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Résumé

On étudie des estimations semiclassiques sur la résolvente d’opérateurs qui ne sont ni ellip-
tiques ni autoadjoints, que l'on utilise pour étudier le probleme de Cauchy. En particulier
on obtient une description précise du spectre pres de I’axe imaginaire, et des estimations de
résolvente a 'intérieur du pseudo-spectre. On applique ensuite les résultats a ’opérateur de
Kramers-Fokker-Planck.

Abstract

We study some accurate semiclassical resolvent estimates for operators that are neither
selfadjoint nor elliptic, and applications to the Cauchy problem. In particular we get a
precise description of the spectrum near the imaginary axis and precise resolvent estimates
inside the pseudo-spectrum. We apply our results to the Kramers-Fokker-Planck operator.
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1 Introduction

In certain applications one is interested in the long-time behavior of systems described by a
linear partial differential equation. For example in kinetic equations one studies the decay to
equilibrium of various linear and nonlinear systems. For the Kramers-Fokker-Planck equation,
that will be studied here, exponential decay was shown in [18] and an explicit rate was given in [9],
following earlier results of Desvillettes and Villani who established explicit decay of any polynomial
order in t~! [6]. In [9, 6] more general discussions on decay to equilibrium in kinetic equations can
be found.

The study of the long-time behavior naturally leads one to study the spectrum, and, for non-
selfadjoint problems that we study here, to study the growth of the resolvent. For the Kramers-
Fokker-Planck equation this is complicated by the fact that the operator whose time evolution
is to be computed is not elliptic, but only satisfies certain subellipticity conditions. To deal
with this Hérau and Nier exploit the relation between the Kramers-Fokker-Planck operator and
certain Witten Laplacians. They obtain estimates for the decay to equilibrium in terms of the first
eigenvalue of this Witten Laplacian. More on the connection between the Kramers-Fokker-Planck
equation and Witten Laplacians can be found in [8].

Resolvent estimates have been studied from a different perspective by a group of authors in-
terested in the notion of pseudospectrum, i.e. the region in the complex spectral plane where the
resolvent may be large. In recent years there has been a great interest in this area following work



of Trefethen, Davies, Zworski and others [20, 2, 3, 21]. In [5] the authors studied the location of
the spectrum inside the spectrum in the semiclassical limit, and adapted subelliptic estimates to
this situation. In [10], M. Hitrik has obtained related results for operators in one dimension.

In the present work we apply such ideas to a class of pseudodifferential operators that includes
the Kramers-Fokker-Planck operator. We obtain a number of higher eigenvalues, in the semiclassi-
cal limit, for the original operator, i.e. not the Witten Laplacian. We also obtain precise resolvent
estimates. We use roughly the same estimates as [5] in one region of phase space, while in other
regions we have to make important changes, and additions. This is then applied for the time
evolution.

Evolution problems have also attracted recent interest [4, 19, 1], and here a difficulty is the
generally quite wild growth of the resolvent inside the pseudospectrum. It is therefore of interest
that for a concrete physically interesting model, we are able to control the resolvent sufficiently
well to get quite precise results about the long-time evolution.

Spectral properties for some different Fokker-Planck equations (without the subellipticity prop-
erty) have been discussed by Kolokoltsov [12]. In probability theory many other problems for
equations with a small diffusive term have been studied, see for example the monograph [7].

Our main example, the Kramers-Fokker-Planck operator is given by
P=uv- hd, — V'(z)-hd, + %(f(hav)ervthn) (1.1)

on R2", where V is a C* potential, h is essentially the temperature, and x, v € R". The operator
P is derived from the original equation, introduced in one-dimensional form by Kramers [13], in
Section 13 below (see also [14], [9]). The time evolution problem is given by

(h0y + P)u(t,z,v) =0, u(0, -, ) = uo.
As mentioned, we are interested in the low temperature limit
0<hkl,

and the equations are rescaled according to the standard convention in semiclassical analysis, where
each derivative comes with an A. Our main result about the Kramers-Fokker-Planck equation is
the following theorem.

Theorem 1.1 Assume V is a Morse function and that outside a compact region, |V'(x)| >
co > 0. Assume also that the derivatives of V' of order 2 or more are bounded. Then there exist
constants ¢,C" > 0 such that for every C > 1:

a) For any fized neighborhood Q of the eigenvalues of the quadratic approzimation of P he1
at the critical points, there exist hg, C" > 0 such that for 0 < h < hg, 2| < C, 2 € Q,

hllul] < C"||[(P — h2)u|, Yu€eS.
b) There exists hy > 0, such that for 0 < h < hy, Re(z) < ¢[z|'/3h?/3 and |z| > Ch,

|2V20 P lu)| < C'I(P = 2)ull,  VueS.



In fact this theorem on the Kramers-Fokker-Planck operator is a consequence of a more general
one. Let us first write the hypotheses that will be needed for the symbol p of the more general

operator p* that we shall study. We assume that p = p; + ips is a smooth function on Ring with

2n
T, v

p1 > 0. (The previous space R3™ now becomes R”.)

Assumptions near the critical points: Assume that p has finitely many critical points
P1s P2, pn with p(p;) = 0. Let d(p) > 0 be equivalent to the distance from p to C =
{p1,p2,..., pn }, with 62 € C°°. We assume in the following that in a fixed open ball B containing
C we have

(H1)  pi+eHyp ~ 6 (1.2)
for a sufficiently small ¢y > 0. The assumption that p(p;) = 0 is for simplicity only. As we shall
later, this implies that the critical points are non-degenerate.

Assumptions at infinity: In the following we use the notions of admissible metrics and
weights in the sense of the Weyl-Hormander calculus, that we review in Section 7. We first define
an admissible metric on R2" with p = (z, &):

d2
I‘Ozdx2+/\—£2,

where A = A(p). There is no restriction to assume that 1 < X\ € C*°, and we suppose also that
(H2) MeS(\Ty), 0rxeS(1,Ty). (1.3)

If m is an admissible weight, recall that S(m, ) is the class of C* symbols p satisfying 82‘8? p(p) =

O (m(p)A(p)~1P1) . We suppose first that p is a symbol of order 2 but with the first and second
derivatives better than what would be given by the symbolic calculus:

(H3) peS(A%LTy), dpeSATo), 8%p1e€S(1,Ty), O0H,,p € S(\To). (1.4)
We now assume that outside any fixed neighborhood of C we have the following gain

(H4)  p1+eoH,,p1 ~ N (1.5)

Note that these assumptions are satisfied by the symbol of the Kramers-Fokker-Planck operator
(see Section 13). In order to give a unique assumption on the whole space, we extend the function
J to R?" to be a smooth function on R2", strictly positive away from C, and constant outside
a fixed neighborhood of that set. There is no restriction to assume that A = 1 inside the same
neighborhood. Then (1.2-1.5) can be summarized in the following way

p1+ €0H§2p1 ~ (A6)2. (1.6)

We have the following theorem for P = p*:

Theorem 1.2 Suppose p satisfies (H1-H4). Then there exist constants ¢, C' > 0 such that
for every C > 1:



a) For any fived neighborhood §) of the eigenvalues of the quadratic approximations of P he1
at the critical points, there exist hg, C"" > 0 such that for 0 < h < hg, |2| < C, 2 € Q,

hllul] < C"||[(P — hz)u|, YueS.

b) There exists hy > 0, such that for 0 < h < hy, Re(z) < ¢|[z|'/3h?/3, |2| > Ch,

220 lul| < C'I(P = 2)ull,  VueS.

Here, if pg is a critical point of p, we define the quadratic approximation Py of P, to be the
h =1 quantization of Z\a+ﬁ\:2 ﬁ@g‘@?p(po)maéﬁ. As we shall see, Py has discrete spectrum and
compact resolvent in a weighted space and the eigenvalues can be computed explicitly. (In fact,
the spectrum is discrete even without weights and this fact will be used in Section 11.)

Staying in the general case, we shall next give results about the spectrum and the associated
heat equation. We then define P to be the closure of p* with domain S. In Section 7, we shall see
that the Fefferman-Phong inequality implies that Re (Pu,u) > —Ch?||u?, v € S and hence also
for u € D(P) (this is immediate in the KFP case). In other words, P + Ch? is accretive and we
shall assume

(H5) P + Ch? is m-accretive, (1.7)

i.e. P+ Ch? has no accretive strict extension. In the KFP-case this has recently been established
in great generality by Helffer—Nier [8] and their result implies (H5) under our assumptions on V.
In the general case, we shall see that the following assumption

(H6) Ifue L?and (p” +1)u € S, then u € S,
implies for A sufficiently small, that D(P) = {u € L% Puc LQ}, and hence P+Ch? is m-accretive.

Theorem 1.3 Suppose P satisfies (H1-H5) and let C > 0. Then there exists hg > 0 such
that for 0 < h < hg, the spectrum of P in the disc D(0,Ch) is discrete, and the eigenvalues are of
the form,

)\j,k(h) ~ h(uLk + hl/Nj"“,uj,kJ + h2/Nj'kuj,k,2 +...), (1.8)

where the pjy are the eigenvalues in D(0,C) (repeated with their multplicity) of the quadratic
approzimation of P, _, at the critical point py and Njy is the dimension of the corresponding
generalized eigenspace.

Here it is understood that C' has been chosen, so that no quadratic approximation has any
eigenvalues on the boundary of the disc D(0,C). The explicit form of those eigenvalues will be
given in Proposition 5.1 and in Section 13. Note that they are distributed in an angle in R™ + iR
avoiding the imaginary axis (except in 0).

As a consequence of the resolvent estimates and the description of the eigenspaces we give the
following theorem on the large time behavior of the semi-group associated to P :

Theorem 1.4 Suppose P satisfies (H1)—(H5). Consider the set {u i} of eigenvalues of the
quadratic approzimation of P|lp=1 at the critical points (repeated with their multiplicities) defined
in the preceding theorem. Let b > 0 be such that the line Re z = b avoids the set {u;i} and define



the finite set J, = {p;k; Re(u;r) < b}. Assume that the p;y in Jy are simple and distinct. Then
we have
eI = N eI+ 0()e i L(I2, L), (1.9)

i kE€Jb

where \j i, is the eigenvalue of P associated to pjx, and IL; the associated (rank one) spectral
projection. Here the term O(1) is with respect to t > 0 and h — 0.

We construct explicitly a global weight function G with controlled derivatives, satisfying in
particular G = O(h), G’ = O(h'/?) and G” = O(1). The main idea (also used in many earlier works
on resonances and non-selfadjoint operators) is that we get the new leading symbol p ~ p+ ${p, G}
with an increased real part, where {.,.} is the Poisson bracket, and e is small and fixed. We will
use it both near the critical points of p and at infinity. Contrary to the earlier works mentioned
above (but similarly to [5]) we need resolvent and evolution estimates in the original L? space
and this requires G/h to be bounded in order to have an equivalent norm on the weighted space.
Consequently the estimates become more delicate. The technical realization of this idea can be
made either by using the FBI-Bargmann transform and weighted spaces of holomorphic functions
or using pseudodifferential calculus (since G/h is bounded). We found it convenient to use the first
method near the critical points and the second one elsewhere. We choose the semiclassical variant
of the Weyl-Hormander calculus with a metric sufficiently general to cover the case of the KFP
and related operators.

The plan of the article is the following. The next section is devoted to the construction of G.
In Sections 3 to 6 we work near the critical points by using the Fourier-Bros-Iagolnitzer transform
in a modified L? space L?DE associated to G. Here G will play the role of a local escape function.
We recall in Section 3 some basic facts about the FBI transform and construct the spaces L<21>€- In
Section 4 we get local resolvent estimates for a truncated operator satisfying (H1) . In Section 5
we recall some facts on the quadratic differential operators from [15] and give a localized version
of them. Then in Section 6 we compare the operator P to its quadratic approximations at the
critical points to get precise local resolvent estimates near the critical points.

In Sections 7 to 9 we work away from the critical points of p in the real phase space using
the semiclassical Weyl-Hormander calculus. Here p satisfies hypothesis (H2—H4). Section 7 is
devoted to some basic facts about the semiclassical Weyl calculus and the construction of a metric
adapted to the symbol p. In Sections 8 and 9 we get resolvent estimates using a multiplier method,
where the symbol of the multiplier is essentially 1+ G/h.

In Section 10 we combine all the resolvent estimates given in Sections 3 to 9 and we prove
Theorem 1.2. Section 11 is devoted to the proof of Theorem 1.3, i.e. the asymptotic expansion
of the eigenvalues of P: We solve a Grushin problem thanks to a slight variation of the resolvent
estimates given in Section 10. In Section 12 we prove Theorem 1.4 about the large time behavior of
the semigroup associated to P under hypothesis (H5). Eventually in last section we check that all
the hypotheses (H1-H4) are satisfied for the symbol of the KFP operator, which proves Theorem
1.1.

2 Bounded weight function

The aim of this section is to build a weight function G defined in the whole space, uniformly
bounded by a multiple of h. Recall that B is the fixed open ball appearing in (H1). The result is



the following proposition:

Proposition 2.1 Suppose p satisfies (H1-H4). Then there exists a constant C > 0 and a
function G € C“(R%") such that uniformly in h, € > 0 sufficiently small, we have

oG =0 (5<2—k>+) for 6 < B2,
kG =0 (h(aAh)—k/i”) in {p € B;6A > h'/?}, (2.1)

200G = O (WHHEN el DAY putside B, |a] + |] = k.

Note that this implies G = O(h), Hg = O(h'/?) and 8°G = O(1). Secondly G is such that

a) In B, if we let p denote an almost analytic extension and if we put p(p) & p(p +
ieHg(p)) = p1(p) + ip2(p) where p € R?™, we have

P> & min (622 @n)23), 52 = O((0M)?). (2.2)

b) Outside B, we have
Pt ey G > o+ (hN)), (2.3)

The construction near the critical points

Let p;j € C. Fix T' > 0. In a neighborhood of p;, we set

Gr = /kT(t) p1 oexp (tHp,)dt, (2.4)

where kr(t) = k(¢t/T) and k € C(R\ {0}) is the odd function given by: k(t) = 0 for |¢| > 1/2 and
K'(t) = —1 for 0 < |¢| < 1/2. Notice that k and kr have a jump of size 1 at the origin. Gr is a
smooth function satisfying

H,,Gr = (p1)1 — p1, Gr = O(8°), VG = O(6),

where

1 (T2
(p1)T = T/ p1 o exp (tHp,)dt.
—T/2

Consider the dilated symbol
P =De(p) = plp +ieHa(p)) = p(p) — i, G(p) + O(€|VG),
with real and imaginary parts, given by

1 =pip) + eHp, G(p) + O(¢*|VGP)
= (1= epi(p) + elpr)r + Or(€26%), (2.5)
P2 = p2(p) — e, G(p) + O(E[VG).



Using (1.6) near C, we see that if we fix e > 0 small enough, depending on T, then in an (¢,T") -
dependent neighborhood of p;, we have

~ € ~
p > 50% b2 = 0(9%). (2.6)

Note in particular that p takes its values in an angle around the positive real axis, p; > ps. Note
also that another choice of weight function near the critical point could have been 7H,,p; for 7
sufficiently small.

The construction away from the critical points

We work in a region
{p; OA(p) > h'/?}. (2.7)
Let ¢ € C3°(] — 2,2]) be a cutoff function equal to 1 in [—1,1]. Let M be a large constant to be
fixed later. We choose the following function

Hy,p1 Mp,
—_ h p2 2.
G (5/\)4/3h1/3w <(h5)\)2/3) ’ ( 8)

where we recall that § = §(p) and A = A(p).

We first check the bounds for the derivatives of G. Of course when Mp; > 2(h6N)*/3, G =0
and we have only to study the derivatives in the region where Mp; < 2(h5)\)2/3.

Observe that the estimates (2.1) for G in {5)\ > pt/ 2} can be equivalently written using the
following Riemannian metric

dx? n de?
(6R)2/3 ~ (8Ah)2/3°
by saying (in the Hérmander terminology of spaces of symbols, see Section 7) that

Lemma 2.2 G € S(h,T'},) and VG € S(h(6Ah)~/3,T},).

T, =

Proof. For the following estimates of the derivatives we shall use this terminology and stay in
the region {(5)\ > h1/2} N {Mp1 < 2(h5)\)2/3}. We work step by step by studying the derivatives
of each function entering in the composition of G.

