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Overview

•Introductiontointuitionism

•Proofsandproofsystems(IPC)

•Kripkemodels,Metatheorems

•ModalLogic,Translations

•Formulasofonevariable

•Heytingalgebras

•UniversalmodelsforIPC,Jankovformulas,intermediatelogics

•Universalmodelsformodallogic,applicationtounifiablity
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Introduction,Brouwer

•FirstthreelecturespartlybasedonIntuitionisticLogicbyNick
BezhanishviliandDickdeJongh,LectureNotesforESSLI2005,ILLC-
PrepublicationsPP-2006-25,www.illc.uva.nl

•SeealsoNickBezhanishvili,LatticesofIntermediateandCylindricModal
Logics,Dissertation,UniversiteitvanAmsterdam,ILLCDissertation
SeriesDS-2006-02

•A.ChagrovandM.Zakharyaschev,ModalLogic,OxfordUniversityPress,
1997.

•Brouwer(1881-1963)

•BeforeBrouwer,Foundationsofanalysis(Cauchy,Weierstrass),non-
euclideangeometry,
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•Dissertation1907:OverdeGrondslagenvandeWiskunde(Aboutthe
FoundationsofMathematics).
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Foundationsofmathematics

•PeriodthatFoundationsofMathematicswashotissue.

•Frege1879Begriffschrift,1884GrundlagenderMathematik,1903
GrundgesetzederArithmetik,

•1901:Russell’sparadox,Russell1903,PrinciplesofMathematics,

•Hilbert1889GrundlagenderGeometrie,1900MathematischeProbleme,
1904ÜberdieGrundlagenderLogikundderArithmetik,

•Cantor...,Peano,Schröder,Huntington,Veblen,...
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PrecursorsofIntuitionism

•PredecessorsofBrouwer:Kronecker:“Godmadethenaturalnumbers,
therestishumanwork”,Frenchsemi-intuitionists(e.g.E.Borel).

•Unhappyfeelingfromthesemathematiciansaboutabstractnessof
mathematics,provingtheexistenceofobjectsbyreasoningby
contradiction,sothatnoobjectreallyarisesfromtheproof:
¬∀x¬Ax→∃xAx.
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Intuitionism,Platonism,Formalism

•Intuitionismisasoneofthethreebasicpointsofviewopposedto
Platonismandformalism.Viewthatmathematicsandmathematical
truthsarecreationsofthehumanmind:true=provable.N.B!provable
intheinformal,notformalsense.

•Platonism.Mostfamousmodernrepresentatives:Frege,Gödel.View
thatmathematicalobjectshaveindependentexistenceoutsideofspace-
time,thatmathematicaltruthsareindependentofus.Atthetimemixed
withlogicism,Frege’sideathatmathematicsisnomorethanlogic,since
mathematicscanbereducedtoit,aviewsupportedbyRussell(nota
Platonist)atthetime.

•Formalism.Mostfamousmodernrepresentative:Hilbert.Viewthat
therearenomathematicalobjects,nomathematicaltruths,justformal
systemsandderivationsinthem.
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Brouwer’sideas

•Foundationsunnecessary,infactimpossible,

•Logicfollowsmathematics,isnotitsbasis,logicalrulesextractedfrom
mathematics,

•Mathematicsisamentalactivity,the“exactpartofhumanthought”,
writingmathematicsdownisonlyanaide,

•Criticismof’classical’logicallaws,

•Principleoftheexcludedthird(lawoftheexcludemiddle)A∨¬A.
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Brouwer’sprogramme

•Brouwer’sprogramme:rebuildingofmathematicsaccordingto
intuitionisticprinciples.

•Onlypartiallysuccessful.Notacceptedbymathematiciansinpractice.

•Butstudyofintuitionisticproofsandformalsystemsveryalive.Onlyby
fullyacceptingintuitionisticmethodsdoesonegetproofsthatguarantees
toexhibitobjectsthatareprovedtoexist.Onegetsthiswaythe
constructivepartofmathematics.

•LesspopularbutfascinatingareBrouwer’schoicesequenceswhichhave
classicallyinconsistentproperties.

•Ourcoursewillmostlyconcentrateonpropositionalcalculus.
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Exampleofnonconstructiveproof

•TheoremThereexistirrationalnumbersrandssuchthatr
s
isrational.

•ProofWell-knownsinceEuclid,
√
2isirrational.

•Noweither
√
2
√

2
isrationaloritisnot.

•Inthefirstcasetaker=
√
2,s=

√
2.Thenr

s
=2,i.e.rational.

•Inthesecond,taker=
√
2
√

2
,s=

√
2.Thenr

s
=(
√
2
√

2
)
√

2
=
√
2
2
=2,

i.e.rational.

•So,wehavefoundrandsasrequired,onlywecannottellwhatris,it

iseither
√
2
√

2
or
√
2(inrealityofcoursethelatter)and=

√
2.
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Heyting

•Heyting,1928-1930:

•EarlierincompleteversioninKolmogorov1925,

•Hilberttypesystem.Wefirstgivenaturaldeductionvariantofwhich
firstversionwasgivenbyGentzen.

•¬ϕisdefinedasϕ→⊥where⊥standsforacontradiction,anobviously
falsestatementlike1=0.
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NaturalDeduction

IntuitionisticandModalLogic,Lisbon200811



DickdeJonghDaysinLogic’08

introductionelimination
⊥none⊥

ϕ
[ϕ]

→...ϕϕ→ψ
ψψ

ϕ→ψ
∧ϕψϕ∧ψϕ∧ψ

ϕ∧ψϕψ
∨ϕψ

ϕψ......
ϕ∨ψϕ∨ψϕ∨ψχχ

χ
∀ϕ(x)∀xϕ(x)

∀xϕ(x)ϕ(t)
E(c)

E(t)...

∃∃xE(x)∃xE(x)P
P
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ClassicalLogic

Togetclassicallogiconeaddstherulethatif⊥isderivedfrom¬ϕ,
thenonecanconcludetoϕdroppingtheassumption¬ϕ.

ϕ→⊥
...

⊥

¬ϕ
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BHK-interpretation

•Brouwer-Heyting-KolmogorovInterpretationofconnectivesand
quantifiers.

NaturaldeductioncloselyrelatedtoBHK.

