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Traversant la galaxie
La lune est seule dans le ciel
Cependant pourquoi on ne trouve pas
D’eau sans son reflet?
Michinaga FUJIWARA (966 — 1028)
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(A Short Song)

-

oo oot guogd

00000 0000000
0000 (966 — 1028)

Traversant la galaxie
La lune est seule dans le ciel
Cependant pourquoi on ne trouve pas

D’eau sans son reflet?
Michinaga FUJIWARA (966 — 1028)

In the starry night, | wonder why
there exists only one moon in the sky,
while every water retains its reflection. J
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Fundamental Logical Duality

- N

® Proof Theory: existential Fy, A <= dn.(w is a proof of A)
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® Proof Theory: existential Fy, A <= dn.(w is a proof of A)

® Algebra: universal =y 4 < VP € V(L).(P = A)
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Fundamental Logical Duality

- N

® Proof Theory: existential Fy, A <= dn.(w is a proof of A)
® Algebra: universal =y 4 < VP € V(L).(P = A)

#® | am interested in proof theory reflected in algebra:

Proof Theory | Algebra

Argument | InsmupiA

Property | yhago19

o |
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Motivating Facts

- o

® Algebra: The variety of Heyting algebras satisfying prelinearity
(r = y)V (y — x) =T (or weak excluded middle
——x V —x = T) Is not closed under Dedekind-MacNeille
completions (Bezhanishvili-Harding 04), but is closed under
some completions.

o |
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® Algebra: The variety of Heyting algebras satisfying prelinearity
(r = y)V (y — x) =T (or weak excluded middle
——x V —x = T) Is not closed under Dedekind-MacNeille
completions (Bezhanishvili-Harding 04), but is closed under
some completions.

® Proof Theory: Int + prelinearity (or weak excluded middle)
does not admit a sequent calculus with cut elimination (CGT
08), but does admit some hypersequent calculi.
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® Proof Theory: Int + prelinearity (or weak excluded middle)
does not admit a sequent calculus with cut elimination (CGT
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® Algebra: The variety of MV algebras is not closed under any
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Motivating Facts
-

Algebra: The variety of Heyting algebras satisfying prelinearity
(r = y)V (y — x) =T (or weak excluded middle

——x V —x = T) Is not closed under Dedekind-MacNeille
completions (Bezhanishvili-Harding 04), but is closed under
some completions.

Proof Theory: Int + prelinearity (or weak excluded middle)
does not admit a sequent calculus with cut elimination (CGT
08), but does admit some hypersequent calculi.

Algebra: The variety of MV algebras is not closed under any
kind of completion (cf. Kowalski-Litak 08)

Proof Theory: tukasiewicz logic does not admit any kind of
calculus with “strong” cut elimination. J
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Commutative Residuated Lattices (CRL)
-

f ® A (bounded pointed) commutative residuated lattice is
P=(PAV, ,—,T,1,1,0)

1. (P,A,V, T, 1) is alattice with T greatest and L least
(T and _L can be absent)

2. (P,-, 1) is a commutative monoid.
3. Foranyz,y,z e P,z y<z<=y<zx—z

4. 0 P.

d
® gw—ﬂ)

® Examples: Heyting algebras (where z Ay = x - y)
o Lattice-ordered abelian groups with z — y = 271y
L o The set of ideals of a commutative ring (Ward-Dilworth SQQ
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Full Lambek Calculus FLe
-

The base system for substructural logics (Ono 90)

FLe =~ The logic correspondingto CRLs
~ Intuitionistic logic without weakening and contraction

~ Intuitionistic linear logic without exponentials

Formulas: terms over

1
]
—
—_
o

Substructural Logics | A | V

Linear Logic 1P| Q@|—o|T|0[|1|L

Sequents: I' = 11
(I': multiset of formulas, II: stoup with at most one formula)

|
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o

Inference Rules of FlLe

I'=A A A=II

[

Tr

['VA =11 Cut A=A Identity
A, B,I' =11 J r=A4 A=B
A-B,I'=11 I''A=A-B
I'=A B A=II ATl'= B R
TASBAST 0 ToaoB "
ATl=01 BTI=1I I = A
\/ Vr L
AV B, T =11 I'= AV A, 1, I'=11
A, T =11 N =4 I'=B
A]_/\AQ,F:>H I'=AAB I'=T
I'=11 =
ir=nt =1l =0 =

|
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Substructural Logics

- N

® Cut Elimination Theorem: Any provable sequent is provable
without (Cut).

o |

Amsterdam, 08/07/09 — p.10/65



Substructural Logics

-

Cut Elimination Theorem: Any provable sequent is provable
without (Cut).

Definition: A (commutative) substructural logic L is an
axiomatic extension of FLe.

