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1 Introduction

As this volume indicates, the technology of atom chips isentty enjoying great success for a
large variety of experiments on degenerate quantum gaseauBe of their geometry and their
ability to create highly con ning potentials, they are pauiarly well adapted to realizing one
dimensional (1D) situations [1-9]. This characteristis lsantributed to a revival of interest in
the study of 1D Bose gases with repulsive interactions, gesyghich provides a vivid example
of an exactly solvable quantum many-body system [10—12¢. quantum many-body eigenstates
[10, 11] and thermodynamics [12] can be calculated withesbrting to approximations. In
addition, the 1D Bose gas shows a remarkably rich varietyhyfsizal regimes (see Figl 1)
that are very different both from those found in 2D and in 3MeQiramatic example of the
difference is the tendency for a 1D Bose gas to become stavaglyinteracting as its density
decrease$10]. Finally, and in a more practical vein, a good undergiag of its behavior is
relevant for guided-wave atom lasers [13] and trapped-atbenferometry [14]. Because of the
effects of interactions, the analogy to the manipulatiohgdft in single mode bers needs to be
examined carefully.

An atom chip is not the only means of producing a 1D Bose gasic@rapping has been
used to generate similarly elongated trap geometries. ticpkar, a 2D optical lattice can be
used to generate a 2D array of 1D traps [15-19]. Because ofiéissively parallel nature of this
system, it is possible to work with only a few atoms per tulve still get a sizeable signal per
experimental cycle. Thus, the strongly interacting regaiheded to above can be reached. This
regime has yet to be reached with an atom chip. But as we vaildtere, a key feature of atom
chips is that they produce individual samples in which onesdoot intrinsically average over
many realizations. Fluctuation phenomena are theref@uilyeaccessible, an aspect which we
will treat later in this chapter.

In the following we rst give an introduction to the variousgimes of the homogeneous
1D Bose gas, with particular emphasis on the behavior of #msitly pro les and the density
uctuations in the context of approximate models. Then wé discuss the exact solution and
how it differs from the approximations. Next, we discuss savhthe important issues involved
in realizing 1D gases in a 3D trap. Finally, we describe aeseof experiments performed in
Orsay and Amsterdam using atom chips to explore and illigsteatures of the 1D Bose gas.

2 Regimes of one-dimensional gases

First, we review some theoretical results concerning tleedimensional Bose gas with repulsive
interactions. Most of these results are derived in Refs.J2(20-24]. Here we will concentrate
on intuitive arguments, and the reader is referred to theeteferences for more careful demon-



strations. The system is described by the Hamiltonian
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where isthe eld operator in second quantization, apid the coupling constant characterizing
the interactions between particles. From this couplingstamt, one can deduce an intrinsic
length scale related to the interactions,

lg= —; )

as well as an energy scale:
m92 2
22 = oz (3)
2 2mlg

In thermal equilibrium, the gas is described by the tempeedt and the linear atomic den-
sity n. Rescaling these two quantities by the intrinsic scalesdhiced above, and setting Boltz-
mann's constant equal to unity (i.e., measuring tempegdtuunits of energy) we nd that the
properties of the gas are functions of the dimensionlesstdies

(4)

and
= Zn T o ()

the latter being the famous Lieb-Liniger parameter [10].
It is useful to also introduce two other relevant scales, elgirthe thermal de Broglie wave-
length,

2 4
=~ — =l —; 6
dB mT g t ( )
and the quantum degeneracy temperature
~n® _ Eq.

In the abovdt; ) parametrization, quantum degeneraty ( Tq, or equivalentlyn 45 1) is
reached around 1

t (8)
The thermal equilibrium for the hamiltonian of EQ] (1) hagbextensively studied theoreti-
cally [12,22]. Without going into great detail however, vangresent some important features of
this system. Several regimes may be identi ed in the paransgiacé ;t ), as sketched in Fig] 1.
We begin by noting that the region 1,t 1 (dark grey area) de nes a strongly interacting
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Figure 1:Physical regimes of a 1D Bose gas with repulsive contactactens in the parameter
space( ;t), adapted from [22]. The dashed diagonal line separates #gederate and nonde-
generate gases. The strongly interacting regime is shovdaik grey. The weakly interacting
regime is divided into the nearly ideal gas regime (alsoedtiecoherent regime) shown in white
and the quasicondensate regime shown in light grey. Notettiganearly ideal gas can be de-
generate. The quasicondensate regime is divided into thren and quantum regimes. The
lines represent smooth (and often wide) crossovers rattar phase transitions. The crossovers
are given in Egs.L(J0)[(11)[{(8)._(R5) and {41). The dashexhahows the parameter space
investigated in the experiments presented in this chapter.

regime that occurs at low density and low temperature, attégrred to as the Tonks-Girardeau
gas [20, 25, 26].

In the weakly interacting regime,< 1, several sub-regimes are identi ed. These are the
regimes which to date have been accessible in atom chip iexgretis, and we shall elaborate
further on their nature in the discussion below. The two nmagimes are the nearly ideal gas
regime (white area) and the quasi-condensate regime (gt area). Each one permits an
approximate description that we present later in this esacnd which allows the identi cation
of sub-regimes. For the moment we simply wish to emphasiaertb phase transition occurs
in the 1D Bose gas and that all the boundaries represent br{ead often broad) crossovers in
behavior.

2.1 Strongly versus weakly interacting regimes

We rst comment on the distinction between strong and weda&ractions. Following the ap-
proach of Ref. [20], we study the scattering wave functionvad atoms interacting via the
potentialg (z; z»), wherez; andz, are the position of the two atoms. For this, we consider the
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wave function in the center-of-mass frame, with reduced nras® and subject to the potential
g (2). The effect of the potential is described by the continudgdition

@ @ _ mg
@ (0+) @ 0)=55 © (9)

whereO, (0 ) denotes the limit wher goes to zero through positive (negative) values. Let us
consider the scattering solution for an enefgy: ~?k?=m. Since we consider bosons, we look
for even wave functions of the formoskjzj + ). The continuity conditions give and thus
the value (0). We nd then that the energl¢, given by Eq.[(B) is the relevant energy scale and
thatforE  E4 (0) is close to zero, while, foE ~ Eg4, (0) is close to one, as illustrated in
Fig.[2.

The above results hold for a gas of particles since the coityimelation [9) holds for the
many-body wavefunction when two atoms are close to the sdaoe.p Thus, as long as the
typical energy of the particles is much lower thép, the many-body wavefunction vanishes
when two particles are at the same position: the gas is théreistrongly interacting, or Tonks-
Girardeau regime. The vanishing of the wave function whemperticles are at the same place
mimics the Pauli exclusion principle and the gas acquiresessimilarities with a gas of non
interacting fermions. More precisely, in this strong iaieion regime, the available wave func-
tions of the many body problem are, up to a symmetrizatiotofathe wave functions of an
ideal Fermi gas [26]. Since the wave function vanishes whenatoms are at the same place,
the energy of the system is purely kinetic energy and thenegyergies are those of the Fermi
system. Thus the 1D strongly interacting Bose gas and tted id® Fermi gas share the same
energy spectrum. This implies in particular that all thedyrmamic quantities are identical for
both systems.

To identify the parameter space of the strongly interaateggme, we suppose the gas to be
strongly interacting and then require that the typical gn@f the atoms be smaller th&hy. To
estimate the typical energy per atom, we use the Bose-Feappimg presented above. If the
gas is degenerate, the temperature is smaller than theetaggrnemperaturéy, Eq. (1), andlq
corresponds to the "Fermi" energy of the atoms. The typicahanergy is thereforéy and it
is of orderEy if

L (10)

The strongly interacting regime thus requires 1. If the gas is non degenerate, the typical
energy of the equivalent Fermi gaslisand interactions become strong wher Eg or

t' 1 (11)

We then nd that the gas is strongly interacting for 1.