•Interpretationbymeansofproofs(nonformal,nonsyntacticalobjects,
mindconstructions),

•Aproofofϕ∧ψconsistsofproofofϕplusproofofψ(plusconclusion),

•Aproofofϕ∨ψconsistsofproofofϕorofproofofψ(plusconclusion),

•Aproofofϕ→ψconsistsofmethodthatappliedtoanyconceivable
proofofϕwilldeliverproofofψ,
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BHK-interpretation,continued

•Nothingisaproofof⊥,
•Proofof¬ϕismethodthatgivenanyproofofϕgivesproofof⊥,
•Aproofof∃xϕ(x)consistsofobjectdfromdomainplusproofofϕ(d)
(plusconclusion),

•Aproofof∀xϕ(x)consistsofmethodthatappliedtoanyelementdof
domainwilldeliverproofofϕ(d),
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Validandinvalidreasoning

•Adisjunctionishardtoprove:e.g.ofthefourdirectionsofthede
Morganlawsonly¬(ϕ∧ψ)→¬ϕ∨¬ψisnotvalid,

•¬(ϕ∨ψ)→¬ϕ∧¬ψ,
•(¬ϕ∧¬ψ)→¬(ϕ∨ψ),
•¬ϕ∨¬ψ→¬(ϕ∧ψ)arevalid,

•otherexamplesofsuchinvalidformulasareϕ∨¬ϕ,(thelawofthethe
excludedmiddle)

•¬(ϕ∧ψ)→¬ϕ∨¬ψ,
•(ϕ→ψ∨χ)→(ϕ→ψ)∨(ϕ→χ),

•((ϕ→ψ)→ψ)→ϕ∨ψ,
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Validandinvalidreasoning,continued
•Anexistentialstatementishardtoprove:

•ofthefourdirectionsoftheclassicallyvalidinteractionsbetween
negationsandquantifiersonly¬∀xϕ→∃x¬ϕisnotvalid,

•statementsdirectlybasedonthetwo-valuednesoftruthvaluesarenot
valid,e.g.¬¬ϕ→ϕor((ϕ→ψ)→ϕ)→ϕ(Peirce’slaw),

•Ontheotherhand,manybasiclawsnaturallyremainvalid,commutativity
andassociativityofconjunctionanddisjunction,bothdistributivitylaws,

•(ϕ→ψ∧χ)↔(ϕ→ψ)∧(ϕ→χ),

•(ϕ→χ)∧(ψ→χ)↔(ϕ∨ψ→χ)),

•(ϕ→(ψ→χ))↔(ϕ∧ψ)→χ,

•((ϕ∨ψ)∧¬ϕ→ψ))(needsexfalso!).

IntuitionisticandModalLogic,Lisbon200817
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Hilberttypesystem

•ϕ→(ψ→ϕ)

•(ϕ→(ψ→χ))→((ϕ→ψ)→(ϕ→χ)))

•Theonlyruleismodusponensfromϕandϕ→ψconcludeψ.

•Thefirsttwoaxiomsplusmodusponensaresufficientforprovingthe
deductiontheorem.(correspondingtoimplicationintroduction).

•ϕ∧ψ→ϕϕ∧ψ→ψ,

•ϕ→(ψ→ϕ∧ψ),

•ϕ→ϕ∨ψψ→ϕ∨ψ,

•(ϕ→χ)→((ψ→χ)→(ϕ∨ψ→χ)),

•⊥→ϕ,

IntuitionisticandModalLogic,Lisbon200818
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Classicalpropositionalcalculus

•TogetCPCadd((ϕ→ψ)→ϕ)→ϕ(Peirce’slaw)or¬¬ϕ→ϕ.

IntuitionisticandModalLogic,Lisbon200819
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Kripkeframesandmodels

•Frames,(usuallyF):

•AsetofworldsW,alsonodes,points

•AnaccessibilityrelationR,whichisa6-partialorder,

•FormodelsMapersistentvaluationVisadded.Persistencemeans:

•wRw′&w∈V(p)=⇒w∈V′(p).

•w²ϕ∧ψ⇐⇒w²ϕandw²ψ,

•w²ϕ∨ψ⇐⇒w²ϕorw²ψ,

•w²ϕ→ψ⇐⇒∀w′(wRw′andw′²ϕ⇒w′
²ψ),

IntuitionisticandModalLogic,Lisbon200820
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Kripkeframesandmodels,continued

•Frameswillusuallyhavearootw0:w0Rwforallw.

•w2⊥,
•w²¬ϕ⇐⇒∀w′(wRw′⇒notw²ϕ)(followsfromdefinitionof¬ϕ
asϕ→⊥),

•Persistenceforformulasfollows:

•wRw′&w²ϕ=⇒w′
²ϕ.

•Notethatw²¬¬ϕ⇐⇒∀w′(wRw′=⇒∃w′′(w′Rw′′&w′′²ϕ))
•⇔forfinitemodels↔∀w′′(wRw′′&w′′endpoint=⇒w′′

²ϕ).

IntuitionisticandModalLogic,Lisbon200821
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Kripkeframesandmodels,predicatelogic

•IncreasingdomainsDw:

•wRw′=⇒Dw⊆Dw′.

•withnamesfortheelementsofthedomains:

•w²∃xϕ(x)⇐⇒,forsomed∈Dw,w²ϕ(d),

•w²∀xϕ(x)⇐⇒,foreachw′withwRw′andalld∈Dw′,w′
²ϕ(d),

•Persistencytransferstoformulashereaswell.

IntuitionisticandModalLogic,Lisbon200822
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Counter-modelstopropositionalformulas

p

(a)

p,qp,r

(b)

qrp

(c)

p

(d)

Figure1:Counter-modelsforthepropositionalformulas

•Thesefiguresgivecounterexamplestorespectively:

•(a)p∨¬p,¬¬p→p,

•(b)(p→q∨r)→(p→q)∨(p→r),

•(c)(¬p→q∨r)→(¬p→q)∨(p→r),

•(d)(¬¬p→p)→p∨¬p.
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Counter-modelstopredicateformulas

A0

A1

A2

A3
..
.
.

(a)

B0

A

{0}

{0,1}

(b)

Figure2:Counter-modelsforthepredicateformulas

•Thesefiguresgivecounterexamplesto:

•(a)¬¬∀x(Ax∨¬Ax),ifdomainconstantN(andalsoagainst
∀x¬¬Ax→¬¬∀xAx),

•(b)∀x(A∨Bx)→A∨∀xBx.

IntuitionisticandModalLogic,Lisbon200824
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SoundnessandCompleteness

•ϕisvalidinamodelM,M²ϕ,ifϕissatisfiedinallworldsinthe
model.ϕisvalidinaframemathfrakF,mathfrakF²ϕifϕisvalid
inallmodelsontheframe.

•CompletenessTheorem:

•`IPCϕiffϕisvalidinall(finite)frames.

•Soundness(=⇒)justmeanscheckingallaxiomsinHilberttypesystem
(plusthefactthatmodusponensleavesvalidityintact).

IntuitionisticandModalLogic,Lisbon200825
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Glivenko’stheorem

•Beforethecompletenessproofanapplicationofcompleteness.

