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Notation

L. a language of algebras (All symbols in £ have
finite arity, at least one of them has arity zero, and The Relation =, ,

’£| S NO) The Amalgamation
Property

U.: the variety of all algebras of signature £ interpolation
Properties

X: an infinite countable set Residuated Latices
DIP for CR L

Fm(X): U,-free algebra over X (We refer to this

or A
algebra as the formula algebra or the term algebra D'_Pf
Of Slgnature E over X) Failure of the AP
EXTRAS
U: an arbitrary subvariety of U/, o aloebras
F1,(X) or F(X): the U/-free algebra over X The Caleulus RL

Eq(X): Fm(X) x Fm(X)



The Relation =




The Consequence Relation =,

Notation
Let L C U,. For X U {e} C Fq(X), we say that ¢ is The Relation L.
a K-consequence of ¥ — 3 = ¢ —if for every
A € K and every homomorphism ¢: Fm(X) — A, Fu (2)
if 3 C Ker(y), then € € Ker(p). e
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Properties

Residuated Lattices

DIP for CR L

DIP for A
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The Consequence Relation =

Notation

Let L C U,. For X U {e} C Fq(X), we say that ¢ is The Relation L.
a K-consequence of ¥ — 3 = ¢ — if for every =, ()
A € K and every homomorphism ¢: Fm(X) — A, Fu«®

if 3 C Ker(y), then € € Ker(p). The Amalgamation

Property

If IC is a (quasi)variety, then |=_ is finitary. interpolation

Properties

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP

EXTRAS
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The Consequence Relation =

N Fm(X)

Notation

The Relation |=,,

=y (1)

The Amalgamation
Property
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The Consequence Relation =

S—— Fm(X)

Notation

The Relation |=,,

=y (1)

The Amalgamation
Property

Interpolation
Properties

t —s 7_‘_(t) — t_ Residuated Lattices

DIP for CR L

Ker(m) = Oy
= ({O € Con(Fm(X)) : Fm(X)/0 € U} oA

Failure of the AP

EXTRAS

GMV-algebras
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The Consequence Relation

N Fm(X)

t—m(t) =t
Ker(m) = Oy,
= (O € Con(Fm(X)) : Fm(X)/0 € U}

For ¥ U {e} C Fq(X), TFAE:
DX, &
(2) € € Cg,,,(2) in Con(F(X)); and
(3) e € Cg (2) V O in Con(Fm(X)).

Fm (X)

Notation

The Relation |=,,

=y (1)

The Amalgamation
Property

Interpolation
Properties

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP

EXTRAS

GMV-algebras

The Calculus RL
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The Amalgamation Property

B,

U Is said to satisfy the amalgamation property (AP)
If for any algebras A, B, B, € U/, and embeddings
UliA%Bl,O'QIAHBQ,

Notation

The Relation |=,,

The Amalgamation

Property
AP (1)

AP (2)
AP (3)
AP (4)

Interpolation
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DIP for CR L

DIP for A

Failure of the AP
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The Amalgamation Property

B,

U Is said to satisfy the amalgamation property (AP)
If for any algebras A, B, By € U/, and embeddings
o1:A — B, 09: A — By, there exist C e U

Notation

The Relation |=,,

The Amalgamation

Property
AP (1)

AP (2)
AP (3)
AP (4)
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The Amalgamation Property

B;

U Is said to satisfy the amalgamation property (AP)
If for any algebras A, B, By € U/, and embeddings
o1:A — By, 09 : A — By, there exist C € 4 and
embeddings, : By — Cand rp, : By — C

Notation

The Relation |=,,

The Amalgamation

Property
AP (1)

AP (2)
AP (3)
AP (4)

Interpolation
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DIP for CR L

DIP for A
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The Amalgamation Property

B;

U Is said to satisfy the amalgamation property (AP)
If for any algebras A, B, B, € U/, and embeddings
o1:A — By, 09 : A — By, there exist C € 4 and
embeddings 7; : B; — C and , : B, — C such
that T101 — T209.

Notation

The Relation |=,,

The Amalgamation

Property
AP (1)

AP (2)
AP (3)
AP (4)
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The Amalgamation Property

B;

U Is said to satisfy the amalgamation property (AP)
If for any algebras A, B, B, € U/, and embeddings
o1:A — By, 09 : A — By, there exist C € 4 and
embeddings 7; : B; — C and , : B, — C such
that T101 — T209.

The triple (71, 75, C) is called an amalgam in I/ for
the V-formation (A, B, By, 01, 05).

Notation

The Relation |=,,

The Amalgamation

Property
AP (1)

AP (2)
AP (3)
AP (4)

Interpolation

Properties

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP

EXTRAS

GMV-algebras
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The Amalgamation Property

Historical Remarks Notation

The AP was first considered by O. Schreier (1927)  Tefetn=,
— and later by H. Neumann (1949) — in the context = TheAmalgamation

Property

of amalgamated free products of groups. The

general form of the AP was first formulated by AP (3)

M. R. Fraisse (1954), and its significance to the A |

study of algebraic systems was further Propariss

demonstrated by B. Jonsson’s pioneering work T

Jonsson [1956, 1960, 1961, 1962]. P for CRL
DIP for A

Significant contributions in the general study of the
AP include D. Pigozzi [1972], P. D. Bacsich [1975], ~ Falueocthes?

