdo= LdTOJ i d6i6djlildzj—od71 &:id 2
2lo)—do—1
2
_ Z LfchrdoJr(gfl)[E]Z Z [C(do+17|_aj+2l)}[CLajflle}.
k>0 1=0

Here the equality uses that |0 ] is even and that dj is odd, so that one can simplify
the congruence condition in the summation.

Type (1,0) C (1,1) C (2,2). The bounds on the degrees are: u(E)) > pn(&EL/E)) <
dy > dy + o and p(EL/EY) > u(Ee/EL) & di + o > N=hhte o g domdazo
So we find

do — dpy — d,
7% 79 d, < d) — o, in particular — + 7 < dy.

3 4 2
Also &, /€] is semistable, thus: 0 < dy—d{,+d} <o < dy—dy <dy <dj—dp+o.
Since dy < 20 the right hand inequality is automatically satisfied. Also dj — dy >

do—dfo—a & dy > do — §. Thus we find:

d—o>af >0 d<d—g
ng—do ifd6>d0—%.
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We have dim(Ext(E,/E),E))) = do — (g — 1) and dim(Ext(E/E',E'/E")) = g —
1 — 2d}. Thus the sum over the strata is (set | = dy — df, + d}):

\_do—% ’—dO_U-l
(Y Y e
A= P g1 = 2070077 | 14y —ay

ldo—0o]

+ Z Z ]L2d62l[0(l)]>]143d0 [E]?)

dy=|do—F]+1 =0

Finally we compute the intersection with M(2,2)9". (We already did the dual
case above). Since &, /€. is semistable, the morphism of this chain is non trivial.
Therefore if rank(¢) = 1 then &) # Im(¢)**', so that &) injects into &/ Im(¢p)%>*.
Thus &/ Im(¢)%** cannot be a destabilizing quotient.

Also if ¢/ = 0 then (£ — 0) = (ker(¢) — 0) is destabilizing if and only if
di+o>%4+2ad >%_ g Since%<%°—%@%°+%<d6,weﬁnd
the conditions for d

do o : / do i
>D -2 ifdy <L+ 24 (dg—0)

dh — d 4 2 0 4 2
0= 7> 1{zdg—do if dy > 9% 4+ 2+ (do — o).

If these conditions are satisfied, chains in the intersection of the HN-stratum
with M(2,2)9" are given as an extension of & /&, by (0 — &) together with
an extension of £/, by &. We have dim(Ext(£,/&},€})) = g — 1 — 2d; and
dim Ext (&, /&L, (0 — &) = do — 2df — (—dy — dfj) = do — dfy + d}. In total we find
g—1—dj—dj +do.

Thus the sum over the intersections of the HN-strata with M(2,2)3" is (set
l=dy—dj+dj):

( 2 4 2 4(do—0)) Ldo—o]
Z Z ]L(gfl)+2d072d67l[c(l)]
dy=| P+ g I+1 1=~ |+1-d)

ldo—o]
- > X W”*””"“[CW]) [Pic]?.

5d o =
dy=| 30 ~gJ+1 =0

Type (1,0) C (2,2). The bounds on the degree are (u(EL) > p(E.) & djy > t2,
The quotient &,/E, has to be semistable of degree (dy — df,,0). This can only
happen if § < dy —dj < 0 < do — § > dy > do — 0. The right hand inequality is
automatic because dy < 20. So we find dOJfo" <dy <do— %.
We have dim Ext(&./E,,E.) = do — (9 — 1). Using the isomorphisms

M(la 2)30_7826’0 = M(Qv 1)8";557510 = M(27 1)31_05752%707

we find that the sum over the strata is:
ldo—%]
Ldo—(9-1)[pic] Z (M(2, 1)?222572%’0)].

dy=| “0F | +1

Strata of this type are contained in M(2,2)" because (ker(¢) — 0) injects into
E./EL, so this cannot be destabilizing. Also if rank(¢) = 1, then &} injects into
&o/Im(¢) and so 0 — &/ Im(¢) cannot be a destabilizing quotient.