•Glivenko’sTheorem,Theorem5:

•`CPCϕiff`IPC¬¬ϕ(CPCisclassicalpropositionalcalculus).

•⇐=isofcoursetrivial.

•=⇒Exercise.

•e.g.`IPC¬¬(ϕ∨¬ϕ).
•Glivenko’sTheoremdoesnotextendtopredicatelogic,exercise.

IntuitionisticandModalLogic,Lisbon200826



DickdeJonghDaysinLogic’08

ProofofCompleteness

•BasicentitiesinHenkintypecompletenessproofare:

•Theorieswiththedisjunctionproperty,

•AsetΓofformulasisatheoryifΓisclosedunderIPC-induction.

•AsetΓofformulashasthedisjunctionpropertyifϕ∨ψ∈Γimpliesϕ∈Γ
orψ∈Γ.

•Lindenbaumtypelemmaneeded.

IntuitionisticandModalLogic,Lisbon200827
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Lemma

•Lemma10IfΓ∪{ψ}0IPCχ,thenatheorywiththedisjunctionproperty
∆existssuchthatΓ⊆∆,ψ∈∆andχ/∈∆.

•Proof.

Enumerateallformulas:ϕ0,ϕ1,···anddefine:

•∆0=Γ∪{ψ},
•∆n+1=∆n∪{ϕn}ifthisdoesnotproveχ,

•∆n+1=∆notherwise.

•∆istheunionofall∆n.

•∆n0IPCχ,∆0IPCχ,

IntuitionisticandModalLogic,Lisbon200828
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Prooflemma,continuation

•∆isatheory.

•Claim:∆hasthedisjunctionproperty:

•Assumeϕ∨ψ∈∆,ϕ/∈∆,θ/∈∆.

•Letϕ=ϕmandθ=ϕnandw.l.o.g.letn>m.

•∆n∪{ϕ}`IPCχand∆n∪{θ}`IPCχ,andthus∆n∪{ϕ∨θ}`IPCχ.
But∆n∪{ϕ∨θ}⊆∆and∆0IPCχ,Contradiction.

IntuitionisticandModalLogic,Lisbon200829
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Canonicalmodel

•M
C

•WC
isthesetofallconsistenttheorieswiththedisjunctionproperty,

•RC
=⊆,

•FrameofcanonicalmodelisF
C
=(W

C
,R

C
).

•ValuationofV
C
ofcanonicalmodel:Γ∈VC

(p)⇔Γ²p⇔p∈Γ.

•Theconstructioncanberestrictedtoformulasinnvariables.Wethen
getthen-canonicalmodel(orn-Henkinmodel.

IntuitionisticandModalLogic,Lisbon200830
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CompletenessofIPC

•Theorem12.Γ`IPCϕiffϕisvalidinallKripkemodelsofΓforIPC.

•FortheCompletenessside(⇐)weshow:ifΓ0IPCϕ,thenϕ/∈∆for
some∆containingΓinthecanonicalmodel.

•FirstshowbyinductiononψthatΘ²ψ⇔ψ∈Θ.

•Mostcaseseasy:itisforexamplenecessarytoshowthat
ψ∧χ∈Θ⇔ψ∈Θ&χ∈Θ.Thisfollowsimmediatelyfromthefact
thatΘisatheory(closedunderIPC-induction).Thecorrespondingfact
for∨isthedisjunctionproperty.

IntuitionisticandModalLogic,Lisbon200831
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CompletenessofIPC,continued

•Thehardestisshowingthat,ifψ→χ/∈Θ,thenatheory∆withthe
disjunctionpropertysuchthatΘ⊆∆existswithψ∈∆andχ/∈∆.

•ButthisisthecontentofLemma10.

•NowassumeΓ0IPCϕ.ThenΓ0IPC>→ϕ.Lemma10suppliesthe
required∆.

IntuitionisticandModalLogic,Lisbon200832
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FiniteModelProperty

•TheoremForfiniteΓ,Γ`IPCϕiffϕisvalidinallfiniteKripkemodels
ofΓforIPC.

•Proof.Theproofcanbedonebyfiltration.Wewillnotdothathere.Or
byreducingthewholediscussiontothesetofsubformulasofΓ∪{ϕ}(a
so-calledadequateset,bothinthedefinitionofthe(reduced)canonical
modelaswellasintheproof.

•Sameforalanguagewithonlyfinitelymanypropositionalvariables.
(Modelwillnotbefinite!)

IntuitionisticandModalLogic,Lisbon200833
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CompletenessofPredicateLogic

•LetC0,C1,C2,···beasequenceofdisjointcountablyinfinitesetsofnew
constants.ItsufficestoconsidertheoriesinthelanguagesLnobtainedby
addingC0∪C1···∪CntotheoriginallanguageL.Weconsidertheories
containing∃xϕ(x)→ϕ(cϕ)asintheclassicalHenkinproof.Thatwill
immediatelyguaranteethatthetheoriesbesidesthedisjunctionproperty,
alsohavetheanalogousexistenceproperty.Theproofthenproceedsas
inthepropositionalcase.Theroleoftheadditionalconstantsbecomes
clearintheinductionstepfortheuniversalquantifier:

•IfΘisatheoryinLn.Toshowis:

•∀xϕ(x)∈Θiff,foreachdandΘ′inLm(m>n)withΘ⊆Θ′,ϕ(d)∈Θ′.

•⇒isofcourseobviousbecauseΘ′isatheory.

IntuitionisticandModalLogic,Lisbon200834
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CompletenessofPredicateLogic,continued

For⇐assumethat∀xϕ(x)/∈Θ.Then,forsomenewconstantdin
Cn+1,Θ0ϕ(d).AndhenceΘcanbeextendedtoaHenkintheoryΘ′with
thedisjunctionpropertyinLn+1thatdoesnotproveϕ(d)either.

IntuitionisticandModalLogic,Lisbon200835
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Generatedsubframesandsubmodels,disjointunions

•Definition7.R(w)={w′∈W|wRw′},
•ThegeneratedsubframeFwofFis(R(w),R′),whereR′therestriction
ofRtoR(w).

•ThegeneratedsubmodelKwofKisFwwithVrestrictedtoit.

•IfF1=(W1,R1)andF2=(W2,R2),thentheirdisjointunionF1]F2has
asitssetofworldsthedisjointunionofW1andW2,andRisR1∪R2.
Togetthedisjointunionoftwomodelstheunionofthetwovaluations
isadded.

IntuitionisticandModalLogic,Lisbon200836
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p-morphisms

•IfF=(W,R)andF′=(W′,R′)areframes,thenf:W→W′isap-
morphism(alsoboundedmorphism)fromFtoF′iff

•foreachw,w′∈W,ifwRw′,thenf(w)Rf(w′),

•foreachw∈W,w′∈W′,iff(w)Rw′,thenthereexistsw′′∈W,wRw′′

andf(w′′)=w′.

