DIVERGENCE-FREE WAVELET BASES ON THE HYPERCUBE: FREE-SLIP
BOUNDARY CONDITIONS, AND APPLICATIONS FOR SOLVING THE
INSTATIONARY STOKES EQUATIONS

ROB STEVENSON

ABSTRACT. We construct wavelet Riesz bases for the usual Sobolev spaces of di-
vergence free functions on (0,1)" that have vanishing normals at the boundary. We
give a simultaneous space-time variational formulation of the instationary Stokes
equations that defines a boundedly invertible mapping between a Bochner space
and the dual of another Bochner space. By equipping these Bochner spaces by ten-
sor products of temporal and divergence-free spatial wavelets, the Stokes problem
is rewritten as an equivalent well-posed bi-infinite matrix vector equation. This
equation can be solved with an adaptive wavelet method in linear complexity
with best possible rate, that, under some mild Besov smoothness conditions, is
nearly independent of the space dimension. For proving one of the intermediate
results, we construct an eigenfunction basis of the stationary Stokes operator.

1. INTRODUCTION

Divergence-free wavelet bases have been advocated for solving Stokes and in-
compressible Navier-Stokes equations. Our main interest in such bases is to use
them for solving the time-dependent Stokes equations. On the space of divergence-
free velocities, these equations are of parabolic nature. We derive a simultaneous
space-time variational formulation that defines a boundedly invertible operator
between a Bochner space and the dual of another Bochner space. By equipping
these spaces by tensor products of temporal and spatial wavelet bases — the latter
being a basis of divergence-free wavelets — we arrive at an equivalent, well-posed
bi-infinite matrix vector problem. By solving this problem with an adaptive wave-
let method, the best possible convergence rate will be realized in linear complexity.
Thanks to the use of tensor product bases, apart for some log-factors, this rate will
be equal as when solving a one-dimensional problem with wavelets of the same
order.

The construction of a divergence-free wavelet basis on R” by Lemarié-Rieusset
in [LR92] relies on the availability of two pairs of biorthogonal Riesz bases (¥, ¥)
and (Y1, %) for L,(R), that for some invertible diagonal matrix D, satisfy

(1.1) ¥yt =DY, ¥=-D¥ .

Here we view bases formally as column vectors. Shift invariant wavelet bases that
satisfy these conditions were constructed in [LR92].
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Replacing R by I := (0, 1), the same construction applies to yield divergence-
free wavelet bases on I", assuming that two pairs of biorthogonal Riesz bases for
Ly(I) are available that satisfy (1.1). With the notation (£,Y) := [(¢,v)]sex vey,
integration by parts shows that (1.1) implies that necessarily

YHOEW)T Y0¥ = (F ) 0 + (Y YL
= <D "?>Lz(1) — <‘Y+,D"I}7>L2(I) =Dold—-IdoD = 0,
ie.,

(12) ORI =9 OF0) =0 (¢ ¥, G e ).

To obtain such vanishing boundary terms, one may consider ¥© C H}(I).
Then, any element of ¥ = D19+ has a vanishing mean, so that ¥ cannot be
a basis for L,(I), the reason being that the mean value is a nonzero, continuous
functional on Ly (I) (it is not continuous on L;(IR), and therefore the latter space
can be equipped with a Riesz basis of functions all having a vanishing mean). The
collection ¥ can be arranged to be a basis for Ly(I) = {u € Ly(I) : f[ju = 0}. In
that case, however, for n > 3, the resulting divergence-free wavelets will not span
the whole space of divergence-free vector fields, but only that space intersected
with

—

Ly(I")" := Ly()®@Loo(D) @ - -®Lao(I) X -++ X Lyg(I)®@- - -@Loo(I)@La(I),

the co-dimension being infinite.

Alternatively, we may search ¥ in Hé (I). In this case, the same argument shows
that ¥~ cannot be a basis for L,(I), and so neither can ¥, and we end up with
the same problem.

A third possibility is to impose periodic boundary conditions for both ¥ and
¥. In this case, any element from even both ¥ and ¥~ has vanishing mean, giving
rise to the same problem as above.

