SEISMIC INVERSE SCATTERING IN THE DOWNWARD CONTINUATION
APPROACH
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ABSTRACT. Seismic data are commonly modeled by a linearization around a smooth
background medium in combination with a high frequency approximation. The pertur-
bation of the medium coefficient is assumed to contain the discontinuities. This leads to
two inverse problems, first the linearized inverse problem for the perturbation, and second
the estimation of the background, which is a priori unknown (velocity estimation). Here we
give a reconstruction formula for the linearized problem using the downward continuation
approach. The reconstruction is done microlocally, up to an explicitly given pseudodif-
ferential factor that depends on the aperture. Our main result is a characterization of the
wave-equation angle transform that generates the common image point gathers as an in-
vertible Fourier integral operator, microlocally. We show that the common image point
gathers are free of so called kinematic artifacts, even in the presence of caustics. The as-
sumption is that the rays in the background that are associated with the reflections due to
the medium perturbation are nowhere horizontal. Finally, pseudodifferential annihilators
of the data are constructed. These annihilators detect whether the data are contained in the
range of the modeling operator, which is the precise criterion in migration velocity analysis
to determine whether a background medium is acceptable.
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1. INTRODUCTION

In reflection seismology one places point sources and point receivers on the earth’s sur-
face. Each source generates acoustic waves in the subsurface, that are reflected where the
medium properties vary discontinuously. The recorded reflections that can be observed in
the data are used to reconstruct these discontinuities. This paper is the second of a pair
of papers on the modeling and inversion of seismic data in the downward continuation ap-
proach. The notion of downward continuation refers to the continuation of surface seismic
data into the subsurface. The first paper of the pair concerned the modeling, and will be
referred to as Paper | [24].

We study the inversion of seismic data with an acoustic model.zLetR denote the
vertical (depth) coordinate; € R"~! the horizontal coordinate andthe time, and let
c = c(z,z) be the wave speed, then the scalar wave equation for acoustics is given by

n—1
(1.1) Pu=f, P=czx)?0]+D>+) D2,

j=1
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whereD, = —id,, D, = —i0,. We denote the Green'’s function of (1.1) 6y When the
wavespeed is smooth, the singularities of the solution propagate along curved trajectories,
while discontinuities in the wavespeed lead to reflections.

In practice, (1.1) is not used directly, but a linearization is invoked, together with a sep-
aration of ‘scales’. The linearization is in the coefficiemround a smooth backgroungl
¢ = cg + dc. The perturbatiorc is assumed to contain the short wavelengths variations of
¢, and has no long wavelengths components. Note that this is only a partial linearization:
The dependence of the wavefield anis still nonlinear. The high-frequency part of the
perturbation in the Green’s function, which we denotejby models the once reflected
waves, whence this approximation is called the high-frequency single scattering approx-
imation. The data are assumed to be giversyz,,r,t, z, s), for z, = z, = 0. Here
s € R*1, r € R*! denote the source and receiver position, respectively. We assume
that the data are available f0¢, r, t) in a bounded open subsEt called the acquisition
manifold, of R**~2 x R,. Except for Remark 2.5 we assume that no further restrictions
apply toY’; the acquisition geometry is maximal. The modeling ndafs defined as the
map fromdc to 0G restricted toY. SinceY is bounded and the waves propagate with finite
speed we may assume thiais supported in a bounded open subkenf R" ! x R, . We
furthermore assume that N {z = 0} = 0.

In the seismic inverse problem, both the smooth backgreyhd the perturbatiotc
are unknown and have to be reconstructed. This leads to two related inverse problems. The
first one is the linear inverse problem of reconstrucingiven c¢,. The solution of this
problem is used in the estimation®f the second problem, which is highly nonlinear. The
purpose of this paper is to develop and analyze methods based on downward continuation
for these two inverse problems.

We discuss some of the known results on the reconstructiongienc,. The bichar-
acteristics that describe the propagation of singularities by the wave equation are the so-
lutions to a Hamilton system and will be parameterized by initial positignz,), take-
off directiona € S™~!, frequencyr, which together define the initial cotangent vector
(o, &0) = —7c(20, 20) e, and timet,

(1.2) n(t, z0, o, 0, 7) = (n2(t, 20, o, @, T), n2(t, 20, To, @, T), t,
nC(ta 20, o, O, 7—)7 Tlﬁ(t7 20, Lo, O, T)a T)‘
Here the evolution parameter is the timéNote thatr is invariant along the Hamilton flow.

Under certain conditions, the modeling operatois a Fourier integral operator [19] with
canonical relation

(1.3)
{(nr(tsaZ7x7677—)7nw(trv27x7a7T>7tS+tr7n{(t&ZJx7677—>777§(tr7zu‘7;70577-)77—;Z7I7<7£)’
t57tr > 07 nz(t37zax7577—) = 772(%279570477') = 07 (C75> = _700(271:)_1((1 +ﬁ)7
(z,2,0,8,7) € subsetofX x (S"")* x R\0} C T*R?" | x T*R{.

(s,1,t) (z,x)°

see also the discussion in the introduction of Paper [; for a general reference of Fourier
integral operators, see [8].
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To image the singularities afc from the data we consider the adjoift)y, where
Yy € CP(Y) is a function that goes smoothly to zero near the boundary .ofThe
operatorF*iy is a Fourier integral operator also. LEt:= F*yy F. Applying the adjoint
F*yy to the datagd say, yields the normal equation,

(1.4) N(z,z,D,, D,)éc = F*yd.
The following condition is known as the Bolker condition, see the work by Guillemin [9]
Assumption 1. The projection of the canonical relation (1.3) @1Y"\0 is an embedding.

If NV is pseudodifferential, the operatbi vy images singularities aic. This is guaran-
teed by the Bolker condition [10, 15]

Theorem 1.1. With Assumption 1 the operatdf is pseudodifferential of order — 1.

Since (1.3) is a canonical relation that projects submersively on the subsurface variables
(z,z,(, &), the projection of (1.3) ofi™*Y"\0 is immersive [13, 25.3.6]. Therefore only the
injectivity in the assumption needs to be verified [15].