Estimates of p. ~ We know that p € S(\2, dx? +d¢? /\?) from the hypothesis. ;From the fact that
p is a Morse function we get that p € S((6))?, dz? /6% + d€?/(6))?). For the same reason we have
Vp € S(6A, dx? /62 + d&?/(5X)?). Besides we have on {6 > h'/?}

Ty, > da? /6% +d€? /(0N)? > C T, (2.9)
since 62 > (6h)/3 and (6X)2 > (6Ah)?/3 in this region. As a consequence we get that
Vp € S(6A,Ty). (2.10)

Estimates for p1. Since p; is nonnegative with bounded second derivatives, we can apply the well
known inequality for W2 functions

IV < 2f1f " lloes (2.11)



which yields |[Vpi| < C'\/p1. Since p1 < 2(hdA)%/® we get that Vp; = O((h6A)1/3). Together with
the fact that p; has its second derivative bounded and (2.9) we get that

p1 € S(OAR)Y3. 1),  and  Vpy € S((6AR)Y3,T). (2.12)
Here we used that V2p; € S(1,Tg) C S(1,T%).
Estimates for powers of 6X. Using (1.3), we first note that
SA € S((0N),dx? /6% + dE? /(N)?)
Together with the fact that V(d\) € S(1,dx? /5% + d&?/(6))?), this gives for a € R,

(SN)* € S((6N)*,Ty), and  V(SA)™ € S((SA)* 1, Th). (2.13)

Estimates of p1/(h6A)?/3. From (2.12) and (2.13) with o = —2/3 we get immediately that
p1/(hdN)Y? € S(1,Th).
Besides let us write
v (p1 /(hé/\)*2/3) = (Vp1) (h6N) 23 4 p V(RON) 23,
From the same estimates for the derivatives we get
(Vp1)(hoA) /% € S((hoN) 12, Th),

and
p1V(hSA) 723 € S((h6N)?/3 x h=2/3(5X)75/3 . T',) € S((héA)~3,Ty,),

where in the last inclusion we used the fact that 6\ > A'/2. Summing up we have proven that

p/(h6N)?? € S(1,T}), and  V (pl/(hax)Q/B) € S((hN)~Y/3,Ty). (2.14)

Estimates of ¥(Mpy /(h6X)?/3).  An immediate consequence of the first part of (2.14) is that
¥(Mpy/(hON)*'?) € S(1,Tn),
since 1 is C*° with compact support. We need to estimate the derivatives of this expression,
V(M1 /(RON?'*) = MV (p1/(h3N)*/*) ' (M1 /(h3N)*/%).
For the same reason as before we have
O (Mp1/(hoX)?/?) € S(1,T).
Using the second part of (2.14), and summing up we have proven that

Y(Mp1/(R6N)?3) € S(1,T1), and Vo (Mp1/(R6N)??) € S((hdA) ™13, T). (2.15)



Estimates for Hp,p1. We observe that H,,p1 = 0(Vpa, Vp1) where o is the canonical symplectic
form. Using (2.10) for ps and (2.12) for p; we get

Hp,p1 € S((6A)(hoN)Y3,T).
From the hypothesis (1.4) and the fact that p is a Morse function we can write
VH,,p1 € S(6X, dx? /6% 4+ d&?/(6M)?) € S(OA, Th).
Summing up we have proven that

Hy,p1 € S(W3 (N3, 1), and  VH,,p € S(OA,Th). (2.16)

Estimates for Hp,p1/(h'/3(6A)*/3). From the first parts of (2.16) and (2.13) with o = —4/3 we
immediately get that H,,p;/(h'/3(5M\)4/3) € S(1,T}). Tts derivative is given by

Hp,p1 VHp,p1 -1/3 -4/3
vh1/3(5>\)4/3 EEIONCE + Hyyp V(B2 (00)72).

Using (2.16) and (2.13) we respectively get that

VHp2p1

sy € SN,

and
Hyypi V(RY3(60)743) € S(hY3(N)*3 x h=1/360)7T/3,Ty,) € S((6A) 71, T).
Using the fact that dA > (§Ah)/3 in this formula gives

Hp2p1
h1/3(5)\)4/3

Hp2p1

W € S(l,Fh), and \

€ S((hdA)~Y3,Ty). (2.17)

Estimates for G and end of the proof of lemma 2.2. We can now prove the estimates for G. From
the first parts of (2.15) and (2.17) and multiplying by h we get that

G e S(h,Ty).
From the second part of the same expressions we also get immediately that
VG € S(h(hdA)~1/3,Ty).

This completes the proof of lemma 2.2 and therefore of the estimates (2.1) when 6\ > h!/2. O

10



Proof of (2.2) in the intermediate region

We work here in the region {p eB; h'/?2 < 5)\}, but many of the estimates will be valid also
near infinity and used later, so we indicate when the validity is restricted to a bounded region.
Consider the function G defined in (2.8) :

Hy,p1 Mp,
G=h P2 .
(5)\)4/3h1/3w ((h(;)\)Q/B)

For p(p) dzdp(p +ieHg(p)) = p1(p) + ip2(p) in B, we have

p1=p1 +eHp, G+ O(e?IVG|?),

b S (2.18)
D2 = p2 — eHp, G+ O(e“|VG|?).

Let us estimate the remainders. ;From (2.1) we know that VG = O(h?/3(6\)~1/3). As a conse-
quence
O(2|VG[?) = EO(RY3(50)72/3) < 2O((h6N)?/?), (2.19)

since h*/3(6X)~2/3 = O((h6\)*/?) when 6\ > h'/2. Let us now study the first two terms of the
expression of p; depending on the size of p;.

Estimates when py is large. We work first in the elliptic region
{per®™ Mp > (han**}.
From (2.1) and the fact that Hp, = O(6\), we get
H,,G = O((6Ah)?/3). (2.20)
Restricting the attention to B we recall that the remainder in (2.19) is €2O((6Ah)%/?) and that
P1 =1+ €H,, G + EO((5Mh)?/3).
Choosing € small enough yields

5> (6AR)2/3
1

- CM
On the other hand we have using the bound on the remainder and of Hg that

P2 = O((61)?).

Estimates when py is small. In the region

{p e R Mp, < (héA)2/3}, (2.21)
we can write G = h(ﬁgf/%. We have therefore
H?Z py 43,
p1+eH,,G = p1 + ehwfw + eh(Hp,p1)Hy, ((6)\) 413, 1/3) . (2.22)

11



For the third term of (2.22) we use that |Vpi| < C/p1 < C(hdA)Y/3/V/M, |[Vps| < COX and get
using also (2.13)

_ _ € €
eh(Hyupr) Hy, (002071 ) = —0(h) = —=O(6M)?) (2.23)
since 6\ > h'/2. We study next the sum of the first and the second term. We first observe that

h
((5)\)4/3h1/3 =1

and from (1.6) provided € < ¢y, we get

H2
T - (p1 + eoHp,p1) > iﬂ(w\h)”?‘. (2.24)

h
P +€h(5)\)4/3h1/3 = o (ON)A3R1/3 2P1) =

Therefore choosing M sufficiently large (and fixed from now on) gives
p1+ €H,, G > €(6AR)*3)C. (2.25)

Since the remainder term in (2.19) is €2O((6Ah)%/?), and choosing € sufficiently small again, we
get on B: )
p1 > €(OXR)?/3)C for § > hZ.

The global construction

We shall glue together the two weights constructed in the previous two subsections. Let us
denote by Giy the interior weight G defined in (2.4) and Gyt the one defined in (2.8) where we
recall that the constants T, and M appearing in the definitions are fixed. Recall also the main
properties of these weights:

O*Ging = O(6@=R)+), '
{ p1+ €Hp,Ging > (0N, in B, (2.26)
and . s
0 Glouy = O(h(SNR)~F/3),
Lo s, or W< (227)

We now build a function G defined everywhere and satisfying Proposition 2.1. In the following, we
introduce an additional large real constant N to be fixed later. We first build modified functions
Gint and Goyg.

Construction of a modified Gins. Let us introduce the following function

_ def oA
P1 =X W D1,

where x € C§°(R;[0,1]) is a standard cut-off near 0, equal to 1 on [0,1] and to 0 on [2, 400l

Notice that p; = 0 when 6\ > 8NA!/2 and that p1L = p1 when d\ < ANRY/2. Define now Giy; as
in (2.4) but with p; there replaced by p;. Then Giy has its support in {p; 6A < 16Nh'/2} and

12



coincides with G when d\ < 2Nh1/2 (assuming that 7" has been fixed sufficiently small). As a
consequence we get that

p1+ eHy,Ging > { 0%(‘”)2’ ;ﬁiﬁgﬁ; N W2, (2.28)
Note that this implies the following bounds :
£(6M)%, when 6\ < h'/2]
p1 -+ ety Gine > ggﬁ/@gjhy/a when }fvlfl/% cine Zzlv/j{lﬂ, (2.29)

when 6\ > 2Nh!/2,

=

where for the second bound we used the fact that (5A)2 > (6Ah)?/3 when 6A > h'/2, and for the
third bound the fact that (6A)2 > N4/3(§\h)?/3 when 6\ > Nh'/2.

Let us now study the derivatives of Gip. Since Ging = Ging when X < 2NA'/2 we get that
"Gy = O8> M+)  when 6A < 2NA'/2. (2.30)
When 2NhY/2 < 5\ < 16 Nh/2, Gipe inherits the properties of py, i.e. 9 Gine = O((Nh1/2)2=k))
which yields _
OF Gy = Cr(N)O(R(h6X)TF/3)  when h'/? < 61 < O(1), (2.31)

(of course this estimate is true when A > 16 Nh!/2 since éim is zero there).

Construction of a modified G,y For the same x as before define
5 def 8(p)A(p)
Gons() 2 G (11 (029 ) )

We notice that Gout = Gous When A6 > 2Nh? and Gout = 0 when \§ < Nh3. Therefore we have
directly

~ £ (6Xh)2/3 for A6 > 2Nh?
H, Gout > C( ’ = ’ 2.32
p1eHp,G t—{ 0, when 60X < Nh'/2, (2:32)
In the area Nh? <M\ < 2Nh%7 we can write uniformly in N > 1 that
D1 + ergéout Z (pl + €Hp2G0ut)(1 - X) - 6CY'outI{sz (2 33)
> —€ |Gout| . |HP2X| .

We know that Gouw = O(h) and that |H, x| < |9p2||0x| = O(6A757z). This gives

6>\h1/2>

|G0ut‘ |HP2X| =0 < N

Now using the fact that dA = (6A)2/3(6A)1/3 < (6X)?/3(2N)'/3h1/6 we deduce that uniformly in

N>1,
SA\h)2/3
|Gout| ‘Hp2X| =0 ((]\[T)/:%> =0 ((6)‘h)2/3> .

13



Using this and (2.33) we find that
1+ eHp, Gout > —€O ((6)\h)2/3) . when Nh# < \d < 2Nh%.

Eventually we have the following bounds in the whole region dA < O(1) :

B 0, when )\ < Nh'/2,
p1+ eHp,Gowy > —Ce(0AR)?/3,  when Nh'/? < A < 2Nh'/2, (2.34)
E(6AR)2/3, when 6\ > 2Nh/2,

For the derivatives of éout we can write immediately
O Cows =0 =03 M+), when §) < h'/?, (2.35)

since éout = 0 there. In the intermediate region we check that

since 6\ < 2Nh1/2. Of course the same estimate is true in the larger region {hl/2 < 0A}N B, since
X is compactly supported. Now using the fact that 9*Gou = O(h(6Ah) %), we get the same
estimate for Gout

*Gout = Cu(N)O(h(6AR)*/3), when hY/25)X < O(1). (2.36)
The construction of Gout is complete.

Construction of the weight function G. We finally pose
G = (Gin + Gour)/2. (2.37)

Using the bounds (2.30, 2.31, 2.35, 2.36) for the derivatives of éin and éout we immediately get
that

(2—k) < pl/2
oG — { o +), when oA < ht/2, (2.38)

CL (N)O(h(SAh)~F/3), in B when h!/2 < §X < O(1),

i.e. the bounds given in the first two estimates of (2.1). On the other hand, combining (2.29) and
(2.34) gives

(002, when 6\ < h'/2
£(0AR)?/3 when h!/2 < §)\ < Nh!/2
> C( ) i - 9
2p1+26Hp2G_ (%N4/3_Ce) (5)\h)2/37 when NAL/2 S(S)\§2Nh1/2,
S(0AR)?/3, when 2NA!/2 < 5AO(1).

C
Taking N sufficiently large and fixed from now on, and dividing by 2 gives with a new constant C

(6))2, when 06X\ < h'/2,

(6AR)?/3, when hY/2 < §) < O(1). (2.39)

P1 + 6HP2G 2 {

Qln Qe
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Let us now prove (2.2). This was already proven in (2.6) in the region A < h'/? since G = Gr
there. In the region h'/? < 6\ < O(1) we follow the same procedure. We write

p(p) = pp +ieHg(p)) = p(p) — icH,G(p) + O(*|VG|?),

with real part given by
B1=p1(p) + eHp, G(p) + O(E|VGI?) = p1(p) + eHp, G(p) + O((SAR)*/?),

since VG = O((6Ah)Y/3) by Lemma 2.2 and the fact that 6\ > h'/2. Using (2.39) and taking e

small enough yields
_ €

P1 > —(6AR)%/3.

Q]

For the imaginary part ps we directly write
P2 = p2(p) — el G(p) + O(€*|VG[) = O(6?).
This completes the proof of Proposition 2.1 in the region dA < O(1).

End of the proof of Proposition 2.1. We now work outside B. We first observe that the estimate
(2.25) remains valid, therefore in the region {p; Mp1(p) < (hd(p)A(p))?/3} we get (2.3) from (2.24)
and (2.21). In the region {p; Mpi(p) = (hd(p)A(p))?/3} we use (2.20) and for € small enough we

get
€

c
The proof of Proposition 2.1 is complete. a

p1+ €Hp, G > —(p1 + (hON)?/?).

3 Review of FBI tools

The aim of this section is to review the definitions about the FBI transform and the spaces
associated to a function G satisfying the estimates of Proposition 2.1 in a bounded region and
equal to 0 elsewhere. Note in particular that it has its second derivative bounded. The material
here is essentially taken from [16]. In this section, and in Sections 4 and 6, we suppose that the
symbol p satisfies hypothesis (H1) and is bounded with all its derivatives everywhere.

Definitions and main properties

Let T be a FBI-Bargmann transform:

3n

Tu(x) =Ch™ % /e%“"(z’y)u(y)dy, (3.1)

where we may choose p(z,y) = %(mfy)2 as in the standard Bargmann transform. Other quadratic
¢ with the general properties reviewed in [17] are also possible. The associated canonical transfor-
mation is given by

wr (Y, —Oyp(e,y)) = (2, 0up(2, y))- (3.2)

15



We have the associated IR-space (see [17] for the terminology),
Ag, = K7 (R™), @o(x) = —Im (x,0(x)), (3.3)

where yg is the point where R" 5 y — —Im ¢(x,y) takes its non-degenerate maximum.
If P = p", then by the metaplectic invariance,

TP = PT, P =p", (3.4)
we have the exact symbol relation:
pokr=p. (3.5)

Shortly, we will recall the definition of the Weyl quantization on the FBI-transform side.

From now on, we work entirely on the FBI-side, and we shall write P instead of P and simi-
larly for the symbols. We introduce the spaces L3 = L?(C";e 2*0/"[(dx)), where L(dx) is the
Lebesgue measure, and Hg, the subspace of entire functions. The Weyl-quantization on Hg, takes
the form of a contour integral

1 LN T +y
P = iz=y)0/hyZ — 2 9. dydo. )
1M)(%MMM4?@yf oY b hyuty)dy (36)

By p, we also denote an almost holomorphic extension of p to a tubular neighborhood of Ag,. If
we introduce a C*° function 1y equal to 1 near 0, we get for u € Hg,:

1 . T4y
_ i) 0/hy (o .
Pu(z) @y //0_28% " e Yol = y)p(—5—, 6; huly)dydd + Ryu(z),

where Ry = O(h™) : L, — L3,. We make a contour deformation:

e 209y ,x+
df{&—za;(;j)Jrzt(x )} 0<t<ty, to>0.
Stokes’ formula gives,
E(z—y)- x + Y
Pu(zx en oz — y)p( 0 h)u(y)dydo

Tty
xT 0 z + Y
EEn AU' D 0u(y), o (ol — )oY 0: ) A dy A df + Rau(a),
[0,t0]
where I'jg 4, is the naturally defined union of all the I'; for ¢ € [0,%]. The effective kernel of the
first integral, viewed as an operator on L¢> ,is O(h™™)e ’%)'x*y'z, which implies that this integral

does indeed define a uniformly bounded operator: L — L%U. The effective kernel of the second
integral can be estimated by a constant times

to 9
/ B Fla—vl dist((“’TW,a),A%)Wdt
0

to 2
= 0(1)/ B e w1Vt — y|)dt = O(R™).
0
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We conclude that

1 i), r+y
P =  (2—y)0 - 2 0:h dydf + R 3.7
u(w) = G //9_(”(_) ol — pp(L 6 hyuly)dydd + Ry, (3.7

for u € Hg,, where Ry = O(h>°) : L — L3, .
The aim of the next subsections is to introduce and study a new strictly subharmonic function
® related to G. As for @, the function @, is associated to the space L = L?(C"; e 2%/h [ (dx))

and its subspace of entire functions Hg,. These spaces will be used later to get local resolvent
estimates.

Definition and derivative estimates of ®.

Recall that our weight function G(p), p = (y,n) defined in Proposition 2.1 satisfies the estimates
in the region 6A < O(1)

VrG = 0(5%7M%), 8(p) <V, (3.8)
VFG = O(h(hd)~5), 6(p) > Vh. (3.9)
It follows that in the same region
VEG = O(hrF), (3.10)
where Lo )
r(p) i= b (b +3(p))3. (3.11)
Notice that ) )
h: <r<h:+4, (3.12)

so that h2 + 8(p) is uniformly of constant order of magnitude in B(po, C%]T(Po)) if Cy > 0 is large
enough and independent of pg.
In B(po, %OT(PO)) we introduce the scaled variables p, by

p=po~+rop, ro =7(po)- (3.13)

Then the scaled function G(pg + rop) satisfies

- 1
VE(G(po +10p)) = O(h), |p] < Co’ (3.14)
Define the manifold A.g by
Im (y,n) = eHg(Re (y,m))- (3.15)
Then for € > 0 small enough, we have
e n 200,

erlhee) = Ao, 2@ e ¢~ 20w}, (3.16)

where @ () is a critical value w.r.t. (y,n),
P(7) = v.C.(y,mecnxrn (—Im (2, y) — (Imy) - 1 + eG(Rey,n)). (3.17)
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We note that, when e = 0, the unique critical point is non-degenerate.
We are in the presence of the following general problem (where we change and simplify the
notation), namely to study the critical value

O (z) =v.eyFe(z,y), € R", y e R, (3.18)

where F.(x,y) is a smooth real-valued function such that

y — Fy(z,y) has a unique non-degenerate critical point yo(z), (3.19)
O2Fc(z,y) =0, (3.20)

a 96 — -8
02070 F.(z,y) = O(hr~1P1), (3.21)

1

where r = h3 (hz + 6(y))# and §(y) > 0 is a Lipschitz function. From (3.20)(3.21) we see that
he 9 9 h
OyFe — 0y Fy = (9(7) <e, 0, F —0,Fy = 0(726) < 1,

for e < 1. So, for 0 < € < ¢g < 1, we see that y — F.(z,y) has a unique critical point y.(z),
depending smoothly on (z,€).