In [Ste08], these consideration led us to search ¥ and ¥ such that the elements
of ¥ vanish at 1, and those of ¥ vanish at 0. With this option we could satisfy
(1.1), and with that we constructed divergence-free wavelet bases on I". To the best
of our knowledge, this was the first time that on a bounded domain such a basis
was constructed. Divergence free wavelets on bounded domains were constructed
earlier, but due to the difficulties outlined above, in any case in three and more
dimensions, they did not generate a basis.

A disadvantage of the construction from [Ste08] is that, due to the special bound-
ary conditions satisfied by ¥, the resulting divergence-free wavelets span the
space of divergence-free vector fields subject to the unusual boundary conditions
of having vanishing normal components on half of the boundary of I".

In this paper, we will construct divergence-free wavelets that span the space
of divergence-free vector fields on I" that have vanishing normals on the whole
of the boundary, i.e., that satisfy the standard free-slip boundary conditions. In
order to do so, we make an orthogonal decomposition of L,(I")" into 2" — 1 sub-

spaces, each of them being (isomorphic to) Lz(Ik )k fork = 1,...,n. Each of these

spaces L (IF)k can be orthogonally split into a space of gradients and a space of
divergence-free vector fields with vanishing normals on the boundary (Helmholtz
decomposition). We know how to equip the latter spaces with wavelet bases, and
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we conclude that the union of (isomorphic images of) these bases is a Riesz basis
for the space of all divergence-free vector fields in L, (I")" with vanishing normals
on the boundary.

The same procedure will be followed to construct Riesz bases for the spaces of
all divergence free vector fields in H!(I")" or H>(I")" that satisfy certain boundary
conditions. These spaces become relevant for deriving a well-posed simultaneous
space-time variational formulation of the time-dependent Stokes problem.

This paper is organized as follows: In Sect. 2, we present the orthogonal decom-
position of Ly(I")" into finitely many subspaces each of them being (isomorphic

to) Ly(IK)k for k = 1,...,n. In Sect. 3, for each of these subspaces, we equip its
subspace of divergence vector fields with vanishing normals at the boundary with
a Riesz basis of wavelet type. In Sect. 4, we derive a simultaneous space-time
variational formulation of the time-dependent Stokes problem. The operator that
corresponds to this variational form is shown to be boundedly invertible between
two pairs of Hilbert spaces. For one of these results, an elliptic regularity result
for the stationary Stokes problem is used that is shown in Sect. 6. In Sect. 5, using
the results concerning boundedly invertibility and the construction of divergence-
free wavelet bases, the instationary Stokes problem is formulated as an equivalent
well-posed bi-infinite matrix vector problem that can be solved with an adaptive
wavelet method. To show the elliptic regularity result, in Sect. 6 an eigenfunction
basis of the stationary Stokes operator is constructed which seems not be available
yet. In Sect. 7, it is shown that also the problem for the pressure can be written as
an equivalent well-posed bi-infinite matrix vector equation. Finally, in Sect. 8, it is
discussed to which extend the results from this paper apply to the Stokes problem
with no-slip boundary conditions.

In this paper, by C < D we will mean that C can be bounded by a multiple of D,
independently of parameters which C and D may depend on. Obviously, C 2 D
isdefinedas D < C,andC~ DasC < Dand C = D.

2. ORTHOGONAL SPACE DECOMPOSITIONS
2.1. Decomposition of L, (I")". LetI:= (0,1) and, forn € {2,3,...},
H(div;I") := {u € Ly,(I")" : divu € Lp(I")},
Hy(div;1") := {u € H(div;I") :u-n=0ondl"},
H(") | = Hy(div0;1") := {u € Hy(div;1") : divu = 0}.

The boundary conditions incorporated in Hy(div;I"), and so in H(I"), are com-
monly called free-slip boundary conditions, since they do not restrict the tangen-
tial components of a flow.