In general, by (1.3) not all singularities éa are mapped to singularities in the data (the
projection of (1.3) on the subsurface variables is not surjective), so that only part of the
singularities indc will be reconstructed. Whether a singularity is reconstructed is deter-
mined by the principal symbol oV: It is nonzero atz, x, (,¢) whenever there is a point
(s,r,t,o,p,7; 2,2, &) in the canonical relation (1.3) witts, r, t, o, p, 7) in the support
of vy (i.e. whenever there is illumination). In the reconstruction@fseismologists dis-
tinguish between imaging, which produces a function that has singularities at the same
position asic, and methods that also correctly compute the size of the singularities or the
discontinuities. In the latter case they speak of inversion, or of true-amplitude imaging.
Thus F*iy is an imaging operator, whiléN)~!F*¢y is an inversion operator, where
(N)~1 is the regularized parametrix @f, that is an inverse microlocally for a subset of
T"R{, ., where the symbol ofV is nonzero. The inversion operator reconstructs microlo-
cally éc.

Other results concerning the normal operator have been obtained under various assump-
tions on the acquisition manifold, and the background medium, concerning the presence
of caustics and the geometry of the rays [1, 10, 16, 20].

The main topic of this paper is the so-called wave-equation or downward continuation
approach [4, 3, 17] to seismic inverse scattering. In this approach, the data are downward
continued, leading to data from fictitious experiments below the surface at varying depths.
We summarize the results concerning the forward map from Paper | before outlining the
results of this paper on inverse scattering.

The singular part of the data can be described by the solution to an inhomogeneous
pseudodifferential evolution equation in depth, provided that the rays in the background
that are associated with the reflections are nowhere horizontal. To determine whether the
velocity vector at some point of the ray is close to horizontal we use the ahghath
the vertical, given byan(0) = % We use some angle less than, but closet®in the
following
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Assumption 2. (DSR assumption) [, z) € X anda, 8 € S*!, ¢, t. > 0 depending on
(z,z,a, 3) are such thaw, (s, z, z, 3,7) = n.(t;, z,x,, 7) = 0 and
(e (ts, 2,2, B, T), 0o (tr, 2,2, 0, T), ts + t,) € Y (cf. (1.3)), then

(1.5) c(z,x)l%(t,z,x,ﬁj) < —cos(f), t € [0,t],
(1.6) c(z,x)l%(t,z,x,am) < —cos(f), t € [0,t,].

Solutions to the wave equation are approximated by solutions to a one-way wave equa-
tion, i.e. an equation of the form

(1.7) (0. —iB- = Clu_ =0, z<z, u(2,)=01v,

where the principal symbol aB_ is given by—b(z,z,&,7) = 7+/co(z,2)~2 — 772[[€]]?,

andC' is a dissipation operator as in [22]. The solution operator that maps initial values at
zp to values at is denoted by _(z, z;). The approximation to the Green’s functids,

of the original wave equation (1.1) is by3iQ* (2)G_(z, 20)Q— (), where the operator

Q_ is defined in Paper | and has principal symbot/2(c,* — 772||¢]|?)~/4. We use

the notationy(z, 2o, xo, o, 7) for the bicharacteristics a¥, — iB_, parameterized by,
initiated at (2o, o) and&,. In components, we write them as (note that they are time
translation invariant)

(1.8) (2, 20,70,%0,&0,7) = (2,72(2, 20, %0, &0, T), 12, 20, 0, §0, T) + Lo,
- b(277m77§77)576(27ZOa$07£07T)7T)'

The upward continuation operatéf(z, zo), acting on distributions ofs, r, t), was de-
fined in Paper | by

(19) H(2,20) = (1, G (2, 20)) 0 (G, 20) @ 1d,).

Here,G_ ; acts in thes, ¢ variables, andd, is the identity operator on functions ef and
a similar notation is assumed féf_ . andId,. We recall thatH (z, z) is the solution
operator of the initial value problem for the so-called double-square-root equation

(1.10)
(£ —iB_(z,s, Dy, D;) —iB_(z,r,D,,D;) — C(z,s, Dy, D) — C(z,7, Dy, Dy))u = 0,
0<2z< 2,
i.e. the solution to (1.10) with initial value(zg, so,70,t0) = v(so,70,%0) IS given by
H(z,z)v. This equation is used to compute the downward continued data (for exam-

ple, by method of generalized screen expansion [7]). The bicharacteristics associated with
(1.10) are given by

(1.12) T'(z, 20; So, 70, to, 00, Po, T) = (Va(2, 20, S0, 00, T), Vz(2, 20, 70, P0, T), to

+ ’yt(zy 20,50,00, T) + 775(27 20,70, Po, 7_)7 7§(Za 20,50,00, 7—)7 7&(27 20,70, Po, 7—)7 T)'



SEISMIC INVERSE SCATTERING 5

We define two mappings,
(1.12) E, : D'(R") — D'(R* 1) : ¢(z,2) = 0(x — T)c(z, T2),

2
(1.13) By : D'(R*™ 1) — D'(R*™) : h(z,z,7) — §(t)h(2, T, x),
D/(RQn 1) and K : 5/<R2n 1 ) - D (RQn 1) by

8,1t (2,8,7r) (s,m,t)

and mappingd. : £&'(R?"

(zsrt)

Z
(114) Lg = Q*—,S(O)Q*—,T(O) / (H(07 Z)Q—aS(Z)Q—,T(Z>g(Za RS '>>(87 T, t) dZ»
0
and
(1.15) K = LF,.
The operatord. and K are Fourier integral operators, see Paper |, Lemma 3.1 and Theo-
rem 4.2. We recall thak” is microlocally invertible.

The main result of Paper | concerns what we call the downward continuation or double-
square-root modeling map

(1.16) Fy ¢ icgPéc — DIKE(LciPc).

(Note that we have absorbed the muItipIication%b:ﬁ in Fp unlike the definition in Paper
I.) We found (Theorem 5.1) that

(1.17) Fp(3cp®6c) = ¢YpFdoc or  Fpicy® = ypF,

whereyp is a cutoff that is 1 on the sét,,, and inS~° outsidef)y,, with 0 < 6; < 0y <
7/2 and wherg), is given by

(1.18) Qo ={(s,7,t,0,p,7) |t < Tnax(0,s,7,0,p,7,0)}.