FLew = FLe + (Weakening): A—1, 0—-A
Int — FLew + (Contraction): A — A-A
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Substructural Logics

- N

® Cut Elimination Theorem: Any provable sequent is provable
without (Cut).

#® Definition: A (commutative) substructural logic L is an
axiomatic extension of FLe.

FLew = FLe + (Weakening): A—1, 0—-A
Int — FLew + (Contraction): A — A-A

#® Cut Elimination is not preserved when axioms are added.
Hence axioms have to be transformed into ‘good’ structural
rules:

I'=11 A7A7F:>H
AT >0 W Aron @

o |
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Structural Rules

-

® Definition:
A structural rule is a rule

Tli\lfl Tn:>\ljn
T0:>\Ifo

which does not involve a logical connective.

o |
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Structural Rules

- N

® Definition:
A structural rule is a rule

Tli\lfl Tn:>\ljn
T0:>\Ifo

which does not involve a logical connective.

® |t corresponds to a quasiequation
t1<wjand --- and t,, < u,, =ty < uyg

where t; is 1 or a product of variables, and u; is 0 or a variable.

o |
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Structural Rules

-

® Definition:
A structural rule is a rule

Ty =¥y --- T,=V,
T0:>\Ifo

which does not involve a logical connective.

® |t corresponds to a quasiequation
t1<wjand --- and t,, < u,, =ty < uyg

where t; is 1 or a product of variables, and u; is 0 or a variable.

® Fundamental question:
Which axioms can be transformed into ‘good’ structural rules
L enjoying cut elimination?
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Structural Rules

-

® Definition:
A structural rule is a rule

Ti=v¥; --- T,=>V,
Yo = Yy

which does not involve a logical connective.

® |t corresponds to a quasiequation
t1<wjand --- and t,, < u,, =ty < uyg

where t; is 1 or a product of variables, and u; is 0 or a variable.

» Fundamental question:
L Which identities are preserved by DM completions? J
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Dedekind Completion of Rationals
f ® Forany X C Q, T

XP = {yeQ:Vzxe X<y}
X9 = {yeQ:Vxe Xy<uz}

® X is Galois-closed if X = XP<

® (Q,+,-) can be embedded into (Q, +, -) with
Q={X CQ: X is closed}

® Dedekind completion extends to various ordered algebras
(MacNeille 37).

o |
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Dedekind-MacNeille Completion

f ® Theorem (cf. Ono 93): CRL admits DM-completion. T
Every A € CRL has a completion A in CRL, where
A = (AvmaU% .%_>’A’@><1’€><70><)
A = {XCA: X=X} XU, Y (X UY)>S
XY = {oy:zeXyeY}Pd XY = {y:VeeXayeY

o |
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Dedekind-MacNeille Completion

f ® Theorem (cf. Ono 93): CRL admits DM-completion. T
Every A € CRL has a completion A in CRL, where
A = (AvmaU% .%%’A’Q)DQ’GDQ’ODQ)
A = {XCA: X=X} XU, Y = (XUY)P<
XY = {oy:zeXyeY}Pd XY = {y:VeeXayeY

® Also popular in ‘French’ proof theory (Krivine, Girard)
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Dedekind-MacNeille Completion

f ® Theorem (cf. Ono 93): CRL admits DM-completion. T
Every A € CRL has a completion A in CRL, where

A = (Z’Q’U% .%%’Z’ I><, > P> 9)
A = {XCA: X=X} XU,V
XY = {oy:zeXyeVY}Pd X Y

(X UY)PS
{y:Ve e XayeY

® Also popular in ‘French’ proof theory (Krivine, Girard)

® Theorem (cf. Banaschewski 56, Schmidt 56): The above A is

the unique completion of A such that

|

Amsterdam, 08/07/09 — p.13/65



Dedekind-MacNeille Completion

f ® Theorem (cf. Ono 93): CRL admits DM-completion. T
Every A € CRL has a completion A in CRL, where
A = (Z’Q’U% .%%’Z’ I><, > P> 9)

A =
XY =

(XCA: X=X XU Y
{ry:xe X,yeY}Pd X Y

(X UY)PS
{y:Ve e XayeY

® Also popular in ‘French’ proof theory (Krivine, Girard)

® Theorem (cf. Banaschewski 56, Schmidt 56): The above A is
the unique completion of A such that

s AisV-densein A
(i.e. every element of A is a join of elements in A)
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Dedekind-MacNeille Completion

f ® Theorem (cf. Ono 93): CRL admits DM-completion. T
Every A € CRL has a completion A in CRL, where
A = (Z’Q’U% .%%’Z’ I><, > P> 9)

A =
XY =

(XCA: X=X XU Y
{ry:xe X,yeY}Pd X Y

(X UY)PS
{y:Ve e XayeY

® Also popular in ‘French’ proof theory (Krivine, Girard)

® Theorem (cf. Banaschewski 56, Schmidt 56): The above A is
the unique completion of A such that

s AisV-densein A
(i.e. every element of A is a join of elements in A)

s Ais A-densein A.

o
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Beyond
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Polarity
-

Key concept of linear logic

Positive connectives 1, 1, -,V (1,0, ®, ®) have invertible left

rules:
a,I'=11 [,I' =11

aV p,I' =11

and right rules admit focalization (Andreoli 90).