Now we can sum:
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Proposition 6.13. Assume that a = (0,0) is good and that |o| is even. Then for
dy > 0 > 29 — 2 we have:

[do—%1-1
M(2.2)3 5] = M2.2)] - L0 DB (Y L)
k=lo—90 |41
oo [o—%]-1
,LdoJrgfl[E]? Z L=k Z [C(d(rLUJJer)}[C(LUJ*W)]
k=] +1 =0
o0 "do—o'.l—l
. ]L2d0 [m}?) Z ]Lfk Z ]L72l [C(l)]
k=|d—2Z |+1 1=0
[do—%1-1 oo
+ ]LZdO [m}:i Z L_k Z L—Ql [C(l)]
k:LU*dTOH’l l=|d—c]+1
[%52—ol-1 [do—o]—1
+ Ldo+(g—1) [@]3 ( Z L~k Z L~ [C'(l)}
k=lo=P 41 =120 -g k)4
o0 I’dofo'—‘fl
+ > LMY LZ[C(”]>
k=20 _o]41 =0

fd—g1-1 [2=gk=2]

N Ldo—(g—l)[pic]s( 3 Y L)

k=lo—P)+1 =0
[g1-1  [2d=k=eyy (9 —g1-172d=tk=o
- X >, LeY- Ll[(ﬂl)]).
k:L%*({TO}Fl I=|o—4k|+1 k=|%]+1 =0

6.4. Stacks of chains of rank (1,2,1). To compute the class of the moduli space
of semistable chains rank (1,2,1) and degree d, we can again tensor with a line
bundle in order to reduce to the case that do = 0. Moreover, for our application
we are only interested in stability parameters of the form a = (0,0,20), so for
simplicity we will only consider such «. Our computation will show that such «
are good, if o is irrational. Again we consider the stratification of M(1,2,1)4 by
saturations of the &; as defined in Section 4.3. Since « is good all semistable chains
E, satisty ¢; # 0. Our descriptions of these strata (Proposition 4.13) implies:

Lemma 6.14. (1) We have a decomposition
ML,2, Vgpa0= |J M@2,1)PER0 G a2, 0 0m0,
0<I<do 1>0

(2) [M(1,2, 1) b0) — pig)2[c][C(do=D] oL,

o

(3) [M(1,2, 1)3’1’0%(071’0)} = [Pic]2[CV][Cdo—d+D]L 9= D+dr=2  Thig stratum
exists for max{0,d; —dp} <. O

This lemma shows that — as for M(2,2) (Section 6.3) — the stack M(1,2,1)
does not define an element in I?O(Var), because all of the strata with ¢; o ¢ =0
are of the same dimension. However almost all of these are unstable: Set | =
deg(Im(&2)™).

Then & — Im(¢1)%** — 0 is destabilizing if l*% > d“%“dl +oel> % — 0.
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Also & — Tm(¢1)52t — & is destabilizing if dozdl +o>di—l+osl> M.
Denote by

M(1a271)§n = U M(172’1)él,1,1),(d0,170)
0<I<min{do,[ 249071}
U U M(LQ, l)g),l,l),(o,l,o).

0<I<[H0FH o] -1
This is an open substack of M(1,2,1)4.

Lemma 6.15. Let d = (dy,dy,0), a = (0,0,20) and suppose that ¢ > 29 — 2 is
irrational. Then M(1,2,1)57* can be non empty only if

do+d1 S40’, 3d0—d1 §40' and 0 S do S 3d1 S 5d0
If these inequalities hold, M(1,2, 1)37SS is non-empty and we have

min{do,dl}
[M(1,2, 1)gn] _ [E]QLdo—(g—l) Z [C(do—l)][c(dl—l)]

1= 150 4o ]+1

<
-
N
—
S~—
ap
2
%
Il

[ -1
— [Pic]? Z [CD][C =D)LL,
1=0
Proof. To obtain the necessary conditions we first list the ranks of canonical sub-
chains:

Type (1,2,0). There are no semistable chains if: u(&/E,) < w(€l) < 20 <
W%QU S do +dy > 4o.