L. L. Maksimova [1977, 1979, 1999], H. Ono EXTRAS
[1986], J. Madarasz [1998, 1998], and GMV-algebras
J. Czelakowski-D. Pigozzi [1999]. The Calculus RL




The Amalgamation Property

—— The AP is equivalent to a property of the
congruence lattice of F(X). [D. Pigozzi, 1972; the Notation
essential ideas go back to W. Magnus] The Relation |=,,

The Amalgamation

Property
AP (1)
AP (2)
AP (3)

AP (4)
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Properties

Residuated Lattices

DIP for CR L
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The Amalgamation Property

—— The AP is equivalent to a property of the
congruence lattice of F(X). [D. Pigozzi, 1972; the Notation

essential ideas go back to W. Magnus] i el
T. FA E . The Amalgamation
(1) U has the AP. AL
(2) U has the Pigozzi Property (PP):
AP (4)
Interpolation
Properties

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP
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The Amalgamation Property

—— The AP is equivalent to a property of the
congruence lattice of F(X). [D. Pigozzi, 1972; the Notation

essential ideas go back to W. Magnus] The Relation |=,,
= L
(1) U has the AP. o
(2) U has the Pig(g){)zzi Property (PP):

AP (4)

Interpolation
Properties
F(Y) YUZ =X F(Z)

Residuated Lattices
\ / DIP for CR L
F(YNZ) DIP for A

Failure of the AP
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The Amalgamation Property

—— The AP is equivalent to a property of the
congruence lattice of F(X). [D. Pigozzi, 1972; the Notation

essential ideas go back to W. Magnus] The Relation =, ,

T.FA.E. The Amalgamation

(1) U has the AP. o

(2) U has the Pigozzi Property (PP):
F(X) AP (4)

Interpolation
Properties
F(Y) YUZ =X F(Z)

Residuated Lattices

\ / DIP for CR L
F(YNZ) DIP for A

let X =Y UZ Oy € COII )), O, € COII( (Z)) Failure of the AP
S.t. Oy N F(Y M Z) @Z M F(Y ) EXTRAS
Then there exists © € Con(F (X)) GMV-algebras
ONFY)>=06yand ONF(Z2)* = The Caloulus RL




The Amalgamation Property

—— The AP is equivalent to a property of the
congruence lattice of F(X). [D. Pigozzi, 1972; the Notation

essential ideas go back to W. Magnus] The Relation |=,,
= L
(1) U has the AP. o
(2) U has the Pig(g){)zzi Property (PP):

AP (4)

Interpolation
Properties
F(Y) YUZ =X F(Z)

Residuated Lattices

\ / DIP for CRL
F(YNZ) DIP for A
let X =Y U Z @Y < COH )), @Z c COH( (Z)) Failure of the AP
S.t.@yﬂF(YﬂZ) @ZﬂF(Y )

EXTRAS

Then there exists © € Con(F(X)) s.t. GMV-algebras
@ ﬂ F(Y)2 — @Y and @ m F(Z)2 — @Z° The Calculus RL
Question:Why does |X| = X, suffice?



The Amalgamation Property

The PP — and hence the AP —is trivially equivalent  otaion

to the next syntactic condition, referred to as the The Relation =, ,
Robinson Property (Pigozzi [1972]; Ono [1986]). T ——
Property
The Robinson Property (RP) for =, =
Let X UTTU{e} C Fq(X). Suppose that
(I) Z’ 11 }:U g5 Interpolation
(i) X =, 0iff Il =, 0, for all § € Fq(X) with Properties
Var(d) C Var(3) N Var(Il); and e
(ii) Var(e) N (Var(Il) — Var(X)) = 0. DIP for CRL
Then, DIP for A
2 —u € Failure of the AP
EXTRAS
GMV-algebras

The Calculus RL
o
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The Deductive Interpolation Property

The relation |=,, is said to have the deductive
interpolation property (DIP) if whenever ¥ = ¢,
there exists II such that > = II, II =, € and
Var(Il) C Var(X) N Var(e). The Amalgamation

Property

Notation

The Relation |=,,

Interpolation
Properties
R
RP — DIP

CEP (1)

CEP (2)

DIP + ExtIP

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP

EXTRAS

GMV-algebras

Ehe g alculus RL




The Deductive Interpolation Property

The relation |=,, is said to have the deductive
interpolation property (DIP) if whenever ¥ = ¢,
there exists II such that > = II, II =, € and

Notation

The Relation |=,,

Var(Il) C Var(3) NVar(e). o AR
Assume that ¢/ admits free-products. We say that interpolation
U has the Flat Amalgamation Property (FAP) if for CEA—
every embedding A — B inl/ and every set Y, the &r@
induced homomorphism A xF(Y) — B xF(Y) iy
from the free product A x F(Y') to the free product . _..cqiatice
B« F(Y) is an embedding. P

DIP for A

Failure of the AP

EXTRAS

GMV-algebras

Ghe &alculus RL




The Deductive Interpolation Property

The relation =, is said to have the deductive
interpolation property (DIP) if whenever X =, ¢,
there exists I such that X =, II, II =, ¢ and
Var(Il) C Var(3) NVar(e).

Assume that ¢/ admits free-products. We say that
U has the Flat Amalgamation Property (FAP) if for
every embedding A — B in i/ and every set Y, the
induced homomorphism A «F(Y) - BxF(Y)
from the free product A x F(Y') to the free product
B x F(Y) is an embedding.

=, has the DIP iff &/ has the FAP.
(Jonsson [1965]; Bacsich [1975])

It is again sufficient to establish the satisfaction of
the FAP for finitely generated algebras in /.