Negative connectives T,0, A, — (T, L, &, %) have invertible

right rules:
['=a I'=p

I'=aANp

|
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Polarity
-

#® Connectives of the same polarity associate well.
® Positives:
a-(BVy)=(a-p)V(a-7)
a1 =« a- L =1 aV 1l =«

® Negatives:

a—=(BAy) = (=) A(a—7)
(aVp)—=y = (a=7)AB—=7)
alNl =« a— I =1 l - a=«

(polarity reverses on the LHS of an implication)

o |
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Substructural Hierarchy

-

: A ® The sets P,,, N,, of formulas defined by:
P, /\/3 (0) Py = Ny = the set of variables
(P1) Nn C Pt
I><T (P2) o, €Pps1 = aVpB,a-B,1,L € P
N ) IRy VA
I >< T (N2) a,8 € Npi1 = aANB,0, T € Npiq
P1 N1 (N3) a € Ppt1,8 €ENpy1 = a— € Ny

I><T s a<pBeN,ifa—BeN,
-
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The Zoo of Nonclassical Axioms

Class Axiom Name
N a—1,0— o weakening
a— - contraction
a-a— Qo expansion
a — o™ knotted axioms (n, m > 0)
—(a A\ ) no-contradiction
Pa aV - excluded middle
(a = B)V (B — a) prelinearity
Ps ((a—=B)AD)V((—a)A]l) linearity
—a Vo weak excluded middle
Vi_o®i =V pj) Kripke models of width < &
Ve (o A---Api_1 — pi) | Kripke models with k worlds J
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The Zoo of Nonclassical Axioms

Class Axiom Name
N3 | an(BVy) = (aAB)V(aAy) distributivity
(o = a-8)—=p cancellativity
(aNB) = a-(a— b) divisibility
Zakharyaschev’s canonical formulz

|
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The Zoo of Nonclassical Axioms

Class Axiom Name
N3 | an(BVy) = (aAB)V(aAy) distributivity
(o = a-8)—=p cancellativity
(aNB) = a-(a— b) divisibility
Zakharyaschev’s canonical formulz

® Theorem:
Every Ns-axiom is equivalent to (a set of) structural rules in
FLe.

|
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KExample

-

#® No contradiction —(a A —«) is equivalent to

= —(a N ~a)

o |
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KExample

-

#® No contradiction —(a A —«) is equivalent to

(@A —a) =0

o |
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KExample

-

#® No contradiction —(a A —«) is equivalent to

(@ A\ —a) =

o |
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KExample

-

#® No contradiction —(a A —«) is equivalent to

B = (A -a«)
g =

o |
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KExample

-

#® No contradiction —(a A —«) is equivalent to

b=a p=«

b=

o |
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KExample

-

#® No contradiction —(a A —«) is equivalent to

b=a [B,a=10

b=

o |
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KExample

-

#® No contradiction —(a A —«) is equivalent to

f=a B,a=

b=

o |
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Key Lemma

- N

® |Lemma: An axiom A,I' = Il is equivalent to a rule

b= A
6, I' =11

with 3 a fresh metavariable.

o |
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Key Lemma

- N

® |Lemma: An axiom A,I' = Il is equivalent to a rule

b= A
6, I' =11

with 3 a fresh metavariable.

| . . p=A
® |Inparticular A = B is equivalent to 3= B

o |
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Key Lemma

-

|7 ® |Lemma: An axiom A,I' = Il is equivalent to a rule

b= A
6, I' =11

with 3 a fresh metavariable.

| . . p=A
® |Inparticular A = B is equivalent to 3= B

® Yoneda's Lemma: Hom(A, B) =2 Nat(Hom(_,A), Hom(_, B))

o |
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Key Lemma

-

Lemma: An axiom A,T" = II is equivalent to a rule

f=A
6, I' =11

with 3 a fresh metavariable.

| -l . ol p=A
n particular A = B Is equivalent to 3= B

Yoneda’'s Lemma: Hom(A, B) 2 Nat(Hom(_,A), Hom(_, B))
Our transformation is sound w.r.t. the categorical interpretation
formulas = objects

proofs = morphisms
for symmetric monoidal closed categories with finite products
and coproducts. J
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Towards Cut Elimination

- N

#® Not all structural rules admit cut elimination. They have to be
further transformed.

