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Abstract

It has been observed that tonal spaces can be mapped
onto a two-dimensional lattice Z? [1]. It has also been
shown that various musical items, such as the major and
minor diatonic scales, form convex subsets in this space
[1, 5]. This triggers the question whether convexity is
a more widespread concept in music. The current pa-
per systematically investigates the convexity for a num-
ber of musical phenomena among which scales, chords,
(harmonic) reduction and pitch spelling. From the four
results, we hypothesize that the notion of convexity may
be a covering concept of musical phenomena and that
it may serve as a necessary condition for the ’goodness’
of musical items.

1 Introduction

How do we perceive music? Are there general principles
that govern our musical perception or that determine
the ”goodness” of musical items? While several (per-
ceptual) principles have been proposed, ranging from
the Gestalt laws [15] to preference rules [6], there is lit-
tle or no empirical research on ”goodness” principles for
music. That is, what makes music music? When is a se-
quence of notes a musical scale? To explore such general
questions, it is not enough to make recourse to West-

ern music history or to traditional notions of harmony:
many more scales and chords have been proposed in the
history of music than those treated in traditional text-
books. The current paper intends to make a start in
finding general empirical principles for the ”goodness”
of musical items. The items we discuss range from an-
cient Greek scales to Chinese Zhou scales, and from the
major triad to the eleventh and thirteenth chords. To-
gether with other musical items (pitch spelling, reduc-
tions) we found that there is a highly persistent empiri-
cal principle holding for all well-formed musical objects:
if represented in a tonal space, scales, chords, reductions
and pitch spellings are virtually always convex or star-
convex. But what is convexity and star-convexity of
musical items? In the next section, we will first explain
these two topological notions and how they apply to
music. In section 3, we show how they apply to scales
(in 5-limit just intonation). Next, in section 4, the con-
vexity of chords is investigated. Section 5 deals with
convexity in harmonic reduction, and in section 6 we
argue how pitch spelling can make use of convexity.

2 Convexity in thirds-space
Convexity is a notion from topology. It is defined as

follows: A subset Y of R” is said to be convex if az+(1—
)y is in Y whenever z and y are in Y and 0 < a < 1.



In words this means: A set in the Euclidean space R" is
convex if it contains all the line segments connecting any
pair of its points. Star-convexity is related to convexity.
A subset X of R" is star convex if there exists an zg € X
such that the line segment from x( to any point in X is
contained in X. A convex set is always star-convex but
a star-convex object is not always convex. For example,
a star-shaped figure is star-convex but not convex, as
can be seen by taking xy to be the center of the star.
These notions of convexity can be applied to music as
well. To show this we first need to introduce the tonal
space.

Any musical interval can be expressed in terms of a
frequency ratio. Since any positive integer a can be
written as a unique product a = pf' - p§* ... p&" of posi-
tive integer powers e; of primes p; < ps < ... < pp, any
frequency ratio a/b (a,b € Z) can be expressed as

2?3957 . (1)

with p,q,r € Z. For example 2713} (= %) represents
a perfect fifth and 2725'(= 2) a major third. Tun-
ing according to whole number ratios is referred to as
just-tuning [8]. If the highest prime that is taken into
account in describing a set of intervals is n, then we
speak about n-limit just intonation. Focusing on 5-
limit just intonation, all intervals can be described by
{2P3%5"|p, q,r € Z} or, equivalently by [5]

2@ Ipar e ), @
meaning that every interval can be built from a num-
ber of major thirds, minor thirds, and octaves. The
intervals from 5-limit just intonation within one octave
can be represented in the two-dimensional lattice Z?, by
making a projection

0 2N > (g7) 3
In figure 1 the space, constructed from major and mi-
nor thirds is shown, we will refer to this as the thirds
space. In this interval space musical items such as scales
and chords can be identified. It turns out that most of
these items form convex sets in this space. We will de-
fine a discrete convex set analogous to a convex set in

|

216/125 27/25 27/20 27/16
144/125 36/25  9/5 918  45/32
192/125 48/25 6/5 32 15/8 75/64
128/125 32/25  8/5 1 514  25/16 125/64 ?
128/75 16/15  4/3 513  25/24 125/96
64/45 16/9 10/9  25/18 125/72 625/576