Our goal is to construct a Riesz basis of wavelet type for H (I"). By applying in-
tegration by parts, one directly verifies that the subspaces H (I") and grad H' (")
of L (I")" are orthogonal. Below, we will make an orthogonal decomposition of
L, (T")" into a finite sum of subspaces such that each of them is either in H (I") or in
grad H!(I"). Furthermore, we will be able to equip all aforementioned subspaces
in H(I") with a Riesz basis of wavelet type. We may conclude that the union of
these bases is a Riesz basis for H (I").
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Actually, the same procedure will be followed for the subspaces in grad H' (I"),
with which we end up with a Riesz basis for that space as well.
We set Ly := Ly(I), Lop :={u € Ly : [u=0},and forn € N,s >0,

o —

LI =Ly ®@Lyg®@---@LygX -+ XLpg®---®@Lyo® Lo,
H(I") == H(I") N (Lo ® - - - ® Lay),

and forn > 2,

— —

H(I") := HI") N Ly (I*)".
In Sect. 3, we will give a constructive proof of the following result:

Proposition 2.1. There exist biorthogonal Riesz bases ¥") = ‘I’('fz) U ‘I’grl) and (") =
‘?((;fl) u ‘i’grz) for LZ/(I"\)" (of wavelet type), such that

‘I’((;fl) c HI, ‘i’g;) C grad H'(I").

Corollary 2.2. It holds that ‘I’gfl) and ‘i’grl) are Riesz bases for H(I") and grad H'(1"),
respectively.
Proof. Forsayu € H(I"), by H(I") L grad H'(I") we haveu = <u,‘i’(")>L2(pz)n‘I’(")

= <u,‘i’$)>L2(pz)n‘I’é¥) and ||u||L2(In)n ~ ||<u,"i’((;fl)>L2(In)nH[2. O

Having biorthogonal Riesz bases ¥("), ¥(") as in Proposition 2.1 implies the
following result:

Proposition 2.3. The following Helmholtz decomposition holds:

—

Lo (") = H(I") &+ grad H (1),
that for n = 1 has to be read as L, (1) (= /(T)) = (HY(1))".

Proof. Since u = <u,‘1’$)>L2(1n)n‘~f(g'fz) + <u,‘1’é¥)>L2(£z)n‘i’é¥) = <u,‘1’é¥)>}\2(1n)n‘i’é¥)
for any u € H(I")*, we have H(I")+ C grad H'(I"), and so, by H(I")* D
grad H'(I"), H(1")L = grad A (I"). Since H(I") is closed in L,(I")", we have

Ly(I")n = H(I") & H(I") . O
Next, we make an orthogonal decomposition of L, (I")" into LZ/(I”\)" and spaces
of vector fields that have one or more zero coordinates and that are independent
of the corresponding variables. Let us explain the idea for n = 3. Consider the
orthogonal decompositions L, = Lo &+ 1 and
La®Ly®Ly = Ly®Lyg®Lyg B La®@Lyg®1 @t Lielelyy &1 Lyelel
Lry®@Lo®Ly = Ly o®@La®Lp o @J‘ 1®Ly®Loyg @J' Lro®Ly®1 @J' 1®L,®1
Ly®@Lo®Ly = Ly g®@Lyo®Ly @l Ly 0®@1®Ly @l 1®Lyo®Ly @l TIRIRL,.
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Using a vector notation for Cartesian products, by collecting terms we find that

Q1) L(P)? = (B

_L2®L2,0®Il Lry®I®Ly 0
(2.2) ot | Lyl | ot 0 ot |10L,®L
L 0 Ly 0®@1®Ly 1®Ly0®Lo
L2111 0 0
(2.3) et 0 el [10L,1| ot 0
0 0 1®1®L,

By Proposition 2.3, it holds that
Lz/(p\)3 = H(P) &" grad A (),

Ly®Lyp®1 ~ I
Lyy@Lr®1| = {H(Io)m] oL [gradHO(I )®1}
0

CH(B) Cgrad H1(I3)

and similarly for the other two terms in (2.2), and

Lolel (HY(1)) @11
0 = 0 C grad H'(1®),
0 0

and similarly for the other two terms in (2.3).
Having found an orthogonal decomposition of L,(I?)% into subspaces that are
either in H (I%) or in grad H' (I%), we conclude that L, (1?)3 = H(I®) @+ grad H' (1®).
To give a more formal description of above orthogonal decomposition, as well
as to generalize itton # 3,for1 <k <m,and S = {s1,...,s¢,} C {1,...,n}, we
define the embedding