In order to estimate the derivatives of y.(z) we work in an ro-neighborhood of a variable point
(0,90) = (z0,y0(0)), 70 = (6(y0)), and put & = x¢ + 1, ye(z) = yo(xo + 70T) + 70y (T), With
Yo(Z) = 0 where we hope that 5. = O(e). Then y.(Z) is the critical point of

~ 1 ~ ~ ~ ~ ~
V= (Fe(zo + 102, yo(wo + ro) + 10¥) — Fo(zo + 10T, yo(zo + 107))) =: G(Z,7), (3.22)
0
with L
207G = 0(1), 0;070.Ge(7,7) = O( ), (3.23)
0
95Go(7,0) =0, |det 2G| > 1/C. (3.24)

2 2
Introducing the rescaled parameter € by ¢ = %"E, 0: = %’(‘36, we have uniform bounds on all

the derivatives 85"‘85 07 G. while 85G€ is uniformly non-degenerate, and the same is therefore true
about 0¢027.(Z), so

020T®) = Ol()").
0207 () — yo()) = O () r=1*), r = r(a) = W +30(@)Y).  (325)

The critical value G¢(Z, g ()) also satisfies 0307 (G(T,ye(x))) = O(1), so

05 01 (Fe(2, ye(2)) — Folx, yo(x))) = (9(7"2(%)77’""“)- (3.26)

We can Taylor expand this with respect to € and get

F.(z,yc(z)) = Fo(z,y0(z)) + Fi(z)e + Fa(z)e? + ... + Fy_1(2)eV ™1 + Ry (x, €)e”,
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where

Fl(x) = ((ae)GZOFE)(xa yo(a:)),
h

02 Fi(r) = Oy )or o), k> 1,
007 Ry (,0) = O( () V#1771,
Returning to (3.17), we get
P (x) = Do(x) + Pr(2)e+ ... + Py_1(2)eV ! + Ry (x, €)€, (3.27)

where @1, ..., Px_1, Ry satisfy the same estimates and
_ 209
@4(2) = Gly(w), n(a)), (vl n(e)) = w7, > 0 )
Study of P as an operator on Hy,

Recall that Hg, is the subspace of entire functions of L3 = L?(C™;e=2®</h[(dx)). Since
O, — &y = O(eh), we first notice that

e < lulls./lulls, < e,

./

and hence for instance
Ry =01)e““h>: L5 — Lj,.

Similarly, the effective kernel of the integral in (3.7) as an operator: L%E — L?{,é can be estimated
by

O(h~")e Bla—ul*+20¢
corresponding to an operator of norm O(1)e2¢ : Lgbe — Léé.

With the previous tg fixed, we now make the new contour deformation:

r+vy

, 4t {9 _ 2&((1 — 1)@ + 10 )(

P )-l—z'to(ac—y)}, 0<t<1.

Along this contour we have, using (3.26), (3.12):

Duatiolw (T, 0:1) = O — | + ) S O =yl + '),

By Stokes’ formula, we see that

1 iz T+y
Pu(®) = Grpy // o R0z — y)p(—, 0 hu(y)dydo + Reu, (3.28)
i 6=3 e (S5 Fito (o)
for v € Hg_, where
R.=0(1)(e““h™ +h>): L3 — Lj_. (3.29)
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Quantization vs. multiplication

The aim of this short subsection is to check formula (3.30) below i.e. the equivalent of [16,
formula 1.6] for the Weyl quantization. Recall that the [-lagrangian manifold A.s is defined
by A = {p—i— ieHg(p); p € R*™}, and that G has bounded second derivatives. We also have

kr(Aeg) = def {5 ¢ (z) & 202 (x)} Notice that the second derivatives of ®., and the first

i Ox
ones of & (x ) are bounded. Recall that p is (an almost analytic extension of) a C*° symbol with all
its derivatives bounded. We get for u € Hg_

i) T+
Pu(z) = et Oy (@ — y)p(=7, O)uly)dydd + Rew,

where .= {9 =2 aai () +ito(z — y)} is the contour of integration and R, = O(h>°) : L§ +—

. Sometimes we omit the subscript e.
We want to prove that for h sufficiently small

(Pulum,, = [ peuPx@)e @ Lide) + OBl (3.30)

where x has bounded derivatives (for example y = 1) and we define p, = p(z, 2 86‘1;5 (z)) to be the

restriction of p to Ag,. The proof is a simple adaptation of the proof given in [16]. We first make
the Taylor expansion of p,

r+y ;
p(=—0) = 2))+ > pW (2, &(2))(0; — &(2)) + D p) (@, & < J) +r(2,y,0).
- (3.31)
On I'.(z) we have (; —&;(x)) = iC(x —y), and r(z,y,0) = O(|x — y|*> + h>°). The effective kernel
of the operator R corresponding to r is therefore of the form

Rz, y)| = O (h=meClemvl/2h g — y 20 — y))

(3.32)
= O (e Gyl 2y — y 2 /)
for C sufficiently large (since the second derivative of ® is bounded). As a consequence
Re (Rulu)e, = O(h)|ul3,- (3.33)

For the contribution to (3.30) from the second term of (3.31) we integrate by part as in [16] and
we see that this term is O(h)||u/|3_. For the third term we simply write

nt) [[ ettomoro (Zm(mx)) 5 ) iy
= pii)l ) (/2 — 2;/2) u(x) = 0.

It follows that we have (3.30).
Notice that we can take y to be Lipschitz in (3.30), and hence that relation can be iteratated
to give:

(xPulPu)e, =/\pe|2IUIQX(w)e_Q’I’S(‘"”)/hL(dx)+(9(h)HUI|2~ (3.34)
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4 Local resolvent estimates for large z.

Again in this section we suppose that p satisfies the hypothesis (H1) and that it is bounded
with all its derivatives outside a large compact set. The aim of this section is to get resolvent
estimates for functions localized near the critical points on the FBI side, and for

h < |z|. (4.1)
We realize P as an operator with leading symbol p. = p), . 28 TPT~!: Hy, — Hg,_, with

Mg, = kr(Aeg), and in the following we identify P with TPT~!. We have seen that V2®, is
uniformly bounded and consequently (see (3.30)) we have with & = &, and scalar products and
norms in Lé(:

(xPulu) = /peIUIQX(fﬂ)e_N’(I)/"L(dw) +O(h)|ul?, (4.2)

where pe = p|, _is viewed as a function on Ag,, and x(x) € C§°(C™). We replace in this section
the small parameter h in the construction of the function G by Ah where A is some large constant.
As a consequence for € fixed we get from Proposition 2.1 that p.(p) satisfies the estimates

1 2 2
Repe(p) > o min(d(p)?, (Ah)¥8(p)%), (4.3)
inside a large compact set K containing the support of x. From now on the inequalities we give
are to be understood in K. Note that Cy > 0 and the uniform estimate on V?®, do not depend
on A.

Let xo € C§°(R, [0, 1]) be a standard cutoff to a neighborhood of 0 € R and consider

2
File) = i)+ - minl=], (A0 =1 pno ) (1.4
0 z
Then there exists a C7 > 0 such that
Refi(p) 2 ¢ (min(8(p)?, (A1) $5(6) 1)) + min(j2], (4)? |21 )). (4.5)

Let us mention for further use that we can choose the support of xg to be contained in a
sufficiently small neighborhood of 0, so that

d(p)*
Ipe(p) — 2| > |2]/C2, when XO(W) # 0. (4.6)
Write ) , .
A2 E min(3(p)%, (AR)30(p)F),  and  Z % min(|z], (4R)F|2[F).

and denote

de ) 1% 2
X\z\(p) = XO( (|Z|) )7
then (4.4-4.5) can be written as
€ z > = A2 zZ
Pet g Xl 2 g (A4 2)
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Considering x.| as a function of = on the FBI-transform side, we get from (4.2)

Re (x(P + C%Xm — 2)ulu) + O |Jul]® > Ci ( / XA [uf2e 2/ L (dx) + Z(xu, u>) L@

provided that x is nonnegative and (in addition to (4.1)):
Rez < Z/Cs. (4.8)

Here C3 > 0 is some sufficiently large constant which is independent of A, and x/.| in (4.7) denotes
the natural multiplication operator on the FBI-side.

We shall combine (4.7) with an estimate for (x|.julu), that we shall obtain using the ellipticity
property (4.6). This will be obtained using an estimate analogous to (4.2) (that can also be found
n [16]) but since the support of x|.| may be very small we shall use a rescaling which also dilates
the Planck constant.

Proposition 4.1 Under the assumptions (4.1,4.8) we have

Xzl < aﬁnuﬂ— 2l + ), (4.9)

-
min(L, 2])

for allu € Hy,.

Proof. First assume |z| < 1. Make the change of variables on the FBI-transform side

h

x=|2|?%F, hD, = |z|2hD;z, h= o (4.10)
z
Then, o _
P(z,hD,;h) — z = |z|(P(Z, hDz; h) — 2), (4.11)
~ 2 T 1 1,
= m, P($,f,h) = |_Z|P(x’£’ h)v ($,f) = |Z|2((E,£) (412>

If P(z,&h) = p(x,€) + hpi(x,€) + h?pa(z,€) + ..., (where we now consider the symbols in the
complex domain), we see that

P(3,& h) ~ Zp]xg

where p = py = I% (2|2 (7, €)), @(E,ﬁ) = \z|j_1pj(|z|5(3?,§)) are nice bounded symbols, since
p(x,€) = O((z,£)?). Then using (4.11)

L (P, kD, h) - 2) = (P hDs;B) — %), h =

B (4.13)

L2 transforms into

2 _ . ~~\12_—28(%)/h ~
12 = (@ /\u(x)| 2@/ (07) < oo},
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with the naturally associated norm and with ®(%)/h = ®(z)/h, so that
B(@) = (|2|27) /2],

has a uniformly bounded Hessian. Further, x.|(z) = x1(Z).
We have (omitting the Jacobians)

1

M(P —2)ull = (P = 2)al2 =[x (P -2l

/ @ Pl — 2P fae 2 L(dz) — () |al2
_ h
/ = (P gl = Plule L) — Ol

h
S = 2 _ 2
> Gl Ol

Here we used (3.34) to obtain the second equality and (4.6) to get the last estimate.
In the case |z| > 1, we get more directly

e (P =l = / e ) ‘2 1pe — 2[2[uf?e /M Lidz) + O(h)||ull3
(4.14)
> Zleruly — O Jull3.
This completes the proof of Proposition 4.1. |

We can therefore write

Re (x(P — 2)ulu) + Ciozm.zmw)

C h 2
< 1P = 2)ulllull + & < |||( — z)ull + HMIIUII) [ull + OR)[[ull”

Combining this with (4.7), we get

Z c C

h
= < - _ I N 2,
2 cula) < (14 P = Dullull + oy | 2l + OB )

and writing x = 1+ (x — 1) yields

C h

4 2 2
ol = (1+—)||( = 2Jullllull + & mZIIUII+O(h)IIUII + CZ||(1 = Xulll|u]

Assuming h/ min(1, |z|) sufficiently small independently of A, we get the main result of this section:
Z|ull < O) (I(P = 2)ull + Z[|(1 = x)ull) , (4.15)

where we recall the assumptions (4.1) and (4.8) on z.
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5 The quadratic case

The main purpose of this first section is to get resolvent estimates for operators with quadratic
symbol. The main reference for this is [15], and all the computations are explicit. In the special
case of the quadratic Kramers-Fokker-Planck operator, the form of the spectrum is well known
(see for example [14]) and we compute it explicitly in section 13.

Sectorial property in a linear weighted space and applications

Let Py be a quadratic operator in the sense that the symbol p = p; + ip2 is a complex-valued
quadratic form and assume that the symbol satisfies p; > 0 and a subelliptic estimate

€0
i+ eoHp,p = Fdg, (5.1)
where do(p) = |p|?. Note that this implies that p has 0 as unique critical point.

Now we use the weight
GO = GT7

introduced in (2.4) near the critical point, and use the definition there in the whole space. Since
p is quadratic, so is G°, and we have for 0 < € < ¢
€

o, (5.2)

D1 + €Hp2 GO 2
As in section 3 we use the global FBI transform with quadratic phase ¢
Tu(z) = Ch— % /e%“p(””’y)u(y)dy.

The canonical transformation associated with the FBI transform T is given by 1 : (y, —0y¢(x,y)) —
(7,0,p(x,y)) and we define Ag, = kr(R?") and ®g(x) = —Im ¢(z, yo(z)), where yo(z) is the point
where R™ 3 y — —Im p(z,y) takes its non-degenerate maximum.

We define

C*" 5 Ao < {(y,m); Im (y,n) = eHgo(Re (y,7))} (5.3)

and for € small enough we check that

e oY
orlhua) = fuy 2 { (0.0 €= 2020 |

where ®Y is defined using the following procedure: the function
F(z,y,m) = ~Imp(z,y) — (Imy) -7 + G°(Rey, 1)
is quadratic and when € = 0 it has a unique non-degenerate critical point for x fixed. By homo-

geneity, this is also the case for FV. The unique critical point (y.(z),n.(z)) depends linearly on z
and smoothly on e. We finally write

(I)S('T) = V'C'(y,n)GC"XR”(_Im (p(x, y) - (Im y) R/ eGO(Rey, 77))
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From now on we work entirely on the FBI side, denoting by u a function on the FBI side
(instead of T'w), and by the same letter Py the (unbounded) operator on L3,

Pou(z x“’o

eh(m y)-0 (

u(y)dyds.

0= 2 84’0 (3‘+1J

Since the symbol of Py is quadratic, it is holomorphic and we also have the following formula for
Py as an unbounded operator on L3,

+y
P F@=0)00 T Y 0yu(y)dyds.
Ou( ) 27Th M 2 acpo (7;+y )+Zt0(z y) ( 2 ) ( )

We can now make a new contour deformation, and we get an unbounded operator again denoted
P, on the space Lfbo naturally associated to CI)S:

i +vy
F et 0o T1Y g dudd.
e 27Th // 2252 (244 4ito(a—y) P Ouly)dy

Of course coming back to the real side by the FBI transform, Py can be viewed as an unbounded
operator on L?(R™) with symbol
p=p(p +ieHgo),
and here the symbol of P, is quadratic and satisfies
1 =pi(p) + eHp, GO (p) + O(€VEOP), (5.4)
P2 = p2(p) = eHyp, G(p) + O(|VGOP). '

Now each term is quadratic therefore using the homogeneity, (5.2), and choosing € > 0 small
enough yields

pl Cd07 P2 O(d(z))

In particular p takes its values in an angle around the positive real axis, p; > €|p2|/C. As a
consequence we can apply to Py as an unbounded operator on L%{)O the result of [15, Theorem 3.5],

which gives with d(z) = |z| :
Proposition 5.1 Consider Py as an operator on Hgo. Then

a) the spectrum of Py is a set {iu} given by

h 1
- > <§+kj)xj; \j € Sp(F), k;jeNy,

(3
Im A;>0

where the \js are the eigenvalues, repeated with their multiplicities, of the fundamental matriz
F of Hessp.

b) Let z vary in a compact set K C C disjoint from the union of the u;s, then
I(h+ d?)ul| < C||(Py — hz)ul, |[(h+d?)2ul| < C||(h+ d®) "% (Py — hz)ul (5.5)

where d(x) = |z| (essentially equal to |p|* if we lift it to Ag), and for u holomorphic with
(h+d*)ue L%, and (h + d?)zu e L2, respectively.
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Recall that the fundamental matrix of the quadratic form p is the matrix of the (linearized)

Hamilton flow and is given by
/1 1/
F—( Peo  Pee
- 7 )
Peaz  Prg

Proof. This follows from [15, Theorem 3.5] and some remarks: First we note that the presence
of the small parameter h is easy to deal with since Py is linearly conjugated with h(Py|p=1) by the
symplectic change of coordinates (z,&) — (h2z, h™2¢). We also notice that the eigenvalues of the
fundamental matrix F of p are the same as the ones of the fundamental matrix F of p, also by a
symplectic change of variables. Point b) of the proposition is a direct consequence of [15, Theorem
3.5] and the change of symplectic coordinates (z,&) — (hzz, h™2§). O

In Section 13 we shall explicitly compute the eigenvalues in the case of the Kramers-Fokker-
Planck operator. In the next subsection we shall compare an operator P with its quadratic ap-
proximation near its critical points: In order to get a global a priori estimate for P — hz, we will
need a truncated version of (5.5).

Localized resolvent estimates

Let xo € C5°(C™), xo = 1 near x = 0. We fix € > 0 small and write in this subsection ®°
instead of ®°. The simple idea is to apply (5.5) with u replaced by you and then try to estimate
the commutator [Py, xo]u. However, you is not holomorphic, so we will replace xou by Hxou,
where II : Lfbo — Hgo is the orthogonal projection.