® |[n absence of (w), cyclic rules are problematic:

a,v=p0 =«
a,y =

o |
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Towards Cut Elimination

- N

#® Not all structural rules admit cut elimination. They have to be
further transformed.

® |[n absence of (w), cyclic rules are problematic:
o =BT

Y
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Towards Cut Elimination

-

|7 #® Not all structural rules admit cut elimination. They have to be
further transformed.

® |[n absence of (w), cyclic rules are problematic:
o =BT

Y

® Theorem (Cut Elimination):

1. Every acyclic N>-axiom is equivalent (in FLe) to structural
rules enjoying cut elimination.

2. Every Ns-axiom is equivalent (in FLew) to structural rules

L enjoying cut elimination. J
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KExample

-

#® (No-contradiction) —(a A —«) is equivalent to

f=a Ba=

b=

o |
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KExample

-

#® (No-contradiction) —(a A —«) is equivalent to

I'=08 f=a [,a=
I'=

o |
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KExample

-

#® (No-contradiction) —(a A —«) is equivalent to

I'=p p.f=

I' =

o |
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KExample

-

#® (No-contradiction) —(a A —«) is equivalent to

I T =
[ =

o |
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KExample

-

#® (No-contradiction) —(a A —«) is equivalent to

I T =
[ =

® 1 < -(xA—x)isequivalent to

zr <0=—=x <0.

o |
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Conservativity and Completion

- .

® Infinitary extension L of a substructural logic L: we consider

infinitary formulas A,_; A; and add new rules

I'= A; foranyiel A;,I'=11 forsome: el
[' = ANier4; /\z'EI A;, ' =11

® L°°is aconservative extension of L if
(I) I_Loo A :> (:D I_L A

for any set ® U { A} of finitary formulas.

o |
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Conservativity and Completion

-

® Theorem: For any substructural logic L, T
L°° is a conservative extension of L
iff V(L) is closed under completions
(i.,e. any A € V(L) is a subalgebra of a complete B € V(L)).

® A strong version of cut-elimination (that works with nonlogical
initial sequents) implies conservativity.

Strong cut-elimination | < | Quasi-DM completion

Y Y

Conservative extension | «~—— | Completion

o |
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“ut Elimination via Quasi-DM Completior
f ® Syntactic argument: T

Gentzen’s procedure
Cut-ful Proofs — Cut-free Proofs

» Semantic argument:

Quasi-DM completion

CRL — ‘Intransitive’ CRL

® Origin: Tait-Girard computability argument.
Adapted by (Okada 96), (Okada-Terui 99).
Algebraically reformulated by (Belardinelli-Ono-Jipsen 01),
(Galatos-Jipsen).

L Cf. (Titani 65), (Maehara 91) J
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“ut Elimination via Quasi-DM Completior

-

#® DM completion: Given a CRL A, there is a complete A with
an embedding i : A — A such that

s i(A)isV-densein A
s i(A)is A-dense in A.
® Quasi-DM completion (BOJ 01): Given a cut-free Genzen

structure A (‘CRL without transitivity’), there is a complete
CRL A with two maps {,u : A — A such that

s [(A)is v-densein A
s u(A)is A-densein A
e forevery x e {A,V,-,—},a,b€ A, x € |l(a),u(a)] and
y € [1(b),u(b)], zxy € [[(a*b),u(axb)]
L s [ = uis an embedding whenever A is a CRL. J
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Main Results on N5

- N

® Theorem: Let A be a set of As-axioms. The following are
equivalent.

1. Als equivalent to a set ‘R of acyclic structural rules.
A is preserved by quasi-DM completions.

A is equivalent to R enjoying cut-elimination.

A is preserved by DM completions.

o &~ Db

CRL(A) is closed under completions.
6. (FLe + .A)* is conservative over (FLe + A).

® (Cf. Theunissen-Venema 07)

#® Theorem (Gentzen’s paradise): In presence of (w), the above
holds for any set of N>-axioms.

o |
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Limitation of structural rules

- N

® Theorem: Every structural rule is either derivable in Int or
inconsistent with Int.

o |
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Limitation of structural rules

-

® Theorem: Every structural rule is either derivable in Int or T
inconsistent with Int.

® (Prelinearity), (Weak EM), etc. € P3 cannot be dealt with by
sequent calculus!

o |
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Limitation of structural rules

- N

® Theorem: Every structural rule is either derivable in Int or
inconsistent with Int.

® (Prelinearity), (Weak EM), etc. € P3 cannot be dealt with by
sequent calculus!

®» Theorem (Bezhanishvili-Harding 04):
BA is the only nontrivial proper subvariety of H.A closed under
DM completions.

o |
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Limitation of structural rules

Theorem: Every structural rule is either derivable in Int or T
inconsistent with Int.

(Prelinearity), (Weak EM), etc. € Py cannot be dealt with by
sequent calculus!

