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Lecture 3: Orlov’s theorem and reconstruction results

Ben Moonen

Notation. Throughout we work with varieties over a field k, and fibre products are always taken
over k. By D(X) we mean the bounded derived category of coherent sheaves on X. If X is a smooth
k-variety then we write wx = Q% Jk for the canonical bundle, where n = dim(X). We shall look at
D(X) with its structure of a k-linear triangulated category; so if we say that D(X) and D(Y) are
equivalent then we mean that there is an equivalence of categories between them that respects these
structures. Such an equivalence need not, a priori, respect the finer structures that we have, such as
the tensor structure on D(X).

§ 1. Serre functors and Fourier-Mukai transforms

Definition. Let 2 be a k-linear category. Then a Serre functor is a k-linear functor S: ¥ — & such
that for any two objects A, B in & we have an isomorphism

na,p: Hom(A, B) = Hom (B, S(A))v ,

~

functorially in A and B. (In other words, we should have an isomorphism of bifunctors Hom(—, *) —

Hom (x, 5(—)).)

This definition is modelled on classical Serre duality: If X is a smooth projective k-variety then the
functor Sx given by

Sx = —éwx [dim(X)]
is a Serre functor on D(X). For instance, if £ and F are coherent sheaves on X then we have
isomorphisms
Ext'(E, F) = Homp ) (E, F[i]) —> Hompx) (Fli], E ® wx[dim(X)]) "
= Hompx)(F, E @ wx[dim(X) — i)
= Ext®O = (P Eowyx)Y,

\%

which is the version of Serre duality you’ll find in Hartshorne.

Lemma. Suppose 21 and D5 are k-linear categories with finite dimensional Hom’s. Suppose S; is a
Serre functor on 2;. Then any k-linear equivalence F: 21 — P “commutes with the Serre functors”,
that is, we have F'oS] = Sy =2 F.

In particular, up to isomorphism a category with finite dimensional Hom’s can have at most one Serre
functor. In the lemma the condition that F'is an equivalence is necessary.
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Fourier-Mukai functors. Given an object P € D(X x Y), we define ®p: D(X) — D(Y) to be the
functor given by

L
®p(E) := Rpry., (pry(E) @ P),

and we call this the Fourier-Mukai (FM) transform with kernel P. If we need to indicate in which
direction the functor goes (as we can also view P as an object in D(Y x X)), we write ®p x_,y.

Examples.
(i) If f: X — Y is a morphism, take P = Or, where I' = I'; is the graph of f. Then ®p x .y = Rf.
and (I)P,Y—>X = Lf*
(ii) If L is a line bundle on X then the functor £ — F ® L is an auto-equivalence of D(X). It is the
FM-transform with kernel A, L, where A: X — X x X.
(iii) The shift functor 7" that sends E to E[1] is is an auto-equivalence of D(X). It is the FM-transform
with kernel A,Ox][1].

Exact functors. If ; and %, are triangulated categories then a functor ®: 21 — %5 is called exact

if it satisfies the following two conditions:

(a) ® commutes with shift functors; more formally: there is an isomorphism of functors ®-T; —
Tyo®.

(b) ® maps distinguished triangles to distinguished triangles; more formally: if A — B — C —
A[1] is distinguished in 2 then ®(A) — ®(B) — ®(C) — P(A)[1] should be distinguished
in %,. Here we use the isomorphism in (a) to identify ®(A[1]) and ®(A)[1].

Examples. Any Serre functor is exact. A composition of exact functors is exact. If F: & — 4 is
a left exact functor between abelian categories that has a right derived functor RF: D(&/) — D(<f)
then RF is exact; similarly for left derived functors. Hence any FM-transform ®p: D(X) — D(Y) is
exact.

Adjoints. Any FM-functor ® = ®p admits a left adjoint ®* and a right adjoint ®'. Explicitely:
P* =PpvoSy and D= SxoPpv,

where PV := RHom(P, Ox xy).

§ 2. Orlov’s theorem

Theorem (Orlov, 1997). Let X andY be smooth projective varieties over a field k. Let F: D(X) —
D(Y) be an exact additive fully faithful functor. Then there exists an object P € D(X xY), unique
up to isomorphism, such that F is isomorphic to ®p.