Here the maximal tim&,,., is determined by the canonical relationfffrom the maximal

depth,Z.,..x(0, s, 7, 0, p, 7, 0), that is the upper boundary of the maximal interval containing

z = 0 for which the source and receiver rays satisfy the DSR assumption.
SubstitutingK’ back into (1.16) we identify the compositidiy £ ; we observe that

(1.19) EyEy(eg?oc) = (27r)”/(%00350) (z, : er I)
x expli{(z — x),p) 7] exp(itr) |7["'dpdr =: AE3E4(3¢;%6c),

where A is a pseudodifferential operator with symbel”~!, and £5 : D'(R*!) —
D'(R*"), Ey : D'(R™) — D'(R**1) are given by

(120) ng(Z,j?,.ﬁL’,t) = (27T)_(n_1) /5(t - <(l’ - j)7p>) f(Z,
(1.21)  (Bi(hey®0c))(z.2.p) = (heg?0c) (2, ),
respectively, so that

T+
2

,p) dp,

Fn = D?LAESE,.

By the mapF, the perturbation is viewed as beipglependent as if it were a reflection
coefficient. In factp is, given the singular direction from the wavefront sebqfthrough
trigonometric formulae related to scattering angles [6].
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The first result of this paper concerns the reconstructioft.oin section 2 we derive
the normal equation in the downward continuation approach from the Born DSR model-
ing operator,F, and derive a reconstruction equation in Theorem 2.2. This theorem is
the downward continuation counterpart of Theorem 1.1. The adfgint factorized to
emphasize the different steps that compose an algorithm for reconstruction.

Because of the cutotbp in (1.17), fewer singularities inc will be reconstructed, than
if the full operatorF™ is used. For example, vertical reflectors that could be illuminated by
turning rays are not reconstructed. In many practical cases this disadvantage is however
not so important.

The results of section 3 concern the determinatiof dfirough migration velocity anal-
ysis. Here it is exploited that the reconstructiondois an overdetermined problem. Indeed
dc is a function ofn variables, and of 2n — 1 variables. Beylkin [1] gives conditions so
thatéc can be reconstructed by an operaty from a subset of dimensiom of the data,
givenc,. In conventional migration velocity analysis the data are viewed gsan1)-
parameter family of such subsets, which results ivan 1)-dimensional family of recon-
structions. If we denote thig — 1) parameters by, and the family of reconstructions of
dc by Aglcold(z, x, p), then this gives the following criterion for the determinatiorcgf

(1.22) (Ag[cold)(z, x, p) is independent of,

at least microlocally. In migration velocity analysis someas constructed based on this
criterion. Note that, need not be uniquely determined by the singular part of the data.

In the presence of caustics the conditions of [1] are generally violated, and the appli-
cation of Ai (which can still be defined in this case) results into images with so called
kinematic artifacts, that correspondrionlocal singular contributions tal F' [16]. As a
result, (1.22) is no longer valid. To remedy this, the parametan be chosen to no longer
parameterize a subset of data, but instead to parameterize the angle between in- and out-
going rays at the image point. In the Kirchhoff approach to seismic inverse scattering it has
been proposed to use a generalized Radon transform to generate a set of images parame-
terized by angle (such an operator will be referred to as angle transform) [2, 29]. However,
in the presence of caustics, artifacts were observed in numerical examples [2, 25], also in
this case. Such artifacts are attributed to contributions from nonlocal operators to the com-
position of the generalized Radon transform with the modeling opefat8y microlocal
analysis of the Kirchhoff approach the presence of artifacts was shown in [21].

The main result of this paper is to show that there is a downward continuation based
angle transformdwyg that is artifact free under much weaker conditions than those of
Beylkin [1] (Theorem 3.1). In particular the presence of caustics is allowed. The map
Awg Is defined in section 3, similarly as an operator introduced in [5] to study angle de-
pendent reflection coefficients. We show thgig F' is a p-family of pseudodifferential,
which implies that nonlocal singular contributions are absent and data is mapped to a set
of images (Theorem 3.1). In addition we show th{r is an invertible Fourier integral
operator. We introduce an appropriate modification, denoted\m AWE[CO] such that
Awgl[co] Fleo] is ap-family of pseudodifferential operators with symhigl microlocally,
hence mapping data to a set of reconstructions (Proposition 3.2). In [6] it was confirmed
numerically that this angle transform does not generate artifacts in the presence of caustics.
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The background model, is acceptable if the data are in the range of the modeling
operatorfp [¢o]. The criterion that the dat& e range(Fpcy]) becomes equivalent to

(1.23) (Awglcold)(z, z, p) is independent of,

microlocally, wherep can be identified with the integration variablesAp (cf. (1.20)).
Thus, the criterion for migration velocity analysis (1.22) is extended to allow for back-
ground media with caustics.

Equation (1.23) reveals the redundancy in the data. The redundancy also leads to the
existence of pseudodifferential operators that annihilate the singular part of the data [23].
These are related to the differential semblance measure in the framework of Beylkin's
conditions, for estimating the background medium [26]. Annihilators of the data in the
downward continuation approach can be derived frbg:. In addition, we construct in
section 4 a different annihilatol}’, such that|Vd|| ;.- measures thédcusingatr = s of
the downward continued data restricted to 0.

2. IMAGING AND RECONSTRUCTION IN THE DOWNWARD CONTINUATION APPROACH

Conceptually, the first step in the reconstruction of the perturbatigiven the back-
ground,cy, is applying the adjoint of the linear modeling map to the data. We present a
normal equation similar to (1.4) based on the double-square-root (DSR) modeling operator
(1.16). The operatoF™ in the right hand side of (1.4) is replaced B}, so that the right
hand side can be computed using the downward continuation approach. This leads, again,
to reconstruction modulo a pseudodifferential operator for which an explicit expression is
given.

The operatoiFy, is a Fourier integral operator whose canonical relation is a subset of
that of F' containing the elements witfx, x, «, ) such that Assumption 2 applies, with
angle given byj, below (1.17). It follows that in this case Assumption 1 can be replaced
by the following weaker assumption

Assumption 3. If several elements of (1.3) project to the same poirtiitr, then none of
the(z, z, a, §) that describe these elements are such that Assumption 2 is satisfied.