The condition[(ID) is often derived using the following aitative argument, valid at zero
temperature. At zero temperature, there are two extremmeésdqgossible solutions for the wave
function (zi;z;:::). As seen in Figl2, either the wave function vanishes whendteons
are at the same place, or the wave function is almost unifeommesponding to the strongly
and weakly interacting con gurations respectively. In theakly interacting con guration, the
kinetic energy is negligible and the interaction energypeeticle, of the order afjn, determines
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Figure 2: Strong interaction versus weak interaction regime. We sti@mwave function in the
center-of-mass frame of two atoms for (a) strong interangj®cattering energlg much smaller
thanEy = mg?=2~? and (b) weak interaction& much larger tharEy. We also plot the wave
function (zi; z,; z3; ;) for given positions of;; z3; ::: in (c) the strongly interacting regime and
(d) the weakly interacting regime.

the total energy. In the strongly interacting con guratian the other hand, the interaction
energy vanishes while the typical kinetic energy per plriic~?n?=m. Comparing these two
energies, we nd that the strongly interacting con guratiis favorable only for > 1.

2.2 Nearly ideal gas regime

At suf ciently high temperatures, interactions betweeomas have little effect and the gas is
well described by an ideal Bose gas. In Ref. [22], this regivas referred to as the "decoherent
regime"; We will call it the (nearly) ideal Bose gas regimelB ideal Bose gas at thermal equi-
librium is well described using the grand canonical ensefpibtroducing the chemical potential

. All properties of the gas are calculated using the Boltamaw which states that, for a given
one-particle state of momentusk, the probability to ndN atoms in this state is proportional
toe (°k*=@m) IN=T note that < 0in this description. In the following, we use a quantization
box of sizeL (tending to in nity in the thermodynamic limit) and periadboundary conditions
so that the available states are the momentum states witremtomk = 2 j=L wherej is an
integer.

Let us rst consider the linear gas density. From the Boltaméw, we nd that the mean

population is the Bose distribution

1
g~2k2=2m) )=T {1’

hngi = (12)
The atom number, and thus the linear density, is obtaineditngng the population over the
states and one nds

n= ilezz(e=T ); (13)
dB

whereg;-(X) is one of the Bose functions

R |
On(X) = T—n; (14)

=1
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also known as the polylogarithmic functions [27, 28]. Uelik 3D systems, where the excited-
state density is given by, = gs-p(€=" )= 35 in this approach [27], no saturation of the excited
states occurs (the functiap-, divergesas T= as ! 0from below, whereagz-,(1) =
2:612is nite): in the thermodynamic limit no Bose-Einstein catsation is expected and the
gas is well described by a thermal gas at any density.

Two asymptotic regimes may be identi ed: the non degenargeme for which T
and~?n?=m T and the degenerate regime for which T and~?n?=m  T. In the non
degenerate regime, the linear density is well approximayeithe Maxwell-Boltzmann formula

n= ie=T , (15)
dB
In this regimen gg is much smaller than unity. In the degenerate regime, thesstd energy
much smaller thail are highly occupied and the linear density is given by

(16)

This density is much larger thdF 45,i.e.n g 1

As we will discuss in the experimental section, uctuati@re also very important for char-
acterizing the gas. It is thus instructive to consider theeatation functions. The normalized
one body correlation function ig?(z) = h *(0) (z)i=n, where is the eld operator in
the second q*_lantization Bic_ture. Using the expansion ofdlteoperator in the plane wave
basis (2)s L e kz=" L whereay is the annihilation operator for the motte we nd
gV (z) = mgie *2=(Ln). Hereny = & a is the atom number operator for the mdde
Simple analytical expressions are found in the nondegemaral highly degenerate limits. In
the non degenerate limit ( T or, equivalentlyn 1= 4g), we nd

22

V(@) e * @ (17)
As the gas becomes more degenerate, the correlation lemg#eases and, in the degenerate
regime ( T or, equivalentlyn 1= ), we nd
(1) o o mte o E
g7(2)"' e n? = a8 ! (18)

In this regime the correlation length, abaut3; , is much larger than the de Broglie wavelength
(and the mean interparticle distantzen) since g 1=n.
Next we consider the normalized density-density or two boatyelation function

g?@)=h"(2) "(0) (0) (z)i=n* (19)

This function is proportional to the probability of ndingnaatom at positiorz and at position
z=0. Itis given by

X o
n’g® (z) = ey, oy, 2, a1 €0 %e Mer=L2: (20)
kikakska



Using Bose commutation relations and the fact that, sinematdo not interact, different mo-
mentum state populations are uncorrelated, the sum siggpto:

X _ X
nzg(z)(z) = hny, ihng,i (1 + gk k2)Z)=L2 + ha; a; aal =L2 (21)
k16 ko k

In the last term, the commutation relations givej a; axaxi = mZi h ni, and in thermal
equilibrium one has:
m2i = i +2n,i?: (22)

Therefore we nd:
9@ (z) =1+ jg®(2)i% (23)

a result which one can also obtain directly from Wick's trear[29]. Equation[(23) means that
the probability of nding atoms within less than a corretatilength in a thermal Bose gas is
twice that of nding two atoms far apart. This phenomenonfigio referred to as "bunching”
and has been observed in cold atoms in several experimé&at82R8 Bunching is closely related
to density uctuations. As one can see from Hq.](22), in artf@rgas, uctuations in the occu-
pation of a single quantum state,x> = Zi h ni?, show a "shot noise" ternimyi and an
"excess noise" ternimyi . The density uctuation experiment described later in ttiapter has
demonstrated this behavior.

Validity of the ideal gas treatmentThe two body correlation function has been used to
characterize the crossover between the ideal gas and cpradénsate regimes [22]. When in-
teractions become important, they impose an energy cosepositg uctuations and the latter
tend to smooth out. This amounts to a reduction in the valg#t). In the quasi-condensate
regime which we discuss in the next section, the bunchirgcefs absent and® (0) is close
to unity. The ideal Bose gas description fails when the tgfamteraction energy per partictm
is not negligible compared to . Using Eq.[[16) one nds that the ideal Bose gas description
fails when the temperature is no longer much smaller tharibgsover temperature, which we
de ne as D

To' Tg (24)

Using the reduced dimensionless temperatureT =Eg, this can be written as
tco ' H. (25)

This line separates the nearly ideal gas regime from thei-goasiensate regime in Figl. 1. Note
that, in terms of chemical potential, the domain of validifithe ideal gas model is co
where we de ne the crossover chemical potential as

=1 (26)

o™ t1=3"

In making this estimate, we have assumed that the gas is eiegerat the crossover. From
Eq. (Z4), one can see that if one is in the weakly interactaggne ( 1) this assumption



is indeed true. The experiments described below con rm tret can observe the effects of
degeneracy before the onset of the reduction of densityuatobns.

A precursor of the reduction of density uctations is showraperturbative calculation valid
in the nearly ideal gas regime which gives, to lowest ordey [22],

g2(0)' 2 4(Tee=T)*: (27)

To accurately treat the crossover regime however, it isssang to make use of the exact solution
to the 1D Bose gas model. The exact solution in the crossegéme is discussed in Séc. 2.4,

The correlation lengths of the gas are important paramefdhe gas that will be used in the
following to estimate the validity criteria of the local dgty approximation. In the degenerate
regime, the correlation lengthlis' n 3; (see Eq.[(I8)). Using EJ_(P4), we nd that, close to
the crossover, the correlation length of the gas is closedadeéaling length

Sl § pr— (28)

2.3 Quasi-condensate regime

On the other side of the crossovee. for T T, the bunching effect is entirely suppressed
and theg® function is close to unity for ang. This regime is the quasi-condensate reﬂlme
In this section, we present a description of the gas, valithénquasi-condensate regime. This
description permits a simple estimate of the density utitues. We thus verifya posteriorithat
the quasi-condensate regime is obtainedifor T.,. We also give a simple calculation of phase
uctuations in the quasi-condensate regime.