The main result of this subsection is

Proposition 5.2 Let xo € C§°(C™) be fired and equal to 1 near 0, and fix k € R. Then for z
varying in a compact set which does not contain any eigenvalues of Pylp=1, we have

(7 + @) *xoull < ClI(h+ d*)~*xo(Po — hz)ul| + O(h®)|[1xcull, (5.6)
where K is any fized neighborhood of supp(Vxo).

We need a series of technical preparations.
Estimates for [Py, xo]. We have

[Po,X] = Y hXap(@)z®(hDy)? + h¥xo0(x),
la+8]=1

where xq.3 € C5°(C™), supp (xa,3) C supp Vxo. We can conclude that

I1Po, xlull < Chl[1kull, (5.7)

where C depends on y and K is an arbitrarily small neighborhood of supp (V). Here we also use
that || 1supp x (RD)*u|| < C||1xul], if w is holomorphic near K.

Estimates for [Po,1I]. Recall (from e.g. [17]) that II is given by

Mu(e) = O~ [ A=y (ay), (5.8)
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where W0(z, 2) is the unique (second order) holomorphic polynomial on C?" with ¥%(z,7) = ®°(z).
Notice that
(0:9°)(2,T) = 8,9°(x), (5.9)

and recall the well known fact that
2Re °(z, ) — °(x) — 2°(y) ~ —|a — y|”. (5.10)

For |a + 3] < 2, we get by integration by parts,
[0 (1D2)" W) = Ch™ [ @ (hD,)" = (~hD,) )k VD~ D) ()
—onn / R W@ =W g, (5 ys h)u(y)L(dy),

where 9 5
a5 = (2 (hD; + Z0,0°(2,7))" = (—hD,, + Z0,8°())" 0 y™)(1).

Using (5.9), we see that
0, la+ 8| =0,
aa,p =4 bi(z,y), la+ 4] =1, (5.11)
bo(z,y) + hby, |a+8|=2,

where b; is a homogeneous polynomial of degree j, vanishing on the diagonal when j = 1, 2.
Relation (5.10) implies that the effective kernel of I : L2, — L2, is O(h—me~le=ul*/(Ch) 5o

1 +0l=1
a(hD 'B,H < O(h?) x ||U||, |Ot ’
e 0.1 004 {60 sy ol
It follows that ) .
[Po, Mul| < O(h2)|[(h + d*)=ull, (5.12)

since in the case of Py, we do not have to consider any commutators with *(hD)” with |a+3| = 1.
The standard inequality

1+ ||

L+ [yl

implies that

1
hz +d($) <14+ |£C—y| <C ee\a:—y|2/h
h +d(y) hoTof ’

for every € > 0. It is therefore clear that we can conjugate [Py, II] in (5.12) by any power of h® +d.

Indeed, the proof there shows that the effective kernel of [Py, TI| (b2 +d) " is O(1)hz e~ le—ul*/(Ch),
Hence ) ) )
1(h> + d)=F [Py, Mull < O(hZ)[|(h> +d)'~"ul], (5.13)

for every k € R.

Estimates for 1 —TI.  We briefly recall Hormander’s L?-method for the hd-complex, following [17],

CSP(C™) — C5°(C™; AIC™) — C5°(C™; AY2C™) — ... — CF°(C™; AOmC™).
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We have here the natural Hilbert space norms induced by the weight e—22°/ " [L(dx). Equivalently,
we consider the conjugated complex e~ /hpPe®’/h = hO+0(®°)" in the standard L?-spaces. The
adjoint of the last complex is then given by hd + A(®°)). More explicitly,

ho +0(@°)" =3 Zidzh, hd" +0(@°) =N Z:dz,
where Z; = hoz; + 3;7&1)0. The corresponding Hodge Laplacian is then
(hd + 3(®°)") (8" + 8(®°))) + (hd" + 8(®°)) ) (hd + B(8°)")
=N (22 @ dzhdz, + 2 Z; @ dzydz)) = (. Z1Z;) @ 1+ 1Y 205,0., 9 dzhdz,

grk J g,k

where we used that [Z;, Z;] = 2h0z,0., ®° and the standard identity, dEJAdz,JC—&—dzidEf = (dzx|dz;) =
0,5 In particular, the Hodge Laplacian

Ay =hd hd + hdhd"
n (0,1)-forms can be identified with
A=) ZZ)) ® len +2h(05,0.,9°), (5.14)
acting on L?(C";C"). The strict plurisubharmonicity of ®° means that the Hermitian matrix

appearing in the last term in (5.14) is > 1/C, and hence we get the apriori estimate (now using
for a while ordinary L?-norms):

h ~
Sl + S 1 Zull? < (Avulu), (5.15)
leading first to B
hllull < CllAqul], (5.16)
and then to ) B
h2 || Zu|| < C||Aqul. (5.17)

We can also write ) | Z5Z; = Z;Z% + O(h), so A=Y Z;Z% + O(h), and hence
(Avulu) =Y (1 Z;ul® = Chlful?,
which together with (5.15) implies first
Rl + 1 Z5ul® + > 1 Z5ul* < C(Avulu), (5.18)

and then ) N
BE (| Z5ul| < €)1l (5.19)

We also need to check that these estimates remain valid after conjugation of 31 by any power
of h + d? or equivalently by any power of Ah + d?, where A > 1 is independent of h. This will
follow from the following observations:

28



ho., (d?)
2\—k 7 2Nk _ 7. 23
(M + )72+ ) = 2, + ks
and )
ho. (d?) Chd C (\n)zd s 1
: < hE < a(\)h
‘)\h+d2 S WA E S oanra Seih,

where a(A) — 0 when A — oo. A similar remark holds for (Ah + d®)~*Z*(Ah + d?).
2) We have

-~

Ay = (M +d?)FA (A + d?)F
= Y (Z; +0(1)h?)(Z; + o(1)hE) + 2h(D5,0.,8°),

where o(1) refers to the limit A — oo. Thus
~ h 1
Re (Ayulu) > *HUIIQ + Z 1Zjull® = o(V)h2 ull[| Zjull — o(1) (hulu)
255 HUII2 Z 1Zull?,

hllul? + 3 11Z5ull? < CRe (A )ulu). (5.20)

Then do as before with 51 replaced by Re 31, to get
Rllull® + D 1Z5ull® + - 1Z5u]* < ORe (Arulu). (5.21)
Back to the original A; we thus have (with the norms now being those of L2,):

INEIE ) 1he" AT < O(—=), (5.22)

7
as well as the same estimates for
(h+d)FATH R+ d?) 78, (h+d*)Fhd AT (b + d?) "
Now use the fact, that _ B
1—T1=hd AT hO, (5.23)

to conclude that if xo € C§°(C™) is fixed and equal to 1 near 0, and u is holomorphic near supp xo,
then _ _
(1 —I)(uxo) = hd A7 (u(hdxo))

satisfies L
[[(h+ d®)* (1 = TI)(uxo) || < Crh? udxol- (5.24)
Recall that here and until further notice the norms are those of Léo.

Let xo € C3°(C™) be fixed and = 1 near 0. Recall that z varies in a compact set which does
not contain any eigenvalues of (Pp)p—1.
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Proof of Proposition 5.2.  We start from (5.5):
[(h+d*)'*ul| < Cl|(h+d*)~* (P — hz)ul, (5.25)
for u holomorphic with (h + d?)'~%u € L2,. Replace u by Iyou:

(7 + d*)' " Txoul| < Cli(h + d*)™*(Py — hz)TIxoul|.

It follows that

17+ d*)**xoull < [[(h+d?)'"xoul| + [|(h + d?)' " (1 — I)xou]

L (5.26)
< C|\(h+ d*)~*(Py — h2)llxoul + O(h?)|[udxol-

where we used (5.24) and the fact that h 4 d? ~ 1 on supp dxo.

Here
1k + d2)™*(Py — hz)Txoul
< |[(h + d?) M Ixo(Po — h2)ull + [|(h + d)~* [Py, Txolu] (5.27)
< C|l(h+d*) *xo(Po — hz)ull + || (h+ d*) " [Py, Txo]u].
Now

[Po, IIxo]u = [Py, O] xou + I[Py, xo]u
= [Po, H]HXOU + [Po, H](l — H)Xo’u, + H[Po, XQ]’LL (528)
= [Po, T](1 — M) xou + [Py, xo]u,

where we used that [Py, IT]IT = 0, since Py conserves holomorphic functions. Combining (5.28),
(5.13), (5.24), (5.7), we see that

1(h 4+ d®) =" [Po, Txo]ul| < O(R)|[Lxcull- (5.29)

Combining this with (5.26), (5.27), (5.29), we get (5.6). O

Remark 5.3 In Proposition 5.2 we can replace the norm L3, by L3 or any other norm which is
equivalent to the Lén norm for functions with support near K.

6 Local resolvent estimate for small 2.

Again in this section we suppose that p satisfies the hypothesis (H1) and that it is bounded
with all its derivatives outside a large compact set K. We also replace for a while the small
parameter h by Ah in the construction of G, where A is some large constant, and work in K.

Recall that G = G 45, satisfies the estimates:

VG = O8> 9+), 6(p) < VA, (6.1)
VFG = O(AW(ARS)*/3), 6(p) > VAh, (6.2)
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implying, ) )
VEG = O(AR((Ah)3 (Ah + 62)5)7F) = O(Ahr™F), (6.3)

r(p) := (AR)5 (Ah + 6%)5. (6.4)
Writing
p‘AsG = Pe = p1 + P2,

we recall that in K

P12 g min(3(p)*, (5An)1), (6.5)
P2 = O(89). (6.6)
We represent A.c on the FBI-transform side by
_ 209

3 (x), ®. = Do + €G(x; h),

4 Oz

where G has the same properties as G (cf (3.27)). We also know that G and @, are independent
of h in the region |z| < v/ Ah. From now on ¢ > 0 will be small and fixed.
Assume for simplicity that C consists of just one point, corresponding to x = 0. Let

pO(xvf) = Z

lactBl=2

929¢p(0,0)

ol7] zoeh (6.7)

be the quadratic approximation of p, so that
p—p0=0((x,6)) = O((h + (2,6))*). (6.:8)

We may assume that ® = ®.(z) is a quadratic function ®° in the region |z| < v Ah and for z
in that region, we realize po(x,hD;)u with a contour as in (3.28). The difference between the
corresponding effective kernels of P = p* and Py = po(x, hD;)u is then

O(W)h e~ R (h 4 |22 + |y|2)E = O)h e~ ==Y (3 4 |2 + |z — y)?).

We conclude that s
1P = Poull g, (1 <vamy < OAR)2)]|ull g - (6.9)

Here both P and Py are realized with a contour as in (3.28). However, pg is a polynomial and we
check that if we replace Pyu by the corresponding differential expression

079, p(0,0)
Pru=| 3 g @ GDY)” | (),
lo+5]=2
then we commit an error w, satisfying
Wil (a)<vam < € " lull - (6.10)

Now for Py we can apply Proposition 5.2 and Remark 5.3. We get that for every fixed k € R
and for z in a fixed compact set avoiding the eigenvalues of Py|p—1:

1(h +d*)'Fxoul| < C||(h+d*)~Fxo(Py = hz)ul| + O(h*) || 1xcul, (6.11)
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where K is any fixed neighborhood of supp(Vxo).

Notice that we can write the last term in (6.11) as O(h2)||(h + d2)'~*1xul|. We now want
to replace the fixed cutoff yo in (6.11) by xo(z/V/Ah) for A > 1 independent of h. Consider the
change of variables, z = VVAhZ, hD, = VAhhD5, h= 1/A. Then

h _~ h ~
po(xah'DI) = :po(xahDi) = :P()v
h h
and with d = d(z), d = d(%):
h+d* = Z(ﬁ + élvz), e~20°@)/h — =20°@)/h
h
Start from (6.11) with z, h replaced by Z, h:

I(h+ @) xo@)ull < C|l(h+d®) *x0(®)(Po — h2)ull + Ch2 || (h + d*)'F1xcul],

h T

I ot ) ol <

C|(%)l_k(h+d2)_k><o( =) (Po = h2)ul +c%%|(%)l"“<h+d2>l—k1;(< —==ull
I+l el <
Cll(h =+ )Xol =) (Po = he)ull + %nm ) M el o

This estimate will be applied with k = 1/2.

We now return to the full operator P (on the FBI-side) and the norms and scalar products will
now be with respect to e 2®/", & = &, € > 0 small and fixed. Recall however that ® = ®° in
lz] < VAh. Let y be a cutoff function equal to 1 in a fixed neighboorhood of the critical points,
but recall however the simplifying assumption that we only have one critical point corresponding
to z = 0. Let us denote

A2 = b+ min(d?, (dAh)3). (6.13)
Using (3.30) as in Section 4, we get for z = O(1),
Aull? < C(Re (x(2)(P — h2)u|u) + C?(x? Y\ AulAu + C'[(1 — x)Aul|||Aul|. 6.14
[Aul® < C(Re (x(z)( Julu) (Xo(m) [Au)) (1 =) Aull[| Al (6.14)
Then using (6.12) we get for 7 > 0:
Aull? < C|A™Y(P — ha)ul||Au|l + C||Axo(—)ul|? + C"||(1 — y)Aul|||Au
[Aull® < ClAT( Jull[Aul| + C XO(\/A_h) [ (1 = x) Au[[| Al
Co1 2 2, Apa-1 T 2
< —IAT(P = hz)ul” + CrljAu]” + CllA Xo(m)(Po*hz)UH (6.15)
+ STl + 1~ Al
A K m X .
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Here we also need (and we can clearly generalize (6.9) for that purpose)

T _)AY(P — Py)ul| < C(A)RZ|Au. (6.16)

[Ixo(

=

Insertion in (6.15) gives

1Al SgIIA”(P — h2)ul® + C7|| Aul®

~ C
= )(P = hz)ull? + C(A)h| Al + ~IAull®

vV Ah
+ | (1 = x) Aull]| A

+ 2C1A™ o

Choosing first 7, 1/A small enough and then h small enough, we get
[Aul| < CIIATH(P = hz)ull + C"[[(1 = x)Aul|. (6.17)
and noticing that h < A? < Ch?/3, we get the main result of this section

hllull < CIl(P = hz)ul| + C"h¥ (1 = x)u] . (6.18)

7 Review of semiclassical Weyl Calculus

In this section we introduce some tools and make some remarks about the translation into the
semiclassical point of view of some basic facts on the classical Weyl-Hérmander Calculus.

Weyl-Hormander calculus

First recall the framework of the Weyl-Hormander Calculus, which can be found in [11, Chapter
18]. We put a subscript ¢l everywhere here to emphasize the fact the we are in the original (opposite
to semiclassical) framework of the calculus. Recall that the classical Weyl quantization is given for
an admissible symbol p.; (to be defined below) by

(per*u)(@) = (Qi)n / / e (L €)uly)dyde. (7.1)

Consider the symplectic space R?" equipped with the symplectic form o = Z?:l dé; Ndx;. If g is
a positive definite quadratic form, we define

¢o(T) = sup o(T,Y)?, (7.2)
gcl(Y):l

which is also a positive definite quadratic form. We say that g.; is a cl-admissible metric if

VX €eR™, gux < 9% x (cl-Uncertainty Principle),
3Cy > 0 such that g x (X —Y) < C; ' = (gax/gery)™ < Co  (cl-slowness),
N
3C1, N1 > 0 such that ge x /g,y < Ch (1 + gé’lyX(X — Y)) ' (cl-temperance),
(7.3)
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for positive constants Cy, Cy, N1. Let us note that if the metric g, depends on a parameter (for
example h), we call it cl-admissible if (7.3) occurs uniformly in this parameter. The same is true
for the cl-admissible weights we introduce now. A cl-admissible weight is a positive function my;
on the phase space R?", for which there exists Co, C~’1, N; > 0 such that

ga,x(X —Y) < Co = (ma(Y)/ma(X)) ~1 Co (cl-slowness),
< N (7.4)

mea(Y)/ma(X) < Cy (1 + 99 x (X — Y)) (cl-temperance).
We define next the cl-uncertainty parameter \., which is a special admissible weight for g,

. o 1/2
Aa(X) = inf - (90.x(T) g x (1) 2 1. (7.5)

Let us now introduce some spaces of symbols. We say that a function p.; is a symbol in S(m.;, ger)
if po; € C*°(R?*™), and if the following semi-norms are finite

XeR?™ g, x (T;)<1

we say that p; is of order u. For good symbols (in S(m, g.) classes for
Wel o Wel b
4. y

If mg is of the form A/,
instance), we define the composition law f; such that (peificiger) s = phy

(peiliciger) (x, &) = e37((Da,De), (D w LDy, €)qaly, )| Ey— (7.7)

and for pg € S(m1,9a), ga € S(ma,gq), if {.,.} denotes the Poisson bracket, then there is
Tel € S(mlmg)\;%gcl) such that

1
pclnclqcl = Peiqcl + %{pclv qcl} + rer- (78)

Recall eventually the Fefferman-Phong inequality that will be used in the next sections:

Proposition 7.1 Letpy € S(mer, get)- If pa > 0 then there is a real symbolrey € S(mcl)\QQ, Jel)

such that p > r. Hence if mq = A2, then p¥ is bounded from below.

Semiclassical Weyl-Hormander Calculus

The original calculus already contains a parameter that plays the role of a Planck’s constant,
namely the inverse of the uncertainty parameter. In the semiclassical case this is made more
explicit, but basically this is only a reduction to the original calculus by a change of variables.

For an admissible symbol p we first recall the definition of semiclassical Weyl quantization

qu=—(2;,1)” //p (”“"Z;yg) Kol (y)dydg, ueS.