In effect this assumption implies that the cutgff, has symbol inS—° for points in
T*Y where the projection from (1.3) is not injective. A cartoon of two ray pairs such
that Assumption 3 is violated is given in Figure 1. As discussed in Paper I, the DSR
assumption 2 is stronger than Assumption 1, so is also sufficient for Theorem 1.1 to hold.
We now discuss the different adjoints of operators that makigju he adjoint operator
H(0, z)* propagates the data downward and backward in time. The adjoint of opérator
is given by

(2.1) (Lrd)(z,s,7,t) = Q7 (2)Q . (2)H(0,2)"Qs(0)Q—-(0)d.
The adjoint of extension operaték is given by the restrictiok, defined by
(2.2) 9(z,s,11) = (Rag)(z,5,7) = g(z,5,1,0),

while the adjoint of extension operatéj is given by the restrictio®?; defined by
(2.3) h(z,s,r) — (Rih)(z,2) = h(z,z,x).
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S A

FIGURE 1. Cartoon of two ray pairs such that Assumption 3 is violated.
The two trajectories between the reflection points are assumed to have equal
traveltime.

The adjoint of K hence equals
(2.4) K* = RyL".

The canonical relation ok maps pointgz, s, r, , o, p) in a subset of *R?*~1\( dif-
feomorphically to point$so, o, to, 00, po, ) in a subset of the cotangent acquisition space
T*R?*~1\0 (Theorem 4.2 of Paper I). We denote this map3hy The adjointK* maps
singularities according to the inverse'. Furthermore, for givelz, s,r, o, p), we have a
mappingr — ¢ = O(z, s,r,0,p,7) with inverser = ©71(z,s,7,(, 0, p) (Lemma 4.1 of
Paper ).

In the downward continuation version of (1.4), the operator on the left hand side is given
by Fiiuwy F. Hereyy = 1y (s,r,t) is a smooth cutoff function ol that is zero near the
boundary ofY", that we introduced to account for the limited acquisition aperture (cf. (1.4)).
Suppose now thak” is defined ag<, but with angles for the cutoff given 8}, 6, instead
of 61, 6,, suchthat < 6, < 0, < 0} < 6, < /2. ThenkK is supported in the region where
the cutoff that forms part of(’ is equal tol. Define an operatoF}, by F}, = D?K'E;

(cf. (1.16)-1.17)). Thert}, can be written a$, = ¥p F},, modulo a regularizing operator.
Hence

(2.5) oy F = Fypy Fh(3eg® ),

modulo a regularizing term. Thus can we compute the symbs}afy /' using the down-
ward continuation expression fétr. We have that

(2.6) Fy Fp = Ry K*D}yy DK E;.

Our first step in the computation of the symbol of this operator will be to evaluate
K*D#y D?K. To simplify the evaluation, we introduce operatdrand K that corre-
spond with operators and K, respectively, with th€) _ operators removed,

with

z
(2.8) Lg = /0 H(0,2)g(z,-,,-)dz.
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Lemma 2.1. The composition* D2y D? K is a pseudodifferential operator of ordér
with principal symbol* (vy |vp|?)(2, s, 7, ¢, 0, p)=(2, 8,7, (, 0, p), WhereZ is given by

(29) E<Z7S7T7<70-7 p) - (E*CL(])(Z, 87T7C70-7 p)
az(87r7 g, p, @_1(2787Ta guo-v p))é(zasar7<—7aa P)

where

(210) CLZ(S, r, o, p, 7-) = TQb(Z, $,0, T>7lb(zu T Ps T)il

and

(2'11) E<Z7 SJ T? <—7 U?p)_l = aa_?(z7 S7r7 0-7 p? 6_1(’27 S7T7 C? U?ﬁ))

= [eolz, ) 2(co(z. 8)2 = 72 ][2)2
T ez, ) 2oz ) = T2 )

Proof. From the fact that the canonical relation &fis invertible (the graph of a diffeo-
morphism) between subsetsBfR>*~1\0, it follows that K*y K is a pseudodifferential
operator. We calculate microlocally the principal symbokofD?)y D? K.

First, we evaluate the symbol é&* K microlocally, ignoring the cutoffs; its principal
part we denote b¥(z, s, 7, (, 0, p). We recall that the kernel of the operatlix0, ) has
microlocally an oscillatory integral representation with amplitude: A(z, yo, 1707, s, 7, t)
and a phase function associated with generating functiea,S(z, yor, m0., s, 7, t), Where
Yo = (So,70,%0) @andmny is the corresponding cotangent vector, grd.J} is a partition

of {1,...,2n — 1} (Lemma 3.1 of Paper I). The kernel of operaforhas an oscillatory
integral representation similar to the onef#f0, z),
(2.12)

K(yo’ z7 S, 7’-) — (27-‘-)7(2”714"»'1‘)/2 / A(Z, y(]? 770‘]7 S, T, O)Gi(s(z’yol7770J73:7"70)+<770J7y0J>) drnOJ

which follows upon considering the action bfon §(¢) - distribution(z, s, 7) and carrying
out thet integration. -
We evaluate, microlocally* K. To this end, we identify the gradient

oS
2.13) — ——— 0) =
( ) 8(Z,S,T)(Z’y0]7770(]787707 )
(C(Z,3/017770J,5,730)70(2’3/017770J,5’Tyo)aP(ZaZUOI,WOJ,377"70))-

Applying a change of variables of integratiofyr,n0s) — (¢, 0, p), the phase in the
oscillatory integral representation of the kernelF6fK takes the form
(2.14) ((¢o,p), (21— 2,8 —s,7" = 1));

—1 _ _
a Jacobian % , appears in the amplitude, so that the amplitude<of has
principal part (using the expression fdrfrom Lemma 3.1 of Paper I)

‘ d(¢, 0, p) d(a,p,T)
3(%17 7]0J) 3(%1, 770J)

-1

(2.15)

t=0
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For fixed(z, s, 7, 0, p) the mapr — ( = O(z,s,r, 0, p,7) is invertible on a set given by
7| sufficiently large:T = ©7(z,s,7,(,0,p) (Lemma 4.1 of Paper I). Carrying out the
multiplication of determinants, it follows that the principal part of the symbakofs is
microlocally given by

-1

(2'16) E(27 S? r? C? 0-7 p) = 88_(—)(27 87 T? 0-7 p7 @_1(27 S? r? C? 0-7 p))
T

To obtainK™* Dy D?K involves the composition ok * K with pseudodifferential opera-
tors. First, the composition