32/27 40/27 50/27 125/108

Figure 1: Visualization from the mapping of fre-
quency ratios to the lattice Z?, following the mapping

2L > (@1,

continuous space: A set is convex when the line seg-
ment joining two points in the set lies totally within the
set. In other words: drawing lines between all points in
the set, all elements which lie within the spanned area
are elements of the set. Similarly, a discrete set is star-
convex if there exists a point zy in the set such that all
points lying on the line segment from z( to any point in
the set are contained in the set. When we choose basis-
vectors for the thirds space that are different from the
major and minor third, a (star-)convex set will still be
a (star-)convex set!, which is important to make sure
that convexity is a meaningful property.

The frequency ratios in the thirds space can be iden-
tified with note names. Therefore a projection can be
made from the intervals to the note names to obtain
the thirds space of note names, see figure 2. In turn, all
note names can be identified with the keys on a piano,

!Consider a linear basis-transformation 7. A line between two
points = and y is given by: ax+ (1 —a)y. Under a transformation
T it transforms into a line again:

T(az+ (1 —a)y) =aT(z)+ (1 —a)T(y) (4)

Therefore, a convex set transforms under a basis transformation
T into a convex set again.



or equal tempered midi numbers. A projection from the
note names to these numbers can be made to obtain the
thirds space of midi numbers (fig. 2).

216/125 27/25 27/20 Bbb Db F
144/125 36/25 9/5 9/8 Ebb Gb Bb D
192/125 48/25 6/5 32 158 Abb Cb Eb G B
128/125 32/25  8/5 1 5/4 2516 Dbb  Fb Ab C E G#
128/75 16/15  4/3 5/3 2524 125/96 Bb Db F A C# E#
64/45 16/9 10/9  25/18 125/72 625/576 Gb Bb D F# A#  CH#
32/27 40127 50/27 125/108 Eb G B D#

(a) frequency ratios (b) note names

1 5 9 1 5 9
10 2 6 10 2 6
7 11 3 7 11 3

1 5 9 1 5 9
10 2 6 10 2 6
7 11 3 7 11 3

(¢) midi numbers

Figure 2: Three representations of thirds-space: inter-
vals space, note-name space, and space of midi numbers.
(We left out some complex frequency ratios and note
names with many accidentals, however all three spaces
are infinite in horizontal and vertical directions.)

It is clear that a convex object in the intervals space
is also convex in the note name space and the midi num-
ber space. The other way round however, mapping the
figures from right to left (in figure 2) is not necessarily
true. Mapping figure 2¢ onto 2b there is for example
the problem which note name (C, Bff},..) should be as-
signed to number ’0’, and mapping fig. 2b onto 2a we

see that a D can refer to ratio 9/8 as well as to 10/9.

3 Convexity of scales

The major scale in 5-limit just intonation is defined as
the scale in which each of the major triads I, IV and V
is taken to have frequency ratios 4 : 5 : 6. From this can
be calculated that the ratios of the scale are given by:
1/1,9/8,5/4,4/3,3/2,5/3,15/8. These are indicated in
figure 3. In this figure, the (neutral) minor scale is indi-
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216/125 27/25 27/20_

144/125 36/2%/571/87/32

192/125 48/2%/7T75/8 75/64
128/25 322%/ A //4 25/16 12564
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{

216/125 27/25 27/20 27/16

144/125 36/2% ﬂ/Bf/SZ

192/125 48/25 5 32 158 75/
128/25 32/25 5 45/4 25/16 125/64 ____
q

128/75 16/15__4/3 5/3  25/24 125/96

64/45 16/9 10/9  25/18 125/72 625/576

32/27 40/27 50/27 125/108

(b)
Figure 3: Thirds space of frequency ratios. (a):
jor scale is connected by thick lines, minor scale indi-
cated by dashed lines, all internal intervals from major
or minor scale indicated by normal lines. (b): chromatic
scale.

ma-



cated as well. These scales both turn out to form convex
regions. Considering all intervals internal in the major
scale (which are the same intervals as the ones internal
in the minor scale), and connecting these points in the
thirds space, again a convex region is found. The chro-
matic scale as defined by Vogel [14] can also be found
as a convex set in the thirds space (fig 3).