In the quasi-condensate regime density uctuations angty reduced compared to their
value in an ideal Bose gas where the bunching effect is ressiplerfor density uctuations of the
order ofn?. In other words:

2 n? (29)

In this regime, a suitable description is realized by wgtihe eld operator as = € P n+ n
where the real number is the mean density and the operatorand the phase operatorare
conjugate] n(z); (z9]=1i (z Z9. Note that the de nition of a local phase operator is subtle
and the condition Eq[{29) is not well de ned since, becausshot noise, n ? is expected to
diverge in a small volume. A rigorous and simple approachsists in discretizing the space so
that in each cell a large number of atoms is present while igwatisation step is much smaller
than the correlation length of density and phase uctuati®3].

Following this prescription, one rst minimizes the grandnonical HamiltoniarH N
with respect tan to obtain the equation of state

n

= gn: (30)

LIt is also called coherent regime since #f€ function is close to unity, as in a coherent state. On therothe
hand, the rst order correlation function still decays aidlise gas is not strictly coherent in this sense. Within this
terminology, the ideal Bose gas regime is called the de@wttieegime [22].



To second order inn, this is the correct expression of the chemical potentidiis Bquality
ensures that the Hamiltonian has no linear termsnirandr . Linearizing the Heisenberg
equations of motion imn andr , we obtain [33]

~@ =@t ot 2 9%
~@n=@t2" n( 5) N
These equations are the so-called hydrodynamic equafitiey.are derived from a Hamiltonian
qguadratic inn andr , that can be diagonalized using the Bogoliubov procedug [Bis not
the purpose of this chapter to detail this calculation anglite exact results within this theory.
We will simply give arguments that enable an estimate of taesdy uctuations and of their
correlation length. This estimate will then be used to chégk n? n?, as assumed in
Eq. (Z29). We will show that this condition is the same as thedttion T T, whereT,, given
in Eq. (24). After that, we will give similar arguments to iesate the phase uctuations. Since
in the following we will study the gas properties versus therical potential, it is instructive to
rewrite the conditionl Teo in terms of chemical potential. Using E@.{30), we nd tha¢th
quasi-condensate regime is valid as long as ., where ., is given by Eq.[(Zb).

(31)

2.3.1 Density uctuations

To estimate the density uctuations introduced by the etmns, it is convenient to divide the
excitations in two groups: the excitations of low wave vedto which the phase representation
is most appropriate and the excitations of high wave veciowhich a particle point of view is
most convenient. =) p_
In the following, e us%the expansions on sinusoidal modes ., 2( ccoskz) +

s«sin(kz)) andn = ., 2(ncoskz)+ ngsin(kz)). Here nj and jx are conjugate
variables [nj; jouo] = (i=L) jjo o) Where] stands forc or s. For modes of small wave
vectork, the excitations are phonons, or density waves, for whielefative density modulation
amplitude n j =nis much smaller than the phase modulation amplitydeln this case, the local
velocity of the gas is given byr =m and the kinetic energy term is simply ~2k? J?k =(2m).
The Hamiltonian for this mode then reduces to

Hx =L g njzk =2 + n~2k? J_zk =2m) : (32)

This hamiltonian could also have been derived from the égusiof motion given in Eql(31),
provided that the quantum pressure teffs(2m) n=n is neglected: indeed, for a given wave
vectork, the laplacians in Eq[(31) give a factkf and Egs.[(31) are simply the equations
of motion derived from the Hamiltonian Edq. (32). For temperas much larger thang, the
thermal population of these phonon modes is large and cEsgatistics apply. Thus, the mean
energy per quadratic degree of freedoni # and we obtain

hnki= TLg): (33)

and
h i = mT=Lnk>~?): (34)

10



We can now check the validity of the assumption=n ﬁ(: it is valid as long ask

mgn=~. Sincek values are spaced &=L , there are about™ mgn= ~) modes that satisfy
this condition. Since the contribution of each of these nsadehe relative density uctuationsis
given in Eq.[(3B), we nd that the contribution of these low mentum excitations to the relative
density uctuations is of the order of

hn?i T T
T = T (35)

For wave vectors much larger thngW:~, the phase-density representation is not the
most appropriate. An excitation of wave vector mgn=~ corresponds to the presence of
an atom of momenturk, whose wave function ig¥*= L and whose energy is?k?=(2m).

The anihilation operator for this modeag as introduced in sectidn 2.2. For temperatures much
larger than~2k?=m, the thermal population of this mode is large and classiedd theory, in
which ay is treated as a c-number, is adequate. We then nddpatas a Gaussian distribution
which sati eshjagj?i = 2mT=(~?k?). The density uctuations caused by the presencepof such
high momentum atoms result mainly from the interferencevben the atomic eldag<?=" L

and the atomic eld of long wav%length spatial variatiﬁ@ose amplitude is close ton. The
density uctuations are thus = = n(a€*? + a.e **)=" L. We then nd that the contribution

of the mode of wave vectdt to density uctuations isn2 = 4nmT=(L~?k?). Summing the
contributions of the modes for &> © mgn=-, we obtain an estimate of the density uctuations
hn 2i 4oms Caused by high momentum excitations:

hnigoms , T T

n2 po B Tco.

(36)

One also sees from the above argument that the density tichsafall off as1=k? abovek =
mgn=-. The inverse of this scale gives the length scale of densityuations and we nd that
this correlation length is the healing lengtlle ned in Eq. [28).

From Eq. [3b) and Eq[(36), we nd thah?=n?> ' T=T,. Thus, the quasi-condensate
treatment is valid as long a6 Teo, In conclusion, we have shown thag, gives the limit
of both the ideal gas regime, valid as longTas T, and the limit of the quasi-condensate
regime, valid forT  T.,. Equivalently, in terms of chemical potential, as long as¢hemical
potential is positive and much larger thag, of Eq. (26), the gas is in the quasi-condensate
regime whereas for negative chemical potential of absalakiee much larger than, the gas
is in the ideal gas regime. This is illustrated in Hig. 3. Tive regimes differ by the fact that
theg® (z) function is modi ed: it is close to one for arg/in the quasi-condensate regime while
9@ (0) = 2 in the ideal gas regime.

2.3.2 Phase uctuations

In the quasi-condensate regime, although the gas is caheittrrespect to thg® function, it
is not coherent with respect to th€) function. This is why the gas is calledj@asicondensate.
The phase uctuations have been measured experimentalrious experiments where the

11



guasi-condensate presented a one-dimensional chara4t€3d]. The description of the quasi-
condensate given above permits a simple calculation oéthbase uctuations as we now show.
Phase uctuations are given by

X X
W (z) (0)% = 2h 2i(coskz) 1)*+ 2h 2,i sin?(kz): (37)
k>0 k>0
Using Eq.[(3%) andcoskz) 1)?+sin?(kz) =2(1 coskz)) this gives
X
(@) ()% =4mT=tn-y) TN, (39
k>0

P R, Ry :
Transforming | intoL=(2 ) , dkandusing , (1 coskz))=k?’dk = z=2, we obtain

mTz 2z
2 2
n n s

N (2) (0)% =

(39)

Since density uctuations are very small, tg€) function is aboug®(z) = nhe¢ 2 ©)j,
Since the Hamiltonian is quadratic, we can use the Wick #maoto computee( @ O)j
which giveshg( @ @) = gh (@ (©)2%=2 \ye nd

g(1) (Z) ' e mTz:(2n~2): (40)

Comparing this to Eq[{18), we observe that the behaviatfis close to that in the ideal gas
regime. The factor of 2 difference in the correlation lenfiimulae is because for the ideal
gas regime, both density and phase uctuations contribmig't whereas only phase uctua-
tions remain in the quasi-condensate regime. The cros$ovarthe ideal gas regime to the
guasi-condensate regime, at a temperafyseEq. (25), corresponds to the situation where the
correlation length of phase uctuations, given by Hq.](4)uals the correlation length of den-
sity uctuations given by Eq.L(28).