•IfK=(W,R,V)andK′=(W′,R′,V′)aremodels,thenf:W→W′isa
p-morphismfromKtoK′ifffisap-morphismoftheframesand,forall
w∈W,w∈V(p)ifff(w)∈V′(p).

IntuitionisticandModalLogic,Lisbon200837



DickdeJonghDaysinLogic’08

PropertiesofGeneratedSubframes

•Lemma

•Ifw′inthegeneratedsubmodelMw,then,w′
²ϕinMiffw′

²ϕin
Mw.

•Thisimpliesthatifϕisfalsifiedinamodel,wemayw.l.o.g.assumethat
itisfalsifiedintheroot.

•IfF²ϕ,thenFw²ϕ.

IntuitionisticandModalLogic,Lisbon200838
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Propertiesofp-morphicimages,disjointunions

•Iffisap-morphismfromMtoM′andw∈W,thenw²ϕifff(w)²ϕ.

•IfF²ϕ,thenFw²ϕ.

•Iffisap-morphismfromFontoF′,thenF²ϕimpliesF′
²ϕ.

•Ifw∈W1,thenw²ϕinM1]M2iffw²ϕinM1,etc.

IntuitionisticandModalLogic,Lisbon200839
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Disjunctionproperty

•Theorem16.`IPCϕ∨ψiff`IPCϕor`IPCψ.

•Thisextendstothepredicatecalculusandarithmetic.

•Proof.⇐:Trivial

⇒:Assume0IPCϕand0IPCψ.

•LetK2ϕandL2ψ.

•Addanewrootw0belowbothKandL.Inw0,ϕ∨ψisfalsified(because
ofpersistence!).

IntuitionisticandModalLogic,Lisbon200840
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KL

w0

Figure3:Provingthedisjunctionproperty

IntuitionisticandModalLogic,Lisbon200841
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ModalLogic

•Thelanguageofmodallogicisthelanguageofthepropositionalcalculus
withanadditional1-placeoperator¤(pronounced:necessary),

•ThebasicmodallogicKhasasinadditiontotheaxiomschemesofthe
calssicalpropositionalcalculusCPCtheaxiomscheme

¤(ϕ→ψ)→(¤ϕ→¤ψ)

andtheruleofnecessitationϕ/¤ϕ

•Anoftenusedtheoremis¤ϕ∧¤ψ↔¤(ϕ∧ψ).

IntuitionisticandModalLogic,Lisbon200842
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S4,GrzandGL

•Themodal-logicalsystemsS4,GrzandGLareobtainedbyaddingto

•Theaxiom¤(ϕ→ψ)→(¤ϕ→¤ψ)ofK,

•Theaxioms¤ϕ→ϕ,¤ϕ→¤¤ϕforS4

•InadditiontothisGrzegorczyk’saxiom¤(¤(ϕ→¤ϕ)→ϕ)→ϕfor
Grz,

•and¤(¤ϕ→ϕ)→¤ϕforGL.

IntuitionisticandModalLogic,Lisbon200843
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KripkeframesandmodelsforK

•Frames:

•AsetofworldsW,alsonodes,points

•AnaccessibilityrelationR,

•FormodelsavaluationVisadded.

•wRw′&w∈V(p)=⇒w∈V′(p).

•w²ϕ∧ψ⇐⇒w²ϕandw²ψ,etc.

•w²¤ϕ⇐⇒∀w′(wRw′⇒w′
²ϕ),

IntuitionisticandModalLogic,Lisbon200844
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CompletenessofK

•BasicentitiesinHenkintypecompletenessproofforKare:

•Maximalconsistentsets(theseareofcoursealsotheorieswiththe
disjunctionproperty),

•lemmaneeded.

•LemmaIf{¤ϕ|ϕ∈Γ}0K¤ψ,thenΓ0ψ,

ProofIfΓ`ψ,then{¤ϕ|ϕ∈Γ}`K¤ψ

IntuitionisticandModalLogic,Lisbon200845
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CanonicalmodelofK

•ThecanonicalmodelM
K
isdefinedasfollows:

•M
K
=(W

K
,W

K
,V

K
)=(F

K
,V

K
)

•WK
isthesetofallmaximalconsistentsets,

•ΓRK
∆↔(∀¤ϕ∈Γ⇒ϕ∈∆),

•FrameofcanonicalmodelisF
K
=(W

K
,R

K
).

•ValuationofV
K
ofcanonicalmodel:Γ∈V

K
(p)⇔Γ²p⇔p∈Γ.

IntuitionisticandModalLogic,Lisbon200846
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Validityonmodels,frames,characterization

•Definition
M²ϕ⇔∀w∈W(w²ϕ)

F²ϕ⇔∀MonF(M²ϕ)

•AmodallogicLissaidtodefineorcharacterizetheclassofframesF

suchthatF²L.

IntuitionisticandModalLogic,Lisbon200847
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Kripkeframes,modelsforS4,GrzandGL

•S4characterizesthereflexivetransitiveframes,

•S4iscompletew.r.t.the(finite)reflexive,transitiveframes,

•S4iscompletew.r.t.6-partialorders(reflexive,transitive,anti-
symmetric)

•Grzcharacterizesthereflexive,transitive,converselywell-foundedframes,

•Grziscompletew.r.t.thefinite6-partialorders,

•GLcharacterizesthetransitive,converselywell-founded(i.e.irreflexive,
asymmetric)frames.

•GLiscompletew.r.t.thefinite<-partialorders.

IntuitionisticandModalLogic,Lisbon200848



DickdeJonghDaysinLogic’08

Translations

•Gödel’snegativetranslation

•extendstothepredicatecalculusandarithmetic,hasmanyvariations,

•Definition28

•pn
=¬¬p,

•(ϕ∧ψ)n=ϕn
∧ψ

n
,

•(ϕ∨ψ)n=¬¬(ϕn
∨ψ

n
),

•(ϕ→ψ)
n
=ϕ

n
→ψ

n
,

•⊥n
=⊥.
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PropertiesofGödel’snegativetranslation

•Theorem29.`CPCϕiff`IPCϕ
n
.

•Proof.

•⇐=:`IPCϕ
n
⇒`CPCϕ

n
⇒`CPCϕ.