Type (1,0,0). There are no semistable chains if: u(€)) > u(&/E)) < do >
%3&7@3d0—d1>40'.

Type (1,1,1). We always have a subchain & — & — &, so we find the necessary
condition 0 < 3d; — dp.

Type (0,1,0). Dually to the previous type we always have a subchain 0 — ker(¢;) —
0, so we need dy — dy < (dg + dy)/4 < 3d; < 5dp.
Thus we may assume

(62) do + dl S 40’7 3d0 — d1 S 40 and do S 3d1 S 5d0

Let us first exclude strata that do not intersect M(1,2,1)". We list them
according to the ranks of £~ 1:

Type (1,1,1). These strata do not intersect M(1,2, l)gn: If &, C &, is of rank

(1,1,1) and ¢} # 0 this holds by definition. If ¢} = 0 then either & — & — 0
or 0 — 0 — & is a destabilizing subchain. Thus again the chain does not lie in

M(1,2, 1)

Type (0,1,1). By definition these strata do not intersect M (1,2, 1)2“.
Finally we list the HN-strata intersecting M(1,2,1)". We denote the Harder—

Narasimhan flag by £/ C &, C &, and list the strata by specifying the rank of the
subchains:
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Type (1,1,0). The bound on the degree is

! !
W€ < (el & BmDXIT DThTT s
Also &, /&, has to be semistable, i.e.,0 < dy—d} <o & dy—0 < d} <dy and &, has
to be semistable, i.e., 0 < dy—d} < 0 & dy—o < d} < dy. The lower bounds in these
inequalities are automatically satisfied because d; — o > % +o0 < di+dy> 4o
and dy — 0 > 4% 4 o & 3dy — d; > 4o, which we excluded (6.2). Thus the
conditions on d} are:

dy — do

+o

dy — do
2
We have dim(Ext(€./E,,EL)) = do — (g — 1).

Finally, we claim that HN-strata of this form are contained in M(1,2,1)f": If
¢2 0 ¢1 = 0 the subchain & — Im(¢2)5*" — 0 is a subchain of &, /&, so this cannot
be destabilizing. Also the subchain & — Im(¢2)%*" — &) cannot be destabilizing
because 0 — 0 — & and & — Im(¢1)*" — 0 both have slope < u(&,).

Thus the strata contribute

min{dg,d1 }
Z [Pic]2[C (o= [C(dr—di)Ldo—(9-1)

dj=145% 15]41

+o0 < dy < min{dy,d; }.

Type (0,1,0) C (1,1,0). The bounds on the degree are
d1 - dll + 30
2

Also &, /&, has to be semistable, so as before d; > d} > d; —o. Now dy —2dy+30 >
dop — o is automatic because 3dg — d; < 40 by (6.2). And dy —2dy+30 > dy —0 &
dy < 20 but this is automatic unless d; < dy and in that case we already know
di —o <dy— o0 <dy —2dy+ 30. Thus the bounds on the degree are

d1—2d0+30'<d/1§d17

d) + o >dy > , i.e., di > max{dy — o,dy — 2dy + 30}.

and this implies dy > %O‘.

For an extension of £/, &L /EV, E./EL to lie in M(1,2,1)i" we need the extension
of & /&L by EL/E! to be non-trivial, since otherwise the last map of the chain
& would be 0. If this holds, the extension is contained in M(1,2,1): First,
&y — Im(¢p2)*™ has to inject into & /&L, so it cannot be destabilizing. Second, if
¢1 0 ¢a # 0, then £ — Im(¢2)®* — & has to inject into & /EL, so again this
cannot be destabilizing.

Therefore the strata occur only for dy > %0’ and in this case their contribution
can be calculated as for the (0, 1,0)-strata to be (I = dy — d}):

[2do—30] -1
> [Ric[eV)c L.