— k
EM Ly (I — Ly(1)" by (EVv)(x) = Y 0i(x, .-, Xy e,
i=1

Soforn =3,ImE\") | = [L®@Ly0@1 Lyg®@Ly@1 0], ImES) = [Lele100] T,

) {12}y — {1y —
and E{l,2,3} =1

With ()T denoting the adjoint with respect to L, scalar products, it holds that

!
(Eé”))TEgl) — { ?d xﬁggg i g " Furthermore,
2.4) LM'= Y mE,
Q#Sc{1,...n}

which decomposition is thus orthogonal,
Im(E§”>|ﬁ(I#S)) CH), Tm(ES| g s) C grad H(I"),
and thus, thanks to Proposition 2.3,

L= ¥ mE ges)+ L IE | s,
Sc{l,.,n},#5>2 @#Sc{1,...n}
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which decomposition is orthogonal because of H (I") | grad H!(1").
In view of Corollary 2.2, we end up with the following result:

Theorem 2.4. It holds that
Ly(I")" := H(I") &+ grad HY ("),

that for n = 1 has to be read as Ly(1) = H'(1)'. In the situation of Proposition 2.1, the
collections
#5) & (#S
Y= U B fe= U EERY
Sc{1,.,n},#5>2 Q#Sc{1,...n}
are Riesz bases for H(I") and grad H' (I"), respectively.
For n = 3, this theorem reads as the statements that

) ) (2
¥ B ¥ e, T U e v

is a Riesz basis for H(I%), and that

() ¢ ¢ (3) 2 3) 2 (3) g (1) (3) g (1) (3) g (1)
UE 0y ¥g UES 5y ¥gr UEL 3 ¥er UE Yo UE G g UE ¥y

is a Riesz basis for grad H!(I?). For n = 2, it reads as the statements that ‘I’ér) U

Egl)}‘l’(1> U Eg)}‘l’(1> is a Riesz basis for grad H' (1), and that ‘I’gf) is a Riesz basis
for H(1%), in particular meaning that H (1?) = H(I?).

2.2. Decomposition of (subspaces of) H' (I")" and H>(I")". With
H (") := {u € H'(I")" :u-n=0onol"},
Hi(I") :={u € H*(I")":u'n=0, 5, =00ndl", 1 <i<n-1},

where T, ..., T,_1 is an orthonormal set of tangent vectors, for solving the Stokes
equations we like to construct Riesz bases for

V(1) [:=HyT)NHTY), |W(I)|:=H3(1") NnH(T").
Similarly to the construction of a Riesz basis for H(I"), we will construct these
bases by making an orthogonal splitting of H} (I") and H3(I").
Note that an equivalent formulation of the boundary conditions involved in the
definition of W(I") is, for 1 < i < n, u; = Oon x; € {0,1}, and % = 0 on the

other faces of the boundary.
The following result will be verified in Sect. 3.

Proposition 2.5. For m € {1,2}, the collection ¥") from Proposition 2.1 can be con-
structed such that, normalized in H™ (I")", it is a Riesz basis for

HY (") := HY (1) 0 L (1),
Corollary 2.6. It holds that ‘I’gfz), normalized in H™ (1" )", is a Riesz basis for
V(") = V(") N L) (m=1)

or for

—

WI") == WI') N Ly(I")"  (m = 2).
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Proof. By Proposition 2.5 and ¥\ grad H'(I"), foru € V(I") (n = 1) or u €

ar
W(I") (m = 2), we have u = (u,‘i’(")>L2(In)n‘l’(") = (u, ‘?é?)Lz(mn‘l’g? in H™(1")"
: 2 — 7 |12 2 (n)
with HuHHm(In)n = Ztﬁe‘i’g;) |(u, )] Hl/’zﬁ“ o (p )7 where 95 € ¥y denotes the
primal wavelet corresponding to . g