=⇒:Firstprove`IPCϕ
n
↔¬¬ϕ

n
(ϕ

n
isnegative)(using

`IPC¬¬(ϕ→ψ)↔(¬¬ϕ→¬¬ψ)and`IPC¬¬(ϕ∧ψ)↔(¬¬ϕ∧¬¬ψ).
ThensimplyfollowtheproofofϕinCPCtomimicitwithaproofofϕ

n

inIPC.Exercise.
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Gödel’stranslationofIPCintoS4

•GödelnoticedtheclosenessofS4andIPCwhenoneinterprets¤as
intuitiveprovability.

•Definition32.

•p¤=¤p,
•(ϕ∧ψ)¤=ϕ¤∧ψ¤,
•(ϕ∨ψ)¤=ϕ¤∨ψ¤,
•(ϕ→ψ)

¤
=¤(ϕ

¤
→ψ

¤
),

•Theorem33`IPCϕiff`S4ϕ
¤
iff`Grzϕ

¤
.
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ProofforGödel’stranslationofIPCintoS4

•Proof=⇒:TrivialfromS4toGrz.FromIPCtoS4itissimplyamatter
ofusingoneoftheproofsystemsofIPCandtofindtheneededproofs
inS4,orshowingtheirvalidityintheS4-framesandusingcompleteness.

•⇐=:Itissufficienttonotethatitiseasilyprovablebyinductionon
thelengthoftheformulaϕthatforanyworldwinaKripkemodel
withapersistentvaluationw²ϕiffw²ϕ

¤
.Thismeansthatif0IPCϕ

onecaninterpretthefiniteIPC-countermodeltoϕprovidedbythe
completenesstheoremimmediatelyasafiniteGrz-countermodeltoϕ

¤
.
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IntermediateLogics

•Intermediatelogics(Superintuitionisticlogics),

•Logicsextendingintuitionisticlogicbyaxiomschemes(andsublogicsof
classicallogic),

•e.g.Weakexcludedmiddle:¬ϕ∨¬¬ϕ,
•Dummett’slogic:(ϕ→ψ)∨(ψ→ϕ),

•mostdonothavedisjunctionproperty,somedo:

•e.g.theKreisel-Putnamlogic(¬ϕ→ψ∨χ)→(¬ϕ→ψ)∨(¬ϕ→χ),
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TheRieger-NishimuraLatticeandLadder

•Definition36.Rieger-NishimuraLattice.

•g0(ϕ)=f0(ϕ)=defϕ,

•g1(ϕ)=f1(ϕ)=def¬ϕ,

•g2(ϕ)=def¬¬ϕ,

•g3(ϕ)=def¬¬ϕ→ϕ,

•gn+4(ϕ)=defgn+3(ϕ)→gn(ϕ)∨gn+1(ϕ),

•fn+2(ϕ)=defgn(ϕ)∨gn+1(ϕ).
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TheRieger-NishimuraLatticeandLadderII

•Theorem37.

•Eachformulaϕ(p)withonlythepropositionalvariablepisIPC-equivalent
toaformulafn(p)(n>2)orgn(p)(n>0),orto>or⊥.

•Allformulasfn(p)(n>2)andgn(p)(n>0)arenonequivalentinIPC.In
fact,intheRieger-NishimuraLadderwivalidatesgn(p)fori>nonly.

•IntheRieger-Nishimuralatticeaformulaϕ(p)impliesψ(p)inIPCiff
ψ(p)canbereachedfromϕ(p)byadownwardgoingline.

•TheframeoftheRieger-NishimuraladderwillbecalledRN.Its
subframesgeneratedbywkwillbecalledRNk.
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Heytingalgebras

Overview

•Lattices,distributivelatticesandHeytingalgebras

•HeytingalgebrasandKripkeframes

•AlgebraiccompletenessofIPC
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Lattices

Apartiallyorderedset(A,≤)iscalledalatticeifeverytwoelement
subsetofAhasaleastupperandgreatestlowerbound.

Let(A,≤)bealattice.Fora,b∈Alet

a∨b:=sup{a,b}anda∧b:=inf{a,b}.
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Lattices,topandbottom

Weassumethateverylatticeisbounded,i.e.,ithasaleastanda
greatestelementdenotedby⊥and>respectively.

⊥

>
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Lattices,axioms

Proposition40.Astructure(A,∨,∧,⊥,>)isalatticeiffforevery
a,b,c∈Athefollowingholds:

1.a∨a=a,a∧a=a;(idempotencylaws)

2.a∨b=b∨a,a∧b=b∧a;(commutativelaws)

3.a∨(b∨c)=(a∨b)∨c,a∧(b∧c)=(a∧b)∧c;(associativelaws)

4.a∨⊥=a,a∧>=a;(existenceof⊥and>)

5.a∨(b∧a)=a,a∧(b∨a)=a.(absorptionlaws)
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Lattices,axioms,continued

Proof.(Sketch)

⇒Checkthateverylatticesatisfiestheaxioms1–5.

⇐Suppose(A,∨,∧,⊥,>)satisfiestheaxioms1–5.

Definea≤bbyputtinga∨b=borequivalentlybyputtinga∧b=a.

Checkthat(A,≤)isalattice.¤

Wedenotelatticesby(A,∨,∧,⊥,>).
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Distributivelattices

Definition41.Alattice(A,∨,∧,⊥,>)iscalleddistributiveifitsatisfies
thedistributivelaws:

•a∨(b∧c)=(a∨b)∧(a∨c)
•a∧(b∨c)=(a∧b)∨(a∧c)

ThelatticesM5andN5arenotdistributive.

M5N5
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Distributivelattices,characterization

Theorem43.AlatticeLisdistributiveiffM5andN5arenotsublattices
ofL.
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Heytingalgebras

Definition44.Adistributivelattice(A,∧,∨,⊥,>)issaidtobeaHeyting
algebraifforeverya,b∈Athereexistsanelementa→bsuchthatfor
everyc∈Awehave:

c≤a→biffa∧c≤b.

IneveryHeytingalgebraAwehavethat

a→b=
∨

{c∈A:a∧c≤b}.
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Heytingalgebras,axioms

Theorem47.A(distributive)latticeA=(A,∧,∨,⊥,>)isaHeyting
algebraiffthereisabinaryoperation→onAsuchthatforeverya,b,c∈A:

1.a→a=>

2.a∧(a→b)=a∧b

3.b∧(a→b)=b

4.a→(b∧c)=(a→b)∧(a→c)
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Completedistributivelattices

Wesaythatalattice(A,∧,∨)iscompleteifforeverysubsetX⊂A
thereexistinf(X):=

∧

Xandsup(X):=
∨

X.

Proposition45.Acompletedistributivelattice(A,∧,∨,⊥,>)isaHeyting
algebraiffitsatisfiestheinfinitedistributivitylaw

a∧
∨

i∈I

bi=
∨

i∈I

a∧bi.
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Moreexamples

•EveryfinitedistributivelatticeisaHeytingalgebra.