Notation

The Relation |=,,

The Amalgamation
Property

Interpolation
Properties
R
RP — DIP

CEP (1)

CEP (2)

DIP + ExtIP

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP

EXTRAS

GMV-algebras

Eheealculus RL




RP — DIP

RP implies DIP Notation
(Jonsson [1965]; attributed to H. J. Keisler) The Relation |=,

The Amalgamation
Proof Sketch Property
Suppose that ¢/ has the RP, and let . |=,, ¢, for iterpolation
Y U{e} C Fq(X). A straightforward application of
the RP shows that S

(2)

DIP + ExtIP
= {0 € Eq(X): 3 |, 6, Var(d) C Var(S)WVar(e)} "
IS the required Interpolant. oiP for CRL

DIP for A

Failure of the AP

EXTRAS

GMV-algebras

‘Bhe Calculus RL




The Congruence Extension Property

U has the congruence extension property (CEP) if  Notatin
for every B € U, every subalgebra A of B, and The Relation |=,,
every congruence © on A, there exists a S —

congruence O on B such that © N A% = ©. Property

Interpolation
Properties
DIP

RP —> DIP
CEP (1)
CEP (2)

DIP 4 ExtIP

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP

EXTRAS

GMV-algebras

Ehe g alculus RL




The Congruence Extension Property

U has the congruence extension property (CEP) if  Notatin
for every B € U, every subalgebra A of B, and The Relation |=,,
every congruence © on A, there exists a S —

congruence O on B such that © N A% = ©. Property

Interpolation
Properties

U has the CEP iff every finitely generated algebra S
In U has the CEP. e sk

CEP (2)
DIP + ExtIP

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP

EXTRAS

GMV-algebras

ahe g alculus RL




The Congruence Extension Property

U has the congruence extension property (CEP) If ~ Notaton

for every B € U, every subalgebra A of B, and The Relation |=,,
every congruence © on A, there exists a The Amalgamation
congruence © on B such that © N A2 = O. Property
Interpolation
U has the CEP iff every finitely generated algebra 52"
In U has the CEP. . DIP
CEP (2)
The following statements are equivalent: AP Bl
= |/ satisfies the CEP. Residuated Lattices
= WheneverY C X, 0, ¢ Con( (X)), then SR (IR
(@\/(I))QF( ) (@ﬂF( ))\/’((I)ﬂF( )) DIP for A
Here Vv denotes the join in Con(F (X)), and V' Filure of the AP
denotes the join in Con(F(Y")). EXTRAS
GMV-algebras
Ghe Falculus RL




The Congruence Extension Property

The relation =, is said to have the Extension Notation
Interpolation Property (ExtIP) if whenever The Relation =, ,
>, I =, €, there exists A such that The Amalgamation
YA E eIl =, A and Var(A) C Var(X U {e}). Propery

Interpolation
Properties

DIP

RP —> DIP
CEP (1)

DIP + ExtIP

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP

EXTRAS

GMV-algebras

Ehe Calculus RL




The Congruence Extension Property

The relation =, is said to have the Extension Notation
Interpolation Property (ExtIP) if whenever The Relation =, ,
>, 1T |=, €, there exists A such that The Amalgamation
YA E, 6,1, A, and Var(A) C Var(X U {e}). rropery
Interpolation
Properties
U has the CEP iff =, has the ExtIP o
RP — DIP
(Ono, 1986)
DIP 4 ExtIP

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP

EXTRAS

GMV-algebras

Ahe Calculus RL




DIP + ExtIP — RP

If =,, has the DIP and ExtIP, then it has the RP.

Notation

The Relation |=,,

P rOOf The Amalgamation
Suppose that X UII U {e} C EFq¢(X), £,1I |, &, Property
Var(e)N (Var(Il) — Var(X)) =0, and 3 |, § iff el

I =, 0 whenever Var(d) C Var(X) N Var(1l). o
By the EXtIP, there exists A; C Eq(X) such that: cer 0
YA, e =, Ay Var(Ay) CVar(XU{e}).
Applylng the DIP tO H ‘:u Al, we Obtaln Residuated Lattices
Ay C Fq(X)suchthatIl =, A, =, Ay, and DIP for CR.L
Var(Ay) C Var(Il)N [Var(X) U Var(e)] C DIP for A
Var(Il) N Var(%), since Failure of the AP
Var(Il) N Var(e) C Var(Il) N Var(%). EXTRAS
Hence X, A; =, €. Also, since Il =, Ay, ¥ =, Ay, SMvalgebras
by RP. So ¥ |=,, ¢, as required. Bhe Calculus RL
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Residuated Lattices

—— Avresiduated lattice (or a residuated lattice-ordered
monoid) is an algebra A = (A, A, V, -, \,/,1) such Notation

th at: The Relation =, ,
(i) (A, A\, V) is a lattice; o Amalgamation
(i) (A, -, 1) is a monoid; and Interpolation

Properties
(iii) the operation - is residuated with residuals \ R
i
and /. This means that that, for all z,y, z € A, T =—
HAs & BAs
Yy < 2 < ajgz/y — yﬁaz\z. £-Groups
DIP for CRL
DIP for A

Failure of the AP

EXTRAS

GMV-algebras

The Calculus RL
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Residuated Lattices

—— Avresiduated lattice (or a residuated lattice-ordered
monoid) is an algebra A = (A, A, V,-,\,/, 1) such
that:

(i) (A, A\, V) is a lattice;
(i) (A, -, 1) is a monoid; and

(iii) the operation - is residuated with residuals \
and /. This means that that, for all z,y, z € A,

ry <z <<= rv<z/y < y<zx\z

An algebra A = (A, A, V, -, \,/,1,0) is said to be an
FL algebra provided: (i) A = (A, A, V,-,\,/,1) isan
RL; and (ii) 0 is a distinguished element of A.