(2.17) K*Q-5(0)Q—(0) Divy D} Q. (0)Q~ ,(0) K

is carried out with the aid of Egorov’s theorem. This leads to a factér2«y-ag) in the
principal symbol. Secondly, having obtained a pseudodifferential operator, the inclusion of
the factorsQ* ((z),Q* ,(z) andQ_ ,(z), Q. (z) is carried out with the standard calculus
of pseudodifferential operators. This leads to a factor
(©7Yz,s,7,(,0,p) %a.(s,r,0,p,07(2,s,7,(,0,p)) inthe principal symbol. It follows
that the principal part of the symbol &f* D}y D} K is, microlocally, given by= X*t)y-.
With the pseudodifferential cutoff, taken into account we obtain the result of the lemma.
0

We define an operatdr using the operatok”’ introduced above (2.5), by
U = K" Dby DY K'. It follows from the lemma that is pseudodifferential is’) (R*~ x

R?"~1) (for somep, % < p < 1, see section 2 of paper I) with principal symbol, that we
denote by, given by

(2'18) \IIO(Z7 S? TJ <7 0-7 p) - E(Z7 S? T? C? 0-7 p)(z*(%¢y))(z7 S? r? <7 0-7 IO)

Starting from the DSR Born modeling (1.16), we obtain the following reconstruction result

Theorem 2.2. Suppose Assumption 3 is satisfied. Then there is a pseudodifferential oper-
ator & = &(z,z, D,, D,) of ordern — 1, ® € 57~ (5 < p < 1), with principal symbol

(2.19) Broslz,G €)= [ Vol G 3¢ - 0.6+ )0,
Rn—1

such that

(2.20) (2,7, D, D,)(heyoc) = RyC* D2yd,

whered = F'éc is the Born modeled data (1.16).

Proof. Because of Theorem 1.1 and the modeling formula (1.16), the right-hand side of
(2.20) is equal to a pseudodifferential operator actinggfidc. It remains therefore to
compute its symbol. By (2.5) we compute the symbol of the composition of operators
RV E;. The kernel of this composition has an oscillatory integral representation,

VS

(2.21) (2m)" @b / U(z,z,2,(,0,p) e EE)=Ea).Co0) 4 pdad¢

R2n—1

= (2m) =Y / / U(z, 2,2, L6 — 0,16 +0) dh el G—=HE=2D9) geqc,
n Rn—1
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upon changing variables of integration,= %f —0,p = %5 + 6. The domain of theé
integral is bounded depending 0 &), sinceyp, is a cutoff in(s, r, ¢, o, p, 7). Because of
the integration ove#, the inner integral in the second line is homogeneous of ordert
in (¢,&) and R,V E, is a pseudodifferential operator of order 1 with principal symbol
(2.19).

Applying the above results to the expression (1.16) for the Born modeled data leads to
the statement of the theorem. OJ

The symbol oflc * Fiyypy F' = F*jipy F also follows from the computation df*

of Ten Kroode et al. [15, theorem 4.1], upon inserting(s, , ¢, o, p, 7)1y (s, r, t) in their
formula (64). Our purpose is to show that this computation is independent of the results of
[15]. Also, our method is easily modified for the result (2.27) below.

Remark 2.3. Note thatin (2.20) the operatdx(z, =, D., D,) on the left-hand side depends

on the Hamiltonian flow associated with the background medium in the depth interval
[0, z]. To account for the operatdr(z, x, D,, D,) on the left-hand side one thus requires a
ray computation in addition to the downward continuation with

Remark 2.4. Theorem 2.2 follows a least-squares data fitting approach to linearized in-
verse scattering. However, departing from this approach, we can derive a reconstruction
equation the pseudodifferential operator in which only accounts for illumination effects.
To this end, we replace the normal equation in the downward continuation approach by the
following equation,

(2.22) K*KQ_+(2)Q-+(2) Ex(3c50c) = K*Q7 ((0)'Q" (0)"' D;d.
Using Lemma 2.1, we obtain the equation
(2.23) Q_.(2)'Q_,(2) "ETK*KQ_(2)Q_.(2) El(%cggéc)
=Q-s(2)7Q_,(x)T'ETKTQL (0)7'Q~ . (0) 7' Dy d,

microlocally, which reduces to
(224)  VE(3¢,°0¢) = Q- o(2) Q- »(2) 'ETIKFQ" (0)7'Q" (0)T' D by d
in which ¥ is a pseudodifferential operator with principal symBgl = ¥*(ypvy) (com-
pare (2.18)), so that
(2.25) R1 U E1(3¢°0c) = RiQ— o(2) ' Q- (2) "2 K*Q* (0)7'Q% .(0) "D ¢y d.
Substituting? for ¥ in (2.19) then leads to the reconstruction equation
(2.26) ®(z,z,D.,D,)(ic;%éc)

= R1Q-s(2) ' Q- (2) 'ETKTQY (0)7'Q” . (0) T Dy My d
with
(2.27) O(z,2,(,6) = / U(z,z,2,(, 36 — 0,5+ 0) do.

Rn—l
This expression is simpler than the expressionffpand appears less sensitive to the pre-
cise ray geometry near the surface. Therefore we prefer this equation for the development
of a practical algorithm.
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Remark 2.5. Depending on the background medium, the reconstruction can also be done
using data on a submanifold’ of Y. Let R’ be the restriction of a function oK to

Y’, so that the forward map for this case is given By'. In suitable local coordinates
(¢v/,y") on'Y such thaty” = 0 definesY”’, the adjointE’ of R’ is given by the map
(E'f)(y,y") = f(y)d(y"). Conditions such that™ £’y R'F' is pseudodifferential are
given in [16]. Reconstruction modulo a pseudodifferential operator is done in this case by
first applying the mag’ to the data, and then applying the previous procedure. Applying
E’ to the data simply means adding zeroes where there is no d&ta in

3. THE WAVE-EQUATION ANGLE TRANSFORM COMMON-IMAGE-POINT GATHERS

With the aid of (1.19)-(1.20), the modeling operator takes the form
(3.1) Fn = D?LAE3E,.
We define the wave-equation angle transform first as an adjoint, denotégywith an
additional cutoff functiony
(3.2) Awg = R3XL*Dt2,
where the composition of and the adjointR; of E3 is

(33) RSX : g(z,s,r,t) = (RgXQ)(Z,I’,p) :/ g(Z,.I'— %7$+ %7ph)X(Za$7 h) dh.
Rn—1

Here, x(z,z, h) is a compactly supported cutoff function the support of which contains
h = 0. First we analyze the properties dfyg mostly from a geometrical perspective.
Then we derive a-dependent reconstruction equation that replaces (2.20) or (2.26). A
map similar toAwg was introduced in [5] for the purpose of imaging angle dependent
reflection coefficients, see also [18]. For eaglhhe function(z, p) — (Awg¥yd)(z, z,p)

is a so-called common-image-point gather.