In both this section and the previous one, we assumed thegripgerature is high enough that
the population of the relevant modes (whose wavelengthefates order of ) is much greater
than unity. This is no longer the case wherreaches values of the order or smaller tlggm
For lower temperatures, quantum uctuations are expeadxtdominant. This is the so-called
guantum quasi-condensate and the boundary between timealhguasi-condensate regime and
the quantum quasi-condensate regime iE at ng, corresponding to

t 1 (41)

and is shown as a line in Fig. 1. A recent experiment using@m ahip observed these quantum
phase uctuations [39]. In the experiments we describe Inexgever, the temperature is high
enough that thermal uctuations dominate.
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2.4 Exact thermodynamics

In section§ 2.2 arld 2.3, we have discussed models that agg@péndently in the asymptotic lim-
its of the nearly ideal gas regim& (T, or equivalently o) and the quasi-condensate
regime T Teo Or equivalently co) respectively. While the above classi cation gives
very useful insight, it should be emphasized that the boyndatween these two regimes is a
smooth crossover, not a sharp transition and that neithityreafvo theories presented above ac-
count for the physics in the vicinity of the crossover. Sintenany cases we are interested in
the precise behavior near the crossover from the ideal gieetquasi-condensate regime, it is
not suf cient to use the asymptotic results.

As already mentioned in the introduction, the 1D Bose gaé wapulsive delta-function
interactions is an example of an exactly solvable model44(, This allows us to quantita-
tively compare predictions of the two approximate deswmwis to the exact results, and verify
the regions of validity of the approximations. Furthermtre exact results will turn out to be
important for an accurate description of the experiments.

Exactly solvable models typically occur in lower dimensd@D quantum systems [40, 41]
and 2D classical systems [42]) and allow one to obtain exa@atisns for the quantum many-
body eigenstates through a method known as the “Bethe Ang&hie to Hans Bethe [43]),
for anyvalue of the interaction strength. For the repulsive digitaracting 1D Bose gas (with
periodic boundary conditons), these solutions were rgaoted by Eliot Lieb and Werner Lin-
iger [10, 11]. Furthermore, the method based on the Bethat&msin be extended to also obtain
the thermodynamics exactly (fanytemperature), via a method due to C. N. Yang and C. P.
Yang [12].

For a concise and lucid description of the Yang-Yang metlaabtain the exact thermody-
namics of the 1D Bose gas and the related equations, we hefeeader to the original litera-
ture [12]. In brief, each exact quantum many-body eigeastithe Lieb-Liniger hamiltonian
Eq. () is characterized by a set of distinct integer quantumbers and a corresponding set
of distinct quasi-momentk, obtained through the Bethe Ansatz. For a large system, ame c
consider the distribution of these quasi-momer(le) and also of the “holes”,(k), the latter
corresponding to the “missing” values in the set of integberacterizing the individual quantum
states. By considering the entropy for given distributiofl§ and ,(k), Yang and Yang showed
that the condition of thermal equilibrium leads to a set ofilireear integral equations that can
be solved by iteration. Subsequently, from the resultirsgriiutions thermodynamic quantities
such as pressure and free energy can be obtained. Once tizeditigs have been found, further
thermodynamic quantities can be calculated using the atdriiermodynamic relations.

Although numerical solutions to the Yang-Yang equationsewaready obtained at an early
stage by C. P. Yang [44], important further insight into theny-Yang thermodynamics was
gained much more recently by Kheruntsyan, Gangardt, Drunthamd Shlyapnikov [22, 23].
They calculated both density and the normalized local dgsinsity correlation functiog® (0),
and compared to approximate results in the various reginssissed above. The former,
n(;T ), is obtained as part of the equation of state. The lattertisindd from the derivative of
free energy with respect to the coupling consnising the Hellmann-Feynman theorem.

As an important example, a comparison to the approximatétsesf the previous sections
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is shown in Fig[B, for a xed scaled temperaturetof 1000. This value is in the relevant
range for the experiments to be described below. Such cas/agunction of chemical potential

are particularly useful to describe the behavior in a trapcesin this case one has a well-
de ned global temperature, while the density varies (witkhe local density approximation)
with the local chemical potential(z) according to (z) = V (z), whereV (z) is the trapping
potential. This will be discussed in more detail in the faliog section.

Figure[3(a) shows that the exact dengity 1= ) indeed approaches the ideal-gas behavior
as = ., becomes suf ciently negative, while for large positive ., it approaches the quasi-
condensate result. There is a large range in density (maredtfactor 4) over which neither
asymptotic description gives correct predictions. In tame vein, the local density-density
correlation functiorg® (0) (Fig.[3(b)) smoothly crosses over from 2, the value for amlidg@s,
to about 1, as expected for a quasi-condensate. This snesstlis characteristic of crossover
behavior, and is drastically different from the step-likehhvior typical for a 3D gas.

Looking more closely at Fid.l 3, one sees that the ideal gagigéisn begins to fail for a gas
that is only moderately degenerate: already=at = 0:5(= , = 5 for the considered
parameter), a chemical potential for whichgg 10 and the population in the = 0 mode
according to Eq[(12) is 1.5, the ideal Bose gas prediction is off by about 10%. This ishsee
the interaction-induced crossover is suf ciently wide ttfiar the used value of (1000), the
chemical potential at degeneracy 1) is not very far removed. The narrowness of the
degenerate ideal gas regime is also seen ir(Fig. 1. To achiEl/separated regimes, one would
need to work at much higheérand much smaller. Fort = 1000, the effect of degeneracy
is nevertheless visible before the quasi-condensatearessThis is shown by comparing the
density with both the true ideal gas model and the Maxweltzoann model in Figl]3: at
= ¢ | 5 the ideal gas model gives a prediction for the density ateunathin 10% as
mentioned above (and the nearly-ideal-gas descriptionhzanbe expected be applicable) while
the Maxwell-Boltzmann prediction is off by a factor of ab@ut

Concerning the local pair correlation functigi® (0), it deviates from the ideal-gas value of
2 for the entire range plotted in the gure. The experimentspnted in this chapter however
(see Sec[]4), are not precise enough to detect this deviafimally, the value 0@ (0) can
take values below unity in the quasi-condensate regime. Wéme y return to this point in
Sec[4.3B.

Despite its power, the Yang-Yang theory does not permiutalion of any non-thermodynamic
quantities. For example, only thecal value of the density correlation functi@® (0) has be
obtained from thermodynamics, while the full behaviorgt? (z) has been obtained from the
exact solution only at zero temperature [46]. At nite temgtere, the behavior af® (z) has
been obtained only by perturbative calculations valid iche@symptotic regime [47], but they do
not describe the crossover itself. An alternative apprases the fact that the crossover appears
in a highly degenerate gas. In this case, the modes are higiplylated and a classical eld
approach is possible [48, 49].
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Figure 3:Normalised densityle ) and local pair correlationg® (0) as a function of chemical
potential scaled to the crossover chemical potentiglgiven in Eq.[(2b) for xed temperature
corresponding td = 1000. Numerical results from the Yang-Yang equations (soliedjrtour-
tesy K. Kheruntsyan) are compared to the ideal Bose gas nddiéd line in (a), Eq[(13)) and
the quasi-condensate model (dashed line in (a), [E]. (33)& VErtical line in (a) indicates the
degeneracy chemical potential = T. The classical Maxwell-Boltzmann prediction Hg.l(15)
is shown as dashed-dotted line. In (b) the asymptotic vadigs’ (0) are indicated for both
the ideal-gas regimeg(? (0) = 2 for co, dotted line), and the quasi-condensate regime
(9®(0) = 1 for <o, dashed line). Adapted from Refs. [38, 45].
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3 1D gases in the real world

In real experimental situations, the atomic gas is neitberdgeneous nor purely one-dimensional.
As usual, in our experiments the trapping is to a good appration harmonic. The trap has
cylindrical symmetry and is characterized by a tight ratiapping frequency » and a much
lower axial trapping frequency. Here, we brie y summarize the main issues related to realiz
ing a 1D system in this trapping geometry. We rst discusslihle between transverse effects
related to! , and we present a model based on the Yang-Yang thermodynavaias at low
enough linear densities, that takes into account thesevease degrees of freedom. We then
discuss the effect of the longitudinal trapping potentii& nish by discussing the link with the
3D physics, in particular with regard to the usual Bose-teimscondensation in 3D.