=0

Type (0,1,0). The bound on the degree is

do + dy
YR

Also &, /&, has to be semistable, so that 0 < dy — d} < dp, dp < W and
20_ > d0+d17d/1+0'
= 2

w(E) > n(&) & dy >

, Le.,

max{dl —dp,do +dy — 30’} < d/l < min{dl,dl — 2dp —|—30’}.
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We have di —dy < dg+dy — 30 < dy > %0‘ and di > di — 2dy + 30 & dy > %0‘.
Moreover % > dg+d; — 30 & dy + di < 4o so this is automatic and similarly
we already excluded the strata with d} < d; — dp. So we find

Ldo +dy
4

Finally dim(Ext(&./EL,EL)) = di — df.
We claim that again, any such HN-stratum is contained in M(1,2, 1)2“: Since

E./E. is semistable we have ¢3 o ¢1 # 0, and the subchain & — Im(¢2)%" — &
must inject into E/E., so it cannot be destabilizing.
Thus the contribution of these strata is:

| +1<d} <min{dy,d; — 2dy + 30}.

(2]

> PPV et

l=max{0,2do—30}

Adding the above contributions we find the claimed formula. The statement that
M(1,2,1); 7 is non-empty in this case follows from this formula, since the di-
mension of each HN-stratum is strictly smaller than (g — 1)2 + 2dp, which is the
dimension of the largest stratum occurring in M(1,2, 1)fn. O

7. APPLICATION: HIGGS BUNDLES OF RANK 4 AND ODD DEGREE

From the results of the previous section it is now very easy to deduce the class
of Mg, the moduli space of stable Higgs bundles of rank 4 and odd degree d. This
is the aim of this section. In particular the expression we find gives an explicit
formula for the Hodge- and Poincaré polynomials of M.

Let us first note that the moduli spaces Mg with d odd are all isomorphic, since
by tensoring with a line bundle of fixed degree we can reduce to the case that
d = £1 and dualization gives an isomorphism M, o= M}. So in the following we
will assume that d = 1.

We already know from Corollary 2.2, that

(7.1) [M}] = LIS6=D+13 "

where F; are moduli spaces of a-semistable chains of some length r rank n and de-
gree dwith Y n; =4, 31 d;—(l—i)n;(29—2) = land a = (0,29—2,...,7(29—2))
by Remark 4.1. We used the notation M (n)5 ™™ for the moduli stack of semistable
chains and we will write M (n)q for the corresponding coarse moduli space.

Since semistability implies stability for Higgs bundles if rank and degree are
coprime, the same holds for the moduli spaces of chains occurring as fixed point
strata in M}. In particular the stability parameter « is not critical so that we may
replace a by a good stability parameter o’ defining the same moduli space.

Furthermore, since stable Higgs bundles only admit G,, as automorphims we
know the stack of stable Higgs bundles is a G,,, gerbe over its coarse moduli space.
This gerbe is trivial, because we rank and degree are coprime (see e.g. [21, Lemma
3.10 and Corollary 3.12]). In particular the restriction of the gerbe to the fixed
point strata Fj is still trivial. Therefore, as in Example 3.4 we find that

[M(n)g ] = [M(n)g L - 1]

for all stacks of chains occurring in M.

For all partitions n with Y n; = 4 we computed the class of the moduli stack
M(n)g ™™ in the previous section and found conditions on d such that these spaces
are non-empty. Let us list the possible range of d for the different partitions n =
(ngy...,np):
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Type (4). Here dy = 1.

Type (3,1). Here do + di — 3(2g — 2) = 1. By Example 6.6 there are no semistable
chains of rank (3,1) and degree (dy,d;) unless o < dy — 3dy < 3(2g — 2). Thus the
strata M3, 1)‘("@_5)b contribute for 2g — 2 < e < 3(2g — 2) and e = (1 — o) mod 4.