Notation

The Relation |=,,

The Amalgamation
Property

Interpolation
Properties

Residuated Lattices
Historical Remarks
HAs & BAs
£-Groups

DIP for CR L

DIP for A

Failure of the AP

EXTRAS

GMV-algebras

The Calculus RL
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Residuated Lattices

A residuated lattice (or a residuated lattice-ordered

monoid) is an algebra A = (A, A, V,-,\,/, 1) such

that:

(i) (A, A, V) is a lattice;

(i) (A, -, 1) is a monoid; and

(iii) the operation - is residuated with residuals \
and /. This means that that, for all z,y, z € A,

ry <z <= x<z/y < y<7z\z

An algebra A = (A, A, V, -, \,/,1,0) is said to be an
FL algebra provided: (i) A = (A, A, V,-,\,/,1) isan
RL; and (ii) 0 is a distinguished element of A.

The classes RL and F L of residuated lattices and
FL-algebras, respectively, are finitely based
varieties.

Notation

The Relation |=,,

The Amalgamation

Property

Interpolation

Properties

Residuated Lattices
Historical Remarks
HAs & BAs
£-Groups

DIP for CR L

DIP for A

Failure of the AP

EXTRAS

GMV-algebras

The Calculus RL




Historical Remarks

Notation

Residuated lattices appeared explicitly in the work
of Krull, Ward and Dilworth as abstractions of ideal

The Relation |=,,

The Amalgamation

lattices of rings in the early 1930’s. Their study, Property
however, goes back to Hilbert’s foundational interpolation
studies of geometry, Riesz’s development of the ropertes
theory of operators and their spaces, and Residuated Lattices
Dedekind’s work in algebra and number theory.
Groups
DIP for CRL
DIP for A
Failure of the AP
EXTRAS
GMV-algebras

The Calculus RL
o




Heyting Algebras and Boolean Algebras

Notation: If z\y = y/z, we write x — y for the
common value.

Notation

The Relation |=,,

The Amalgamation
Property

Interpolation
Properties

Residuated Lattices
RLs
Historical Remarks

HAs & BAs

£-Groups

DIP for CR L

DIP for A

Failure of the AP

EXTRAS

GMV-algebras
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Heyting Algebras and Boolean Algebras

Notation

Notation: If z\y = y/z, we write x — y for the
common value.

The Relation |=,,

The Amalgamation
Property

The variety of Heyting algebras is term-equivalent interpolation
to the subvariety of F£ satisfying the (additional) R
identities xy ~ x Ay and z A 0 = 0. oo eeaLatices

Historical Remarks

HAs & BAs

£-Groups

DIP for CR L

DIP for A

Failure of the AP

EXTRAS

GMV-algebras

The Calculus RL
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Heyting Algebras and Boolean Algebras

Notation: If z\y = y/z, we write x — y for the
common value.

The variety of Heyting algebras is term-equivalent
to the subvariety of F L satisfying the (additional)
identities xy ~ z Ay and z A 0 = 0.

The variety of Boolean algebras is term-equivalent
to the subvariety of F L that satisfies the identities
ry~zr Ay, (r—y) —>y~zVyandz A0 =0.

Notation

The Relation |=,,

The Amalgamation
Property

Interpolation
Properties

Residuated Lattices
RLs
Historical Remarks

HAs & BAs

£-Groups

DIP for CR L

DIP for A

Failure of the AP

EXTRAS
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Heyting Algebras and Boolean Algebras

Notation

Notation: If z\y = y/z, we write x — y for the
common value.

The Relation |=,,

The Amalgamation
Property

The variety of Heyting algebras is term-equivalent interpolation
to the subvariety of F£ satisfying the (additional) R
identities xy ~ x Ay and z A 0 = 0. o e aees

Historical Remarks

The variety of Boolean algebras is term-equivalent  #crouws

to the subvariety of F L that satisfies the identities DIP for CRL
ry~x Ay, (r —y) —y~zVyandz A0 =0. DIP for A

Failure of the AP

The variety of MV-algebras is term-equivalent to e TRAS
the subvariety, MYV, of F L satisfying the
(additional) identities z V y ~ (x — y) — vy, 2y =~ yx N
and z A 0 =~ 0. nooo

GMV-algebras




Lattice-Ordered Groups

A lattice-ordered group (¢/-group) Is (in additive Notation
notation) an algebra G = (G, A, V, +, —,0) such The Relation =,
tha‘t (I) <G7 /\7 \/> IS a Iatt|Ce, (”) <G7 _|_7 B O> IS a The Amalgamation
group; and (i) addition is order-preserving. ey
Interpolation
Properties

Residuated Lattices
RLs

Historical Remarks
HAs & BAs
£-Groups

DIP for CR L

DIP for A

Failure of the AP

EXTRAS

GMV-algebras

The Calculus RL
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Lattice-Ordered Groups

A lattice-ordered group (¢/-group) Is (in additive
notation) an algebra G = (G, A, vV, 4+, —, 0) such
that (i) (G, A, V) is a lattice; (i) (G,+,—,0) is a

group; and (i) addition is order-preserving.

The variety of /-groups Is term-equivalent to the
subvariety, LG, of RL defined by the equations
0/x +x ~ 0~ x+ z\0; the term equivalence is
givenby z/y =z —y,y\e = —y+x,and —x = 0/x.