3.1 Transverse trapping and nearly 1D Bose gases

Strictly speaking the conditions to be 1D in a transverselgped gas are that both temperature
and chemical potential are much smaller than the radiahtidm quantumT; ~l 5. If this

is the case, the gas is frozen in the transverse directidnthetmally and in terms of chemical
potential, and the (many-body) wave functions can be fadrinto the product of a transverse
part (the gaussian ground-state wavefunction of the ré@dip) and an axial part. The system is
then kinematically one-dimensional. Studying the scattgoroperties, Ref. [20] has shown that
the interactions can be modeled by an effective 1D couplorgstanty and, as long as the 3D
scatt%rlng length is much smaller than the typical size of the transverselasailwavefunction,
|'> = ~=m! 2,

g=2a-!5: (42)

In most experiments on atom chips, neither of the above tiondion temperature and chem-
ical potential are well-full lled, and is it necessary tealtake into account the transverse degrees
of freedom.

It is useful to consider the linear density, obtained from the actual 3D densityx;y; z)
through integration 7 7

ni(z) = dxdy (x;y;2): (43)

When the gas is strictly 1D, one can identifywith the 1D densityn. We will present our main
experimental results in terms of this linear density, bseatiturns out than, is often the key
parameter, in particular when considering the crossov@btat low temperatures.

This is in particular true for the quasi-condensate regiatdemperature3 ~l 5. In
this regime, the chemical potential is close to its valueesib zemperature, which is given by
the solution of the radial Gross-Pitaevskii equation [3(], 3t was found from comparison to
numerical integration of the radial Gross-Pitaevskii émqug{50,51] that, in the quasi-condensate
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regime, to good approximation the chemical potential caaxXpeessed &s
=~, IO1+4n|a 1: (44)

For linear density, 1=4a, we ndthat ' 2~!,an. We recover here the chemical potential
gn of the 1D case. At larger linear density, the chemical padérg reduced compared to the
formula 2~! , an;. This re ects the fact that, for large densities, the trarse cloud size is
increased with respect to the transverse vibrational giatate. As another example of how

is the relevant quantity for low enough temperatures, we tiwit the expression Eq. (40) for the
phase coherence length remains correct also on the 3D sitte cfossover, if we replace the
1D densityn by the linear density, [52].

3.2 Applying 1D thermodynamics to a 3D trapped gas

Another case that one can consider is when the interactienggis in the 1D regimeng  ~!
while temperature is in the 1D-3D crossover, ~! ,. A model for this regime was introduced
in Ref. [8], and we describe it here. The key step is to seplrabnsider the radial states. Under
the above conditions only the radial ground state is sigamtty affected by the interactions,
while the radially excited states can still be treated asdaaligas. Thus, for the radial ground
state, the solutiomyy (; T ) to the Yang-Yang equations must be used. Each radiallyezkcit
state with radial quantum numbgr 1 is now considered as an independent ideal 1D gas, in
thermal equilibrium with the rest of the cloud. Each of théiadly excited states is thus taken to
have a density (cf. Eq. (13))

ne( 1iT) = %91:2(@@( =T)); (45)

where an effective chemical potentigl has been introduced that takes into account the radial
excitation energy,
| = j~1o: (46)

Taking into account the degeneracy fagtor 1 of the radially excited states, the total linear
density in this model thus becomes

s
MGT)=nyy(GT)+ (G +ne( j;T): (47)
j=1

Aslongas < ~!,,wehave ; < Owhich is necessary to avoid divergencegg), in Eq. (45).
In fact, from the previous discussion in Sec. 2.4, for ouapaeterst( 1000, we can expect
an ideal-gas treatment of the radially excited density wirbé break down for ;=T > 0.5
since this is where interactions will become important. fagtical cases whergé  ~! ,, the
model should thus be accurate as long<as 0:5~! , , while for > 0:5~! , the model will start
to become inaccurate.

2An additional factor 1 has been introduced in brackets in Eq. (44) compared to B&J. [This subtracts the
radial zero-point energy! » , so that = 0 corresponds to the energy of the lowest enekgy Q) state, as in the
treatment in Sec. 2.
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3.3 Longitudinal trapping

Experimentally, cold gases are axially con ned in a con gipotentialV (z) and the cloud is not
in nite and homogeneous as assumed in the previous sedtiowever, as seen below, for weak
enough axial con nement, the results for homogeneous gasebe applied using a local density
approximation. In the rstfollowing sub-section, we preséhe local density approximation and
discuss its predictions. We then evaluate the conditiorabdlity of this approximation.

3.3.1 Local density approximation

If the con nement is weak enough that the correlation leraftthe gas is, at each position, much
smaller than the length of the mean density variations, thergas may be divided into small
slices in which the thermodynamics of uniform systems &splA slice located at positianis

in equilibrium with the rest of the gas. It is thus describgdlie grand canonical ensemble at
temperaturel and at a chemical potential. The energy of the gas contained in this slice is
shifted by the quantity/ (z). It is equivalent to assuming that the chemical potentiapisV (z),
while the energy of the gas is unshifted. Thus, the local @rogs of the gas are that of a
homogeneous in nite gas at temperatdrand local chemical potentiaz) = o V(z). This

is the so-called local density approximation.

Within the local density approximation, all the resultsgmeted in the previous section hold.
Thus, performing local analysis, one can observe all theeifea of homogeneous 1D gases: the
presence of the ideal gas regime, which includes the degtenegime, the crossover towards a
guasi-condensate and the quasi-condensate regime. icutarta quasi-condensate appears in
the center of the trap, when the peak density exceeds theosesdensity, given by Eq. (24).

It is often interesting to investigate the behavior of the gaing the extensive variabi,
whereN is the total atom number. As long as the peak density is mudilenthann,,, the
density pro le is well described using the equation of stafe T ) of an ideal Bose gas. Then
the total atom number is easily computed and, for gases tbakegenerate at the trap center, we
obtain [45]

N =TH~1)In(TH o): (48)

The atom number at the crossover towards a quasi-condessditiained when the peak density
reaches,. Inserting Eq. (16) and Eq. (24) into Eq. (48) we nd that thema number at the
crossover is approximately

Neo= T~ )In (~*THmg?))*> = T3~!)In(t=2): (49)

Sincet® 1 (see text below Eq. (24)), this equation can be inverted ve gi crossover
temperature
Teo= N~I=In (N~31= (mg?)*™ : (50)

A comparison of this formula with a numerical calculationngsYang-Yang thermodynamics
shows very good agreement [45]. Sirice 1 at the crossover, Eg. (49) shows that the ratio
Nco=Ng, WhereNy = ~I=T is the atom number at degeneracy, is larger than one at tesawer.
Thus, even considering the extensive varidblethe degenerate ideal gas regime is in principle
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identi able. However, the ratidN ,,.=Ng only grows as logarithm dfand it is in practice dif cult
to haveN ,=Ngy very large.

3.3.2 \Validity of the local density approximation

All the previous results use the local density approxinmgtishich requires that the correlation
lengthl, of the gas be much smaller than the sdalgf variation of the density. At the crossover,
the correlation length of the gas is abdut = ~=P mgn, as seen in section 2. To estimate
let us approach the crossover from the ideal gas regime. @&ty pro le of the central part of
the cloud, obtained using Eq(16) and the local cherwcaémcal (2)= o m! 2z2=2, turns
out to be a lorentzian of widtﬁ j o=m!2. Thus,L ' = j oj=m!2"' (gT.=m~! %) at the
crossover. We thus nd that the condition of validity of tteell density approximatiot, L,
can be rewritten as

| |
" - Co

; (51)

a result which has been derived in [45].