Brief sketch of the proof. Start by choosing a projective embedding i: X — P™ such that the
algebra A := @0 H° (X, ﬁ(n)) has nice properties (to be used in step 3). Write € for the full
subcategory of D(X) whose objects are the sheaves Ox(n) for n € Z. Let 1: € — D(X) be the
inclusion functor. By a theorem of Bondal and van den Bergh, the functor F' has left and right
adjoints F* and F'.

Step 1, lemma: Suppose G: D(X) — D(X) is an equivalence such that G| is isomorphic to «. Then
G= idD(X).



Step 2. Consider the functor F’: D(P™) — D(Y) given by F’ := F o Li*. Orlov constructs an object P’
in D(P™ xY') for which there are functorial isomorphisms F’ (pm (n)) = ® p/ (Opm (n)) for n € Z. The
construction of P’ is rather explicit. It starts with Beilinson’s resolution of the diagonal in P™ x P™;
this is a complex of sheaves of the following form:

L Gm — RO (1) L L G- RON(1) YL oR e

O(—m) X Q™ (m)
with differentials d; that we shall not make explicit. Let F': D(P™) — D(Y') be the functor given by
F' = FoLj*. Now one constructs from the previous complex a complex of objects (!) in D(P™ x Y')
of the form

O(—m)RF' (Q™(m)) — O(m—1)RF (Q™ ' (m—1)) — -+ — O(-1)RF'(Q'(1)) — ORF'(0).

Call this complex C'. Intuitively, we could think of C' as a double complex of sheaves on P x Y, and
then we should like to pass to the associated total complex, which should be an object in D(P™ x Y).
In general, such a construction makes no sense. However, Orlov shows that under suitable technical
assumptions, which are satisfied in this case, there is a well-defined object P’ € D(P™ x Y') that plays
the role of a total complex associated to C. This is the object we take.

Step 3. Orlov proves that there exists an object P € D(X x Y) such that R(i x id).(P) = P’

Step 4. We get an isomorphism of functors f: Fl — (®p)4, noting that F(Ox(n)) = F'(Opm(n))
and ®p (ﬁX (n)) =Op (ﬁpm (n)) Further, using the ampleness of &x (1) Orlov shows that F!F|<,g =
ide and that the functor G := F'o®p: D(X) — D(X) is an equivalence. Hence we can apply the
lemma from step 1; this gives that F'e®p —— id p(x)- From this Orlov proves that F' = ®p, again
using ampleness of Ox(1).

Step 5. Finally on proves the uniqueness of P. After all the preceding steps this is not so hard.

Remark. One of the reasons this is such an important result, is that it allows us to associate to an
equivalence ®: D(X) — D(Y) maps on K-theory, Chow groups, cohomology, etc. For instance, if “H”
is a Weil cohomology then we get an induced map

T H(X) — H(Y);
just write ® = ®p and define @ to be the map given by

§ — pry. (pry(§) Uch(P)),

where ch(P) € H(X x Y) is the Chern character of the object P. These maps are typically not
compatible with the product structures and typically do not respect the gradings! (Think of the
classical case of an abelian variety.)

Further remarks. (1) It is not known if the assumption that F' is fully faithful can be dropped.
There are, however, positive results on this (B. Toén, Inventiones Math., 2007) in the context of
dg-categories.

(2) There is a generalisation of the theorem to orbifolds, due to Kawamata.

(3) There is no known analogue of this theorem for affine varieties or derived categories of modules
over an algebra, except for some very special cases.
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§ 3. Recovering information from D(X)

3.1. Recovering the dimension. If X and Y are smooth projective k-varieties such that D(X) and
D(Y) are equivalent then dim(X) = dim(Y).

Proof. By Orlov’s theorem there exists an object P € D(X x Y) such that ®p: D(X) — D(Y) is an
equivalence. We know that its left and right adjoints are isomorphic; this gives Sy c®p = ®poSk.
But

Syoq)p:q) and (I)pOSX:(I)

L L .
P ® prjwy [dim(Y)] P ® pri;wx [dim(X)]

Uniqueness of the Fourier-Mukai kernel (for equivalences) implies that
P& priwy [dim(Y)] 2 P & priws [dim(X)].

But since we are in the bounded derived category, this readily implies that dim(X) = dim(Y"). (Look
at the degrees in which an object has nonzero homology.) O

Remark. The argument shows that if ®p: D(X) — D(Y) is an equivalence, then

L L
Pprywx ¥ PQprywy .

In the context of birational geometry we shall frequently encounter correspondences X Lz Ly
such that p*wx = ¢*wy. Note the similarity! (Take P = i,0z, with i: Z — X x Y.)