Notation

The Relation |=,,

The Amalgamation

Property

Interpolation

Properties

Residuated Lattices

RLs

Historical Remarks
HAs & BAs
£-Groups

DIP for CR L

DIP for A

Failure of the AP

EXTRAS

GMV-algebras

The Calculus RL




Lattice-Ordered Groups

A lattice-ordered group (¢/-group) Is (in additive
notation) an algebra G = (G, A, vV, 4+, —, 0) such
that (i) (G, A, V) is a lattice; (i) (G,+,—,0) is a

group; and (i) addition is order-preserving.

The variety of /-groups Is term-equivalent to the
subvariety, LG, of RL defined by the equations
0/x +x ~ 0~ x+ z\0; the term equivalence is
givenby z/y =z —y,y\e = —y+x,and —x = 0/x.

The variety of Abelian /-groups: AbLG = V(7Z)

Notation

The Relation |=,,

The Amalgamation

Property

Interpolation

Properties

Residuated Lattices

RLs

Historical Remarks
HAs & BAs
£-Groups

DIP for CR L

DIP for A

Failure of the AP

EXTRAS

GMV-algebras
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Lattice-Ordered Groups

A lattice-ordered group (¢/-group) Is (in additive Notation
notation) an algebra G = (G, A, V, +, —,0) such The Relation =,
that (i) (G, A, V) is a lattice; (i) (G, +,—,0) is a e Amalgamation
group; and (i) addition is order-preserving. Property

Interpolgtion
The variety of /-groups is term-equivalent to the R
SUbVa”ety, Eg, Of RE deﬁned by the equatIOnS Eizlduated Lattices
0/ 4+ x ~ 0~z + x\0; the term equivalence is Historical Remarks
givenby z/y =z —y,y\e = —y+x,and —x = 0/x.

DIP for CRL
The variety of Abelian /-groups: AbLG = V(Z) oo 4

[W. C. Holland] Every ¢-group can be embedded Faiure of the AP
Into the /-group of order-automorphisms of a EXTRAS
Ch a| n. GMV-algebras

The Calculus RL
oooao
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DIP for CRL
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The consequence relation =, . is equivalent to the Notation
deducibility relation of RL.. The Relation =,
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DIP for CRL

| The Gentzen Calculus RL,

Notation

The consequence relation =, . is equivalent to the
deducibility relation of RL.. The Relation =,

RL. admits cut elimination ([H. Ono and M. Komori, 1985], ;?:pg?;lgamaﬁon
see also [M. Okada and K. Terui, 1999])).

RL,. satisfies Craig’s interpolation property.

Interpolation
Properties

S. Maehara’s Lemma: Suppose thatI', 1l = «a is Residuated Lattices
RL.-derivable. Then there exists a formula 3 with D o CRL
crRL |

Var(8) C Var(I') N Var(Il, «) such that " = g and I1, 8 = «
are RL_.-derivable.

The proof is by induction on the height h(d) of a cut-free
derivation d of I", IT = «. ([S. Maehara, 1960]; [H. Takamura, =XIRAS
2004]). GMV-algebras
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Notation

The consequence relation =, . is equivalent to the
deducibility relation of RL.. The Relation =,

RL. admits cut elimination ([H. Ono and M. Komori, 1985], ;?:pg?;lgamaﬁon
see also [M. Okada and K. Terui, 1999])).

RL,. satisfies Craig’s interpolation property.
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S. Maehara’s Lemma: Suppose thatI', 1l = «a is Residuated Lattices
RL.-derivable. Then there exists a formula 3 with D o CRL
crRL |

Var(8) C Var(I') N Var(Il, «) such that " = g and I1, 8 = «
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The proof is by induction on the height h(d) of a cut-free
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| The Gentzen Calculus RL,

Notation

The consequence relation =, . is equivalent to the

deducibility relation of RL.. The Relation =,
RL. admits cut elimination ([H. Ono and M. Komori, 1985], ;?:pg?;lgamaﬁon
see also [M. Okada and K. Terui, 1999]). S
nerpoglon
RL,. satisfies Craig’s interpolation property. FEpeTEe
S. Maehara’s Lemma: Suppose thatI', 1l = «a is Residuated Lattices
RL.-derivable. Then there exists a formula 3 with D o CRL
ere ]
Var(8) C Var(I') N Var(Il, «) such that " = g and I1, 8 = « )
DIP for

are RL_.-derivable.

The proof is by induction on the height h(d) of a cut-free
derivation d of ', II = a. ([S. Maehara, 1960]; [H. Takamura, =~ =552
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satisfies The Calculus RL
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The deducibility relation of RL., and hence =
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The Basic Idea

Notation
Given Y and ¢, pick z € Var(e) — Var(X). The Relation |=,
Construct §; with Var(d;) C Var(e) — {z} such that:  the amaigamation
Property
51 ‘:A E and > ‘:Z e = X }:Z 51 Interpolation
Properties

Residuated Lattices

DIP for CR L

DIP for A
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Justification

Failure of the AP
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The Basic Idea

Notation
Given ¥ and ¢, pick z € Var(e) — Var(X). The Relation |=,
Construct §; with Var(d;) C Var(e) — {z} such that:  the amaigamation
Property
51 ‘:.A E and > ‘:Z e = X }:Z 51 Interpolation
Properties

Residuated Lattices

Repeating, we get 9., ..., d, where: DIP for CRL

(1) P ‘:Z g = X ‘:Z 51 = ... => X }:Z 5711 id

(2) 5n ‘:A 5n—1 ‘:A }:A 51 }:A g, and ./lehaleP

Justification

(3) var(én) g Var(Z) ﬂ var(g)' Failure of the AP

EXTRAS
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7, Generation

Weinberg’s Theorem
A is generated by Z.