If the local density approximation (51) is not satis ed, tfiscrete structure of the trap energy
levels has to be taken into account. In the opposite limit, ! .o, the quantization of energy
levels plays a role while the gas is still described by anli@ese gas. Then, it has been shown
in [53] that one expects a condensation phenomenon to otaueamperature

Tc = N~I=In(2N): (52)

In contrast to the crossover described in the previous@e(teferred to now as the interaction-
induced crossover), this is a nite size phenomenon sihgmes to zero when the trap con ne-
ment! goesto ON! being xed. This condensation phenomenon will dominateitiieraction
induced crossover whefic > T, This condition is equivalent tb I ¢, Which shows
consistency of our analysis.

Experimentally, the condition (51) to observe the intamacinduced crossover is very easily
satis ed: using Eq. (42), the condition (51) reduces to

L 15 (T= ) (a=h)*=: (53)

One can check that, for most alkali atoms, in trapping paéntvith ! , ranging from 1 to
several tens of kilohertz and for temperatures betweer 8..and~! , , this condition is easily

ful lled, unless a is extremely smallgd < 0:1 nm). Thus, one expects that a trapped 1D gas
undergoes the interaction induced crossover towards &goadensate and that the local density
approximation is valid to describe the gas.

3.4 3D physics versus 1D physics

Experimentally, one expect a crossover from a one-dimeasizehavior to a three dimensional
behavior as the temperature of the gas increases and, atdaayigh temperature, one expects
to recover the physics of a three-dimensional gas. The physdia 3D gas is very different from
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that of a 1D gas. The most striking difference is that, evethéabsence of interactions, a 3D
Bose gas undergoes a phase transition towards a BEC dueitatsat of the population of the
excited states. This is in contrast to 1D gases where, imabsgf interactions between atoms,
the gas behaves, for any density, as a thermal gas in whigdnlwobunching is present. For
weakly interacting gases, in both 1D and 3D gases, a trandibwards a (quasi-)condensate is
expected. However, these transitions are different inreadnd this difference can be captured
by studying the validity of mean eld theories in both cases.

In 3D weakly interacting gasesa(® 1), the effect of interactions between atoms on the
onset of Bose Einstein condenstation is very small. Thishg @D Bose gases with weak in-
teractions are well described by mean eld theories. Fotaimse, the thermodynamics is given
with a very good approximation by the Hartree-Fock-Boguwtiv self consistent theory [54, 55].
In such a theory, at temperatures larger than the criticalensation temprature, the gas is
described by the Hartree-Fock approach, in which corgglatibetween atoms introduced by
interactions are neglected. Condensation is then dueranfaeal Bose gas, when the den-
sity reache:612::= 4g. For higher densities, a non zero condensate wave funcgipaaas,
which is the order parameter of this second-order phassitiam The experimental value of the
critical temperature in weakly interacting ultra-cold Bagases is in good agreeement with this
theory [56].

However, even for weakly interacting gases, such a meantreddry is expected to fail very
close to the critical point of temperatufg. This is due to the large long wave length uctuations
that develop in the vicinity of the transition. In the condate sidei.e.for T < T, the Hartree-
Fock-Bogoliubov self consistent theory is valid only if thetuations of the condensate wave
function, averaged over a volume of the order of the coriglalength, are smaller than its
mean- eld value. This is the so-called Ginzburg criterial angives [55]

T. T g 153
Te

The same criterion (up to an absolute value) is true ad@vé he region around the transition
wherejT. Tj=T, is of the order or smaller thaa =3 is not expected to be described by a
mean- eld. Beyond mean- eld effect include a modi catiot the transition temperature. Since
interactions tend to decrease long wave length densityuatobns, they favor the appearance of a
condensate and, for small paramatet™, an increase of the critical temperature is expected [57—
59]. Such a modi cation is very small in cold atom experinmgeand has never been observed.
A second non mean- eld effect is the modi cation of the ardl exponent that describes the
divergence of the correlation length in the vicinity of thetical point. Measuring beatnodes
between the atomic eld extracted at different places indt@mic cloud, the critical exponent
was measured recently in dilute atomic gases, in agreemtmbayond mean- eld theories [60].

The physics is very different in 1D systems, since long wewvgth uctuations play an en-
hanced role compared to 3D systems. The crossover towatgssacpndensate is, in 1D gases,
a phenomenon driven by interactions. More precisely, thesover towards a quasi-condensate
is produced by the correlations between atoms brought bynteeactions. It cannot be captured
by the Hartree-Fock theory because Hartree-Fock theotgcsgorrelations between atoms in-
troduced by interactions. Thus, in real systems the fafitbe Hartree-Fock theory to describe

(54)
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the appearance of a (quasi-)condensate is a signature bbthature of the physics involved.

4 Experiments

In this section we will discuss several experiments thaehseen carried out in both Orsay and
Amsterdam using atom chips which probe the ideas discusstteiprevious sections. Atom
chip setups are very well suited to study one-dimensionaiggdry since very tight atom guides
are easily realised by going close to a current-carryingoaagre. The atom chips which were
used in the experiment presented below are suf ciently Isinthat we will attempt to describe
both at once. We will refer the reader to the individual expents for more detailed information.
The atom chips we used employed current carrying wires tatenmagnetic trapping elds for
8’Rb atoms in thé= = 2;m = 2 state. Magneto-optical traps, laser cooling and evapaerati
cooling were used to load atoms into the chip-based trapgsivtanded to be highly con ning
but rather shallow. Typical currents were on the order ofva &nperes and the atoms were
at a distance of several tens of microns from the wire surfdgpical transverse con nement
frequences!(, =2 ) were about 3 kHz, while longitudinal frequencies were am ¢inder of 10
Hz. This transverse frequency corresponds to a tempersaityreks of 144 nK, and evaporative
cooling was able to reach a temperature equal to or slighttyathis value. For Rb atoms, with
3D scattering lengtla = 5:24 nm, the energy scalg, corresponds to 0.20 nK, and 144 nK in
reduced temperature units corresponds $0720. Since the longitudinal trapping potential is
roughly harmonic, the linear atom density varied in spacd thus a single sample permits one to
probe alarge range in density at constant temperature.gdesilensity pro le thus corresponded
to a horizontal line in Fig. 1. The value of the parametavas typically betweend0 * to 10 3.
The data consisted of absorption images of the cloud, takbearén situ or after a very short
expansion time. Temperature measurements were made by ttiie wings of the cloud, or by
tting to the Yang-Yang model (see description below).

The rst set of measurements we describe are simple obsengadf the density pro les of
nearly one-dimensional gases on an atom chip. The measntemere carried out with two pur-
poses in mind. In the rst measurements, carried out in Qremphasis was placed on proving
that in the region of the crossover between the ideal gas aasi-gondensate regimes, no theo-
retical approach which neglected interaction inducedeatations between particles, in particular
the Hartree-Fock approach, could explain the pro les. k& ¢lecond set, carried out in Amster-
dam, it was shown that the exact thermodynamic treatmemtuated very well for the entire
observed pro le, notably when the gas was in the crossowgnre. After examining the pro les
we move to another type of measurement in which the absorptiages were analyzed to give
information about density uctuations. Although these si@@ments where chronologically the

rst, we will treat them last.

4.1 Failure of the Hartree-Fock model

A typical density pro le is shown in Fig. 4. Superimposed & tdata are three different theo-
retical predictions. The dashed line shows the pro le asligted by the ideal gas model. In the
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wings of the pro le this model should be valid, and indeed tte the wings of the distribution
was used to deduce the temperature and the chemical potdrtti@ gas. Clearly, however the
ideal gas prediction begins to rapidly deviate from the da¢gause, without interactions, a 1D
Bose gas can accommodate arbitrarily high densities atengemperature. The dash-dotted
line shows the prediction of the quasi-condensate modgl(, at the same chemical potential
as was found by tting the wings. This model accurately refurces the high density part of the
distribution, but not the presence of so many atoms in thgsvof the distribution.