A straightforward computation shows that

Wel

p =Py where pcl(xa 6) = p($7 hf) (79)
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Now observe that p belongs to a symbol class S(m, g) for a Riemanian metric g and a positive
function m if and only if py; € S(mer, ger) where
mei(z,€) = m(z, k), Ger,(x.6)(t: T) = G(a,ne) (t, hT).
Using definition (7.2) and (7.5) for defining respectively g, g, and Ay, A, we also get
9o (z6)(tT) = h_zgz’w,hg)(t, hr), and Ag(z,&) = h™ A(w, hE). (7.10)
As a consequence it is natural to introduce the following definitions in the semiclassical case:

Definition 7.2 We say that g is an admissible (or semiclassically admissible) metric if

VX eR*™, gx <h %¢% (ie. A>h) (Uncertainty Principle),
3Cy > 0 such that gx(X —Y) < Cy' = (9x/gv)= < Cy  (slowness), (7.11)
3C1, N1 > 0 such that gx /gy < Cy (1 +h72g% (X — Y))N1 (temperance),

for positive constants Cy, C1, Ny.

A direct definition holds for semiclassical weights. Using this (note that all this is simply a
change of variables) we can write

Lemma 7.3 The metric g is an admissible metric of uncertainty parameter A\(> h) if and only
if ge1 s an admissible metric of uncertainty parameter A (> 1), both uniformly in 0 < h < 1.

We can therefore translate into the semiclassical point of view all the classical results. First
observe that symbols of order 1 give bounded operators on L?(R™). Then the product formula is
defined by

w

p* oq" = (pig)",

where
io' x s ;
phg(x, &, h) = e 27 (PaL)DuLi e € h)q(y, 1, h)|ymn=e-

The asymptotic expansion is then given for p € S(mq,g), ¢ € S(ma,g) by

h
pia =pa+ 5 {p.a} +h°r, (7.12)

where r € S(mimaA=2,g). Recall eventually how to write the semiclassical Fefferman-Phong
inequality that will be used in the text:

Proposition 7.4 If p > 0 then there is a real symbol r € S(mA~2,g) such that p* > h?r®.
Hence if m = h™2)\2, then p™ is bounded from below uniformly with respect to h.

Remark 7.5 As an illustration, let us see what happens in the case of the constant metric
g = dx? + d€2. Tt is the one generally used in semiclassical work. We check immediately that it
is admissible in the sense of definition 7.11, since gx = gy for all X, Y and that ¢°/g =1 > h.
Of course the translation procedure gives the Fefferman-Phong inequality: p* > —Ch? if p is real
non negative with all its derivatives bounded.
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The microlocal metric T’

We study now a particular metric used in the next sections.
Lemma 7.6 the metric defined on R?™ by

da?  de?

'=s =+ —,
R2/3 " 2

where p? = py + (hA)3,

is (semiclassically) admissible.

Proof. Recall that we suppose that
Do = da? +de? /0% X = \(x,€) > 1,
is a cl-admissible metric. Let us prove the three points of (7.11). We first notice that
17 = p2da® + h?/3de?,
therefore the uncertainty parameter of T' is xh'/? and we have for h small
pht/3 > \V3p2/3 > p2/3 >

therefore I' satisfies the uncertainty principle.
Slowness of T'. We take X = (x,€) and Y = (y,n) and we observe that if T'x (X —Y) < Cj then

o=yl < Coh**, and  J¢—nl* < Co (p(X) + (WN)P(X)) - (7.13)

Using a Taylor expansion and the fact that the the second derivative of p; is bounded, we can
write that

(YY) <pi(X)+ |V | X = Y|+ C|X - Y?
<p(X)+C'pi|X —Y|+C|X —Y?
<2p1(X) 4+ 07X - Y3

where for the second inequality we used inequality (2.11) for the non negative function p;. Now
use the fact that I'y (X —Y) < Cy. We get

pi(Y) <2pi(X) +C"|X — Y[
< 2p1(X) +C"Co (W + pr(X) + (B3 (X)) (7.14)
< C(pu(X) + (hN)*?(X)),
since A > 1. Formula (7.13) implies that

|z —yl> < Co, and [£—n[* < CoN*(X),
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and we get using the slowness of Ty for Cy sufficiently small that (h)\)?/3(Y) < C'(hM)?/3(X).
Using this and (7.14) yields

pi(Y) + (RNY3(Y) < Cpi(X) + (hN)?3(X)),

that is to say p(X) < Cu(Y). This implies immediately that T'y < CTx. Inverting the roles of X
and Y proves the slowness of T'.

Temperance of T'. Again we denote X = (z,€) and Y = (y,n). Beginning from the first line of
(7.14) we write

p(Y) <2pi(X)+C"|X —Y)?

7.15
< € (p(X) + (W)Y(X)) (4 WX - YP). (719
Notice that
B2 (X =) = 272 ((pa(X) + (ANP(X)) fo = yf? + 52 = f?)
2 h74/3|X o Y|2
2 h—2/3|X _ Y|2,
since A > 1 and for A < 1. Hence
(V) < C (p1(X) + (M)Y3(X)) (14 72T (X = Y)). (7.16)
Since Ty = da? + d€?/)\? is cl-temperate, there exists Cp, N > 1 such that
Lox < Coloy (14T x(X — Y))N~
Together with the fact that I'§ = A\2dx? + d€?, this implies that
N(Y) £ CoN*(X) (14 N (X) |z =y + ¢ —nl?) ™
/12 2/3 2 2\ 3V
< CoA*(X) (1+A (Xl —yl[* + 1§ —nl ) (7.17)

< CA2(X) (14072 (N3 (X) + pr (X)) |z — yl? + h*3g — ”'2))3N ’

since h™4/3 > 1 and p1 > 0. Now we recognize in the parentheses a term of the form h~2I7.
Multiplying by h and raising to the power 1/3 gives

(BNZ3(Y) < ChA?B(X) (1+h 2T (X — Y)Y,
Together with (7.15) this gives
EY) < CpA(X) (1+h~ T4 (X - Y)Y,

which implies 'y < T'y (1 +h7T% (X — Y))N. Consequently I' is (semiclassically) temperate.
Eventually we have proven that I' is a (semiclassically) admissible metric. O
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8 Resolvent estimates away from the critical points when
z| > h

In this section we suppose that p satisfies hypotheses (H2), (H3), (H4) and we shall work
away from a fixed neighborhood B of the critical points and for |z| > h. The main result of this
section will be the estimate (8.20). At infinity in the phase space, we shall use the machinery of
the Weyl calculus. Let us consider the following weight

12(2,€) = pi(z, &) + (hA(z, €))*/?
We notice that p > hY/3 . We use the metric defined in lemma 7.6

2 2
do | dE” (8.1)

r=_—_
12/3 e

From the construction of the weight G in Proposition 2.1 (cf (2.1), (2.8)), we know that

g &f G/h € S(1,T) outside B,

since G = 0 when p; > 2(h\)?/3/M. There is no restriction to extend g near the critical points
and let it uniformly be in the class S (1,T").
From Proposition 2.1, we have the following two estimates for our new g:

geS(LT), dge S(ut,I). (8.2)

We verify now that some other symbols are good symbols for the metric I'. We first observe the
evident fact that S(m,Ty) C S(m/,T) for all weights m' > m, since T'g < T. From (1.4) we get

Op € S(\,da* + de?/\?*) = 9p € S(uPh~1,T), (8.3)

since p2 > h. Of course in this new class, p, Op are no more symbols of order 2 and 1 respectively.
Nevertheless the real part p; has a good behavior:

p1 € S(u%,T). (8.4)

Indeed, 0 < p; < p? and since the second derivative of p; is bounded we use (2.11) to get
|0p1| < C/p1 < Cu. Moreover, 0%p; € S(1,dx? + d&?/A\?) gives 9?p; € S(1,T). This implies
(8.4).

From the preceding section we know that I' is a (semiclassically) admissible metric of uncertainty
parameter h'/3;. We have therefore the following symbolic expansion for the composition of
q1 € S(my,T') and g2 € S(m2,T):

h
Q1ﬁq2(xa 57 h) = Q1Q2($a 57 h) + 2_2 {Q17 (J2} (xv ga h) + h2R2(q17 QQ)(Z', f, h)v (85)
where
Ra(q1,q2) € S(mama (') ~2). (8.6)

This means that in the remainder of order two in the asymptotic expansion of the sharp product,
we have a gain of (hl/ 3u)~1 to the square in addition to the gain of h? due to the semiclassical
point of view. The Fefferman-Phong inequality reads for I':
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Lemma 8.1 Let m be an h-admissible weight and ¢ € S(m,T"). If Req > 0 then there is a real
symbol 7 € S(mh?(hY31u)=2) such that Re (¢¥u,u) > (ru,u) for allu € S. In particular symbols
in S(h=2(hY3u)2,T') with non-negative real part correspond to operators with real part bounded
from below by an h-independent constant in the operator sense.

For the symbols we deal with, we noted in (8.2-8.3) that dp and dg have better symbolic
estimates than the one given by the symbolic classes of p and g. This gives improvements to the
symbolic calculus. Let us write explicitly the expansion of ¢;fgs to the order d

d—1

B . J
(q1ﬁQ2)($, 57 h) = Jzz;) F (;U (D%E? Dym)) q1 (LC, 57 h)Qz(i‘/, n, h)|y:m,?7:§ (87)
+ hde(Ql, QQ)(.I', 57 h)’
where
1] _gyd-1 .,
Rd(Qh q2)(I, 3 h) :/ u((l_a)l)'elza(Dm,s’Dy,n)
) | (5.5)

. d
7
(50—(Dm7§7 Dy,n)) q1 ($7 6; h)q2 (y7 m, h)|y:z,n:5d9'

The order (as a symbol in a class S(m,T')), computed as in the classical case, is exactly the order
of the symbol appearing on the second line

. d
1
<§U(Dx,faDy,n)) Q1($afyh)Q2(ya777h)|y:$ﬂ7:§'

Now return to the case of p and g with d = 2. A straightforward computation using (8.2-8.3) gives
that

. 2
<%U(Dm,£’Dym)> 9(x, &, h)p(Y, 1, h)ly=z,n=¢
€ S(pPh™tx Tt x A3 D) € S(hY3, 1),
hence
R(g,p) € S(h™*/?p,T),
S0
gtp = gp + % {g,p}+7r with r="h>Ra(g,p) € S(h*/*p,T). (8.9)

(Note that this implies r € S(h'/3u?,T) C S(u?,T) since h'/3 < p).
Let us now fix € > 0 and take z € C. We can write for u € S using (8.9) that
Re ((p* — 2)u, (1 — €9)"u) = Re (((1 — eg)i(p — 2))" u, )
= (((p1 —Re2)(1 —eg) + €h{p2,9} /2 — eRer)"u,u),

where r € S(u?,T) was defined in (8.9). Let us study the first two terms in the asymptotic
development of Re (p — 2)§(1 — eg). For e sufficiently small, we have from (2.3)

(8.10)

p1+eh{p2,9} /2> e ((h/\)2/3 +p1) = e, (8.11)
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when |(z, )| > O(1) far from the critical points (recall that G L hg in (2.3)). This means that
p1 + €oh {p2, g} /2 is elliptic in S(u?,T') far from the critical points. Choose ¢ € C§° equal to 1 in
a neighborhood of the critical points, so that

p1+eh{pa, g} /2 > e p® — Cpp(x, €). (8.12)
Recall that r € § (hl/ 31%,T). Using this and choosing e sufficiently small yields

Re(p—2)8(1 —eg) = (p1 — Rez)(1 —eg) + eh {pa2,g} /2 — €Rer

> cp? — 2max(Re (2),0) — p?op. (8.13)
Let us now introduce
7 def h2/3|z|1/3.
We follow the preceding computations, and get with e; > 0 that
cpi? — 2max(Re (2),0) — Cu?ep
> (/20 + S0 - )+ (“LZ = 2max(Re(9),0)) — Cutp.
We will bound from below each term of the right hand side. We assume that
C%Z > 4Re (2). (8.15)

It defines a region ¥ in the complex plane, and if z is in this region the third term of (8.14) is
bounded from below by c¢Z. To study the second term we observe that u? > €27 since A2 > |z|e3.
Now choose a cutoff function v (¢) supported in the ball of radius 2¢3 and equal to one in the ball
of radius €3. Then

c

2
Summing up the preceding results we have obtained the following bound, where ¢, C denote fixed
constants

(p1 — Re2)(1 — eg) + eh {p2, g} /2 + eRer > c(u® + Z) — CZY7(N*/|2]) — CpP (8.16)

Note that 1/%(A\%/]z]) € S(1,Ty). Now we want to go back to the operator side. We first notice
that dividing the two sides of (8.16) by Z yields an inequality in S(h =142, T') uniformly in z, which
we recall can be arbitrarily large. Indeed the terms pi, h{p2, g}, r and p? are in S(u?,T') and
since Z > h (from |z| > h) we get that these operators divided by Z are in S(h~'u2,T). The
others (divided by Z) are bounded by a constant since by hypothesis max {Re (z),0} < CZ, and
a fortriori are in S(h=1p?,T).

Let us apply the inequality of Fefferman-Phong, Lemma 8.1, in this class to this operator. We
get using (8.10-8.16) divided by Z and then multiplying by Z

((1? + 2)"u,u) < CRe ((p* = 2)u, (1 — €9)"u) + CZ (¥ (X*/]2])"u, u)
+ C((12p) u, u) + Zh*Re (R u, u),

(1 = e2Z) > =" Zyi(N*/2])

(8.17)

where h%R is of order h?(h~'u?)(uh'/3)=2 = h'/3 (recall that uh'/3 is the uncertainty parameter
of T'). Choosing h small enough and using (8.19) below, gives

1
Zh?RY < -7 < §(Z+y2)w,

| =
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and we therefore get for h small enough and an other constant C'
(12 + Z)"u,u) < CRe (0" — 2)u, (1 - eg)u) + CZ (W2 (N2/|2])"u, ) + C((120)"u, u). (8.18)
We shall use the following
Lemma 8.2 we have (Y(A\?/]2])"u,u) < mn(pw — 2)ul|? + Ch|lu|*.

Let us suppose for a while that this lemma is proven. We first write that for e sufficiently small,
Re ((p* = 2)u, (1 — eg)“u) < C||(p* — z)ull[ul|.

Then we observe that y? > 0 and the Fefferman-Phong inequality in S(u?,T) yields (u?)* >
—Ch*/3. Since Z > h, we have for h sufficiently small

Zljul? < 2(Z + 12)"u, ). (8.19)

Then we use this result and the lemma which yields from (8.18) that

Z|ul* < Cll(p* = 2)ullull + Z I(p* = 2)ull® + CZh|[ull* + Cll (@) ul [[ull.

max(1, [z|?)

Choosing h sufficiently small and noticing that Z? < max(1,|2|?) yields the main result of this
section
Z|lull < Cl(p* = 2)ull + Cll(*¢) ul (8.20)

where we recall that |z| > h and that Re (z) < CZ def Ch?/3|2|1/3.
It remains to prove Lemma 8.2.

Proof of Lemma 8.2. We first observe that for |2| < O(1), we have 1#(\?/|z|) = 0 since
A > 1 and the support of ¥4 is bounded. Therefore we can suppose that |z| > O(1), since in the
other case, the left member of the inequality in the lemma is zero. To prove the result we can go
back to the original metric da? + d¢%/A\2. We first notice that since p = O(A\?) we can choose the
support of ¢; (i.e. €; in (8.14)) such that

|p — z| > |2|/2 on the support of ;.
We notice also that uniformly with respect to z, we have

(p—2)
|2

Y1(A?/|2]) € S(1,dx? + dE?*/\?).

We therefore have the following inequality in S(1,dz? + d&%/\?):

w202 120) < 422 g2z

|22

(P —>2)

2|

o—2) (8.21)
D1 (/282 (% ]2]) + R,

< 4Re 2]
z
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where by the symbolic calculus, hR € S(hA™1, dz? + d&?/X\?) C S(h,dx? + d€?/N\?). Using the

Garding inequality for this inequality, we get

(p—2)
E

We next use the symbolic calculus and get from (8.7) to first order and using the notation from
there

(T2 u ) <] ( w1<A2/|z|>) ull* + O(h) [[ull*. (8.22)

O DEE=E = () |>( - )+| B2 0%/ 1)) (8.23)

Now observe that uniformly in z > O(1) we have
O (i(N/|z])) € S(N1, da® +d€?/N?), and  Op € S(\, dx® + dEP/N?).