Theorem 3.1. Suppose Assumption 2 holds. Lgtbe an upper bound fafy. Assume that
(3.4) Pl < Pmax < 5C57"

ThenAyr is a Fourier integral operator such thatwg F' is a smoothp-family of pseudo-
differential operators in(z, x). LetC; be an upper bound fo?gi;, C5 an upper bound for
cy'. Ifin addition the functiorh — x(z, z, h), contained indwg, is supported in3(0, R),
where R depends ordy, Cy, C4, Cy, then the canonical relation ofiy g corresponds to

an invertible map from a subset ¥R, to a subset of "R’ that has nonempty
intersection with the set = 0 (wherev denotes the- covector)

Proof. By Assumption 2 we have th@t = Fjp(1¢;® ), modulo a regularizing term. So for
the first statement it is sufficient to show thé&dy F1 is ap-family of pseudodifferential
operators.

The Schwartz kernel of the mdg;y equals

(3.5) d(x —=5)d(p(r—s) —t)d(z — 2') x(z, 2,7 — s)

: str
= (2m) ! / Xz, @7 — ) @A) -04¢G=) e qr dc.
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It defines a Fourier integral operator with canonical relation

(3:8) {(z %550, C.& (r = s)miz,8,m,p(r — 5),¢, 5 +p7,§ — p7,7)|
(z,8,7,p,(, & 7) € subset oR*™ !} T*RQ” ! J\0 X T*R(ZS”)\O

(z,2,p)

Using the change of variable§,= o + p, p = %2, this canonical relation can be pa-
rameterized by the coordinates BfR?”,, ,\0 exceptt, that is(z,s,r, ¢, 0,p, 7). The

projection of canonical relation (3.6) dﬁkRQQS Tt)\() is a hypersurface defined by

(3.7) t:<a2_7'0,(r—s)>.

The mapd — L*1yd is a Fourier integral operator with canonical relation

(38) {(Za’yl’(zaoa 30;0'077')7791:(370:7"07P077')7t0 +’7t(2707 8070-077-) + 715(270;7"0»P077')7
_b(zaSOJ007T>_b(27T07p07T>77£(Z 0 ,80,00, T ) 7{(2 0 » 705 Po, T ) T 507T07t07007P07 >|
(307T07t07007p07 ) S T*RQn 1\0 zZ € R+} - T*R(zsrt) X T*R2n .

(s0,70,t0)

The canonical relation is parameterized (byso, 70, to, 00, po, 7), and is time translation
invariant (in¢y). The line in the projection of this canonical relation BHR?”, ,\0 pa-
rameterized by, for fixed (so, 70, 00, po, 7) intersects the hypersurface (3. 7) transversally.
It follows that the composition of the canonical relations (3.8) and (3.6) is transversal. This
composition is parameterized Wy, sq, ro, 0o, po, 7). It follows that R3xL*, and hence
Awg = RyxL*D?, is a Fourier integral operator.

To analyze the compositioAwr Fp, We first analyze the compositidit D}y LE, E),
that maps the perturbatiofy;*éc = (1c¢;%dc)(2/, ) to the downward continued data as
a function of (z, s,r,t). This composition is a Fourier integral operator with canonical
relation

(39) {(Zv /Yl’(zv Z/a xz, 0/7 7_)7 ’Y:(;(Z, 2,7 X, plv T)> %(Z, Z,, X, OJa 7—) + %(Z, Z/a Z, pl> 7—)7
Ca Vf(za Zl? x, OJa T)7 7&(27 Zla €, pla 7)7 75 2,7 €, C/> OJ + p,) ‘
(2,2,2,(' o', p)) € asubset oR®, 7 suchthat’ = ©(,z, 2,0, 0, 7),

C = @(27 /733(27 Zl? x? OJ? 7—)7 ’}/I(Z? 2/7 x? p’? T)? 75(27 2/7 x? 0-/7 T)? 7§(Z7 Z/J x? p/7 T)? T)}‘

The propagation of singularities upward by, F/; and downward by.* is along the same
DSR bicharacteristics.

We now show that the compositiotyy; D? LE, E; is a Fourier integral with canonical
relation contained in

(3.10) {(z,2,p,(,6,0:2,2,(,6) | (2,2,(,€) € T"RE N0, [pl] < Pa-

From that it follows thatA g Fp is ap-family of pseudodifferential operators. Indeed, the
projection of (3.9) orT*R (s.t) intersects the hypersurface (3.7)at z, since only then
r—s = 0andt =0, Ieadlng to elements in (3.10). Since singularities propagate with speed
less thanCy, if (1,vs, vy, v, V¢, Uy, v,, 0) derived from is a tangent vector to the DSR

bicharacteristid” (the first component, = 1), then ””svt”r” < 2Cy. By integrating this
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inequality and using (3.4) it follows that the composition of (3.9) with (3.6) is transversal
and contains no elements outside (3.10).