Notation

The Relation =, ,
PrOOf SketCh The Amalgamation
Suppose =, ¢. In view of the preceding analysis, Property
there exists a zero variable equation ¢ such that: it ipolation

Properties

5 }: IS5 and ‘: 5 Residuated Lattices
A 7
DIP for CR L

But then:

DIP for A
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Suppose =, ¢. In view of the preceding analysis, Property
there exists a zero variable equation ¢ such that: i gl ation

Properties

5 }: IS5 and ‘: 5 Residuated Lattices
A 7
DIP for CR L

But then:
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=& = 0 = 6= ¢
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EXTRAS

GMV-algebras

The Calculus RL
oom




7, Generation

Weinberg’s Theorem
A is generated by Z.

Notation

The Relation |=,,

PrOOf SketCh The Amalgamation
Suppose =, ¢. In view of the preceding analysis, rropery
there exists a zero variable equation ¢ such that: rerpoation
5 }:A £ and ‘:Z 5 Residuated Lattices
DIP for CRL
But then:
DIP for A
Basic Idea
=, = F,0 = F,0 = F,¢
A has DIP
Justification
CorO”ary Failure of the AP
A has a decidable equational theory. s
Theorem GMV-algebras
A Is generated by Z as a quasi-variety. The Calculus RL




DIP for A

Theorem Notation

../4 haS the DIP The Relation |:,v{

Proof Sketch e
Interpolation

Suppose that > =, . (We may assume that X is Properes

finite.) Then eliminating variables one by one, we Residuated Lattices

get 0 such that: DIP for CRL

(1) ¥ =, 4 (and hence, X =, ¢, since Z generates  oPrA

A as a quasi-variety);
(2) 5 }:A 5; and Justification

Failure of the AP

(3) Var(d) C Var(X) N Var(e).

EXTRAS
CO o I I al’y GMV-algebras
./4 haS the AP The Calculus RL




Justification

—  Notice that:
Y=, sxt iff XE,0<(s—t)A(t—25)
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Justification

—  Notice that:
Y=, sxt iff XE,0<(s—t)A(t—25)
For any term ¢ and variable x, we can find
s = Nier [(pi +A2) V (¢ — Az) V w4
(one or more of the disjuncts may not be present),

such that x ¢ Var(p;, g;, u;) for each i € I, and
0<sE=,0<t and ¥ ,0<t = Y=, 0<s.

Notation

The Relation |=,,
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Justification

— Notice that:
Y=, sxt iff XE,0<(s—t)A(t—25)
For any term ¢ and variable x, we can find e Amalgamaton
s = Nier (0 + Az) V (¢ — Az) V ] rropery
(one or more of the disjuncts may not be present), Proneriios

such that x ¢ Var(p;, g;, u;) for each i € I, and
0<sE=,0<t and ¥ ,0<t = Y=, 0<s. e o

Treating each conjunct separately, we can consider ppwa

Notation

The Relation |=,,

Residuated Lattices

Basic ldea
e:0< (p+>\x)\/(q—)\l’)\/ua JZZlhaleP
_
Where X Q Var(Z) U var({p7 Q7 U}), and deflne Failure of the AP
5:O§(p+q)\/u. EXTRAS
GMV-algebras

Thend|=,e and X, = X[E,0
The Calculus RL
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Failure of the AP for RepRL

We use algebraic means to show that the variety Notation
RepRL fails the AP. In fact, we show that there The Relation =,
exists an uncountable interval [W, RepR L] of e Amalgamation
subvarieties of RepR L that fail AP. Property

The proof involves the following steps: TS

= We show that the variety RepLG of representable — “escuarearatiess
¢-groups fails AP. DIP for CRL

DIP for A

= The /-groups appearing in the V-formation can |
be chosen to belong to a variety W for which the  ErE—— —

interval W, RepR L] is uncountable. it

= We show that the V-formation above cannot be Proot @
amalgamated in RepRL. (Requires a EXTRAS
Holand-type representation theorem.) R —
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Proof Sketch of Step 1

—— Note that the algebras in RepLG have unique
extraction of roots: 2" = y" = x =y, Vn € Z-y. Notation

The Relation |=,,

The Amalgamation
Property

Interpolation
Properties

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP
Plan

Proof (1)

Proof (2)

Proof (3)

Proof (4)
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Proof Sketch of Step 1

Note that the algebras in RepLG have unique
extraction of roots: 2" = y" = x =y, Vn € Zy.

We will establish the failure of the AP for RepLG by
constructing a V-formation

B, B,
N\ /o
A
of totally ordered groups A, B; and B, with ¢4, 05
Inclusions, that satisfy the following property:

there exist elements a € A, b; € B; and b, € B,
such that b> = b2 € A, but a’* = b, 'ab; and
a2 = b, tab, are distinct elements of A.

Thus, any amalgam of (A, B, B, 01, 02) will not be
in RepLG since it will satisfy b5 = b3 for by # b,.