The first fact follows from 9\ € S(1,dz? + dé?/A\?) and the second from (1.4). Consequently we
get a better estimate than the one that would be given by the classical symbolic calculus in the
class associated with the metric dz? + d¢?/\%, namely

Ra(n(2/[20),p) € S(1,da? +d€2/3?)
Since |2| > O(1), we get that
R (% [2].p) € S(h,de? + /%),
Using this together with (8.22, 8.23) yields
(W20 121) ) < | (91 02/121)" (pﬁ)w WP+ (O + 00 ul®. (324)

Since (wl(A2/|z|))w is bounded, we get the lemma. O

9 Resolvent estimates away from the critical points when 2z
is small
We work again in this section with p satisfying (H2), (H3), (H4) and away from the critical

points, but for small z. Here the spectral parameter will be denoted hz for z = O(1). We recall
some notations of the preceding section, namely

s

p=p1+ (h)\)Q/37 I'= 7273

As in the preceding section, we fix ¢ > 0 and work with our operator p satisfying conditions
(1.4-1.5). We can write for u € S

Re ((p* — hz)u, (1 — eg)"u) = Re (1 — eg)t(p — h2))" u,u)

= (((p1 —Rehz)(1 —eg) + eh{p2,9} /2 + eRer) u,u), (91)
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following the same computations as in (8.10-8.16). We also get that

Re (1 —eg)i(p — hz) = (pr — Rehz)(1 —€g) + eh {p2,9} /2 + €Rer (0.2)
> cp? — 2max(Re (h2),0) — o, .

where ¢ € C§° is equal to 1 in a neighborhood of the critical points, and where we recall that
r € S(h??u,T) was defined in (8.9). Of course outside this fixed neighborhood, and for h small
enough, we have, using p > h'/3,

©? > 2Re (hz2),

therefore with a new function ¢,

Re (p — h2)t(1 — eg) > cpi® /2 — piP . (9.3)

We can now use the Fefferman-Phong inequality (Lemma 8.1). Indeed, each term is in S(u?,T)
and we get

(1) u,u) < CRe ((p* — h2)u, (1 — eg)“u) + O((1>0)“u, u) + Re (R u, u), (9.4)

where R is of order h? x p? x (uh'/3)=2 = h*/3 from lemma 8.1 (recall that h'/? is the uncertainty
parameter of I'). Choosing h small enough and noticing that

(u?)" > ch®/3,
gives
ch*P[ul* < ((1*)“u,u)) < CRe ((p” = hz)u, (1 — eg)*u) + C((1¢) " u, ). (9.5)

We next write that for € sufficiently small,
Re ((p* = hz)u, (1 — eg)*u) < [[(p* = hz)ul|[ul].
From this and (9.5) we get the main result of this section

ch*Plull < Cll(p* — he)ul + Ol (1) “u] (9.6)

10 Proof of Theorem 1.2

In this section we shall glue together all the results of the Sections 4, 6, 8 and 9. We give the
results here in the original variables and not on the FBI side.

In the following, we choose u € S and we write U = T'u where T is the FBI-Bargmann transform
associated with the phase i(x —y)?/2. We also denote by P the operator (yop)® on the FBI side,
where xq is some C§° function equal to 1 in a very large compact set (including the critical points).

Proof of a). We suppose here that hlz| < O(h). Let us first recall the main result (9.6) of
Section 9:
W2 lull < Cll (" — he)ull + Ol (1) ull, (10.1)

where ¢ is a cutoff function equal to 1 near the critical points. We choose once and for all another
cutoff function ¢ equal to one in a larger neighborhood of the critical points, so that VoVy = 0.
Then

RPN =) ull < Ol (" — hz) (L — ) ull + Cll(u?e)*“ (1 — ) “ul.
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Notice that (u?¢)” (1 —1)* = O(h™) as a bounded operator in L? since the supports are disjoint.
Moreover,

(5~ ha)(1— )" = (1= )" (5" — hz) + 1 {1, p}" + O(R?), (10.2)

where ¢ def % {1, p} is a symbol with supp ¢ C supp V), so that the support of ¢ is disjoint from
the support of p. Hence

R =) ull < Oll(1 = )" (p* = hz)ull + Chllg®ul| + O(h?)||u].
The L?boundedness of (1 —)* and the fact that h < h?/3 give
hl|(1 = v) ul < Cll(p* = hz)ul + Chllg”ull + O(h*)|ull. (10.3)
The main result of Section 6 on the FBI side states that
h|Ulls, < |(P = h2)Ulla, +h*C[l(1 = X)U |2y, (10.4)

where x is an arbitrary cutoff function equal to 1 in a neighborhood of the critical points. We can
choose x equal to 1 in a neighborhood of supp ¢, where v is viewed as a function on the FBI-side
(i.e. 9ok~ where & is the canonical transform associated with the FBI transform T'). With these
notations we may write that ¢ < 1 < x < xo modulo a composition with x. Coming back to the
real side for the two first terms of this inequality, and using the metaplectic invariance gives

hllull < ((xop)® = hz)ull + h*°|[(1 = X)U||a,, (10.5)
and after replacing u by ¥ u,
Rl all < [[((xop)” = h2)ull + h*C|[(1 = )T ul 0, (10.6)

Now we can treat the term ||((xop)” — hz)y™ul| as in (10.2) and get rid of the term yo modulo a
term of order h*° and we get with the same ¢

Rl ull < (0" — he)ull + hllg®ull + O(h®) ull + B> |[(1 = )T ull e, (10.7)

We shall use the following standard lemma for which we briefly review the proof at the end of
this section.

Lemma 10.1 We have |[(1 — x)T¥"ullo, = O(h>)||u].
We can therefore write
hllw*ull < ([0 = hz)ull + hllg*ull + O(h?)|[ul. (10.8)
Let us now glue together the results (10.3), (10.8) to get
h{I(1 =) ull + kv ull < Cll(p" — hz)ull + Chllg ull + O(h?)||ull. (10.9)
For the term Ch|lg*u|| we simply apply (10.1) with u replaced by ¢*u. This gives

R3¢l < C| (™ — hz)g"ull + [|¢“ g ul. (10.10)
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Since ¢ and ¢ have disjoint support, we have p“q¥ = O(h®) as an operator in L?. Besides we
have
(p* = hz)q" = q"(p* — hz) + O(h),

since ¢ is with compact support. Therefore we get
W2 q ull < Cllg" (p" — hz)ull + Chljull < [|(p” — hz)ul| + Chllul, (10.11)

and eventually
hllg”ull < ([0 — hz)ull + ChY?|fu]]. (10.12)

Together with (10.9) this yields
R(L =) ull + Allv*ull < Cll(p* — he)ul + O(RY?)|ul, (10.13)
and using the triangle inequality [Ju| < [[(1 — )% ul|| + [[¥"ul],
hljull < Cll(p* — hz)ul| + OR*?)|ull. (10.14)

Taking h small enough completes the proof of part a) of the theorem. o

Proof of b).  In this section we suppose that |z| 3> h. We also denote in the following
Z = |2|V/3R2/3,
We shall follow the proof of part a). We first recall the main result (8.20) of Section 8:
Z||ull < Cll(p* = 2)ull + Cll(1*@) " ull, (10.15)

where ¢ is a cutoff function equal to 1 near the critical points. As in the preceding section we
choose once and for all another cutoff function v such that ¢ > ¢ and we write

Z|(1 =) ull < Cll(p* = 2)(1 = )" ull + Cll(r?e)* (1 = )" ull.
As in (10.2), (10.3) we get
Z|I(1 =) ull < Cli(p* — 2)ull + Chllq“ull + O(h*)||ull, (10.16)
def

where we recall ¢ ¢ 2% {1, p} is a symbol with support in V1.
We now recall the main result of Section 4 on the FBI side (see equation (4.15)):

Z|Ulle, < C(I(P = 2)Ulle, + ZII(1 = x)U|l2,) , (10.17)

where x is an arbitrary cutoff function equal to 1 in a neighboorhood of the critical points. We
choose x = 1 where 9 is viewed as a function on the FBI side. With this notation we write as in
the proof of a) that ¢ < 1) < x < xo0. Coming back to the real side for the two first terms of this
inequality, and using the metaplectic invariance gives

Zlull < C([[((xop)™ = 2)ull + Z[I(1 = X)U |2, ) - (10.18)
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Taking *u instead of u gives
Z|[p*ull < C<||((X0p)“’ —2)¢"ul + Z]|(1 - X)T¢wu||<1>0)~ (10.19)
Now we can treat the term ||(p* — z)y™ul| as in (10.2) and we get with the same ¢
Z||¢p*ull < C(H(pw = 2)ul| + hllg“ull + O(h*)|Jull + Z||(1 ~ X)Tl//wul%>~ (10.20)

Using Lemma 10.1 yields,
Zllp*ull < Cll(p* — 2)ull + Chllg"ul + O(h*)l|ul + ZO(h>)|ul. (10.21)
Let us now combine (10.16), (10.21):
ZII(1 =) ull + Z|[g " ull < Cl(p” = 2)ull + Chllg“ull + OB |jull + ZO(h>=)Jull.  (10.22)
Now we can use (10.11) and we get with new constants
211 = vy ul + Z]6 ul < Clw” - 2l + OB Jull + O llul + ZOE)|lull,  (10.23)

and the triangle inequality gives
Zlull < Cl[(p* — 2)ul|.

The proof of part b) of the theorem is complete. a

Proof of lemma 10.1. We have

11 =0T ullg, = (u, v T* (1 = x)*TY"u) < |Jull [T (1 = x)* Ty ul,

where the adjoint 7% is w.r.t. the ®; inner product. We will show that T*(1 — )T is a pseudo-
differential operator with Weyl symbol that is O(h™) where (1 — x)? o k and all its derivatives
vanish. Since ¢ and (1 — x) o k have disjoint support, this shows the result.

To simplify the notation we do the computations for T*x7T. Recall that we use the transform

3n

(3.1), with ¢(t,y) = i(t — y)?/2. The constant C in (3.1) is given by 2=2 7~ . The function ®
equals —(Im)?/2 and (x o k)(z,&) = x(z — if). If we write t = 2 — i€, then the kernel K(y,z) of
T*xT is given by
K(y,z) = 27”(71'}1)*% /B*i(zfy)‘é/h*(mfyf/(2h)+i(r*2)-§/h*(r*2)2/(2h)X(x —i€)dad¢. (10.24)

The phase function can be written as

. y+z

iy —2) /0= (= LE2R Ih = (y — )% (4h).
For the last term in this expression we have from a Fourier transformation

o~ (v=2)2/(ah) _ (Wh)—"ﬂ/ei(y—Z)~(n—§)/h—(?7—§)2/h .
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Entering this in (10.24) we find that K (y, z) equals
Q—n(ﬂh)—m/ez‘(y—z)m/h—(w—%)Z/h—(n—@?/hx(x _ i€) dwdedy.
This formally equals a Weyl pseudodifferential operator with symbol
K = ety [ e 9 (o i) duds

It is clear that y has the correct symbol property, and that x(y,n) = O(h*) for (y,n) such that
(x o k)(y,n) and all its derivatives vanish. This completes the proof. O

11 Asymptotic expansion of the eigenvalues.

From apriori estimates to the resolvent.

In the previous sections we obtained apriori estimates for z in a subset of C, given by
[ull < C(P - 2)ull, Vue S(R™). (11.1)

We will show that such estimates imply the existence of the resolvent of P.

We will first establish this for one particular value of z. For this purpose we will use some
functional analysis, and results given in section 5.2 of [8]. Following [8] we define P : D(P) —
L?(R™) with domain D(P) = C5°(R™). We let P be its closure (further on we will simply write P
instead of P but for the moment we keep the distinction).

We show that S(R™) C D(P). This follows if for u € S(R™) there is a sequence u; € C5°(R")
with u; — w in L?*(R™) and Pu; — Pu in L*(R™). Such a sequence is given by u; = x(5)u(z),
where x € C3°(R™,[0,1]) is equal to 1 on a neighborhood of 0. We have Pu; = x(5)Pu +
[P, X(E)]u — Pu, since the symbol of the commutator tends to zero in S(A,T'g). By the definition
of P we have that in fact S(R") is dense in D(P).

Next we establish the existence of the resolvent for at least one value zg in the left complex half
plane, when there is a real Ay such that P + \g is maximally accretive. For the Kramers-Fokker-
Planck operator this property is established in proposition 5.5 of [8] with Ao = 0.

Proposition 11.1 Assume that P + \g is mazimally accretive. Then there is A\ > Ao such
that (P + \1)~! exists and is a bounded operator on L?*(R™).

Proof. The accretivity of P + \g means that ((P + \g)u,u) > 0 for each u € D(P). It follows
that for each A > \g we have

1P+ Nulllull = (P + Xo)u, u) + (A = Xo) [ull® = (A = o) [ul®, w e D(P),

hence
[ull < (A =X0)"HI(P + ANull, ueD(P). (11.2)

Hence P + ) is injective.
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Suppose now that there is a sequence u; € S(R") such that (P + A)u; — v in L?(R")
for some v € L?(R™). Denote v; = (P + A)u;. Then by the estimate (11.2) it follows that
luj — uxl — 0,4,k — oo, hence u; converges to an element u in L*(R"). Now (u;,v;) € graph(P)
and u; — u,v; — v in L?(R™). Therefore, the range R(P) is closed. Theorem 5.4 of [8] and the
fact that P is maximally accretive imply that for some \; > Ay, the range of P + \; is also dense
in L2(R™). It follows that P+ \; is surjective, that the inverse (P +\;)~! exists and that its norm

is bounded by >\1i>\0' O

Remark 11.2 Alternatively we could use the following additional properties

Jull < Cl[(P* =Z)ul, VueSR"), (11.3)
u € L*(R™), (P — 2)u € S(R") = u € S(R™). (11.4)

(Here we let D(P) = {u € L*(R"); Pu € L*(R™)}.) The first property is similar to the apriori
estimate (11.1). The second property can for example be derived from hypoelliptic estimates in a
chain of weighted Sobolev spaces as given for the Kramers-Fokker-Planck case in theorem 3.1d) of
[9] (a result valid under somewhat different conditions than used here). In short the argument using
(11.4) goes as follows. By a standard argument estimate (11.3) and the Hahn-Banach theorem
imply the surjectivity of P — z. If w € D(P) and (P — z)u = 0, then (11.4) implies that u € S(R™)
and (11.1) that u = 0. Hence P : D(P) — L?*(R") is injective, and (P —z)~!: L? — L? is bounded
and ||(P — 2)7!|| < C. One can also show that under these assumptions S(R") is dense in D(P)
for the graph norm.

From now on we simply write P instead of P. To obtain the resolvent, we consider an abstract
situation. Let P : L?(R") — L2(R"™) be a closed operator and assume (as we established above)

S(R™) is dense in D(P). (11.5)

Since D(P) has the norm |u|ppy = ||ul| + || Pul|, this means that for every u € D(P), there is a
sequence u; € S, j = 1,2, ..., such that u; — v and Pu; — Pu in L%
Let €2 C C be a connected open set. Let zg € €2 an assume

(20 — P)™': L? — D(P) exists, (11.6)

lul| < Ck||(P = z)ul|, Vue S, z € K, (11.7)
for every K CC €.

1

Proposition 11.3 Under these assumptions, (z — P)™" ezists for every z € Q.

Proof. Using (11.5), we see that the apriori estimate in (11.7) extends to all u € D(P).
In particular, z — P : D(P) — L? is injective for z € Q, so it remains to show that z — P is
surjective. If (27 — P)~! exists for some z; € K CC €, then (11.7) (extended to D(P)) implies
that [|(21 — P)71|| < Ck. Hence ||(z — z1)(21 — P)7 Y| < 1 for |z — 21| < 1/C, and we conclude
that 2 — P : D(P) — L? has a right inverse of the form (27 — P)"Y(1+ (2 — 21)(2y — P)~4) =L If
in addition, z € €, this right inverse is equal to the resolvent.

If z € Q is any given point, we take a smooth curve « in € from zg to z, and cover v by finitely
many discs D(zj,7), j = 0,1,2,..., M, such that r < 1/C,, zj+1 € D(z;,7). Hence (z — P)~!
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exists. 0O

The same result is valid for Grushin problems. We keep the initial hypothesis about P. Let
R_:CNo — L2 R, :D(P)— CNo be bounded and for simplicity independent of z. Put

P(z) = (PRZZ RE)—) . D(P) x CYo — 2 x TN, (11.8)

Assume still that (11.6) holds for some zy € €. Instead of (11.7), we assume
lull + Ju_| < Cx(|(P —2)u+ R_u_|| + |Ryul), 2 € K,ue€ S, u_ € CNo, (11.9)
for every K CC ). (Again, this extends to the case u € D(P).)

Proposition 11.4 Under the above assumptions, P(z) has a bounded inverse for every z € Q.

Proof. As before, we notice that (11.9) implies that
lullpepy + Ju—| < Cx(|[(P — 2)u+ R_u_|| + |Ryul), u€ D(P), u_ e CN°, z € K, (11.10)

with a new constant Cx, so P(z) is injective for all z € .
For z = 29, (P — 29) : D(P) — L? has a bounded inverse and is therefore a Fredholm operator
of index 0. Hence,

Q= (PBZO g) :D(P) x CNo — L2 x Mo

is Fredholm of index 0 and P(z) has the same property, being a finite rank perturbation of Q.
Being injective by (11.9), it is bijective, and as in the preceding proof, we see that P(z)~! exists
for all z € Q with |z — 29| < 1/Ck if 29 € K. By the same procedure as above, we get the result.
O

Grushin problem in the quadratic case

Let Py be a quadratic operator on L?(R™), so that Py has the Weyl symbol Z\a+ﬁ\:2 Ao prEP
that we also denote by Py(z,&). (We can also add a constant to our symbol, but we shall avoid for
simplicity to have linear terms in the symbol.) As in [15] we assume that P, is elliptic away from
(0,0):

Py(w,€) #0, (,6) € R\ {(0,0)}. (11.11)
When n > 1 this implies that Py(IR?") is a proper cone in C and when n = 1 we assume that so is
the case. Then P, is a closed operator : L? — L? with domain D(Py) = ((x, D))~2(L?) and the
assumption (11.5) is fulfilled. Py has discrete spectrum and the eigenvalues are computed in [15]
as recalled in Section 5. They are contained in Py(R?").