Finally, we show thatd g is invertible The projection of the canonical relationAf
on the second componeﬁﬁtRQn \0 is invertible if each DSR bicharacteristic with initial

values(so, 70, to, 00, po, T), parameterlzed by, intersects the hypersurface (3.7) at most
once and transversally. Lg{(z) denote” % along a certain DSR bicharacteristic and let

t(z) denote the time an#i(z) denote the value of — s. The elements of the canonical
relation of Ay correspond to solutiong, so, 7o, 0o, po, 7) 0f t(2) — (p(2), h(z)) = 0. To
estimate the derivative of the left-hand side, we will argue that

ot oh

(31Y) 5~ (Pl () < e

for somee, > 0 depending om,,., and R as in the theorem. Indeed, note that the factor

oh ot
1 — i il
(p(z). 2 (2)/50)

is bounded away from zero. Also, note tiatis strictly negative whild2t| > _L-. Since
according to the Hamilton equations,

dye 0Ob T dcy?
3.12 k(S
( ) dz Oz 2¢/cy? — T72|[€]|2 or '
it follows that|| 22 (z)|| < %554 So, if |1 < Cs S22, it follows that

op 1
A1 h —

(3.13) <8z() (2)) <03200<€0

by an appropriate choice @f;. This implies that the function — t(z) — (p(z2), h(z))
is monotone. Hence the projection of the canonical relationl@f; on T*ng;tl)\o is
invertible. 7

From canonical relation (3.6) we now establish that, give®” = z,0, p, the map
(h=s—r,7)— (V= (r—s)r,( =0O(z,s,r,0,p,7)) is invertible forh sufficiently small.
Assume thath,, 1) maps to(J;, ¢;) and that(hs, 72) maps to(ds, (3) with ¥ = 9. We
show that(; > (s if 7 > 7. Estimating the difference

(314) 6(27:5 + %hlam - %hb g, p, Tl) - @(2733 + %hz,.fﬁ - %h@? g, p, 7_2)7
using the bounds
ob 072 C5

3.15 —| = 0 —
349 or ‘ o’ —m2[¢llPl ~ Ch
in which C; depends on the lower and upper bounds,pbndCs = |s a lower bound
for ¢;?, and (cf. (3.12))

b ey || 72| e
3.16 — = 0
(3.16) ’ax H Vet —r2)€|? O Ce
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whereCs depends o, and the upper and lower boundsgf yields the estimate

Cs(ri—m) 1% | gl — o
A7 — (9 > £ .
3.17) 66z 0 A
Sinceﬁg = 191, (hl — hg)Tl = hQ(TQ — ’7'1), so that
C'5(71 - 72) ‘ 825 - h2H Cs ” ”L
3.18 e )| & h,
CRD u (r =) & - Loz |

The right-hand side of this equality is strictly greater than zerd| fef| sufficiently small,
sincer; — » > 0. It follows from this that{; > (. We conclude that the projection

of the canonical relation afiyyr on T*R?Z;;)\O is invertible as well. It follows also that

the linearization of this projection is invertible. This establishes the last statement of the
theorem. O

To conclude this section we determine, at the principal symbol level, the modification of
(3.2) that leads to reconstruction of singularities©nicrolocally. Like the reconstruction
in (2.20) of Theorem 2.2, the reconstruction is microlocal. The three cutofisdqy , ¢p,
must be taken into account. The canonical relatioAgf; definesamaps, r,t,0,p,7) —
(z,z,p,(, & 1) (Whered is thep-covector); there is also an associated valug ef r — s
through (3.6). By pull back with the inverse of the mentioned map, one can map the
symbolsyy, ¢p to symbols in the variableg, x, p, ¢, £, ). By the mentioned evaluation
of h one obtains by pull back the cutoff in these variables also. We defilgyr =
Uwe(z, z,p, (, &, ) as the product of these symbols. With this definition we have

Proposition 3.2. Define Awr by

(3.19) ) )
(Awrd)(z,2,p) = )7 RsZ71Q5(2) ' Q- (2) ' L*Q~ ,(0)7'Q~ . (0) ™' D v d,
inwhichZ = =(z, s,7,0(z, s,7,0, p, 7), 0, p) is independent of (the corresponding oper-

ator is convolutional in time), and where the symbo] sfdefined in (3.32) below. Suppose
Assumption 2 holds. Suppose that 1 on a neighborhood of = 0 andh — x(z,z, h)

is supported inB(0, R) (cf. Theorem 3.1), theAws is an invertible Fourier integral op-

erator. Let the symboly be as defined above. The compositﬁmEF is a p-family of
pseudodifferential operators with principal symhbiolys(z, =, p, (, &, 0).

The microlocal reconstruction hence follows from
(3.20) (wr(z,2,p, D., D;,0) 4 order(—1)) (3¢5 *dc) = Awgd.

Proof. We consider the operatdt;=~'L* LE, E; or the map
(3.21)

(Lcy%0c) |—>/( YTH(0, 2) /HO 2 Es By (3cy%0c) dz )(x—%,x—i—%,ph)dh,

and evaluate, microlocally, its principal symbol. This principal symbol will be the principal
symbol of operatoy in the theorem. In this proof, we will omit the cutoff functions that are
part of the symbols; the calculations will be valid microlocally on the support of a cutoff.
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Using an oscillatory integral representationféfsimilar to the one in the proof of The-
orem 2.2, we find that the principal contribution to the kernel of this map, as a function of
(z,z,p; 2/, 2), can be written as

@22) (2 [

-1
E<zx——hx+1h@<zx—1hx+1h 05 95 85) 03 85)

ds’ or’ ot) 9s or
X A(Z Tr— _h x4+ 1h ph yOJHOJ)A<Z/Jx/7x 707907770J)

> ei[<1>R(z,x,p,z’,z’,yOI,UOJ)} dyOIdUOJ dh7

in which 22, 25 95 are evaluated dt, z — $h,z + 3k, ph, yor, m0s), and where

(323) ®R(27x7pazlax/7y017n0<])
= _S(va - %h,l‘ + %h7ph7y01an0J) + S(zlaxlvxlaoay017n0J)-

We expand this phase in a Taylor series aljout’, h) = (z, =, 0) and identify the gradient
at(z,z,0),

0P
(324) - axR(27$a$7oay017770J>:‘7(27137%07y0177]0J)"‘P(Zax,an?yOIanoJ)a
0P
(325) - 8ZR(37$7$707?J017770J>:<(37x7$707y017770J)7
DD 1
(326) —W<Z,$,$,O,y0],’l70(]> = = §U(Z7$,:E,O,y0[,noj)
‘|‘%P(%%%anmanw)+p7(271‘7177079017770J)7
where
(327) — = (e, 0,0r ) = (022,20, yor. mos)
. — 2, T, T = (0o\Z2,T,T
8(S,T,t,2) » Ly Ty Uy Yor, Nog » Ly, X, U, Yor, Nog ),

p(Z7 x,T, 07 Yor, nOJ)u T(’Z? X, T, 07 Yor, nOJ)u C(Za r,T, Oa Yor, TIOJ))‘
Applying a change of variable§y,;, 705) — ((, 0, p), the phase takes the form
(328) ((z—2)+(0+pa—a)+ (p—0)+prh), 7 =07 (z,2,2,(,0,p).