Theorem (Bezhanishvili-Harding 04):

BA is the only nontrivial proper subvariety of H.A closed under
DM completions.

(Prelinearity), (Weak EM), etc. € P3 cannot be dealt with by
DM completions!
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Substructural Hierarchy

x]
x|
%]

-

Acyclic N> =~ good structural rules

Traditional proof theory (sequent calculus) works
nicely up to A5 (Gentzen’s paradise).

Cut-elimination = DM = Completion in N>

It does not work for some Py and P3 axioms.

|
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Substructural Hierarchy

x]
x|
%]

°

-

Acyclic N> =~ good structural rules

Traditional proof theory (sequent calculus) works
nicely up to A5 (Gentzen’s paradise).

Cut-elimination = DM = Completion in N>
It does not work for some Py and P3 axioms.

How to deal with axioms beyond N5?

|
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o b~ 0N

Outline

. Residuated Lattices and Full Lambek Calculus

Substructural Hierarchy
Class N5

Class Ps

Beyond

|

Amsterdam, 08/07/09 — p.41/65



Hypersequent Calculus (Avron 87)

- N

® Hypersequent:
ry=1I11,| --- |, =1L,

® |[ntuition:
(0F1 — Hl)/\l VeV (.Fn — 1_[n)/\l

Assuming (w):
(o'y = II;) V.-V (o', = II,)

® HFLe consists of
Rules of FLe  Ext-Weakening Ext-Contraction
G|AT=1B G G|II'=0I|T'=1
G|'=A—1B G|T=1 G| T'=1

o |
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Hypersequent Calculus

-

® Communication Rule:

G|F1,A1 = 11 G‘FQ,A2:>H2
G|F2,A1 :>H1|F1,A2:>H2

(com)

® HFLe + (com) proves (Prelinearity):

A=A B=1B
A= B|B=A

= A—>B| =B—>A
= (A—->B)V(B—A)| =(A—>B)V(B— A) e
= (A— B)V (B — A) (EC)

(com)

(=7)

(Vr)

o |
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Hypersequent Calculus

-

® Theorem (Avron 92):
HInt + (com) = Int + (Prelinearity)

It enjoys cut elimination.

® Which axiom corresponds to a hyperstructural rule?

G|T\=v], --- G|T, =V,
G‘Tli\lf1| |Tm:>\lfm

o |
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ransformation into Hyperstructural Rule

f ® Asubclass P/ C Py: T
(P1) ae N, = anl e P],

(P2) a,€P,,y = aVB,a-p,1,LeP, .,

o |
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ransformation into Hyperstructural Rule
f ® Asubclass P/ C Py: T
(P1) ae N, = anl e P],
(P2) a,€P,,y = aVB,a-p,1,LeP, .,
® Theorem (Cut Elimination):

1. Every acyclic Pj-axiom is equivalent (in HF Le) to
hyperstructural rules enjoying cut elimination.

2. Every Ps-axiom is equivalent (in HFLew) to
hyperstructural rules enjoying cut elimination.

o |
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ransformation into Hyperstructural Rule
f ® Asubclass P/ C Py: T
(P1) ae N, = anl e P],
(P2) a,€P,,y = aVB,a-p,1,LeP, .,
» Theorem (Hyper-DM Completions):

1. Every acyclic P-axiom is preserved by Hyper-DM
completions.

2. Every Ps-axiom is preserved by Hyper-DM completions
under the assumption of integrality.

o |
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KExample

-

® Weak nilpotent minimum (Esteva-Godo 01):

(a-p)V(aAf —a-p)

IS equivalent to

o |
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KExample

-

® Weak nilpotent minimum (Esteva-Godo 01):

(a-p)V(aAf —a-p)

IS equivalent to

® G|l=(@pf)—=0|=2aANf—=a-p

o |
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KExample

-

® Weak nilpotent minimum (Esteva-Godo 01):

(a-p)V(aAf —a-p)

IS equivalent to

® Gla-f=0| =aAf—=a-p

o |
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KExample

-

® Weak nilpotent minimum (Esteva-Godo 01):

(a-p)V(aAf —a-p)

IS equivalent to

® Gla,f=0|=arpf—a S

o |
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KExample

-

® Weak nilpotent minimum (Esteva-Godo 01):

(a-p)V(aAf —a-p)

IS equivalent to

® Glaf=|=anNf—a-f

o |
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KExample

-

® Weak nilpotent minimum (Esteva-Godo 01):

(a-p)V(aAf —a-p)

IS equivalent to

® Glaf= |lanf=>a b

o |
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KExample

-

® Weak nilpotent minimum (Esteva-Godo 01):

(a-p)V(aAf —a-p)

IS equivalent to
G|lvy=aAp
® Gla,f= |y=a-

o |
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KExample

f ® Weak nilpotent minimum (Esteva-Godo 01): T

(a-p)V(aAf —a-p)