From the Scala website [11] a large collection of over
3000 scale files is available for downloads. From this
collection we chose the 5-limit just intonation scales and
checked whether they are convex in the thirds-space or
not. The scales that are investigated are listed in table 1
and it is indicated whether these scales are respectively
convex and star-convex.

scale convex | star-convex
Ramis’ Monochord yes yes
Erlangen Monochord yes yes
Erlangen Monochord revised yes yes
Fogliano’s Monochord no. 1 yes yes
Fogliano’s Monochord no. 2 yes yes
Agricola’s Monochord yes yes
De Caus’s Monochord yes yes
Kepler’s Monochord no. 1 yes yes
Kepler’s Monochord no. 2 yes yes
Mersenne’s Spinet Tuning no.1 | yes yes
Mersenne’s Spinet Tuning no.2 | no yes
Mersenne’s Lute Tuning no.1 no yes
Mersenne’s Lute Tuning no.2 yes yes
Marpurg’s Monochord no.1 yes yes
Marpurg’s Monochord no.3 no yes
Marpurg’s Monochord no.4 yes yes
Malcolm’s Monochord yes yes
Euler’s Monochord yes yes
Montvallon’s Monochord yes yes
Romieu’s Monochord yes yes
Kinberger I yes yes
Rousseau’s Monochord yes yes

Table 2: List of 5-limit just intonation scales from Bar-
bour.

Notice that all scales but four are convex. Differenti-
ating between ’original’ scales like the ’Ancient Greek
Aeolic’ and the ’Indian shrutti scale’, and ’constructed’
scales we observe that all original scales are convex.
Moreover, all scales are star-convex. Several of the
scales from table 1 are symmetric around the prime

interval 1/1 as well, meaning that both an interval and
its inverse are present in the scale. In his book, Barbour
[2] gives several examples of 5-limit just intonation
12-note systems. They are listed in table 2. Of the 26
scales, 23 are convex. Again, all of them are star-convex.

4 Convexity of chords

Now that we observed some scales in the thirds space,
we can also look at smaller musical items, like chords.
Considering different kinds of chords, a distinction can
be made between chords that are built from harmonic
notes, which are notes that are present in the scale of
the specific key, and chords that contain non-harmonic
notes, the so-called altered chords. All chords built
from harmonic notes discussed by Piston [9] are con-
vex (therefore also star-convex) in the note-name space.
The chords are listed in table 3.

harmonic chords convex | star-convex
major triad yes yes
minor triad yes yes
diminished triad yes yes
augmented triad yes yes
dominant seventh chord yes yes
major seventh chord yes yes
minor seventh chord yes yes
half-diminished seventh chord yes yes
major-minor seventh chord yes yes
augmented seventh chord yes yes
diminished seventh chord yes yes
triad with added sixth yes yes
complete dominant ninth chord yes yes
tonic/dominant eleventh chord yes yes
tonic/dominant thirteenth chord | yes yes

Table 3: Chords built from harmonic notes taken from
Piston [9].

Altered chords are difficult to study since it is pos-
sible, through the process of chromatic alteration, to
create a very large number of altered chords. There-
fore, in this paper we reduce the number of these chords
to the ones composers have used. In table 4 the altered
chords as discussed by Piston [9] are listed and in the ta-



name description convex | star-convex

aeolic.scl Ancient Greek Aeolic yes yes

chin_5.scl Chinese pentatonic from Zhou period yes yes

cifariello.scl F. Cifariello Ciardi, ICMC 86 Proc. 15-tone 5-limit tuning | yes yes