3.2. Recovering the canonical ring, and the Hochschild (co)homology. Given a variety X we define a
bigraded k-algebra HH(X) = @; ; HH; ;(X) by

HH; ;(X) := Ext!

i
Ox xx

(A0, A*w_%;) = Homp(xxx) (A Ox, AWl [1]) -

Here A: X — X x X is the diagonal morphism, and the ring structure is given by the maps

-/

Hom (A, Ox, Awk [i]) x Hom(A, O, A*wﬂé [i']) — Hom (A, Ox, Awk[i] ® AW [i']),
noting that
A 1] & Al [ = (Aww & A )i + 1) 2 Ay (W) i + 1]
The algebra HH(X) contains some substructures that are of interest:
(1) the canonical ring: R(X) =Dj>0 HO(X, wj) = ®j>o0 HHOJ‘(X);
(2) the Hochschild cohomology: HH*(X) := @50 Extly, x (AuOx, AOx) = ®iso HH, o(X);

(3) the Hochschild homology: HH,(X) := @0 Ext’, ¢ (A.Ox, Awwx) = ©i>0 HH; 1 (X), which has
the structure of a graded module over HH*(X).

Theorem (Orlov). Let X and Y be smooth projective k-varieties. If ®: D(X) — D(Y) is an
equivalence then there is an induced isomorphism of bigraded k-algebras

oM HH(X) — HH(Y).



Corollary. If X and Y are smooth projective with equivalent derived categories then we have:
(i) R(X) = R(Y); in particular X and Y have the same Kodaira dimension, and if they both have
ample canonical bundle then X 2Y;
(il) HH*(X) = HH*(Y); in particular, if char(k) = 0 then this gives that

D )= Y Y,

pP—gq=n pP—gq=n

where h?? = dim H1(X,QP). (See below for explanation.)

Sketch of the proof of the theorem. Let d := dim(X) = dim(Y").

Step 1: The assumptions imply, by Orlov’s theorem in § 2, that there exists an object P € D(X xY)
such that ®p x_y: D(X) — D(Y) is an equivalence. The left (resp. right) adjoint of ®p is the
FM-transform associated to PY @ pri-wy [d] (resp. PV @' priwx[d]), and because these adjoints are
isomorphic the corresponding objects are isomorphic. So we can define @ € D(X x Y) by

Q = P¥ @ priwx[d] = PY & priwy[d).

We are going to look at ®g x_.y. (Note the direction! We already know that ®gy_ x is a quasi-
inverse of ®p; now we look at the FM-transform in the other direction.)

Step 2: One proves that ®g x_y: D(X) — D(Y) is again an equivalence. If we define an object
QR Pin D(X x X xY xY) by

L
QX P :=prj 3Q ®pry 4P
then this gives that ®oxp: D(X x X) — D(Y x Y) is an equivalence.

Step 3: Choose an integer k and define R := ®grp(Ax, «wk ). Then one can show that the associated
FM-transform ®: D(Y) — D(Y) is isomorphic to the composition

P .
<I>Q AX,*“’I;( dp

Here the map in the middle is given by E — E ®"w¥; so this is just the functor E — S%(E)[—kd].
But we know that ® p commutes with Serre functors and that ®p-®g = idp(yy. So ®g is isomorphic
to

D, i DY) = D(Y).

which is given by E — E ®"w%. By uniqueness of the FM-kernel it follows that

Pomp (Ax,wh) = Ay Wi

for all k € Z. This gives the desired bijection ®": HH(X) — HH(Y'), compatible with bigradings.

Step 4: It remains to be checked that this map ®"H respects the ring structures. For this the idea is
that the ring structure is in fact given by compositions in the derived category (using Serre functors).
Explicitely, if

s € Bxty, x (AOx, A’ ) = Hompx x x) (A Ox, Asw [i])

and
t € Exth, x (ALOx, Awly) = Hompx  x) (A Ox, Al [K])
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then S% . y[i — dj] (t) is a morphism from
S% o xli = dj] (AL Ox) = AS% i — dj) (Ox) = Awh[d]

to
Shewxli = A1 (A [K]) = AuS%[i = dj) (W [F]) = Ak + ]

so we can compose it with s. The relation with the ring multiplication in HH(X) is that

s-t= Sg(xx[i — dj](t)os: ALOx — A*wg?_l[i—f— k|.