•EverychainCwithaleastandgreatestelementisaHeytingalgebra.
Foreverya,b∈Cwehave

a→b=

{

>ifa≤b,

bifa>b.

•EveryBooleanalgebraisaHeytingalgebra.
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Booleanalgebras

ForeveryelementaofaHeytingalgebralet¬a:=a→⊥.

Proposition49.LetA=(A,∧,∨,→,⊥)beaHeytingalgebra.Thenthe
followingthreeconditionsareequivalent:

1.AisaBooleanalgebra;

2.a∨¬a=>foreverya∈A;

3.¬¬a=a,foreverya∈A.
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TheconnectionbetweenHeytingalgebrasandKripke

frames

LetF=(W,R)beanintuitionisticKripkeframe.

Foreveryw∈WandU⊆Wlet

•R(w)={v∈W:wRv},
•R−1

(w)={v∈W:vRw},
•R(U)=

⋃

w∈UR(w),

•R−1
(U)=

⋃

w∈UR−1
(w).
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HeytingalgebrasandKripkeframes,continued

AsubsetU⊆Wiscalledanupsetifw∈UandwRvimpliesv∈U.

LetUp(F)bethesetofallupsetsofF.

ForU,V∈Up(F),let

U→V={w∈W:foreveryv∈WwithwRvifv∈Uthenv∈V}

=W\R−1
(U\V).

Proposition.(Up(F),∩,∪,→,∅)isaHeytingalgebra.
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GeneralFrames

LetAbeasetofupsetsofFclosedunder∩,∪,→andcontaining∅.

AisaHeytingalgebra.

AtripleF=(W,R,A)iscalledageneralframe.
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DescripitiveFrames

•Thedualitydoesnotgeneralizeeasilytogeneralframesingeneral.We
usethedescriptiveframes.Theyaregeneralframeswithtwoadditional
properties:

•Fisrefinedif∀w,v∈W,¬(wRv)⇒∃U∈A(w∈U∧w/∈U),

•Fiscompactif∀X⊆A,∀Y⊆{W\U|U∈A}(X∪Yhasthef.i.p.
(finiteintersectionproperty)}.

•Theorem.ForeveryHeytingalgebraAthereexistsadescriptiveframe
A=(W,R,mathcalA)suchthatAisisomorphicto(A,∪,∩,→,∅).
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TheconnectionofHeytingalgebrasandtopology

Definition51.ApairX=(X,O)iscalledatopologicalspaceifX6=∅
andOisasetofsubsetsofXsuchthat

•X,∅∈O
•IfU,V∈O,thenU∩V∈O
•IfUi∈O,foreveryi∈I,then

⋃

i∈IUi∈O

ForY⊆X,theinteriorofYisthesetI(Y)=
⋃

{U∈O:U⊆Y}.
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Heytingalgebrasandtopology,continued

ForeveryU,V∈Olet

U→V=I((X\U)∪V)

Proposition.(O,∪,∩,→,∅)isaHeytingalgebra.
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KripkeframesfromHeytingalgebras

HowtoobtainaKripkeframefromaHeytingalgebra?

LetA=(A,∧,∨,→,⊥)beaHeytingalgebra.

F⊆Aiscalledafilterif

•a,b∈Fimpliesa∧b∈F
•a∈Fanda≤bimplyb∈F

AfilterFiscalledprimeif

•a∨b∈Fimpliesa∈Forb∈F

IntuitionisticandModalLogic,Lisbon200875



DickdeJonghDaysinLogic’08

KripkeframesfromHeytingalgebras,continued

IfAisaBooleanalgebra,theneveryprimefilterofAismaximal.

ThisisnotthecaseforHeytingalgebras.

LetW:={F:FisaprimefilterofA}.

ForF,F′∈WwesaythatFRF′ifF⊆F′.

(W,R)isanintuitionisticKripkeframe.
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Basicalgebraicoperations,homomorphisms

LetA=(A,∧,∨,→,⊥)andA′=(A′,∧′,∨′,→′,⊥′)beHeyting
algebras.

Amaph:A→A′iscalledaHeytinghomomorphismif

•h(a∧b)=h(a)∧′h(b)
•h(a∨b)=h(a)∨′h(b)
•h(a→b)=h(a)→′h(b)

•h(⊥)=⊥′

AnalgebraA′iscalledahomomorphicimageofAifthereexistsa
homomorphismfromAontoA′.
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Basicalgebraicoperations,subalgebras

A′isasubalgebraofAifA′⊆Aandforeverya,b∈A′a∧b,a∨b,a→
b,⊥∈A′.

AproductA×A′ofAandA′isthealgebra(A×A′,∧,∨,→,⊥),where
•(a,a′)∧(b,b′):=(a∧b,a′∧′b′)
•(a,a′)∨(b,b′):=(a∨b,a′∨′b′)
•(a,a′)→(b,b′):=(a→b,a′→′b′)

•⊥:=(⊥,⊥′)
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Categories

LetHeytbeacategorywhoseobjectsareHeytingalgebrasandwhose
morphismsareHeytinghomomorphisms.

LetKripkedenotethecategoryofintuitionisticKripkeframesand
p-morphisms.

Wedefineϕ:Heyt→KripkeandΨ:Kripke→Heyt.

A7→ϕ(A)=(W,R).

Forahomomorphismh:A→A′letϕ(h):ϕ(A′)→ϕ(A)besuchthat
foreveryelementF∈ϕ(A′)wehaveϕ(h)(F):=h−1

(F).
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Categories,continued

DefineafunctorΨ:Kripke→Heyt.

ForeveryKripkeframeFletΨ(F)=(Up(F),∩,∪,→,∅).

Iff:F→F′isap-morphism,thenΨ(f):ϕ(F′)→ϕ(F)issuchthat
foreveryelementofU∈Ψ(F′)wehaveΨ(f)(U)=f−1

(U).
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Duality

Theorem57.LetAandBbeHeytingalgebrasandFandGKripke
frames.

1.•IfAisahomomorphicimageofB,thenϕ(A)isisomorphictoa
generatedsubframeofϕ(B).

•IfAisasubalgebraofB,thenϕ(A)isap-morphicimageofϕ(B).

•IfA×BisaproductofAandB,thenϕ(A×B)isisomorphicto
thedisjointunionϕ(A)]ϕ(B).
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Duality,continued

2.•IfFisageneratedsubframeofG,thenΨ(F)isisomorphictoa
homomorphicimageofΨ(G).

•IfFisap-morphicimageofG,thenΨ(F)isasubalgebraofΨ(G).

•IfF]GisadisjointunionofFandG,thenΨ(F]G)isisomorphicto
theproductΨ(F)×Ψ(G).
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Duality,continued2

Isϕ(Heyt)isomorphictoKripke?