IS equivalent to
Gly=a Gly=28
< G|C¥,B:> |7:>055

o |
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KExample

-

® Weak nilpotent minimum (Esteva-Godo 01):

(a-p)V(aAf —a-p)

IS equivalent to
Gly=a G|y=p8 Gla- =0
o Gla,f= |y=9

o |
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KExample

-

® Weak nilpotent minimum (Esteva-Godo 01):

(a-p)V(aAf —a-p)

IS equivalent to
Gly=a G|vy=p Gla,f=9
o Gla,f= |vy=9

o |
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KExample

-

® Weak nilpotent minimum (Esteva-Godo 01):

(a-p)V(aAf —a-p)

IS equivalent to
Gly=a G|vy=p Gla,f=9
o Gla,f= |vy=9

o |
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KExample

-

® Weak nilpotent minimum (Esteva-Godo 01):

—(a-B)V(aAf— a-p)
IS equivalent to

Gly=a G|ly=p G|la,f=96
G|T=a
o G|T,.f= |v=9

o |
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KExample

-

® Weak nilpotent minimum (Esteva-Godo 01):

—(a-B)V(aAf— a-p)
IS equivalent to

Gly=a G|y=p G|la,=0
G|ll'sa G|A=p
o G|ITVA= |vy=9

o |

Amsterdam, 08/07/09 — p.47/65



KExample

-

® Weak nilpotent minimum (Esteva-Godo 01):

—(a-B)V(aAf— a-p)
IS equivalent to

Gly=a G|y=p G|la,=0
G|lI's=a G|A=p G|A=~y
o G|IIVA= |A=90

o |
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KExample

-

® Weak nilpotent minimum (Esteva-Godo 01):

—(a-B)V(aAf— a-p)
IS equivalent to

Gly=a G|y=p G|la,=0
G|lI'=a G|A=p G|A=vy G|iE=11
o G|IITA= |AX =11

o |
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KExample

-

® Weak nilpotent minimum (Esteva-Godo 01):

—(a-B)V(aAf— a-p)
IS equivalent to

Gly=a G|yv=p G|lapf,X=11
G| I'=a G|A=p G|A=~
o G|II'A= |AX =11

o |
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KExample

-

® Weak nilpotent minimum (Esteva-Godo 01):

—(a-B)V(aAf— a-p)
IS equivalent to

G|A=a G|A=p G|la,B,X=11
G|ll'==a G|A=p
o G|IITA= |AX =11

o |
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KExample

-

® Weak nilpotent minimum (Esteva-Godo 01):

—(a-B)V(aAf— a-p)
IS equivalent to

G|I,0,2=11 G|ABYX=11
G|A=p G|A=p[
o G|IITA= |AX =11

o |
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-

KExample

® Weak nilpotent minimum (Esteva-Godo 01):

¥

9

—(a-B)V(aAf— a-p)
IS equivalent to

G|ITAX=1I G|IAYX=11
GIAAY=1D GIAANY=1

G| VA= | ALY =10

It is automatically generated.

|
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fIn HF Lew,

Other Examples

oV o V1

+ +

G, A=1T  GI,A=

GI'= |[A=11 GI'= |[A=

|
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Hyper-DM completion
-

Analogy: Canonical extension (Gehrke, Harding, ...) can be
factorized:

A filterﬂeals A’ DM Cﬂ)letion X

Given a CRL A, define an intermediate algebra

AH — (Aza Ea /\7 \/7 "y _>707 17 T? J—)

(x,y) C (z,w) If 1<A (x—= 2)a1 VY1l V Wa1

Forx e {A,V, -, —},

(2,9) % (z,w) = (2% 2,5 V w) N
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Hyper-DM completion
-

(z, L) C (y,L) &=z <a v.

C is transitive and anti-symmetric only on A x { L}, butitis
residuated:

(x1,22) - (Y1, 92) C (21, 22) <= (71, 22) C (y1,y2) = (21, 22)
Hyper-DM completion

Theorem: CRL is closed under Hyper-DM completions.

Analogously, one can consider hyper quasi-DM completions.

|
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Main Results on P;

-

® Theorem: T

1. All acyclic P; axioms are equivalent in HF Le to
hyperstructural rules enjoying cut-elimination.

2. All P3 axioms are equivalent in HF Lew to hyperstructural
rules enjoying cut-elimination.

®» Theorem:

1. All acyclic P} axioms are preserved by hyper-DM
completions.

2. All P3 axioms are preserved by hyper-DM completions
under the assumption of integrality.

® Examples: (Prelinear), (Weak EM), (Weak Nilpotent Minimum)

o |
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Open Problems
-

® Abstract characterization of Hyper-DM completions T
® Is Hyper-DM optimal for P.?