The Hartree-Fock theory is a variational method in whichdtems are described by a gas
of non interacting bosons subject to an effective poteMial due to the mean eld of the other
atoms. Minimizing the free-energy of the gas, one nds

Ve (1) =20 (55)

wheregsp = 4 ~2a=mis the 3D coupling constant andis the 3D gas density. This theory
is thus self consistent, since for a given chemical potkatid temperature, depends oiWyk .
The factor 2 re ects the bunching, which is present in thettég-Fock approximation since the
gas is descibed by a gas of non interacting bosons.

Using minimisation techniques, the Hartree-Fock densityl@ was calculated in Ref. [6]
for the experimental three-dimensional trapping potéatia for the temperature and chemical
potential found by tting the wings of the distribution. Osees that the Hartree-Fock density
pro le, shown as a solid line in Fig. 4, reproduces the win§she density pro le, and does
not diverge as does the ideal gas pro le. It does not howeeproduce the high density part
of the pro le. Moreover, the Hartree-Fock calculation slsothat the Hartree-Fock gas is far
from being saturated: the population of the ground stateerg small, and no condensation is
expected according to this mean- eld model. The excessarhatin the center is the onset of a
guasi-condensate, although the cloud is not deep into thgi-qundensate regime. This peak is
formed by the effects of interactions altering the two bodgrelation function so as to lower the
interaction energy relative to a Hartree-Fock gas at theesgensity.

4.2 Yang-Yang analysis

Two more examples of axial density pro les measured [8] at thifferent temperatures and a
peak linear density of 50 m ! are shown in Fig. 5. These pro les were t to the model
based on the exact Yang-Yang solutions described in SecTB& ts are shown in the Figure as
continuous curves, and the resulting temperaiuend chemical potential are also indicated.
The chemical potential and the temperaturg are the only free parameters in the model, and
it was found that the full set ah situ measurements could be explained by the Yang-Yang-
based model [8]. For comparison, The ideal-gas predictiohte quasi-condensate prediction
are also shown. Clearly, the Yang-Yang-based model descthe entire pro les well, while
the approximate models fail, in particular the smooth avass between the two approximate
models in the region where(z)  0is captured very well by the model.

This analysis was further corroborated by measurementgeaitial momentum distribution
[8], obtained using Bose gas focusing [37]. The tails of tleemantum distribution were used to
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Figure 4:Failure of Hartree-Fock theory in a quasi-1D gas. The expwmtal pro le (crosses)
is compared with the pro les expected for a quasi-condem&ddtted-dashed), for an ideal Bose
gas (dashed), and to the pro le predicted by the Hartreeld=deeory (continuous line) for the
same temperature and chemical potential. The vertical i@xXise number of detected atoms per
6 m longitudinal pixel. The temperature of the gas Was 360 nK= 2:75~! ,. Adapted from
Ref. [6].

extract temperatures, and these were found to agree verwitiethe temperatures derived from
the Yang-Yang t to thein situ data. The full momentum distribution is not a thermodynamic
guantity, and can thus not be obtained directly from the Ydagg analysis.

The similarity of the measured density pro les of Figure®)54nd 4 clearly suggests that
the same physics of an interaction-induced crossoveregpfiboth experiments. Although it is
tempting to apply the Yang-Yang-based analysis of Sec.I8da the data of Fig. 4, this has not
been done. It is likely that the result would not be quantitdy accurate, because at the higher
linear densities and temperatures of Fig. 4, the validityth of the model of Sec. 3.2 are reached
near the peak of the pro le (since both ~!', andT  ~!,). Interactions are then expected
to also play a role in the radially excited states, and alseractions among the different radial
states will be signi cant.

4.3 Measurements of density uctuations

As we have emphasized in Sec. 2, the transition towards a-goadensate in 1D gases is
characterized by the inhibition of atom bunching, the latgasity uctuations characteristic of
a thermal Bose gas. A direct measurement of the density atmaos through the crossover thus
captures an essential characteristic of the crossover.

The measurement of density uctuations proceeds similarlihe density pro le measure-
ments. The difference is that many (about 300) pro les amguaed and, roughly speaking,
for each observation pixel, we compute the variance of timsilemeasurements as well as the
mean. We can relate this variance to the density uctuatjgmeslicted by various theoretical
approaches as described below.
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Figure 5: Comparison of experiment to Yang-Yang thermodynamics. middel described in
Sec. 3.2is ttotwo examples of measured linear dengiti€dots) in the Amsterdam experiment
[8, 38]. The resulting ts (continuous curves) yield chealipotential and temperaturd as
indicated. Dotted curves: ideal-gas pro le at the same temapure and chemical potential
exhibiting divergence for (z) = 0. Dashed curve in (b): quasi-condensate pro le with the
same peak density as the experimental data. In these exqresnt , = 158 nK. Adapted from
Ref. [8].
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The measurements involve several subtleties requirirgfwarormalizations and corrections
of the data. These are described in detail in [7,61]. The noreasent requires a high degree of
reproducibility in the data. The atom chip geometry perrfitsconstruction of a very compact
apparatus with low sensitivity to vibration. The images teom not only noise due to atom
uctuations, but also photon shot noise. The photon noisstrbe carefully characterized and
subtracted. Examples of the data are shown in Figs. 6 and 7.

4.3.1 Alocal density analysis

The pixel size in the experimentiss 6  m. The pixel size is much larger than the correlation
length of the gas which is always smaller than a micron indgreegeriments, but much smaller
than the longitudinal length scale of mean density vanmti®hus, the data should reproduce
number uctuations predicted in a longitudinal local dépdreatment. More precisely, the gas
contained in the pixel located at positinigan be described as a gas, con ned transversely by the
transverse potential of frequenty and con ned longitudinally by a box like potential of size

. The properties of this slice, which can exchange energypantitles with the rest of the gas,
is well described within the grand-canonical ensemble. 8iergy shiftv (z) of this slice can
be converted to a shift V (z) of the chemical potential. This is the local density appmaadion,
already discussed in sec. 3. Sinceis large compared to correlation length of the gas, the
boundary conditions used to compute thermodynamic questire all equivalent and we use
the periodic boundary conditions in the following.

Within the local density approximation, the con nement guatial V (z) is irrelevant to an-
alyze the atom-number uctuations. The atom number udtatN ? in each pixel depends
only on the temperatur€ and on the local chemical potential. Equivalently,? is a function
of T andhNi, since the linear density is a monotonically increasingcfiom of the chemical
potential. We thus choose, for each cloud temperature pi@sent the measured atom number
uctuation as a function of the mean atom number in the pikedperimental results are shown
inFig.6and g. 7.

4.3.2 ldeal gas regime : observation of bunching

If the gas within a pixel can be considered ideal, we can usegdsults of Sec. 2.2. The uctua-
tions of atom numben; in each one-atom quantum stéiteare

mizi h ni?= i + m;i% (56)
The uctuations of the total atom numbbf are thus

X
N2 h Ni2= INi+  ii? (57)

where the sum is performed over all the quantum states. Tla@ veduedn;i are given by the
Bose distribution and the uctuations of are easily computed.
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Figure 6: Density uctuations of a gas on an atom chip. The atom numlagiaace in an
observation pixel (6 m) is plotted as a function of the mean number. The open creshe
uctuations measured for a hot cloud (= 1:3 K corresponds td.0~! , ) for which bunching is
unobservable because of the large number of transversessiatolved. The variance is due to
atom shot noise. Full circles correspond to a colder clouda éemperaturel = 2:1~! ,. The
increase in uctuations is due to bunching. The theoretjmadiction for an ideal Bose gas at
the same temperature is given by the dashed curve. The pogdior a nondegenerate cloud,
Eq. (61), is shown as the dotted curve. The degeneracy ofabesgevident. Adapted from
Ref. [7].