IsΨ(Kripke)isomorphictoHeyt?

NO!
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Duality,continued3

Ψ(F)=(Up(F),∩,∪,→,∅)isacompletelattice.

NoteveryHeytingalgebraiscomplete.

Openquestion62.CharacterizationofKripkeframesinΨ(Heyt).

RestrictionsofϕandΨtothecategoriesoffiniteHeytingalgebrasand
finiteKripkeframesrespectively,areduallyequivalent.

Theorem63.ForeveryfiniteHeytingalgebraAthereexistsaKripkeframe
FsuchthatAisisomorphictoUp(F).
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Duality,continued,4

ForeveryHeytingalgebraAthealgebraΨϕ(A)iscalledacanonical
extensionofA.ForeveryKripkeframeFtheframeϕΨ(F)iscalledaprime
filterextensionofF.(Adaptionneededfordescriptiveframes.)

Proposition.

•AisasubalgebraofΨϕ(A).

•Fisap-morphicimageofϕΨ(F).

•AisnotisomorphictoahomomorphicimageofΨϕ(A).

•FisnotisomorphictoageneratedsubframeofϕΨ(F).
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Algebraiccompleteness

LetKbeaclassofalgebrasofthesamesignature.

WesaythatKisavarietyifKisclosedunderhomomorphicimages,
subalgebrasandproducts.

Theorem.(Tarski)KisavarietyiffK=HSP(K),whereH,SandPare
respectivelytheoperationsoftakinghomomorphicimages,subalgebrasand
products.

Theorem64.(Birkhoff)Aclassofalgebrasformsavarietyiffitis
equationallydefined.

Heytisavariety.
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ValuationsonHeytingalgbras

LetPbethe(finiteorinfinite)setofpropositionalvariables.

LetFormbethesetofallformulasinthislanguage.

LetA=(A,∧,∨,→,⊥)beaHeytingalgebra.Afunctionv:P→Ais
calledavaluationintotheHeytingalgebraA.

WeextendthevaluationfromPtothewholeofFormbyputting:

•v(ϕ∧ψ)=v(ϕ)∧v(ψ)
•v(ϕ∨ψ)=v(ϕ)∨v(ψ)
•v(ϕ→ψ)=v(ϕ)→v(ψ)

•v(⊥)=⊥
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Soundness

AformulaϕistrueinAundervifv(ϕ)=>.

ϕisvalidinAifϕistrueforeveryvaluationinA.

Proposition66.(Soundness)IPC`ϕimpliesthatϕisvalidineveryHeyting
algebra.
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Completeness

Defineanequivalencerelation≡onFormbyputting

ϕ≡ψiff`IPCϕ↔ψ.

Let[ϕ]denotethe≡-equivalenceclasscontainingϕ.

Form/≡:={[ϕ]:ϕ∈Form}.
DefinetheoperationsonForm/≡byletting:

•[ϕ]∧[ψ]=[ϕ∧ψ]
•[ϕ]∨[ψ]=[ϕ∨ψ]
•[ϕ]→[ψ]=[ϕ→ψ]
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Completeness2

TheoperationsonForm/≡arewell-defined.

Thatis,ifϕ′≡ϕ′′andψ′≡ψ′′,thenϕ′◦ψ′≡ϕ′′◦ψ′′,for◦∈{∨,∧,→}.

DenotebyF(ω)thealgebra(Form/≡,∧,∨,→,⊥).

WecallF(ω)theLindenbaum-TarskialgebraofIPCortheω-generated
freeHeytingalgebra.
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Completeness3

Theorem68.

1.F(α),forα≤ωisaHeytingalgebra.

2.IPC`ϕiffϕisvalidinF(ω).

3.IPC`ϕiffϕisvalidinF(n),foranyformulaϕinnvariables.

Corollary69.IPCissoundandcompletewithrespecttoalgebraic
semantics.
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Jankovformulasandintermediatelogics

FixapropositionallanguageLnconsistingoffinitelymanypropositional
lettersp1,...,pnforn∈ω.

LetM=(W,R,V)beanintuitionisticKripkemodel.

WitheverypointwofM,weassociateasequencei1...insuchthat
fork=1,...,n:

ik=

{

1ifw|=pk,

0ifw6|=pk

Wecallthesequencei1...inassociatedwithwthecolorofwanddenote
itbycol(w).
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Colors

Colorsareorderedaccordingtotherelation≤suchthati1...in≤i′
1...i′

n

ifforeveryk=1,...,nwehavethatik≤i′
k.

Thesetofcolorsoflengthnorderedby≤formsann-elementBoolean
algebra.

Wewritei1...in<i′
1...i′

nifi1...in≤i′
1...i′

nandi1...in6=i′
1...i′

n.
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Covers,anti-chains

ForaKripkeframeF=(W,R)andw,v∈W,wesaythatapointwis
animmediatesuccessorofapointvifw6=v,vRw,andthereisnou∈W
suchthatu6=v,u6=w,vRuanduRw.

WesaythatasetAtotallycoversapointvandwritev≺AifAisthe
setofallimmediatesuccessorsofv.

A⊆Wisananti-chainif|A|>1andforeveryw,v∈A,ifw6=vthen
¬(wRv)and¬(vRw)
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Theconstructionofthen-universalmodel

The2-universalmodelU(2)=(U(2),R,V)ofIPCisthesmallest
Kripkemodelsatisfyingthefollowingthreeconditions:

1.max(U(2))consistsof2
2
pointsofdistinctcolors.

2.Ifw∈U(2),thenforeverycolori1i2<col(w),thereexistsv∈U(2)
suchthatv≺wandcol(v)=i1i2.

3.Foreveryfiniteanti-chainA⊂U(2)andeverycolori1i2,suchthat
i1i2≤col(u)forallu∈A,thereexistsv∈U(2)suchthatv≺Aand
col(v)=i1i2.
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Theconstructionofthen-universalmodel
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Theconstructionofthen-universalmodel
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Theconstructionofthen-universalmodel
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Theconstructionofthen-universalmodel
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Theconstructionofthen-universalmodel
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Theconstructionofthen-universalmodel
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Theconstructionofthen-universalmodel
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Theconstructionofthen-universalmodel
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Theconstructionofthen-universalmodel
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1-universalmodel

10
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1-universalmodel

10

0
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1-universalmodel
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00
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1-universalmodel
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1-universalmodel
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00

00
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1-universalmodel

10

00

00

00

1-universalmodeliscalledtheRieger-Nishimuraladder.
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Theorem.ForeveryformulaϕinthelanguageLn,wehavethat

`IPCϕiffU(n)|=ϕ.