cluster.scl 13-tone 5-limit Tritriadic Cluster yes yes

cons_5.scl Set of consonant 5-limit intervals within the octave yes yes

coul_13.scl Symmetrical 13-tone 5-limit just system no yes

coul_27.scl Symmetrical 27-tone 5-limit just system yes yes

danieloub_53.scl Danilou’s Harmonic Division in 5-limit, symmetrized no yes

darreg.scl set of 19 ratios in 5-limit JI is for his megalyra family no yes

fokker-h.scl Fokker-H 5-limit per.bl. synt.comma small & diesis, KNAW | yes yes
B71, 1968

fokker-k.scl Fokker-K 5-limit per.bl. of 225/224 & 81/80 & 10976/10935, | yes yes
KNAW BT71, 1968

harrison_5.scl From Lou Harrison, a pelog style pentatonic yes yes

harrison_min.scl From Lou Harrison, a symmetrical pentatonic with minor | yes yes
thirds

hirajoshi2.scl Japanese pentatonic koto scale yes yes

indian.scl Indian shruti scale yes yes

indian_12.scl North Indian Gamut, modern Hindustani gamut out of 22 | yes yes
or more shrutis

ionic.scl Ancient greek Ionic yes yes

ji-13.scl 5-limit 12-tone symmetrical scale with two tritones yes yes

ji-19.scl 5-limit 19-tone scale yes yes

ji-22.scl 5-limit 22-tone scale yes yes

ji-31b.scl A just 5-limit 31-tone scale yes yes

johnston_81.scl Johnston 81-note 5-limit scale of Sonata for Microtonal Pi- | no yes
ano

kayolonian_81.scl | 19-tone 5-limit scale of the Kayenian Imperium on Kayolonia | yes yes
(reeks van Sjauriek)

kringl.scl Double-tie circular mirroring of 4:5:6 and Partch’s 5-limit | yes yes
tonality Diamond

lummab.scl Carl Lumma’s 5-limit version of lumma?7, also Fokker 12-tone | yes yes
just

mandelbaum5b.scl | Mandelbaum’s 5-limit 19-tone scale yes yes

monzo-sym-5.scl | Monzo symmetrical system: 5-limit yes yes

pipedum_15.scl 126/125, 128/125 and 875/864, 5-limit, Paul Erlich, 2001 yes yes

turkish.scl Turkish, 5-limit from Palmer on a Turkish music record, har- | yes yes
monic minor inverse

wilsonb.scl Wilson's 22-tone 5-limit scale yes yes

wilson_17.scl Wilson’s 17-tone 5-limit scale yes yes

Table 1: List of 5-limit just intonation scales from Scala archive

ble is indicated whether these chords are (star-)convex.
Remarkably, most altered chords are not convex, and
some altered chords are not even star-convex. Thus we
hypothesize that convexity may roughly distinguish be-
tween harmonic and altered chords.

The reason that the convexity of the chords is consid-

ered in the note name space rather than in the frequency
ratio space is because it is difficult to say something a
priori about the intonation of the chords as there is no
established theory about the intonation of all chords.
Future research is planned to find out whether chords
that are convex in the note name space present the best



altered chords convex | star-
convex Bbb Db F..-A

non dominant diminished seventh chord yes yes i
Neapolitan sixth yes yes Ebb  Gb  Bb EV”) F#
augmented sixth (Italian) no yes / T
augmented six-five-three (German) no yes Abb  Cb  Eb v D#
augmented six-four-three (French) no no / T V
doubly augmented fourth no es I
chordz witgh raised fifth - major yes zes bbb Fb Ab Tf G#  B#

- minor no yes 4 Vi

- with minor seventh | no yes Bb Db  F—A C# E#
dominant chord with lowered fifth no yes i

-with seventh no no Gb B D F#  A#
dominant chord with lowered and raised fifth | no yes L i

B

Table 4: Chords containing non-harmonic notes, taken
from Piston [9].

intonation in the frequency ratio space.