Let Ag € C be such an eigenvalue and let E, C D(Pp) be the corresponding space of generalized
eigenvectors. Let ey, ..., en, be a basis for Ey, and let f1,..., fn, € S(R™) have the property that

det((e;11)) # 0. (11.12)
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A possibly natural choice would be to let fi, ..., fn, be the dual basis in the space E;O of generalized
eigenvectors of P*, associated to the eigenvalue \g.
Put
Rous =Y u(f)ej, Row=((ulfy) € C%,
for u_ = (u_(j)) € CNo. For \ € neigh (\), the problem
(Ph—Nu+R_u_=v, Ryu=vq, (11.13)

has a unique solution (u,u_) € D(P), for every (v,v;) € L? x CNo. In fact, let IT : L? — E), be

the spectral projection and decompose u = v’ +u”, v = v/ +v”, with v’ = Tu, v’ = (1 — IT)u and

similarly for v. Then the equation for u' is (Py — A\)u’ = v’ and determines «’ € D(P) uniquely. u”

is completely determined by the condition Ryu” = vy — Ryw’, thanks to the assumption (11.12).

Finally u_ is determined by R_u_ = v — (Py — A\)u’.
If we introduce the solution operator

Sl B ()-e()

2—k k
(A . 1> £ <A0 ?) is bounded (11.14)

for every k € R, when A = ((x, D)). We also notice that if M ()) denotes the matrix of (A — FPy),
with respect to the basis ey, ..., en,, then

E_ () = MO (exl )~ (11.15)

We now choose Fy as in Proposition 5.1, acting on Hgo, where ®? is a quadratic form with
Ago = Kk (Acgo) and G is a real quadratic form chosen as in 5.3. Here € > 0 is small and fixed
and the earlier assumptions are fulfilled with the real phase space replaced by Ago. As in Section
5 we now work with the h-quantization. Then, if A\ is an eigenvalue of the (h = 1) quantization,
we get the well-posed Grushin problem

then we also know that

E>‘O

(Po—hz)u+ R_u_ =v, Ryu=nwy, (11.16)

for z in some fixed neighborhood of \g. Here, we take
Riu(j) = (U|fj,h)L§>9, Rou_ Y u_(j)ejn, (11.17)
with f; 5(z) = h_%fj(%), and similarly for e; 5, so that
— .72 N _ . N
R+—O(1)L 8—>C O, R,—(’)(l)(C 0—>Hq>8,

uniformly, when h — 0. More precisely, we have (cf. Proposition 5.1):

Proposition 11.5 For every (v,vy) € Hpe X CNo | the problem (11.16) has a unique solution
in the same space and the solution satisfies: d*u € ng, Moreover, for every fized k € R, we have
the apriori estimate

d? d?
hl[(1 + W)H“UII +u—| < C([|(1 + 7)7%” + hlvi]). (11.18)
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Proof. When h = 1, we simply translate the earlier result for (11.13) into a result for (11.16)
and get the estimate

11+ )l + Ju-] < CUIA +d) 7 0] + [og ). (11.19)

Now consider (11.16) for other values of h, and indicate the h-dependence by means of super/sub-
scripts. Let Uf(z) = h% f(vha), so that U is unitary: Hge n — Hog 1. We further have

UFy = hPyU, UR" = RY, R} = R\U,
and the problem (11.16) (with general h) can be transformed into
h(Py — 2)Uu+ RLu_ =Uv, RiUu= vy, (11.20)

that we write as
(Py — 2)hUu+ R u_ = Uv, RLhUu = hvy. (11.21)

Applying (11.19) to this system, we get
(1 +d*) " Uu| + [u_| < C([(1 + d*) U] + hloy]).

Here
de)Uu(o) = Ul )ue) = V(L ute))
and using the unitarity of U, we get (11.18). O
We can rewrite (11.18) equivalently as
(R + d)' " Full + h™Fu—| < C(I(h +d*) " ol + B o). (11.22)

In the following, it will be convenient to replace the f; in the definition of Ri_ by xifj, where
Xr(z) = x(§) for some sufficiently large R > 0. Correspondingly, f]h is replaced by XR(\/LE)th-

This will be only a small modification of R" and does neither affect the well-posedness of (11.16)
nor the estimates (11.18), (11.22).
Mimicking Proposition 5.2, we have

Proposition 11.6 Let xo € C§°(C™) be fized and = 1 near x = 0, and fir k € R. Then for z
in a neighborhood of \g, independent of k, we have the following estimate for the problem (11.16)
in Hee (for € >0 small and fired and for h sufficiently small):

(A + @) xoull + h~F[u_| < C(|(h+d*)Fxovl| + h' oy | + b3 [[1xcul), (11.23)
where K is any fized neighborhood of supp xo.
Proof. Let II denote the orthogonal projection onto the holomorphic functions as in Section 5.

Applying IIxo to the first equation in (11.16), we get after some simple calculations, (using also
that IR_ = R_, u = Tu):

(Py — h2)IIxou + R_u_ = Ixov + [Py, IxoJu + II(1 — x0)R—u_,

(11.24)
RiIlxou = vy — Ry (1 — xo)u — Ry (1 — M)xou.
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Here (5.29) tells us that
(7 + d2)~* [Py, Mxoul| < O(R)|[1xul.

Since the e; decay exponentially and (h + d?)*II(h + d?)* is uniformly bounded in our weighted
L? space, it is also clear that

(7 + d?) " (1 — xo) R—u—]| < O(h™)[u_],

and since x f; has compact support, we have Ry (1— xo) = 0, when h > 0 is small enough. We also
have |R4 (1 — II)xou| < O(h*°)||1xul|. Applying this and (11.22) to the problem (11.24), we get

(R + d?)'*IIxoul| + A~ *lu_| < [|(h+ d?)~FIIxov|| + O(h) | 1xull + O(h*)|u_| (11.25)
+h 7 F oy |+ O(R™)||1 gul|.

According to (5.24), we have
I(h+ d®) (1 = M)xoul| < O(RF)|1xul,

and using this and
I(7 + d%) " Txovll < Ol (h + d?)*xov]|

in (11.25), we get (11.23). a

Remark 11.7 Return to the case h = 1 and choose Py as after the equation (11.15). Since Py
is elliptic on Ago for 0 < € < ¢o with €y small enough, an easy deformation argument shows that
the spectrum of Py on Hgo is independent of €, and similarly for the generalized eigenvectors. The
aim of this remark is to show that there exists a 6 > 0 such that the generalized eigenvectors e;
satisfy

e; € H@8_5|I|2. (11.26)

Rather than using deformation arguments as elsewhere in this paper, we shall employ the alterna-
tive method of Fourier integral operators with complex phase, and more precisely we shall study
the evolution equation associated to Fp.

Let us first recall some elementary facts from complex symplectic geometry (as in [17] and
further references given there): On CI' x (Cg, we have the complex symplectic (2,0)-form o =
> dng/\ dzj and the real symplectic forms Reo, —Imo. If ¢ is a vector field on C?" of type (1,0),
we let ¢ =t 4t be the associated real vector field. Then if f is a holomorphic function, we let Hy
denote the Hamilton field (of type (1,0)) with respect to o and if g is a real-valued C'-function,

we let H;ie 7, H;Im 7 denote the Hamilton field of g with respect to Reo and —Im o respectively.
Then we have the relations,

57 _ gReo _ _ -Imo 77 _ _r7Reoc _ _¢r-Imo
Hy=Hgey=—Hpy, " Hiy=-Hy,7=-Hg "

Using Fourier integral operators with quadratic phase in the complex domain, we see that if
0 <t <ty, and up € Hop,, with g = <I>8, then we can solve the heat equation

%u(t,m) + Pyu(t,xz) =0, u(0,z) = uo(z),
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and the solution operator et/ is bounded Hg, — Hg,, where

As, = exp (tH: p)(Ag,) = exp (tHﬁgI;O")(A%). (11.27)

We further have the eikonal equation for ®(¢,z) = ®4(x):

0P 209
5 TRePo(z, = 5-) =0, (11.28)
corresponding to the manifold
v 200
ot’ > iox’

in R? | x C?ff, which is Lagrangian for the symplectic form dr A dt —Imo. (To get (11.28) at least
formally, differentiate ||u(t, .)||§{@(t“> with respect to t). Since Re Py is constant along the flow of

Hﬁinji:’ we know that Re POlAcpt >0, so (11.28) shows that %—f < 0 and hence that

t — ®,(x) is decreasing. (11.29)

Let Ly C Ag, be the subspace, defined by Re Py = 0 and notice that Re Py ~ dist (-, Lg)? on Ag,.
In general, if f is a smooth function on an IR-manifold A, and f denotes an almost holomorphic
extension of f to a neighborhood of A, then at the points where df is real, the Hamilton field H }7“

of f with respect to the real symplectic form o = oy, is equal to fIf. Applying this to f = %PO,
we get at the points of Lg:
e Ay
Hyp, = Hyyy 1090'

Let Ly = exp (tﬁ;po)(Lo) (cf (11.27)). Since HE:; is transversal to Ly away from 0, we deduce
; o

that ¢ — II,(L;) moves transversally to II,(Lg) away from 0 and since by (11.28),

o .
E ~ —dlSt (.’I},HI(Lt))27
we conclude that for small ¢ 5
t
O, () < Bo(z) — 5'””‘2' (11.30)

If e; is an eigenvector of Py: Poej = Ajej, Aj € C, we first recall that e; € Hg, 4|42 for every € > 0,
and conclude that e~*"Pe; € Hg, 4 |,2 for every € > 0. On the other hand, e *0e; = e~"Yie;, so
ej =eNe e, € Hy, |y2 for every € > 0. Taking ¢ > 0 small but fixed, we then obtain (11.26)
from (11.30). If ); is a multiple eigenvalue, we also have to take into account the possible Jordan
blocks in the action of Py on the corresponding generalized eigenspace, but this only requires minor
modifications in the argument and we get (11.26) in general.

Estimate for the semi-global problem

We now consider the situation in Section 6. P is now an h-pseudodifferential operator acting
in Hy = Hs_, and we define R, = Rﬁ‘r, R_ = R" as in the preceding subsection. As in Section 6,
Py is now the quadratic approximation of P at (0,0) and we shall use the fact that ®. = ®° for
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|z] < VAh for A > 1. Recall the estimate (11.23) for solutions to (11.16) (for Py and with norms
in H@(E)))
Again, we want to replace the fixed cutoff xo in (11.23) by xo(

of variables « = VVAhZ, hD, = v AhhD;z, h = 1/A.

x

vV Ah

) and consider the change

Py(z,hDy; h) = %Po(i,ﬁDg;h) = %150,

and with d = d(z), d = d(%):
h4d? = 2(71—1— 52)7 o—22°(@)/h _ e—zéo(z)ﬁl,
h

and we relate our unknown functions by the unitary relation
u(z) = (Ah) "3 U(F), h3u(z) = h3u(3). (11.31)
With these substitutions, the problem (11.16) becomes

h o~ - - _
Z(PO —h2)u+ R_u_ =79, Ryu=vq, (11.32)

and we can apply (11.23) to this new problem. A straightforward calculation gives

2v1—k x —k ) -
[ (h+ d?) Xo(m)uH-l-h lu_| < C(Il(h+d> ol )l (11.33)
Lk 1 2\1—k L
R g+ )M Th)ul)

This estimate will be applied with k = 1/2.

We now return to the full operator P (on the FBI-side) and the norms and scalar products will
now be with respect to e 2®/"[L(dx), ® = ®., with € > 0 small and fixed. Recall however that
® = & in |x| < V/Ah. We consider the semi-global Grushin problem

(P—hz)u+R_u_=v, Ryu=vg, (11.34)

in some fixed bounded open set containing the (projections of the) critical points. For simplicity,
we assume that the critical set is reduced to a single point, corresponding to x = 0. Let x € C§°
be equal to 1 near 0.

Notice that by Remark 11.7, e~ ®/? R_u_ is exponentially small away from any fixed neighbor-
hood of x = 0. Apply (6.14) with (P —hz)u =v — R_u_:

| Aull? < C'Re (xvlu) + CIA™ Ru ||| Aul| + C(x3(—==) AulAu) + C||(1 — x) Aul|[[Aul. (11.35)
VAl
Here A was defined in (6.13). Using Remark 11.7 it is easy to check that
C
A'Rou_ || < —=|u_|, 11.36
[ I < =l (11.30)
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and (11.35) becomes

T
VAh

Apply 72ab < aa® + o~ 'b?” with suitable a’s to the 1st, 2nd and the 4th terms of the right hand
side and bootstrap away the ||Au||? terms. After removing the squares, we get

B 1
[Au]? < C(IIA tollllAu] + W\U—IIIMII + 1 Ax0(—==)ull® + [I(1 - X)AUIIIAu||>~ (11.37)

| Au]| < C(HAlvl + %IMI + ||AxO<—¢‘;_h>u|| 1 - x)Au|>. (11.38)
Apply (11.33) (for the Grushin problem for Fy) with k£ = 1/2:
Xz

A + h™ 2 u_
IAX0( el b |

<c<|A1 (Yol 4 A Xo(—2 ) (P — PoJu] + Ao | + — AL (— >u||)

= XV an XV an 0 A A

1 1 1 s
< (A (=2 £ C(ARE || Au|| + hE oy ] + —= || Ao (—e )
< (1A~ ol 2ol + CCAME JAul + oy | + AL (2l

where we used (6.16), to get the last estimate. Use this estimate in (11.38) after adding h~'/2|u_|
to both sides:

1 x
ﬁ”AlK(ﬁ

and choosing first A large enough and then h > 0 small enough, we get the basic apriori estimate
for the problem (11.34):

[Aul + A~ u_]| < O(A-lvn + C(A)hE | Aul| + hE oy | + Yul| + [|(1 — x)Au|),

[Aul| + h~%[u_| < C(IA™ ] + hE g |+ [[(1 = x)Aul]). (11.39)

The global Grushin problem.

Now let P be as in Theorem 1.2. Applying the inverse FBI-transform we have the ob-
vious analogue of the Grushin problem and for that problem, we still have (11.39) provided
that we define A to be a suitable h-pseudodifferential operator whose symbol is equivalent to
(h+min(d?, (Ahd)?/3))'/2, and interpret x as a pseudodifferential cutoff. From (11.39), we get the
weaker estimate

Al ul| + Ju-| < O(loll + hlvs ] + B (1 = x) ull), (11.40)
analogous to (10.7). This leads to
i ull + lu-| < C(loll + hlv| + hllg“ull + OB ull), (11.41)

which is analogous to (10.8). On the other hand, we have (10.3), and as in Section 10, we finally
get the global apriori estimate (analogous to (10.14)):

hllull + Ju-| < C([[oll + hlv])- (11.42)

We are therefore exactly in the situation of the beginning of this section and from Proposition
11.4 we get that the Grushin problem is well-posed.
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Asymptotics for £, and for the eigenvalues.

For simplicity, we continue to assume that C is reduced to a single point, (0,0). We may
assume that the global Grushin problem for the original operator P, considered in the preceding
subsection, is of the form

(P—hz)u+ R_u_=v, Ryu=v4, (11.43)

where z varies in a fixed neighborhood of an eigenvalue \g € C, of the quadratic approximation
Py (with h = 1) of P at (0,0), and where

No
Rou =3 u_()eh(@), Reuls) = (ulf(2). (11.44)
j=1

Here
n x n :L'

h —n h _n
e(x)=h"4¢e;(—), fH(x)=h"2 f;(—

j() ](\/E) fg() f](\/ﬁ
and ey, ...,en, form a basis for the generalized eigenspace E), of Py, associated to Ag. It is well
known that we may take e; of the form

), (11.45)

ej(x) = pj(z)e’™), (11.46)

where p; is a polynomial and ®q(z) is a complex quadratic form such that Ag, = {(z, ®((z))} is
the stable outgoing manifold A° for the + Hp, -flow and (by Remark 11.7) we know that

Im @ is positive definite. (11.47)
We may assume that the f; have an analogous form:
fi(@) = gj (@)™, (11.48)

with g; polynomial and ¥ a quadratic form with Im W, positive definite.

Let A+ be the stable outgoing (+) and incoming (—) manifolds through (0,0) for the 1H,-
flow, where p is the principal symbol of P. Then AL are complex Lagrangian manifolds defined
to infinite order at (0,0) and A3_ = Ti,0A+. Let x be a complex canonical transformation:
neigh ((0,0); C**) — neigh ((0,0); C?*), mapping {£ = 0} to A and {z = 0} to A_. Let U be a
formal elliptic Fourier integral operator of order 0 quantizing x, and consider

U'PU =P,

whose symbol is well-defined mod O((z, &) + h>). The principal symbol p of P then vanishes on
{z =0} and on {¢ = 0} and therefore takes the form

= Y auple e’ (11.49)
lal=18]=1

Using for simplicity the classical quantization of symbols, we get

P = Z e 3(x, hD)x*(hD)’ + ha(z, hD; h), (11.50)
la|=|Bl=1
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where a is a classical symbol of order 0. (We are now working with formal Taylor series at

Put

Prim =1 ba f (11.51)

loe|=m
Here b, will in general be functions of h. When they are not, we say that Z|a\:m ba(%)a

is homogeneous of order 0 in h (or even independent of h, with z/ Vh viewed as independent
variables). Then in the obvious way,

7

is homogeneous of degree 0 in h.
Write

V(VRD)? s Pl — Pt

hom

%ﬁ: > aap(@ hD) (\F) (VhD)? + a(z, hD; h). (11.52)

lal=]B]=1
Write a ~ > ° hfa; and Taylor expand a(z, hD;h) at (0,0):

511 A5 (0,0)
a(z, hD; h) ZZ}W' S 6)|(5' )(\/5)5(\/%13)7. (11.53)

J=0 7,6

If |6] — |y| = k € Z, then ||+ |0| = |k| +2min(]d], |7]), so the general term in the last sum can be

written

™)
B+ 5L min(|y . |6|>M(

i () (VAD)

In conclusion the block matrix of

a(z,hD;h) : @D Pl — B Priom:
0 0

[i—k]

is (h"z A, ), where AJ k= gAY hY, and AV PR — P/ is homogeneous of degree 0.
(We then say that A;  is a classical symbol of order 0.)