CallasetV⊆U(n)definableordefinableifthereisaformulaϕsuchthat
V={w∈U(n):w|=ϕ}.

EveryupsetoftheRieger-Nishimuraladderisdefinable.

Noteveryupsetofthen-universalmodel(forn>1)isdefinable.

Theorem42.TheHeytingalgebraofalldefinablesubsetsofthen-universal
modelisisomorphictothefreen-generatedHeytingalgebra.
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PointgeneratedupsetsofU(n)

WhichupsetsofU(n)aredefinable?

AllthepointgeneratedupsetsofU(n)aredefinable.

Foreveryformulaw∈U(n)weconstructformulasϕwandψwsuchthat
ϕwdefinesR(w)andψwdefinesU(n)\R−1

(w).

LetwbeamaximalpointofU(n).Then

ϕw:=
∧

{pk:w|=pk}∧
∧

{¬pj:w6|=pj}foreachk,j=1,...,n

and
ψw=¬ϕw.
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PointgeneratedupsetsofU(n),2

Ifϕwisdefined,then

ψw:=ϕw→
n∨

i=1

ϕwi

wherew1,...,wnarealltheimmediatesuccessorsofw.

ϕwandψwarecalleddeJonghformulas.
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PointgeneratedupsetsofU(n),3

•Letprop(w):={pk|w²pk},theatomstrueinw.

•newprop(w):={pk|w2pk∧∀i6n(wi²pk)},thesetofatomswhich
mighthavebeentrueinwbutaren’t.

•
ϕ(w):=

∧

prop(w)∧(
∨

newprop(w)∨
n∨

i=1

ψwi→
n∨

i=1

ϕwi)
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Structureofn-universalmodel

Theorem82.

•ForeveryKripkemodelM=(F,V),thereexistsaKripkemodel
M′=(F′,V′)suchthatM′isageneratedsubmodelofU(n)andM′is
ap-morphicimageofM.

•ForeveryfiniteKripkeframeF,thereexistsavaluationV,andn≤|F|
suchthatM=(F,V)isageneratedsubmodelofU(n).
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n-Henkinmodelandn-universalmodel

TheoremThen-universalmodelisisomorphictothenodesoffinite
depthinthen-canonicalmodel.
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n-Henkinmodelandn-universalmodel

•ProofByinductiononthedepthofthenodesitisshownthatthe
submodelgeneratedbyanodeinthen-Henkinmodelisisomorphicto
thesubmodelgeneratedbysomenodeinthen-Henkinmodelandvice
versa.

•=⇒:Thep-morphismguaranteedbyTheorem82fromthefinite
Henkinmodelintotheuniversalmodelhastobeanisomorphismsince
allnodesofaHenkinmodelhavedistincttheories.

•⇐=:Fornodesofdepth1thisistrivial.Consideranodeofdepth
n+1.Fromtheinductionhypothesisoneseesthatthereisap-morphism
fromthenodesofdepth6n.Fornodesofdepthn+1onehastouse
thedeJonghformulatoseethatinthen-Henkinmodelcanbeonlyone
nodeabovetheimageofdepthn+1whichsatisfiestheformula.
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TheJankovtheorem

Theorem87.ForeveryfiniterootedframeFthereexistsaformulaχ(F)
suchthatforeveryframeG

G6|=χ(F)iffFisap-morphicimageofageneratedsubframeofG.

Lemma88.AframeFisap-morphicimageofageneratedsubframeofa
frameGiffFisageneratedsubframeofap-morphicimageofG.
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Congruenceextensionproperty

Proof.ItisauniversalalgebraicresultthatifavarietyVhasthe
congruenceextensionproperty,thenforeveryalgebraA∈Vwehavethat
HS(A)=SH(A).

Heythasthecongruenceextensionproperty.

TheresultfollowsfromthedualityofHeytingalgebrasandKripkeframes.

Theorem87(Reformulated).ForeveryfiniterootedframeF

thereexistsaformulaχ(F)suchthatforeveryframeG

G6|=χ(F)iffFisageneratedsubframeofap-morphicimageofG.
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ProofoftheJankovtheorem

LetFbeafiniterootedframe.

Thenexistsn∈ωsuchthatFis(isomorphicto)ageneratedsubframeof
U(n).

Letw∈U(n)betherootofF.ThenFisisomorphictoFw.

Letχ(F):=ψw.
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ProofoftheJankovtheorem,2

F6|=ψwhenceifFisageneratedsubframeofap-morphicimageofG

thenG6|=ψw.

IfG6|=ψw,thenthereisavaluationVsuchthatmodelM6|=ψw,where
M=(G,V).

Wecanassumethatthereisap-morphicimageM′ofofMsuchthatM′

isageneratedsubmodelofU(n).

ThenM′6|=ψw.WhichimpliesthatFwisageneratedsubframeofM′.
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ApplicationsofJankovformulas

LetFandGbeKripkeframes.

Wesaythat

F≤GifFisap-morphicimageofageneratedsubframeofG.

•≤isreflexiveandtransitive.

•IfwerestrictourselvestoonlyfiniteKripkeframes,then≤isapartial
order.

•Intheinfinitecase≤,ingeneral,isnotantisymmetric.
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TheJankovchain

LetFandF′betwofiniterootedframes.

IfF≤F′,thenforeveryframeGwehavethatG|=χ(F)implies
G|=χ(F′).

Considerthesequence∆offiniteKripkeframesshownbelow
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PropertiesoftheJankovchain

Lemma91.∆formsa≤-antichain.

ForeverysetΓofKripkeframes.LetLog(Γ)bethelogicofΓ,thatis,
Log(Γ)={ϕ:F|=ϕforeveryF∈Γ}.

Theorem92.ForeveryΓ1,Γ2⊆∆,ifΓ16=Γ2,thenLog(Γ1)6=Log(Γ2).

Proof.WithoutlossofgeneralityassumethatΓ16⊆Γ2.

ThismeansthatthereisF∈Γ1suchthatF/∈Γ2.

ConsidertheJankovformulaχ(F).

ThenF6|=χ(F).
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PropertiesoftheJankovchain,2

Therefore,Γ16|=χ(F)andχ(F)/∈Log(Γ1).

Nowweshowthatχ(F)∈Log(Γ2).

Supposeχ(F)/∈Log(Γ2).

ThenthereisG∈Γ2suchthatG6|=χ(F).

ThismeansthatFisap-morphicimageofageneratedsubframeofG.

Hence,F≤Gwhichcontradictsthefactthat∆formsa≤-antichain.

Therefore,χ(F)/∈Log(Γ1)andχ(F)∈Log(Γ2).

Thus,Log(Γ1)6=Log(Γ2).
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Continuummanylogics

Corollary93.Therearecontinuummanyintermediatelogics.
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