Form € {1,2}, @ # S C {1,...,n}, we have that Eén)‘ﬁg)”(l#s) : ﬁom(l#s) —
Hj' (I") and
(n)) wp(n)) _J 0 whenS#Y,
(Eg |H6”(I#5)) (Eg ‘Hé(l#sl)) - { Id whenS=15,
where ()* denotes the adjoint with respect to the H" inner products. Moreover,
(L | os)) = H (1) N Im EL”,

so that
H6n(1") = 2 Im(Eén)‘ﬁgf(I#S))/
Q#Sc{1,...n}
which decomposition is stable, since even orthogonal.
Using Proposition 2.5, we conclude that, normalized in H™ (I")",

Z Eé")\f(#s) is a Riesz basis for H6” ().
@#Sc{1,..,n}

0 whenS#§S,
Id whenS=5,
(#S)

Y045 (1,1} Eén)‘i’(#s>. Splitting ¥ #5) = ‘I’S;S) U ‘I’gs) and ¥#5) = ‘i’g;s) U ‘i’gr ,

and recalling that Eén>‘l’$s) C H(I") and Eé")‘i’gs) C grad H'(I"), we end up
with the following result:

Recalling that (E é"))TEg'f) = { we infer that its dual basis is

Theorem 2.7. In the situation of Propositions 2.1 and 2.5, for m € {1,2} the collection
Yar = Usc1,.n)ss>2 Eé”)‘l’gis), normalized in H™(I")", is a Riesz basis for V(I")

(m = 1) or for W(I") (m = 2).

Remark 2.8. In view of solving for the pressure component of the Stokes equa-
tions, we collect some additional facts about the wavelet basis construction: Let
Loo(I") := {u € Loy(I") : [}, udx = 0}. By Friedrich’s inequality, grad : H!(I") N
Lyo(I") — grad H'(I") is boundedly invertible. So, in the setting of Theorem 2.4,
the unique collection IT C H'(I") N Lyo(I") with gradIT = ¥, is a Riesz basis
of that space. Similarly, in the setting of Corollary 2.2, for 1 < k < n, the unique
collection IT%) ¢ H(I¥), with grad [T*) = ‘i’gp is a Riesz basis for H(I¥).
For1<k<m,and S = {sy,...,s¢} C {1,...,n}, let us define the embeddding

F e - ® Lag — Lao(I") by (F0) (x) = 0(xsy, - - -, Xsy)-
kx

Then E é") ograd = grad o Fén), and we infer that

1= U@#c{l,...,n}Fs(")ﬁ(#s)-
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0 whenS #9,
Id whenS =S.

We conclude that for I1%) ¢ Lrp®---® Ly being the (unique) collection that
N —— .4

We have Lyo(I") = Yo 501, ) Im ™, (FS(H))TFS(H) _ {

kx
is dual to TTV) (as we will see, a dual collection with this regularity exists), IT =

Up£sc {LWH}FS()TI)H(#S) is the unique collection in Ly o(I") that is dual to IT.

For m € N, we have H"(I") N Lpo(I") = Z@#Sc{l,...,n} Im(Fé”)\HM(I#S)), and

. 0 whenS #Y, - .

(Fs(:n)|ﬁm(1#5)) (Fén)‘ﬁm(l#s)) = { Id when S 7__é S Therefore, I1 (IT) is, properly
scaled, a Riesz basis for H"(I") N Lyo(I") if and only if for all 1 < k < n, TT0)
110y is, properly scaled, a Riesz basis for H™ (1K), Furthermore, TT (IT) is, properly
scaled, a Riesz basis for (H™(I") N Lyo(I")) if and only if, for 1 < k < n, 1K)
(T1(0)y is, properly scaled, a Riesz basis for A" (I¢).

3. RIESZ BASES OF WAVELET TYPE FOR ’IA-((I”), V(I"), AND VAV(I”)

The construction presented in this section is similar to that from [Ste08]. For
this reason the exposition is kept concise. In Subsect. 3.1, starting from a pair of
biorthogonal univariate wavelet bases for L, ((I), a new pair is constructed by inte-
gration/differentiation. This construction generalizes the one from [LR92] for the
stationary multiresolution case on the line. Then, in Subsect. 3.2, the divergence-
free wavelets on the hypercube are constructed as Cartesian products of tensor
products of these univariate wavelets.