Type (1,3). In this case dy + di — (29 — 2) = 1. Dualizing and tensoring with line
bundles we find M(L,3); % ) = M(3,1)( 55, 4, o)- Thus Example 6.6 shows that
there are no semistable triples of degree d unless 2g — 2 < 3dg — d1 < 3(2g — 2).
Thus we find strata M(1,3)575 = M(3,1)0 %, o fore =—1—(29—2)mod4

and 29 —2 < e < 3(2g — 2).

Type (2,2). Here dg + d; — 4(g — 1) = 1. We know (Section 6.3) that there are
no a-semistable chains of this degree unless 0 < dy — d; < 2(2g — 2). As in 6.3
we use that M(2,2)g 5" = M(Z,Q)?E;S;O_dl oy and e = do — dy is odd. We thus
find that the strata of rank (2,2) occurring are isomorphic to [M(2,2)¢,*] with

0 <e<2(2g—2) and e odd.

Type (2, 1, 1). ‘We have d0+d1+d2—5(2g—2) = 1. Write EO = do—2d2,31 = dy—ds,
so that we need dg + dy + 4dy — 5(29 — 2) = 1, i.e., dg + d; =1 + (29 — 2) mod 4.

In Example 6.7 we have seen there are no semistable chains of rank (2,1,1)
unless 0 < dy, dy — dy < 3(29 — 2),do + di <5(29 —2),3(29 — 2) < 3dy — 5dy, i.e.,
do+d; =1+ (29 — 2) mod4 and

0<d; <3g-3,
5. _ _ _
29— 2+ §d1 < dp <min(3(2g — 2) + dy,5(29 — 2) — dy).

Type (1,1,2). Here dy + dy + da = 1+ 3(2g — 2). This case is dual to the previous
one. Writing eg := (—da2+2dp), e1 := (—di+dp) we find —(eg+e;)+4dy = 1+69—6,
i.e., we need ey + €1 = —1 4+ 29 — 2mod 4 and in this case the bounds on e; are the
same as the bounds on d; of the previous case.

Together with the previous chains we therefore find:

2g—2 [4+69—6 3g—3 10g—10—1
E § a—ss § § : a—ss
[M(251a1)k,l,0] + [M(zalal)}c,l,O]'
=0 k>351429-2 1=29—1 k> 3Zi+29-2
k+1=1mod 2 k+I=1mod 2

Type (1, 2, ].) Here do +d1 +d2 — 4(29 — 2) =1. Put EO = do — d2,81 = dl — 2d2
Then the conditions on the degrees are do +dy +4d; — 4(2g —2) =1, i.e., we need
do + dy = 1mod4. By Lemma 6.15 we know that M(1,2, 1)%—0%70) is non-empty
only if:

330 —81 < 4(2g — 2), EO +El <o, 80 < 3&1 < 580.

We put d := dy + di. Then the above inqualities read:

3d —4(2g —2) < 4dy, d <4(29 —2), d < 4dy, di < —d.

co| Ut

So for 0 < d < 2(2g — 2) we haveia <dd; < 4d and for 2(2g — 2) < d < 4(2g — 2)
we have 3d — 4(2g9 —2) < 4d; < 4d and d = 4k + 1, i.e., the strata contribute (here
d=4k+1,l=dy):

g—2 [ §(4k+1)] 29-3  |§(4k+1)]

Z Z M2, ) G0y T Z Z M2 D 0y

k=0 I=k+1 k=g—11=3k+1—(2g—2)
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Type (1,1,1,1). Here dg+dy +do +ds —6(2g —2) = 1. We write k := dy — d3,l :=
dy — do,m = dg — dy, so that 4ds + 3k + 2l + m — 6(2g — 2) = 1, i.e., we need
3k + 2l 4+ m = 1mod4 and k,l,m > 0. For semistable chains to exist we need
furthermore (Example 6.8):

3k +20+m < 6(2g — 2),
k420 +m < 4(29 - 2),
k+20+3m <6(29 — 2).