The amplitude factoE~'AA (ath = 0) becomes equal to one by the calculations in the
proof of Theorem 2.2. Upon changing integration variabdes; 1¢ — 9, p = 1¢ + 9, the
oscillatory integral (3.22) takes the leading-order form

(3 29) ( ) (2n—1) /ei(((zz’)+(£,zx’>+(19+7'p,h)) dCdfdﬁdh,
T = 6_1(Z7l', z, C7 %g - 197 %g + 19)
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By the method of stationary phase (see e.g. [8, section 1.2]) the following integral is a
symbol

(330) <2ﬂ_>(n1)/ei(ﬁ—&-@_l(z,x,m,g,%ﬁ—ﬂ,%5+19)p,h) dﬁdh,

it follows from (3.29) that this equals to highest order the symb(ﬁ@EF. By the method
of stationary phase the principal part of this symbol is given by

evaluated wheré = 0 and? is such that) + ©~'p = 0. By evaluating this, we find that

2

Y

(Y +©07'p, h))

31909+ 671p) 90!
(3.32) D) ' 59 det (I +p® 59
001 96!
= 1 — .
det( +p®( dp do >>'
This completes the proof. 0J

Remark 3.3. Since Ay, is invertible, microlocally, we have obtained the following dia-
gram as suggested by Symes [27]

E(XxE) 5 py)
(3.33) Uy 1 1 1d

Fp

&'(X) — DY)
whereE = {p € R" ' | ||p|| < pmax} @s in Theorem 3.1 (cf. (3.4)).

4. ANNIHILATORS

As discussed in the introduction, the inverse problem of determining the background
mediumc, can be addressed by making use of the redundancy in the data. The background
medium must be such that the data is in the range of the opdratdhe data are in the
range ofFp, if the angle transform generates a collection of identical imag%&gffdc,

parameterized by = (p1,...,p,_1), Microlocally. It follows that we have the following
criterion
4.1) (Awglcold)(z, z, p) is independent of,

microlocally, or

o~
Op; (Awglco]d)(z,z,p) = 0,

microlocally. Seismologists recognize this as ‘alignment’ of the singularities in common-
image-point gathers. Of course it must be taken into acount4Riatis only a microlocal
inverse, so (4.2) is not valid globally.

The criterion (4.2) can be restated as that certain pseudodifferential operators annihilate
the singular part of the data, see [23]. With the approach based on inversi@nusing

(4.2)
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subsets of data (discussed in the introduction) this is closely related to differential sem-
blance [26]. A construction of such operators, annihilators, follows straightforwardly from
the angle transform introduced in the previous section. On transformedidqid, le.

on common-image-point gatherannihilators are given bgf’— i=1,...,n—1. Using
Proposition 3.2, it follows that annihilators of tdataare given by

—1
(4.3) (%) (i) 5w
as pseudodifferential operators of order zero, Wﬁéf@@— isa regularized inverse for
Aws, that is supported microlocally on a subset]ti‘ﬁR?” 1) where Ay is invertible.
Such annihilators are not uniquely defined. Indeed (4.3) can be composed on the left by
any invertible ordef pseudodifferential operator and we still have an annihilator.
We now derive an alternative definition of an annihilator. This definition is motivated by

the observation that
aR(a>1 M;(Rqg)( b+ L)x(z,2,h)dh
ar g = j g)\z,r—5, 5 ) X\%, T, )
8pl 3 at p=0 Rn—1 J 2 2 2
wherel/; denotes the multiplication by, —s;). We haveM, E; = 0, since(r; —s;)6(r —
s) = 0. Observe first that with Assumption 2
(4.4) M;K*D}d = K*D; K M;E\(3cy°0c) + [M;, K*D} K| E; (3¢5°5¢).
The first term vanishes, and the second term is of lower orde¥{;se to highest order an
annihilator forK* D2d.
To derive from (4.4) a pseudodifferential annihilator of the datax™ D? is multiplied
on the left byD? K. We must also have the support of the operator on the left smaller than
the support of the operator on the rightaf;,. So suppose)y is in Cg°(Y') and is1 on

supp(¢y ), and K’ is defined ag< but with pseudodifferential cutoff at larger angles of
propagatiord;, ¢, as introduced above (2.5). Define

(4.5) W; = 1y D? K M;(K"* Dy DK"Y K'™* D}y,
where we recogniz&/x: := K'* D2y}, D? K’ from Lemma 2.1. Then we have

Theorem 4.1. With Assumption 2, thB/; and the operators (4.3) are annihilators of the
data.

We could definely = K]Vl,}l/2 as a modification of¢ so thatD?K is unitary — at least
whereyrp, is 1. Theng 3~ ||W;[co]d||* simplifies approximately to

(4.6) 1> |[Wjlcold|® ~ %/ (|lr — s|[?|K* D2d|? + lower order termsdz ds dr,
j

This expression is small when the time-to-depth converted ﬁaﬂafd are ‘focused’ at
r=S.

Migration velocity analysis is the estimation @f (the background or ‘velocity model’)
based upon the alignment expressed by (4.2). Traditionally, the updating of the velocity
model is carried out interactively. The problem of updatiggso that the data will be
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contained in the range dfp has been cast in an optimization problem. Liu and Bleistein
[14] developed an automated method for updatingn the basis of the curvature of mis-
alignment atp = 0 using ray perturbation theory. It was also done using the data subset
based annihilators (differential semblance [26]). Annihilatd¥s,= W,[c|, replace the
necessity to estimate this curvature from pkkamily of images. They depend on the back-

ground medium. The semi-nor(nzj |W; [co]d||2)% detects whethet, was an acceptable

choice or not. The functiond) >, [Wjeold||* can be viewed as the downward continua-
tion analog of the differential semblance functional of Symes [26] with the advantage that
our annihilator admits the formation of caustics. Of course, the same is true withi;the
replaced by the operators in (4.3).
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