The idea to construct divergence-free wavelets by essentially tensorizing uni-
variate wavelet bases was proposed in [DP06]. Compared to isotropic divergence-
free wavelet bases as developed in [LR92], the construction of such anisotropic
divergence-free wavelet bases is simpler, and the so-called “curse of dimension-
ality” is avoided as the convergence rates that are obtained with such bases are
(nearly) dimension independent.

3.1. Biorthogonal wavelets on the interval. Let
Y={pr:1eV}, ¥={:1€V}
be biorthogonal Riesz bases for L, (I) of wavelet type, such that
{27, : A € V} is a Riesz basis for H'(I) (= H'(I) N Ly(I)).

Here |A| € INg denotes the level of A.
From this pair, by integration or differentiation, we define another pair of pri-
mal and dual wavelets. Define

(3.1) Yrt={yl:A1eV}, ¥ ={¢,:1€V}
by
woxe [ 2wy, gy =27V,

Proposition 3.1. (¥, ¥™) are biorthogonal Riesz bases for L, (1), {27 My : A € V}
is a Riesz basis for H} (1), and supp ¢ C convhull(supp ¢, ), supp ¢; C supp ,.
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Proof. The last statement is obvious, and the one but last follows from ¥ C L o(I).
This property also implies that ¥ © C H} (1), from which it follows that

W5 B m = OF —27 M) Lo = 27T B o) = 28, $) ),

and so that (¥+,¥ ") are biorthogonal.

Since Lyo(I) — H{(I) : g — (x — foxg(y)dy) is bounded, with bounded
inverse f — f, ¥ being a Riesz basis for Ly (I) is equivalent to {2~ !y : A € V}
being a Riesz basis for H} (I).

Since H'(I) — Lz( ) : § — ¢ is bounded, with bounded inverse f — (x —
Jo f(y)dy — fo I5 f(y)dydz, {27, : A € V} being a Riesz basis for H'(I) is
equivalent to ¥~ belng a Riesz basis for L, (I). O

Arguments as applied in above proof can also be used to show that if, properly
scaled, ¥ is a Riesz basis for a scale of Sobolev spaces, then so is ¥ for a shifted
scale. Below, however, we follow the alternative route of verifying Jackson and
Bernstein estimates because of their own interest. We omit the proof since it may
follow standard lines.

Proposition 3.2. In addition to biorthogonality of (¥,¥) C Lpo(I), assume that for
some0<y<deN,1<g<deN,

3.2 inf - < p—td c HY1)),
(3.2) vEspang/}A:wg} [u—2ll,m < [l gay (u (D)
33 inf U—o <o~y o (ue BYD)),
(3.3) vespan%:wg} | @ S lll gy ( (D)
(3.4) fors <, | lesay S 250 lym on span{yy : [A] < ¢},
(3.5) fors <4, | llusqy S 251 lyqy on span{dy : [A] < £}.
Then
inf U—v < g Hd+1)) 1y, u e HTY 1) N HE (D)),
. SR | l,m) S [l asary  ( (I) N Hy (1))
inf Ju =20 < 27£(d71)||u|\Hd:1(1) (u € H7Y(1)),

vespan{{; :[A|<l}
fors <o+, |- lmsm S 2% - ll,a on span{yy : A < €},
fors <=1, ||l S 21 NIy on span{gy :[A] < €.

The next consequence of the Jackson and Bernstein estimates from Proposi-
tion 3.2 and the fact that (¥, ¥) and (¥*,¥ ) are biorthogonal Riesz bases for
Ly o(I) and Ly(I), respectively, is well-known, see e.g. [Dah96].

Corollary 3.3. Under the conditions of Proposition 3.2, it holds that

{2_|/\|S1’[J/\ : A € V} is a Riesz basis for H(1),s € [0,7),
{2"’\'51/3/\ : A € V} is a Riesz basis for HS(I), s€[0,%),
{Q*WS%T : A € V} is a Riesz basis for Hy(I), s € [0, + 1),
{2‘“‘51/3; : A € V} is a Riesz basis for H*(I), s € [0,7 — 1),
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s L), HY(D]sp  whens € [0,1],
where H(I) := { HS(I)NH(I)  whens > 1.