5 Convexity of Harmonic reduction

Harmonic reductions of music are known to be useful to
discover the harmonic structure of a piece allowing an
easier analysis. In this process a score can be reduced
to chords and ultimately to triads[12, 10]. We saw in
section 4 that all triads are convex. In the major scale
only major, minor and one augmented triad are natu-
rally present. It is easy to check from figure 4a that
every two chords following each other can form a con-
vex set?. Therefore, whatever segmentation of music in
a major key used (segmentation per chord, bar, phrase,
etc), the reduction of the music to triads is always a
convex set in the thirds space. For music in a minor
key this is somewhat more complicated. From figure 4b
one can see that the neutral minor and the harmonic
minor scale form convex regions in the thirds space. In
the harmonic minor scale the seventh note of the scale is
raised by a half tone, such that the 171, V and VII triad
are changed. In the ascending melodic minor scale the

*With dotted lines is indicated how the scales proceed to both
sides, so that more than one region (convex or not convex) of two
adjacent chords can be chosen. For example, for triads IV and V
it is not directly clear that they can form a convex set, but if V'
is chosen as indicated by the dotted lines, they do.

D#

(b) minor scale

Figure 4: (a) Triads from the major scale situated in the
note-name space, V' II is the diminished triad B—D—F'.
(b) Triads from the minor scale, IT is the diminished
triad D — F — Ab.

sixth and the seventh tone of the scale are raised. Con-
sequently the triads on I1, IV and VI are adjusted as
well. Therefore, music in a minor key and thus the har-
monic reduction thereof takes into account many more
triads than music in a major key. Considering the har-
monic progressions for the minor mode as given by Pis-



ton [9] all progressions® form convex sets except for the
progression: VII(harmonic)-I. At least, this progres-
sion is not a convex set (but it does form a star-convex
set) if the triads VII(harmonic) and I are chosen such
that the triads themselves are convex. But the notes of
the triads (in C minor: B — D — F, C — Eb — G) can
also be chosen in the note name space, such that this
progression does form a convex set. The way the loca-
tion of the notes is chosen depends on the intonation
of the notes as the mapping in figure 2 indicates. In
just intonation intervals are tuned to simple number ra-
tios. That fact that interval can be harmonic as well as
melodic can cause some problems. It is not always pos-
sible to make sure that two adjacent chords are tuned
to lowest number ratios in harmonic as well as melodic
form. In the case of the VII(harmonic)-I progression,
we could argue that the melodic just intonation over-
rules the harmonic intonation of the VII chord, and
that therefore the F' of the VII chord should not be
tuned as 27/20 but as 4/3. In this case the VII — I
progression does form a convex set.

6 Pitch spelling using convexity

Reading figure 2 from c to b to a, it represents a map-
ping from MIDI to the spelling of the pitches, to the
preferred tuning, respectively. It it easy to map figure
2a, to 2b to 2c, but the other way round is difficult since
information is missing. Studying a MIDI-input it is not
always clear what notes the composer meant to write,
and reading a score, it is up to the musician how to
intone the notes. We are challenged to find algorithms
following the mapping:

(5)

Several pitch spelling algorithms have been made, see
for example [4, 13, 7, 3|, the best performing a correct
spelling of the notes of 99.8%. This is already very high
and the question arises whether it is worth searching
for a better algorithm. If, however, we manage to find a

MIDI — note names — preferred tuning

3leaving the progressions involving I7I(harmonic) and
V I(ascending melodic) out, since these are rarely used according
to Piston [9].

visual mapping in the thirds-space that maps the MIDI
numbers to the correctly spelled pitches, we can directly
apply this visual mapping to derive a preferred tuning.
The methods above for pitch spelling [4, 13, 7, 3] in a
way all first search for the right key context. By finding
a good mapping from figure 2c to figure 2b, we can
determine the key context of a chosen piece as well. As
shown in section 3, the major and minor diatonic scale
are found in a specific region, that can indicate the key
context. If we have now as input the MIDI numbers
from one bar of a piece of music and mark these numbers
in figure 2c, we can search for the right shape of a major
or minor scale so that most of the notes of the scale are
filled. For example, the first bar of Beethoven’s piano
Sonata Op. 109 is encoded as indicated in figure 5.
Matching the typical shaped region of the major and