Notation

The Relation |=,,

The Amalgamation

Property

Interpolation

Properties

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP

Plan
Proof (1)

Proof (2)
Proof (3)
Proof (4)
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Proof Sketch of Step 1

Let G be a totally ordered group and let » be an
automorphism of G. Let G(y) be the totally
ordered group based on G x {¢" : n € Z}, defined

as follows:

(z,") <

(z, ")y, ™) = (™ (y), ™)
(y,9¢™) <= n<m,orn=mandz <y

Notation

The Relation |=,,

The Amalgamation

Property

Interpolation

Properties

Residuated Lattices
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DIP for A

Failure of the AP

Plan

Proof (1)
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Proof Sketch of Step 1

Let G be a totally ordered group and let » be an
automorphism of G. Let G(y) be the totally
ordered group based on G x {¢" : n € Z}, defined
as follows:

(2, ") (y, ™) = (2" (y), ")
(2,0") < (y,¢™") <= n<m,orn=mandz <y

Suppose that ¢, ¢, y are automorphisms of G such
that ¢ = ¢? = % and ) # x. Then any subvariety
of RepLG that contains G(v) and G(y) fails the
AP.

Notation

The Relation |=,,
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Property

Interpolation

Properties
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DIP for CR L

DIP for A

Failure of the AP

Plan
Proof (1)
Proof (2)
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Proof Sketch of Step 1

Let G be a totally ordered group and let » be an
automorphism of G. Let G(y) be the totally
ordered group based on G x {¢" : n € Z}, defined
as follows:

(2, ") (y, ™) = (2" (y), ")
(2,0") < (y,¢™) <= n<m,orn=mandx <y

Suppose that ¢, ¢, y are automorphisms of G such
that ¢ = ¢? = % and ) # x. Then any subvariety
of RepLG that contains G(v) and G(y) fails the
AP.

Indeed, G(y) is a subalgebra of G(v)) and G(x).
Further, for all g € G, ¢¥ = ¢(g) in G(¢)) and

g% = x(g) in G(x). Hence, if ¢ # x, then g¥ # ¢gX in
G(p), for some g € G.

Notation

The Relation |=,,

The Amalgamation

Property

Interpolation

Properties

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP

Plan

Proof (1)
Proof (2)
Proof (3)
Proof (4)
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Proof Sketch of Step 1

—— We complete the proof by exhibiting a totally or-
dered group G and automorphisms %, xy of G such ™=

that wQ — X2 but w # p% The Relation |=, ,
, - U
The Amalgamation
Property
Interpolation
Properties

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP

Plan
Proof (1)
Proof (2)

Proof (3)
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Proof Sketch of Step 1

——  We complete the proof by exhibiting a totally or-
dered group G and automorphisms ), y of G such

that * = y2, but ¢ # y.

We first construct distinct ordered automorphisms
of a totally set I whose squares are equal.

Let I = Z X Z (ordered by the anti-lexicographic
order) and let v, vy be defined on I as follows:

5o Z,)_J (z+1,i+1) ifie2Z

o @i+l ifig2z
—(m)—<( (z,i+1) ifi€2Z
A (x+1,5+1) ifig2Z

\

It is clear that both ¢» and y are distinct order
automorphisms of I such that ? = y>.

Notation

The Relation |=,,

The Amalgamation
Property

Interpolation
Properties

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP

Plan
Proof (1)
Proof (2)

Proof (3)

Proof (4)
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Proof Sketch of Step 1

Notation

Finally, let G = d Zi, Z; = 7. This totally ordered

BT The Relation |=, ,

group has the required properties.

The Amalgamation
Property

Note that each order-automorphism f of I induces iterpolaton
an automorphism f of G, defined by ropertes
f((zi)icr) = (x5 )ier- Thus, ¢ and Y above induce — Resduediatices

distinct automorphisms ) and x of G such that Dl it CFeL
? = x%. Thus, RepLg fails the AP. DIP for A
Failure of the AP
Plan
Proof (1)
Proof (2)
Proof (3)
EXTRAS
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Notation

The Relation |=,,

The Amalgamation
Property

Thank you for your attention. Properties

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP
Plan

Proof (1)

Proof (2)

Proof (3)

EXTRAS

GMV-algebras
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Open Problems
—1 = Provide a purely algebraic proof of the AP for the

variety C'RL of commutative residuated lattices. Notation
= Determine which of the varieties below satisfy The Relation |=,
the DIP (and hence the AP): CRepRL The Amalgamation
(commutative representable RLS), CGBL e
(commutative GBL-algebras), CZGBL e
(commutative integral GBL-algebras), CCan’R L Residuated Latiices
(commutative cancellative RLs), etc. Py CRL
= Prove or disprove that the variety RL of all RLs oIF for A
satisfies the AP. e A
= Are there any non-commutative subvarieties of EXTRAS
RL that satisfy the AP?
= Give an example of a subvariety of RL that GMV-algebras
satisfies the DIP (FAP), but fails the RP (AP). e Caloulus RL
= Investigate universal-homogeneous algebras in
selected subvarieties of R L satisfying the AP.
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The Amalgamation Property

We assume that o; and o, are inclusions. Notation
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The Amalgamation Property

We assume that o; and o, are inclusions. Notation
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The Amalgamation Property

We assume that o; and o, are inclusions.
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We assume that o; and o, are inclusions.
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Generalized MV-algebras

The variety ZG MYV of integral GMV-algebras is Notation
axiomatized, relative to ‘R.L, by the equations The Relation |=,,
v/(y\z) =z Vy=~(x/y)\x. The Amgaaon
roper
Interpolation
Properties

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP

EXTRAS
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Generalized MV-algebras

The variety ZG MYV of integral GMV-algebras is Notation
axiomatized, relative to ‘R.L, by the equations The Relation |=,,
v/(y\z) =z Vy=~(x/y)\x. The Amalgamation

Property

The variety GMV of generalized MV-algebras R
(GMV-algebras) is defined as the subvariety of RL  Propertes

satisfying the identities Residuated Lattices
x/(y\x N 1) ~rViy~= (x/y /\ 1)\:13 DIP for CRL
Equivalently, it is the subclass of RL whose Die for A
members satisfy the quasi-identity Failure of the AP
v <y=uxz/(y\z) =y = (z/y)\z. SXIRAS

GMV-algebras

GMV-algebras (1)

GMV-algebras (2)
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The AP for Varieties of GMV-algebras

Theorem Notation
= The varieties CZGMYVY and CG MYV satisfy the AP.