It is easy to construct biorthogonal Riesz bases ¥ and ¥ for L (I) that satisfy
the above Jackson and Bernstein assumptions for whatever values of d, d, v, and
4. Simply take standard biorthogonal wavelet bases for L, (I) that satisfy the as-
sumptions (3.2)-(3.5) with H4(I) and H%(I) reading as H%(I) and H%(I). These
bases can be organized so that they contain only one scaling function without van-
ishing moment. By removing these functions, collections are obtained that satisfy
the conditions of Proposition 3.2.

Remark 3.4. With an appropriate generalization of the Jackson and Bernstein as-
sumptions, the results of Proposition 3.2 and Corollary 3.3 for the Sobolev spaces
measuring smoothness in L,(I) can be generalized to Sobolev or Besov spaces
measuring smoothness in L, (I) for p # 2. Such results are particularly relevant in
the context of nonlinear approximation.

The collections of univariate wavelets from Corollary 3.3 will be used to con-
struct a collection of vector valued multiv/a\riate functions that, normalized in the
corresponding norms, is a Riesz basis for H (I") and 17(1"). For constructing such
a collection that, normalized in H2(I")", is also a Riesz basis for W(I"), homoge-
neous Neumann boundary conditions have to be incorporated in the construction
of ¥.

Proposition 3.5. Let (¥, ¥) C Ly (1) be biorthogonal collections with

¥ ¢ {v e H*(I) : 9(0) = (1) = 0},
that for some 1 < ¥ < d2 <, satisfy (3.3)-(3.5), and that, instead of (3.2), for some
d > vy satisfy

i —td yd o . .
vEspang[}fJMgﬁ} [u—ollym S 27N ullgaqy (u € {o € HYI):9(0) = 0(1) = 0}).
Then (Y, ¥) and (Y+,¥~) are biorthogonal Riesz bases for Ly o(1) and Ly(I), respec-
tively, {4=Wp, : A € V} is a Riesz basis for {v € H2(I) : 9(0) = 9(1) = 0},
{2-My, : A € V} is a Riesz basis for H (1), and {4—|A|¢A+ : A € V} is a Riesz basis
for H{(I) N H(I).

Proof. Similar to the first two statements of Corollary 3.3, for s € [0,%), {2~ M5¢, -
A € V} is a Riesz basis for H(I), and for s € [0,7), {27 M5y, : A € V} is a Riesz
basis for H*(I) := [Loo(I), {u € HI) : 1(0) = u(1) = 0}]s/42. In particular,
(Y,¥) and (¥, ¥ ") are biorthogonal Riesz bases for Ly (I) and Ly(I) (cf. proof
of Proposition 3.1 for the second statement), and, since H2(I) = {v € H2(I) :
9(0) = 9(1) = 0}, {4 My, : A € V} is a Riesz basis for the latter space, and,
since H(I) = H(I), {27}y, : A € V} is a Riesz basis for H(I). Finally, since
HY(1) — H}(D) N H2(1) : ¢ — (x o ¢(y)dy) is boundedly invertible, with
inverse f + f, the latter fact is equivalent to ~{4_Wlpj\r : A € V} being a Riesz
basis for H} (I) N H?(). O

Remarks 3.6. In the setting of Proposition 3.5, we have ¢} (0) = ¢} (1) = 0. Asa
consequence, the error in the best approximation from span{y; : [A| < ¢} for a
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general smooth function in Hé (Q) N H?(Q) cannot be expected to smaller than of

order V2! (assuming locally supported ¥ and thus ¥ ). Although this low rate
can be compensated by local refinements towards the boundary, for our goal it is
irrelevant since W(I"), and so the elements of its basis, will only be used as a test
space or as test functions, respectively.

As far as we know, biorthogonal univariate wavelet collections (¥, ¥) as in
Proposition 3.5, where thus ¥ satisfies the unusual homogeneous Neumann bound-
ary conditions, have not been constructed before. We envisage however that the
procedures given in e.g. [DKU99, Dij09] apply here as well.