These inequalities are equivalent to:

0<m<2(2g—2),
0 <20 <min{6(2g — 2) — 3m,4(2g — 2) — m},

6(2g — 2) —m — 2L,
0 <3k <ming 12(2g —2) — 3m — 3(2l),
18(29 — 2) — 9m — 3(21)

Moreover we have 6(2g —2) —3m < 4(2g —2) —m & (29 — 2) < m and 12(2g —
2) —3m —3(20) > 18(2g — 2) — 9Im — 3(2l) & m > (29 — 2).

Finally 6(2g —2) — m — 2] < 12(2¢g — 2) — 3m — 3(2]) < 21 < 3(2¢g — 2) — m and
6(2g—2) —m—2l < 18(29 —2) —9m —3(2]) & 2l < 6(2g — 2) — 4m. Thus Example
6.8 shows that the sum over these strata is:

2g—2 ,[3(g—1)—21-1 [4(g—1)—$2 ]
[Pic]( Z ( Z [C’(’“)][C’(l)][C(m)]

1=0 k=0
3k+2l+m=1mod4

[49—4—%] (8g-8)—m—2l

LYY emevie)

— _3_m k=0
I=[3g—3-%1 3k+2l+m=1mod 4

[69—6—2m]—1 [4(g—1)— =42 |

X (X T eete)

m:2g— 1 =0 k=0
3k+42l4+m=1mod 4

[6g—6—32t7—1 (12g—12)—3m—2I

s > [C(’“)][C“][C‘m)])).

1=69—6—2m k=0
3k+2l+m=1mod 4

Inserting the above inequalities together into Formula 7.1 we find:
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Theorem 2. The class of the moduli space of stable rank 4 Higgs bundles of odd
degree is

[Mj] =
3g—4 2g—3
_ 1,ss s!
L=, -1 )([Bun4 4+ D IMBDGT gl + D IME2.2)57, )
k=g—1 k=0
g—2 | §(4k+1)] 2g—3  LE(4k+1)]
+Z Z M2, )65 1,0 Z Z M2 1) 1100
k=0 I=k+1 k=g—11=3k+1—(2g—2)
2g9—2 l+6g—6 39—3 10g—10—1
+D> > MEeLLEEE Y Y MR L]
=0 k:[%l+2g—2j+l 1=2g9—1 k= L§1+2q 2]+1
k+1=1mod 2 k+1=1mod 2

2g—-2 (3(‘] 1)— ]_1 L4(g_1)—#J

+ [Pic] ( Z ( Z S [eWe®cm)

k=0
3k+2l4+m=1mod 4

[49—4—%] (8g—8)—m—2I

DY > eWle®et)

— _3_m k=0
I=[3g—3 ’-’W 3k+2l+m=1mod 4

4g—4  6g—6—2m |4(g—1)— 742 |

+ > XX eWIetie)

m=2g—1 k=0
3k+2l4+m=1mod4

[6g—6—32] (12g—12)—3m—2I
S > [c<k>][c<l>][c<m>1))>.
l=6g—6—2m+1 k=0

3k+2l4+m=1mod4

The classes [Bun}l ], [M(3, 1)?‘%151 0)] [(M(2, 2)?‘%151 0)] [M(1,2, 1)'(3‘4;;?1 ”0)] and
(M(2,1 l)glqoq} are given by the formulas in Remark 3.5, Example 6.6, Proposition
6.13, Example 6.7 and Lemma 6.15 for a = (0,...,7r(29 — 2)).

Since the cohomology of M} is known to have a pure Hodge structure (see e.g.
[16]), one can immediately read off the Poincaré- and Hodge-polynomials of M}
from the above theorem using the formulas collected in Section 1.2. For genus < 21
we evaluated the above formula using Maple and found that the result coincides
with conjectured result for the Poincaré polynomial from [17].

8. APPENDIX: HIGGS BUNDLES OF RANK 2 AND 3

For completeness we give the formulas for the classes in Ko (Var) of the spaces
of Higgs bundles of rank n = 2,3. For n = 2 this is contained in Hitchin’s original
article, where the result is formulated in terms of the Poincaré polynomial. For
n = 3 the formula for the Poincaré polynomial is due to Gothen [13].