® Comparison with DM completions:

cf. Theorem (Gehrke-Harding-Venema 05): Let V be
a variety of monotone bounded lattice expansions
(eg. subvarieties of bounded CRL). If V is closed

under DM completions then is closed under canonical
extensions.

o |
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P; and Hyperstructural Rules
-

7)3 Ng

I >< T ® Acyclic P; ~ good hyperstructural rules

P, Ny ® Extended proof theory (hypersequent calculus)
I >< T works nicely up to P; (Avron’s paradise).

731 N1

7DO - No

|
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P; and Hyperstructural Rules
B -

I >< T ® Acyclic P; ~ good hyperstructural rules
P, Ny ® Extended proof theory (hypersequent calculus)
I >< T works nicely up to P; (Avron’s paradise).
#® How to go up higher?
731 N1
73O - No

o |
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o b~ 0N

Outline

. Residuated Lattices and Full Lambek Calculus

Substructural Hierarchy
Class N5

Class P5

Beyond

|
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Paradise Lost

f ® Theorem (Funayama 44): Distributivity € N3 is not preservedT
by DM completions.

® However, it can be dealt with by canonical extensions or a
variant of DM completions (cf. Kozak; Galatos-Jipsen, Friday).

o |
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Paradise Lost

-

® Theorem (cf. Kowalski-Litak 08): ¢-groups, BL-algebras and
MV-algebras are not closed under completions. Hence

(Inv) a-(a—1)<1 € Ps
(Divisibility) (aAp) > a-(a—p) € N3

are not preserved by any kind of completion.

o |
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Paradise Lost

-

® Theorem (cf. Kowalski-Litak 08): ¢-groups, BL-algebras and T
MV-algebras are not closed under completions. Hence

(Inv) a-(a—1)<1 € Ps
(Divisibility) (aAp) > a-(a—p) € N3

are not preserved by any kind of completion.
® Corollary:
Meyer’s Abelian Logic (AL)

Hajek's Basic LogicC  are not conservative with respect
k ukasiewicz Logic (L)
to infinitary extensions.

o |
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Paradise Lost

- N

® Theorem (cf. Kowalski-Litak 08): ¢-groups, BL-algebras and
MV-algebras are not closed under completions. Hence

(Inv) a-(a—1)<1 € Ps
(Divisibility) (aAp) > a-(a—p) € N3

are not preserved by any kind of completion.

® Corollary:
Meyer’s Abelian Logic (AL)

Hajek's Basic LogicC  are not conservative with respect
k ukasiewicz Logic (L)
to infinitary extensions.

® Absolute limitation: No possibility to obtain strong

L cut-elimination. J
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Nevertheless

Theorem (Metcalfe-Olivetti-Gabbay 05): Abelian Logic (AL) T
and tukasiewicz’s Logic () can be formalized as hypersequent
calculus which enjoys cut-elimination.

Questions:

1. Their calculi are discovered by trial and error. Is there a
more systematic approach?

2. Does it correspond to a weaker notion of completion?

Our Approach:
1. Shift to Classical Substructural Hierarchy
2. Counterexample-driven Rule Generation

|
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Abelian Logic
-

® AL=FLe—{T,L1,0} + (Inv) :

a-(a—1)<1



Abelian Logic
-

® AL=TFLe— {T, 1,0} + (Inv):
a-(a—1)<1

® Algebraically: lattice-ordered abelian groups

o |
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Abelian Logic

AL =FLe — {T, 1,0} + (Inv) : —‘
a-(a—1)<1

Algebraically: lattice-ordered abelian groups

Categorically: compact closed categories (- ~ % ) with binary
products/coproducts

|
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Abelian Logic

AL =FLe — {T, 1,0} + (Inv) : —‘
a-(a—1)<1

Algebraically: lattice-ordered abelian groups

Categorically: compact closed categories (- ~ % ) with binary
products/coproducts

Fact: Nontrivial lattice-ordered groups cannot have T, L.

|
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Abelian Logic

AL =FLe — {T, 1,0} + (Inv) : —‘
a-(a—1)<1

Algebraically: lattice-ordered abelian groups

Categorically: compact closed categories (- ~ % ) with binary
products/coproducts

Fact: Nontrivial lattice-ordered groups cannot have T, L.

Theorem (Houston 08): If a compact closed category has all
finite products/coproducts (A, V, T, L), then products and
coproducts coincide (A =~ V)

|
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Abelian Logic

AL =FLe — {T, 1,0} + (Inv) : —‘
a-(a—1)<1

Algebraically: lattice-ordered abelian groups

Categorically: compact closed categories (- ~ % ) with binary
products/coproducts

Fact: Nontrivial lattice-ordered groups cannot have T, L.