The Relation |=,,

The Amalgamation
Property

Interpolation
Properties

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP
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The AP for Varieties of GMV-algebras

Theorem Notation
» The varieties CZGMY and CGMYV satisfy the AP, " =9

The Amalgamation

= Let U/ be a proper subvariety of CZGMV. Theni/ ™%
has the AP If it Is either generated by a single iieronlaion
chain or it is generated by a finite chain and Z~.

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP

EXTRAS
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GMV-algebras (1)

GMV-algebras (2)
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The AP for Varieties of GMV-algebras

Theorem
= The varieties CZGMYV and CGMYV satisfy the AP.

= Let U/ be a proper subvariety of CZGMV. Then U
has the AP if it Is either generated by a single
chain or it is generated by a finite chain and Z~.

= Let U/ be a subvariety of CG MYV that does not
contain CZGMYV. Then U has the AP iff it is
generated by a single chain; two chains, one of
which is either Z~ or Z; or by three chains, two of
which are Z— and Z.
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Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP

EXTRAS

GMV-algebras
GMV-algebras (1)

GMV-algebras (2)
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The Calculus RL

= Signature: £ = {A,V,-,\,/,1} Notation
= The succedent of each sequent in RL is a single e retation =,

formula. |
The Amalgamation
o Property
Initial Sequents |
Interpolgtlon
a = o and = 1 Properties

Residuated Lattices

Structural Rules

DIP for CR L
1-Weakening Rule DIP for A
Failure of the AP
F’ A= 6 (1w = ) EXTRAS
I'1,A= [
GMV-algebras

Cut Rule .

The Calculus RL

RL Calculus (1)
RL Calculus (2)

I'=a Yo A=70
RL Calculus (3)
Z, F, A = ﬁ FL Calculus




The Calculus RL

Rules for Logical Connectives Notation

The Relation |=, ,

F7047A:>fy FvﬁaAjfy

V = The Amalgamation
F, oV ﬁ’ A — Y ( ) Property
Interpolation
Properties
I'= « [ =
( = V ].) i ( = V 2) Residuated Lattices
I'=aVy I'=aVy
DIP for CRL
DIP for A
o A= [3,A=
T A J (/\1 - ) T B A i (/\2 — ) Failure of the AP
,CV/\ﬁ, 7 ’Oé/\ﬁ’ =7 EXTRAS
I = I — ﬁ GMV-algebras

(=A)

The Calculus RL
RL Calculus (1)
RL Calculus (2)
RL Calculus (3)
FL Calculus

I'=aANf




The Calculus RL

—— Rules for Logical Connectives (continued)
Monoid Operation and Implications (Residuals) Woizion

The Relation |=, ,

I A — I — A — The Amalgamation
,Oé,ﬁ, i ( = ) &, B ( — ) Property
F? Q- 67 A — fy F’ A = Q- ﬁ Interpolation
Properties
F = X Z) ﬁ’ A — /-y Q, F — 6 Residuated Lattices
(\ = ) ( = \) DIP for CRL
¥, 0\GB,A =~ ['= a\p
DIP for A
I' = « Z’B’ /A = y F’ o = ﬁ Failure of the AP
(/ :> ) ( :> /) EXTRAS
¥, 8/a, T, A =~ I'= 6/a
GMV-algebras

The Calculus RL
RL Calculus (1)

RL Calculus (2)

RL Calculus (3)
FL Calculus




The Calculus RL

—— Rules for Logical Connectives (continued)
Monoid Operation and Implications (Residuals) Woizion

The Relation |=, ,

I A — I — ’A — The Amalgamation
,OK,B, i ( = ) & B ( — ) Property
F? - 67 A = fy F7 A = Q- ﬁ Interpolation
Properties
F — Z) : A — Q, F — Residuated Lattices
- 6 ! (\ = ) ﬁ ( = \) DIP for CRL
¥, 0\GB,A =~ ['= a\p
DIP for A
I = Z’ 7A — F’ o = Failure of the AP
ST (o) L R
¥, 8/a, T, A =~ I'= 6/a
GMV-algebras
The concepts of a provable sequent and of a The Calculus RL
provable formula (theorem) are defined as before. 3 caaee
The set of theorems of RL will be denoted by
ThmRL. oo



The Calculus FL

The succeden
formula or em

One way to ad

t of each sequent in FL is a single
oty.

d negation(s) to RL is to introduce a

constant 0 to t

Y

ne signature and define

a=a\0 and —a =0/a.

The calculus obtained from RL by adding the

axiom and the
Calculus).

rule below is called FL (Full Lambek

0=

I' =
F—:>O(O Weakening)

Notation

The Relation |=,,

The Amalgamation
Property

Interpolation
Properties

Residuated Lattices

DIP for CR L

DIP for A

Failure of the AP

EXTRAS

GMV-algebras

The Calculus RL
RL Calculus (1)
RL Calculus (2)
RL Calculus (3)
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