Theorem 3. Let M¢ denote the moduli space of semistable Higgs-bundles of rank
n and degree d on C. We have
[M] =

1

P(]L) ILQP =
H4(g 1)+1P( )( 2k 1
2 : :
1 k=1

(
L=+ p(g ( LQ =y - g P(tlg))t(; 7 + ;<Z(C, t)—2Z(C, _t))>
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and
[M;] =

Lo npy ( PLIPIA) LAV L)PO)P(L)
a1~ T - e -y

L3(971)+2P( )2

RSV
3(g— L%J g—1 2k
( Z (z) LQ(g 1)+k—21 ]Ll) _ZZ (z) ]LZ(g 1)+3k—21 ]Ll)>
k=0 z=o k=0 1=0
2(9—1) k 3(g—1) 6(g—1)—2k
+ [CcW)c™] + Z Z [C(l)][c(k)]>_
k=0 lZk ;dS k= 29 1 lzklm?)dii

Proof. We know from Corollary 2.2 that

[Mp] =L@ DS R,

where the F; are the a-semistable chains of some length r rank n and degree d with
Soni=mn, > odi— (1 —i)ni(2g —2) =1 and a = (0,29 — 2,...,7(29 — 2)) by
Remark 4.1.

For n = 2, the fixed point strata for the G,, action on M3 are [m;’ss] (Example
3.4) and spaces of a-semistable chains of rank (1, 1) and degree do+d; = 1+2¢g—2,
which exist for 0 < dy — d; < 2g — 2 (see Example 6.8). Using that

i[c%-&-l}t%—i—l _ %(Z(C, t) _ Z(C, —t)) _ i[c(2k+1)]
t=0 k=g

and for N > 2g — 2 we have [C(M)] = [Pic](LN*'~9 — 1) we obtain the claimed
formula.

The fixed point strata for n = 3 are of rank (3),(2,1),(1,2),(1,1,1). The class
of Bun3® has been computed in Example 3.5. For rank (2,1) semistable chains of
degree dy+d; = 1449 —4 can occur and from Example 6.4 we know that these are
non-empty only if g—1 < dy—2dy; < 4g—4,ie.,g—1<1+4(g—1)—3d; <4(g—1).

Similarly, for rank (1,2) we have semistable chains of degree dg +d; = 1+2g —2
satisfying g — 1 < —(d; — 2dp) < 4g—4,ie. g— 1< —-1—(29—2)+3dg < 4g —4.

The sum over these strata is (Example 6.4):

3(g—1) P(l)Q 3(g—1) [Z]-1
> L-DIME DIl = o7 2 OO LA HE-2
k=1 s P
k#Z0 mod 3 k20 mod 3
_ 2k _
P(1)? O T 2(g—1)+k—20 _ 71 e ()1 20~ )+3k-20 _ !
TL-1 Z (L L)*ZZC (L —LY).
k=0 [=0 k=0 [=0

For rank (1,1,1) we find dg+d; +ds = 14+69—6. Write | = dy —da, k = do—d;.
For semistable chains of rank (1,1, 1) and degree (I+k,1,0) to exist we need 0 < [, k
and 2l + k < 69 — 6,1 + 2k < 69 — 6.

Thus the fixed point strata contribute j\>1(17 1,1)145,1,0 for 214+ k = 1 mod 3 with
0<I[l,kand 2[4+ k <6g—6,l+2k < 6g— 6:
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2(g—1) 2g—2 3(g—1) 6(9—1)—
> Y eied+ X S e pe
I=1— 2k mod 3 k= 29 ! =1 —ZQkOmod 3

3(g—1) 6(g—1)—

+ > Z [C( [CD][Pic]

1=2g—-1 k=0
975 ok=1—imods

k 3(g—1) 6(9g—1)—

2(9-1)
plc( Z INCRCEEEDY Z [C<l>][c<k>]>.
l,%kmodS k= 2!] 1 liﬁklmoodfi

This proves the claimed formula. O
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