Theorem (Houston 08): If a compact closed category has all
finite products/coproducts (A, V, T, L), then products and
coproducts coincide (A =~ V)

AL+ {T,_L} is absurd.

|
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Abelian Logic

AL =FLe — {T, 1,0} + (Inv) : —‘
a-(a—1)<1

Algebraically: lattice-ordered abelian groups

Categorically: compact closed categories (- ~ % ) with binary
products/coproducts

Fact: Nontrivial lattice-ordered groups cannot have T, L.

Theorem (Houston 08): If a compact closed category has all
finite products/coproducts (A, V, T, L), then products and
coproducts coincide (A =~ V)

AL+ {T,_L} is absurd.

|
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Classical Substructural Hierarchy

- N

Po=Ny = the set of literals a, -, . ..
P,.+1  contains N,, and closed under -, Vv, 1, L

N,+1 contains P,, and closed under 3, A, T,0

® Negation defined by: -(AV B) = -A A =B,
—(A-B) =-A% B,

® Implication definedby: A - B =-A% B

® Crucial Fact: (Inv) € Ps Is equivalent to

0—1, AB®B—+A-B €N,

o |
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Inference Rules for AL 1

['=AA AA=X

LA =AY Cut A= 4 ldentity
A BT =X I'=AA A=>1HB
A-BT=yx ! TA=AY A-B
(rules for v, A, 1)
C=A A=>3%, AFimAC
A= ALY e T = A an

Not happy with (Can), which is cyclic.

o |
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-

o

Inference Rules for AL 11

I'=AA AA=X

LA =AY Cut —y Identity
A BT =X I'=A A B
A-BT=yx ! T>AAB

(rules for v, A, 1)

'=A A= A
L,A= ALY “r

® (Cf. Shirahata 1999)

® No cut-elimination. Counterexample: AV —-A

® |tisin Py, which can be transformed into a structural rule!

|
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Inference Rules for AL I1I
| -

['=AA AA=X

T,A=AY Cut 5 ldentity
A BT =X I'=A A B
A-BT=y ! T>AAB
(rules for v, A, 1)
F'=A A=Y . . I'I'= A A
T.A= Ay M r—>aA VO

® No cut-elimination. Counterexample: (AA 1)V (mAA1)

® [tisin P3, which can be transformed into a hyperstructural
rule!

o |
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Inference Rules for ALTV
| -

GIT=MAMNA GIA A=Y

Identit
GIT.A= A Y Cut GlA= A ooy
G|A, B, T =% G|I'=AAB
GlA- BTy ! GIT=AMA-B
(rules for v, A, 1) (EW), (EC)
G|II'= A G\A:>ZM. G|II'= A G\A:>ZS”
GIT,A= A,% v GIT=A|lA=yx P

® Theorem (Gabbay-Metcalfe-Olivietti 05): The above system enjoys
cut elimination.

o |
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Inference Rules for ALTV
| -

GIT=MAMNA GIA A=Y

Identit
GIT.A= A Y Cut GlA= A ooy
G|A, B, T =% G|I'=AAB
GlA- BTy ! GIT=AMA-B
(rules for v, A, 1) (EW), (EC)
G|II'= A G\A:>ZM. G|II'= A G\A:>ZS”
GIT,A= A,% v GIT=A|lA=yx P

® Theorem (Gabbay-Metcalfe-Olivietti 05): The above system enjoys
cut elimination.

® Wecanembedtinto ALby A= B = (A — B)A1l. Hence we also
L obtain a hypersequent calculus for t. J
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Remark

- N

® The cut elimination procedure does not work in presence of
nonlogical initial sequents I' = A.

o |
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Remark

f ® The cut elimination procedure does not work in presence of T
nonlogical initial sequents I' = A.

® |t is not sound with respect to compact closed categories; it
wrongly identifies

A=A :
= Can F=A, . i
I = A o with  I'= A

o |
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Remark

f ® The cut elimination procedure does not work in presence of T
nonlogical initial sequents I' = A.

® |t is not sound with respect to compact closed categories; it
wrongly identifies

A=A :
= Can F=A, . i
I = A o with  I'= A

® What does hypersequent mean in terms of categories?

o |
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Remark

f ® The cut elimination procedure does not work in presence of T
nonlogical initial sequents I' = A.

® |t is not sound with respect to compact closed categories; it
wrongly identifies

A=A :
= Can F=A, . i
I = A o with  I'= A

® What does hypersequent mean in terms of categories?

® Does weak cut elimination correspond to a weaker notion of
completion?

o |
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X
X
X

Conclusion

-

Sequent calculus and DM completion work up to
No.

Hypersequent calculus and hyper-DM
completion work up to Pj.

Some absolute limitations are found in P53 and
N3. But our theory is still useful to obtain partial
results for each particular case.

Is our theory useful for coherence problems in
category theory?

Is there another type of limitation coming from
category theory?
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