The same discussion applies to aq,g(z, hD) and hence also to h’lﬁ, whose matrix is

FELIPS
(b= Pjx), Pix 72 v b, (11.54)
where P/} P}’fom — Pﬁom is homogeneous of degree 0. The leading part of 1P is given by

%130 S aa,ﬁ(oo(f) (VAD)? + ag(0,0),

loe|=[8]=1

in the following sense: h_lf’o has a block diagonal matrix in @80 Pk, and Pﬁj is equal to the

restriction of h~1 P, to ’Pflom
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Now we shall exploit that the exponent |j — k|/2 in (11.54) is an integer precisely when j and
k have the same parity. We therefore introduce

Fe =P Pk, Fo=PPistt. (11.55)
0 0
Then h~1P : Fe ® F, — Fe ® F, has the block diagonal matrix
(e o) -

where P, ¢, P, 0, h_1/2Pe,O, h_1/2Po,e are classical symbols of order 0.
The Grushin problem for P that we obtain from (11.43) is

(P—hz)u+R_u_ =v, Ryu=v,, (11.57)

with _ _
R =U'R_, Ry =R,U. (11.58)

We want to decompose Ei into even and odd degrees.

Return to P, Py and notice that [Pp,¢] = 0, where ¢ is the involution ¢(u)(z) = u(—z). Con-
sequently, E, is invariant under ¢ and splits into Ef & Ef , with : =1 on E5 and ¢ = —1 on
ES . Let the corresponding dimensions be N., N,, so that Ny = N, + N,. We may assume that
ej is even for 1 < j < N, and odd for N, +1 < j < Ny, and we may choose f; with the same
properties. Then p;(x), g;(x) are even when 1 < j < N, and odd otherwise.

Now, write
h _n_ M5 i‘bo(’t)
ef(r) =h"3" 2 aj(z;h)e'n, (11.59)
where -
a; ~ Z ayj(z)h”, and a;(z) = O(|z|(mi=2)+), (11.60)
v=0

and actually, aj(z;h) = h™i/?p;(x/V/h), with m; = d°p;. m; is even when 1 < j < N,, and odd
otherwise. Assume to fix the ideas that j < N.. Then

n_™Mj F(z)
h

U ety =h"i"=aj(z;h)et (11.61)

J

where a; satisfies (11.60). Moreover, ,
F(z) = O(z?), (11.62)

since Ag, is tangent to Ag so that Ap is tangent to {£ = 0}.
Taylor expanding @; and e¥/" = " 0°(iF(x))* /(k!h*), we see that

hiU(el) € ED Pl (11.63)
0

and when m is even, the component in P} is a classical symbol of order 0 (and the order tends
to —oo like —m/2, when m — oo), while the component in P}?  is of order h'/2, when m is odd).
The case j > N, + 1 is treated similarly, and we conclude that

~ (R’ie Ree

R_o=[= = |:CVNapCN - F.aF, 11.64
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where h"“éi"‘, h”/4}~f‘i", h"/4_1/2éi", h/4=1/2 Ro¢ are classical symbols of order 0.
Next, we do the same work with §+ and start from
Ryu(s) = (u|U(f;.0))- (11.65)

Possibly after a slight perturbation of ¥, we may assume that
U(fin) = h™ 502 by (a; h)et 6@, (11.66)

where m;, Ej have the same properties as m;,a; above, and m; is even for 1 < j < N, and odd
otherwise. Moreover det G”(0) # 0, and the scalar product in (11.65) should be computed as a
formal stationary phase integral. In doing so, we apply the complex Morse lemma (to oo order
at © = 0) to reduce G to a quadratic form. If « is a formal diffeomorphism with a(0) = 0, and

Au=oa*u=wuoa, then A: @ P, — B P, has the same block matrix structure as h~'P
in (11.54). From these facts, we get

Re= (8% BY) g ar - cMach, (11.67)
Roe ROO
+ g

where h‘"“ﬁﬁf, h_"/"‘ﬁﬂro, h_"/4_1/2ﬁﬁr°, h_”/4_1/2§(’f are classical symbols of order 0.
Consider the rescaled problem which is equivalent to (11.57):

1~ n =~ n =~
(EP—z)u—i—hZR,u, =wv, h" T Riu = vy, (11.68)

or in matrix form

Let
E E;\ g Ne T N
E=| ~ = . pm CNo pm cNo,
B E_+ @ hom S3) - @ hom S3]
be the inverse. Decomposing

- <75 Deo

P() = Boe oo H(Fe @ CV) @ (F, 8 CNo) — (Fo & CNe) @ (F, @ CN),

N———

where ﬁee, 75"0, h_%’i?v, h~%P are classical symbols of order 0, we get the same decomposition for
&(z). In particular,

E_.(2) = @OJ g;) :CNe g CNe — CNe g CNo (11.69)
-+ -+

has the same structure. The determinant of this matrix is a classical symbol of order 0. In fact,

h% 0 g h_% 0 _ Eie+ h%EEO_;'_
(0 1) E—+(Z) ( 0 1) - <h—éEoe+ 'Ev'go+

99



has the same determinant and is a classical symbol of order 0 of the form
det E_y (\) ~ det ES L (A\) + hfi(A) + h2fa(N) + ..., (11.70)

where E® | ()) is the matrix given in (11.15) (there denoted without the superscript 0). In particular
E%  (A) = (A= X0)™ f(X) with f()) # 0, in the space of holomorphic functions in a neighborhood
of \g. This could also be deduced from the well known formula

) 1 4 det E°
No=tr— [ A=Py)ldr=— [ D ———Lax
0= tro— /W( 0) 2mi J det EC (N\) 7

where 7 is a closed contour around Ag. (We have of course the similar formula for P,E__,
permitting to identify the zeros of E_ and the eigenvalues of P, counted with their multiplicities.)

Using Puiseux series for the partial sums in (11.70) we conclude that the eigenvalues of h-1p
close to \g have complete asymptotic expansions in powers of h/No:

Ah) = Ao + erhY/No 4 euh?/No
Finally, it is clear from the construction, that if
_(E By
‘- (E— E—+>
is the inverse of the global problem for P, then modulo O(h*):

E_,(z;h) = hE_,(z:h). (11.71)
and hence the true eigenvalues of P have the same asymptotic expansions as above. This completes
the proof of Theorem 1.3.

12 The evolution problem.

Let P be a closed densely defined unbounded operator acting on a complex Hilbert space H.
Assume that the spectrum of P is contained in

1
Rez > 6(1111 20— C, (12.1)

for some constants C,d§ > 0. Assume also that
(Im 2)° — 2C. (12.2)

For ¢t > 0 we put

E(t)=— / e (2 — P) ldz, (12.3)

where v is a contour to the left of the spectrum which outside a compact set coincides with the
curve

_1 5
Rez = 30 (Im 2)°, (12.4)

60



and oriented in the direction of decreasing Imz. Clearly the integral converges and defines a
bounded operator which depends smoothly on ¢. We have

(0, +P)E(t)=0, PE(t)=E({)P. (12.5)
When u € D(P) (the domain of P) we also have
%iné E(t)u = u. (12.6)

In fact, let 2y be to the left of v and write

u= (20— P)"'v, vEH. (12.7)
The resolvent identity gives
=P Mo =P = o (=) = = P,
so for ¢t > 0, we have
Et)u = L / e‘tz#(zo — P) tudz — L / e_tZ;(z — P) ludz. (12.8)
2mi J., (z — 20) 2mi J., (z — 20)

Here the first integral vanishes since we can push the contour to the right and exploit the decay of
the exponential. The second integral allows a limit when ¢ — 0, so we get

, ! 1 .
tlgr(l)E(t)u— QWiL(zzO)(Z P)™ vdz. (12.9)

Here the integrand is of norm O({z)~!7%) in view of (12.2) and we can push the contour to the
left (around zp) and apply the residue theorem to get

}ir% E(t)u= (20 — P)"'v = u,
and (12.6) follows.

In the following we assume that P satisfies the assumptions (H1)—(H5) so that Theorem 1.2
gives a localization of the spectrum to a union of a conic neighborhood of the open positive axis
and a infinite cusp away from the origin. We introduce 2 contours v and 7. Both contours are
given by

1
Rez = —h%|Imz|% (12.10)
Co

in the region Re z > bh. Here Cjy and b are positive constants such that b is different from the real
parts of the eigenvalues of the quadratic approximations of P with h = 1. In the region Re z < bh,
7 is given by Rez = bh while 5 joins bh + iC3b3h to bh — iC5b3h further to the left so that ¥
is entirely to the left of the spectrum of P while v will have a fixed finite number of eigenvalues,
A0, -, AN—1 to its left. Let 7y denote the vertical part of v in the region Re z = bh and let eyt
denote the part of v in the region Re z > bh.

On the exterior piece we have

o)

— _1 S —
1= =P < 3apait oy

(12.11)
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and on the interior piece we have

o)

h

This holds since we have chosen b so that the distance from 7t to the spectrum of P is >
h/C. Further to the left in the region Rez < bh, we also have ||[(z — P)7!|| = O(h) when
dist (Z, {)\0, ) >\N—1}) Z h/C

Assume for simplicity that the eigenvalues of the different quadratic approximations are simple
and distinct. Then

Itz = P)7HI < (12.12)

N-1

1 1
7tP/h - = 7tz/h _ P 71d — 7t>\_7'/hH v _/ 7tz/h _ P 71d . 1213
e 2m,[ye (2 )" dz 20: e A T s ﬂ/e (z ) dz ( )

Here ITy, is the (rank one) spectral projection associated to \;, since the distance from A; to the
other eigenvalues is > h/C, I, is uniformly bounded in norm when s — 0.

Remark 12.1 If we drop the assumption on the eigenvalues of the quadratic approximations,
then for instance two eigenvalues A\; and Ay can be very close together but separated from the
others by h/C, and (since we are dealing with a non-selfadjoint operator) we can not state that
II; and II5 are uniformly bounded when A — 0. But the sum II; + II; will have this property and
so will the term e=*Il; + e~*2!TI5 in (12.13). This kind of situation will appear when there is a
symmetry, and to have a more complete understanding in that case would include problems about
the tunnel effect.

We estimate the last integral in (12.13) using the decomposition ¥ = “int U Yext:

1 e 1
5 - e /(- P) ldz = O(h)e‘ﬁbhg =0(1)e ",
1 —tz/h -1 oo —tphdys 1
— e (z=P) " dz=0() e Cok ——dy
211 Yext Cgb3h h3 Y3
O
2 Ju
L 10
= O(U(; + t_g)e

Here and below, we let the prefactors O(1) depend on b, Cy Combining this with (12.13), we get

N-1

11
et/ =N " em M, O(1)(1+ s t—Q)e*“’. (12.14)
0

It is quite possible that the last estimate improves for small ¢ when we let e/ act on elements
in the domain of P. Since P is accretive with Re P > —Ch we can get rid of the terms 1/t and

1/t2. The proof of Theorem 1.4 is complete.

62



13 Application to the Kramers-Fokker-Planck operator

In this section we prove Theorem 1.1 and compute the eigenvalues of the Kramers-Fokker-
Planck operator with quadratic potential V :

P=v-hd, —V'(z) hdy+ g(—(h&j)2 + 02— hn). (13.1)
We will recall the classical procedure to obtain this operator by conjugation from
1
Prp =v-hd, —V'(z) - hd, — i'yhﬁv - (hOy + 2v). (13.2)

In this article V' is a C* potential with bounded derivatives of second and higher order, and x,
v € R™. We suppose that V has a finite number of critical points.

We observe (see for example [9]) that the first two terms form the Hamilton field Xy of the
Hamiltonian ¢ where

1
q(z,v) = §v2+V(x), Xo=v-hd, —V'(x) - hdy,
when v is considered as the dual variables of . The Maxwellian is defined by

M = o~ 2(5+V (@)

?

and we get the formally conjugated operator P = MY/2Prp M ~/2 in (13.1).

Metrics and hypotheses

In this section we check that the Kramers-Fokker-Planck operator satisfies the hypotheses of the
main theorem under the simple assumptions that V' is a Morse function with bounded derivatives
of order 2 and higher, such that |V'(z)| > 1/C when |z| > C. Denote by (£,n) the variable dual
to (z,v). Then

h
P=p"— %, with p= %(vz—knz)—i—ivf—ivl(x)-n

(Note that for this operator p* = p(z, hD,)). We introduce the natural weight associated to P
Nz, &) =1+ (V@) + 6 + 0+,
and the metric

d§2 + d772

Iy = dz? + dv® + 2

We note that A is C*° and that

AE S()\,Fo), N e S(l,ro),
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since V' is with second derivative bounded. Let us now check that p satisfies the symbolic estimates
(1.4). Denoting p = p1 + ip2 and p = (z,v,£,n) we get

pi(p) = 5 (W +7%),
pa(p) =v-&=V'(z)-n,
p1(p) = ~(0,v,0,7),
Ip2(p) = v(=V"(z) - n,&,0,-V'(x)),
00 0 0
Pn =7 o oo (13.3)
0 0 0 Id
Hy,(p) =v-0, =V'(x) -0y +n-V"-0: —&- 9y,
Hp,p1(p) = =& -0 —~V'(2) - v,
OHp,p1(p) = (V" () - v, V' (2), =y, =€),
HY pi(p) ==y - V" (@) -v+y(V'(2)? =y - V" (x) - n++€

We get directly, using that the derivatives of V' of order 2 and higher are bounded, that
p1 >0, peSATo), dpeS\To), 8°p1€S(1,To), OHpp1 € S\ To). (13.4)

Besides, let us denote by {p;,} the critical points of p. We notice that they are of the form (z;,0,0,0)
where {z;} are the critical points of V. By §? we denote a C*° function equivalent to the distance
to the set {p;}. Then for ¢ sufficiently small we have

p1+ HZp1 = (e0(V/ (1)) + co€? + v - (1d/2 — eV () - v+ 1 - (Id/2 — V" () - 1)
N 5% in a fixed compact set including the p;s, (13.5)
A2 away from a neighborhood of the P;4S.

The last thing to check is that the metric T'g is (classically in the sense of (7.3)) admissible. A
simple adaptation of Proposition 5.11 in [8] shows that 'y is cl-admissible. Note that it is therefore
semiclassically admissible (in the sense of (7.11)) since in that case weaker assumptions are needed.

As a consequence we can apply to the Kramers-Fokker-Planck operator P = p* — yhn/2 the
main Theorem 1.2. In order to be complete we compute now the eigenvalues of the quadratic
approximation Py of P near the critical points.

Eigenvalue computation

Here we will compute explicitly the A; that occur in the formula for the spectrum given in
Proposition 5.1. In addition we compute the constant term that also contributes to the eigenvalues.
Thus we obtain the spectrum up to o(h). We assume that p has a single critical point at x = 0
and that V is quadratic. After a simultaneous orthogonal change of coordinates in « and in v, we
may assume that

Viz) =1 dja?. (13.6)
j=1
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(The assumption that V is a Morse function implies that all the d; are different from 0.)
With this choice of V', the operator Prp equals

PFP = _%’Yhn + (xavaDwvDU)W(J:7U;D$’DU)T' (137)

where the matrix W is given by

0 0 0 —inVl
_ 0 0 ihI  —iyhI
=1 0 o o o

—shV) —svhl 0 %thyI
As we explained, the operators P and P, of Proposition 5.1 are obtained by conjugation, which
corresponds to a complex symplectic coordinate transformation of the symbol. Since the eigenval-

ues of the linearization of the Hamilton flow are invariant under such a transformation, we can use
the unconjugated operator Prp to compute them.

The matrix W is of the form W —= 1 (0 A here the 2nxon matrix A — (0 1
€ matrix 1S O e 1orm =3 Zh,A th , wnere e zZn T Matrix = 7V:E//m 77]

is the linearization of the vector field component of Prp for h = 1. The matrix corresponding to
the linearization of the Hamilton field is given by

, _(ihA  h2B
W = ( 0 ihAT)' (13.8)

Because of (13.6), the eigenvalues of A are obtained simply by diagonalizing the 2 x 2 matrices

( 0 1 ) We find that the eigenvalues of A are given by

—d; v
o1 7,1
I/j71:—§—§ ’)/2—4dj, Vj,2=—§+§ ’}/2—4dj7
with j = 1,...,n. Let s; denote the sign of the real part of v;

sj1 = sgn(Re (1)) = =1, s;2 = sgn(Re (v)2)) = —sgn(d;).
It follows that the eigenvalues of W' are given by
ihl/jJ, Z'hl/jg, —Z'hl/j’l, —ihl/j’g,

and that the ones with positive imaginary part are given by

ith 1Vj 1 :E’}/h + Eh“,y2 — 4dj,
T2 2
ih5j72Vj72 = — Sgn(dj) (;’}/h + %h\/’)ﬂ - 4dj> .

The constant term in (13.7) satisfies —2vhn = 1 tr(A) = 3 Z;L:l(yﬂ + v;2). Thus the spectrum
of the quadratic operator is given by

RY (343850 +kia)siavia + (5 + 3sj0 + ki2)sjovia) ; ki kjo €N
j=1

Remark 13.1 In the case of quadratic Kramers-Fokker-Planck, the lowest eigenvalue of the
spectrum is 0 if and only if all the s; 1, s;2 are equal to —1, i.e. if z = 0 is a minimum of V.
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