(15 95 9
10 2 (6 10 2 (6 10
7B 7 M@ 7
(48 0 (@(® 0@
(15 95 9D
10 2 (6 10 2 (& 10
7B 7 M@ 7

BbbDb F A

EbbGb Bb D (F#)
AbbCb Eb G
bbb Ab C (£ )(GH) B#

BobDb F A (C#) E#
Gb Bb D F# A#
Eb G B D#

Figure 5: Pitch spelling method. Encoding of first bar
of Beethoven’s piano Sonata Op. 109

minor scale and looking for a fit, the notes in the note
name space in figure 5 are the result. At equally good
matches the key with the least number of sharps and
flats is chosen. In this case 4’ major is translated into
E major, as opposed to Fb major. This visual mapping
procedure has been tested on a couple of pieces and
seems to work as well as the methods mentioned above.

7 Conclusion

In this paper the property of (star-)convexity is used to
describe and explain the goodness of musical items. We
noted that several musical items are (star-)convex but
that this process is not reversible: convex sets do not



per se make good chords/scales/etc. Convexity is used
to describe ’underlying’ features in music but no ’sur-
face’ features such as rhythm and melody. We observed
that all 5-limit just intonation scales and all chords built
from harmonic notes are either convex or star-convex.
This suggests that (star-)convexity may serve as a con-
dition for the ’goodness’ of musical items. Of course,
star-convexity is a less straight notion than convexity,
but it is intriguing that all the items discussed here fol-
low this property.

We have also shown that the tonal coherence which
forms the reduction of a piece is a convex body. With
this, we could hypothesize that people listening to a
piece of music strive to perceive convex structures. Fi-
nally, convexity can be used in a pitch spelling algo-
rithm, and ultimately in a preferred tuning algorithm.

References

[1] Gerald J. Balzano. The group theoretical descrip-
tion of 12-fold and microtonal pitch systems. Com-
puter Music Journal, 4(4):66-84, 1980.

[2] J. Murray Barbour. Tuning and Temperament, A
Historical Survey. Dover, 1951/2004.

[3] Emilios Cambouropoulos. Pitch spelling, a compu-
tational model. Music Perception, 20(4):411-429,
2003.

[4] Elaine Chew and Yun-Ching Chen. Mapping midi
to the spiral array: disambiguating pitch spelling.
In H. K. Bhargava and Nong Ye, editors, the 4th
International Conference for Music Information
Retrieval, ISMIR,, pages 259-275. Kluwer, 2003.
Computational Modeling and Problem Solving in
the Networked World.

[5] Aline Honingh. Group theoretic description of just
intonation. In Proceedings of UCM, volume 3,
Caserta, Ttaly, 2003.

[6] Fred Lerdahl and Ray Jackendoff. A Generative
Theory of Tonal Music. MIT Press, 1983.

[7] David Meredith. Pitch spelling algorithms. In Pro-
ceedings of the Fifth Triennial ESCOM Conference,
pages 204-207, Hanover University of Music and
Drama, Germany, 2003.

[8] Other Music, Inc. The just intonation network.
http://www.justintonation.net.

[9] Walter Piston. Harmony. Victor Gollancz Ltd,
revised and expanded edition, 1989.

[10]

Felix Salzer. Structural Hearing, tonal coherence in
music. Dover, New York, 1962.

[11] Scala home page.

gensf/scala/.

http://www.xs4all.nl/ huy-

[12] Heinrich Schenker. Harmonielehre. Wien, Univer-

sal edition, 1978.

[13] David Temperley. The Cognition of Basic Nusical

Structures. The MIT Press, 2001.

[14] Martin Vogel. Die Lehre von den Tonbeziehungen.
Verlag fiir systematische Musikwissenschaft, Bonn-

Bad Godesberg, 1975.

[15] Max Wertheimer. Untersuchungen zur lehre von
der gestalt. Psychologische Forschung, 4:301-350,

1923.