3.3 More on Hochschild cohomology. First note that Hochschild (co)homology is not functorial in an
obvious way. One can get further insight in HH* (X)) and HH, (X)) by using that the spectral sequences

EPT = HP(X x X, Extl, «(AOx,AOx)) = Exti I (A.0x,A.0x)=HH"(X)
and
EYY = HP(X x X, Bt (AOx,Awx)) =  Extid (A.0x,Awwx) =HH,(X)
both degenerate at E5. Further it can be shown that
Ext' (A Ox,A.Ox) = A (NAN) = A (N Tx)
with .4 the normal bundle of the diagonal, and
Ext?(AOx, Awx) = A, (N Ix Quwx) .

So we get
HH"(X) = @pyqen H? (X, N1 Tx)

and
HHL (X) 2 g HY (XN 75 90x) 2 g HOP (X0 )" 2 By HY(X.000).

Hence the dimension of HH,, is the sum of the Hodge numbers hP'? over the nth column of the Hodge
diamond. (The Betti numbers are the sums over the rows.)

§ 4. Varieties with ample or anti-ample canonical bundle.

Theorem (Bondal-Orlov). Let X and Y be smooth projective varieties over k, and assume that
either wx or wy' is ample. If D(X) and D(Y) are equivalent then X =Y.

Remarks. (i) By the preceding results we are done is we can show that wy (resp. w;l) is ample. But
how to prove this...?

(ii) The condition on wy cannot be omitted. For example, in general an abelian variety X is not
isomorphic to its dual X, but we do have an equivalence between D(X) and D(X?).
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Sketch of the proof. For simplicity we assume that k = k, and we only do the case that wy is ample.
By Orlov’s theorem we know there exists an object P € D(Y x X) such that & = ®py_.x: D(Y) —
D(X) is an equivalence.

Notation: if x € X (k) then we simply write k(x) for the skyscraper sheaf x, (k), where x: Spec(k) — X
is the point x.

Step 1: The idea is that we try to characterize the objects of the form k(z) [m} purely in terms of
the derived category. Namely: an object F € D(X) is said to be point-like if it satisfies the following
conditions:
(i) E = Sx(E)[i] for some i € Z;
(il) Ext’(E, E) = Hompx) (E, E[j]) = 0 for all j < 0;
(iii) Hom(E, E) = k.
The following facts are then easy to prove:
— all objects k(z)[m] are point-like;
— if F: D(Y) — D(X) is an equivalence then it sends point-like objects to point-like objects;
— if wx or w;fl is ample then the k(z) [m] are the only point-like objects.
(But note that there are in general many more point-likes if wx is trivial.)

The conclusion is that our equivalence ®: D(Y) — D(X) sends any object k(y) to an object of the
form k(xz)[m] for some & = z(y). On the other hand, by definition we have

®(k(y)) = Rpry.. (pry (k(y) © P) ,

and because pr}-(k(y)) ® P is an object with support in {y} x X, it follows that for any y € Y (k) we
have: .
pry (k(y)) ® P = k(2) [m] for some z = (y,x) € Y x X and some m € Z.

Step 2, Lemma: Let p: Z — Y be a flat morphism of k-varieties. Let P € D(Z), and suppose
that for every y € Y (k) there exists a point z = z(y) € Z(k) and an integer m = m(y) such that
p*(k(y)) ®“ P = k(z)[m]. Then there is a section ¢: Y — Z of p, a line bundle .Z on Y and an
integer m such that P & Ro..%[m)].

Step 3: Applying this to the projection pry: Y x X — Y we find that there is a morphism v: ¥ — X
a line bundle .2 on Y, and an integer m such that P = R(id,~)..Z[m]. But then ® = ®py_ x is the
functor given by E +— Rv,(E ® £)[m]. This is an equivalence if and only if Ry, is an equivalence,
and this is the case if and only if 4: Y — X is an isomorphism. g

The argument sketched here (which borrows from Hille-van den Bergh) also proves another result. Be-
fore we state it, let us remark that for any variety X there are a couple of “obvious” auto-equivalences
of D(X), namely:

— the shifts £ — E[m)|;

— taking tensor product with a line bundle;

— automorphisms of X itself.

If w)i( is ample, these are all:

Theorem (Bondal-Orlov). Let X be a smooth projective k-variety such that wx or w)_(l s ample.
Then
Aut(D(X)) 2 Z x (Aut(X) x Pic(X)) .