400+ OT ~1.3uK -
/ ®7 ~ 190 nK 4

Figure 7: Density uctuations in the quasi-condensate regime. Th&hdd-dotted curve is the
prediction for an ideal Bose gas at the same temperature aguire 6. The dashed curve is the
prediction for a quasi-condensate. In units of transversergy, the temperature 6 = 1:4~! ,.
Adapted from Ref. [7].
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A rough calculation is as follows: # guantum states are populated with similar popula-
tions, Eq. (57) simplies to

FN 2i hNiZ:hNi+hNi%: (58)

The rstterm of the right hand side is the shot noise term geted for uncorrelated, statistically
independent atoms. The second term on the right hand sithe isffiect of the bunching. We
see from this expression that as longhld =M is much smaller than 1, the bunching term is
negligible compared to the shot noise term. The rEll0=M is approximately the phase space
density of the gas and is much smaller than 1 if the gas is ngerdate. Thus one expects
the measured atom number uctuations to be dominated byttbersise term for gases at high
temperature. This is observed experimentally for non-degee clouds, as shown by the open
circles in Fig. 6. The linearity of the measured valudifi h Ni? versusiNi shows that the
uctuations are given by the shot noise. The fact that thpels smaller than the expected slope
of 1 is due to the fact that the optical resolution (about &) is larger than the pixel size [7].
One can also give a more precise calculation of the uctumstioFor this purpose, we in-
dex the quantum states by the integgrandny, which label the transverse vibrational levels,
and the longitudinal wave vectdtr,, which takes values in multiples &= . For a highly
nondegenerate ggs,j T, the population of each state is given by the Boltzmann law

mnx;ny;kzi = Ae (~2k§:2m+~! 7(nx+ny)):T; (59)

where the normalization factdy is

A=Epdz—i 1 e 27T ? (60)
Inserting this into Eq. (57), we obtain
N2 h Ni?2= mNi+ H\lizp%—BtanhZH »=2T): (61)

We thus recover an expression similar to Eq. (58), With= P 2 = g8 tanhé(:! »=2T)). The
tanh term accounts for the number of populated transverse statesterm 2 = 4z, which
accounts for the longitudinal states, may be recovered nmactassical analysis: the volume
of the occupied phase space is mT and the number of quantum states contained in this
volume is of the order of =~. Equation (61) is valid if the gas is non degenerate. Wheigése
becomes degenerate, the distribution of the mean occupatimbermi versus the state energy
becomes more peaked around zero. This amounts to a redwétitwe effective number of
occupied statedl and the effect of bunching is larger than the prediction af(Edj). For highly
degenerate gases, Eg. (61) underestimates the true wmisaivhich become large compared
to the shot noise level.

The bunching effect is quite clear for a cold enough cloudresve in Fig. 6. In this ex-
periment, the bunching term is even larger than the shoerteisn, indicating that the gas is
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degenerate. The degeneracy is also shown by a comparistwe ofata with Eq. (61) shown
as a dotted line. This equation, valid for a non degenerase waderestimates the measured
uctuations. On the other hand, a calculation of Eqg. (57nggihe true Bose occupation factor
is in much better agreement with the data. This comparisowslthat, at least as concerns
uctuations, the gas is well described by an ideal, degdaedBase gas.

4.3.3 Quasi-condensate regime: saturation of atom numbeructuations

At suf ciently high density and low temperature, repulsiveeractions between atoms are no
longer negligible. As described in section 2, one expeasrteractions to reduce the density
uctuations to lower the interaction energy. The gas theteenthe quasi-condensate regime.
For the temperatur€ = 2:1~! , of the data in Fig. 6, using Eqg. (42) and assuming a purely 1D
gas, Eq. (24) gives a density at the crossover of about 130saper pixel. Although Eq. (24)
does not apply since the gas is not purely 1D, this rough estirahows that the crossover
to a quasi-condensate is achievable at slightly higher atomber and/or lower temperature.
Measurements of atom number uctuations in a regime whegectbud center is in the quasi-
condensate regime are shown in Fig. 7. Whereas at low at@nsity the measured uctuations
are in agreement with the ideal Bose gas prediction, oneaeaturation of the uctuations at
higher densities.
To calculate the uctuations, we rst suppose the gas to beelyuone dimensional, with

a coupling constang given by Eg. (42). In a local density approximation, we cdesiatom
number uctuations in a longitudinal box of length in equilibrium with a reservoir of energy
at temperatur@ and a reservoir of particles at chemical potentials explained in sec. 2.3, the
Hamiltonian is quadratic im in the quasi-condensate approximation amdcan be expanded
as a sum of independent modes indexed by the wave vkctdhe atom number uctuations
N h Ni are obtained by integrating over the pixel size. Thus, the only excitation that leads
to atom number uctuation is the zero momentum mode. Itsgneterived from Eq. (32), is

g o

Hk:o = - N

: (62)

Using the equipartition theorem, we nd3 = T=<g) . The atom number uctuations, which
are(  ng)?, are thus given by:

N2 h Nizz?T: (63)

Thus, we expect the atom number uctuations to be independfeiN i. The shot noise term

is not present in this quasi-condensate regime: intemasth®etween atoms prevent even the
shot noise uctuations and at temperature smaller gparone expects to observe sub-shotnoise
uctuations. This feature is also seen in Fig. 3 whef€(0) goes below unity in the exact
solution.

In the experimental results shown in Fig. 7, the typicaliatéon energy is abo@7~! , . In
these conditions, the transverse degrees of freedom chamatglected and the result of Eq. (63)
must be corrected. More precisely, the phonons, which argitiadinal density waves, are as-
sociated with a breathing of the transverse shape of thelclear phonons of frequency much
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smaller than the transverse frequency, the transverse stidipe cloud follows adiabatically the
ground state equilibrium state for the local linear densitfe denote byEy(n) the energy of
the gas per unit length for a linear density The phonon Hamiltonian of Eq. (32) is the term
of the Hamiltonian of order two inn andr . Thus, the interaction term of the phonons is
Eint = ;L(@Ec=@%) nZ. Since@E,=@ris the chemical potential of the gas (to zero order
in n), we can rewrite the former expressionigg = %L(@ =@nn 2. In particular, the zero
momentum term is

_1 @
Then, the atom number uctuations are
-
N2 h Ni?= : 65
@-0 (65)

Although we derived this expression in the approximate goasdensate theory using expansion
of the Hamiltonian to second order in, we recover here a well known result of statistical
physics. More precisely, as shown in [62], Eq. (65) holdsafioy system in equilibrium with a
particle reservoir at chemical potentiabnd with an energy reservoir of temperatiire

To apply Eqg. (65) to the experiment, we need the equationaté s{n). Using Eq. (44) and
Eqg. (65), one can compute the expected uctuations. Fig.ofvshithat the results are in fairly
good agreement with the measured atom number uctuations.

5 Conclusion

We hope that we have given the reader a useful overview ofttheigs of 1D gases in the weakly
interacting regime. These systems are rich and manifestaedifferent regimes separated by
smooth crossovers. It is often necessary to appeal to méfieyeit physical models to under-
stand them. The existence of exact solutions allows us tdtiesmodels and to explore their
validity in the face of highly non-trivial many body corréilans. Although the experimental and
theoretical work we have described is quite extensive, viev®ethat much work remains to be
done. The study of uctuation phenomena is still at an eatdygs. For example the exact ther-
modynamics should admit a careful comparison with data sisdhat in Fig. 7, and improved
experiments should probe larger parameter ranges andopossen permit measurements of
the correlation length. It may also be possible in the netarréuto enter the strongly interacting
regime using an atom chip. Experiments are also capable asum@&g momentum distribu-
tions [8], but so far no quantitative theoretical companibas been made. Finally measurements
of uctuations and correlations in momentum space are alpeementally feasible [32].
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