3.2. Divergence-free wavelets. Let (¥, ¥) be wavelet collections as in Proposi-
tion 3.2. Then from that proposition together with Corollary 3.3 we have the fol-
lowing result:

Corollary 3.7. For0 <s < yand0 <5< 4 —1,

n
{(Z 4|Am\)*zlp/\l ®...®¢Xk®...®¢/\n eV = vn},
m=1

{(i4|Am\)*§1j])\1®...®¢Xk®...®¢/\n Ae V}

m=1
are Riesz bases for

=N Lkth position
HS®L2,0®' . '®L2,0®L2®L2,0 ® .- ®L2,0 n

kth position —  Lpp® -+ QLyo@HiRLpo® -+ ®Lyp N

Lro® -+ @LypRLa®Lyo®- - '®L2,0®HS

or for

H§®L2,0®' @@Ly pRLa®Lpo®@ -+ @Lag N
kth position —  Lpo® - - - ®L2,0®H§®Lz,o® s ®@Lap N

Lyg® -+ ®@Lpp®Ly®Lyp®:- - '®L2’O®H§

respectively. Here, we wrote H and H, for H5(1) and HG (1), respectively.
For s = § = 0, the collections are biorthogonal.

Proof. Since, normalized in the corresponding norms, the collections are Riesz
bases for each of the spaces that form the intersection, normalized in the norm
of the intersection space, they generate a Riesz basis for that space.

For completeness, for Hilbert spaces K; and Ky, K; N Kj is a Hilbert space with

norm /| - [[§, + Il - I%,- O
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From Corollary 3.7 and the definition of ﬁ}) (I'") we infer the following result.
Corollary 3.8. Setting for A € V,1 < k < n, the vector-valued wavelets
EE\V:}E = lIJ/\l ® Y ® l/J/\kfl ® llj;{k ® lp)\k+1 ® e ® l/J/\nek/
@\7,113 = J]/\l Q& J]/\k—l ® J];k ® ll?/\kﬂ Q- ® J]/\nek’
for0<s<yand0 <35 <4 —1, we have that

(3.6)

n n o
{(Z4|/\m|)—‘7£5\rlllz 1<k<mn Ac V}, {(Z 4\Am|)—‘7£5€2 1<k<n, Ae V}

m=1 m=1

(Lo (1m)n, AL (1)), when's € [0,1], —

are Riesz bases for { ' or for L, (I")" N HS(T")",
f { H{(I") N H3(I")"  whens > 1, for Ly(I") ()

respectively.
Fors = § = 0, the collections are biorthogonal, and the primal collection is in Hy(div;I").

For any A € V, let us now select an orthogonal A} € R™*" with its nth row
given by
n
A =T wherea (=ay) = Ml 2Ty lhnlya,
m=1

An example of such a matrix A() is given by the Householder transformation
200 —en)(a—en) "

AWM =1 ,
(o —ey) " (a—ey)

that for n = 2,3 reads as

2
1 “ aq 0

_az “1 - 171263 - 171)69 &1
’ _ Map 1— X o 7

(S 5] T—a3 T—n3 2

X1 %] a3

respectively.

We use the matrices A1) to orthogonally transform the bases from Corollary 2.2:
We define ¥ = {p\") 1A € V, 1<k <n}, ¥ = {${"): 1 € V,1 <k <n}
by setting forany A € V,

¢ %! Y )
(3.7) Cl=AM ] =AW
oW oy #y) o)

Now we are ready to verify the claims made in Propositions 2.1 and 2.5:
Proposition 3.9. (a). For0 <s < yand 0 <5< §—1,
n n -
(Y a3 1<k <naev) {(Y 43¢ 1<k<nAreV)
m=1 m=1

LZ/I"\"/ H (I")]s, whens € [0,1], S
[ﬁg((ln)) N Igg(l’z])il when s > [1 } or for Ly (I")" N H3(I")",

respectively. Furthermore (‘I’(”>,‘i’(”>>L2(In)n =1d, and ¥(") C Hy(div;I").

are Riesz bases for {
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(). With ¥ = {gp{") A e V, 1<k <n—1}, %y = {$\") : A € V}, and
‘I’grl) =y \‘I’é? and ‘i’(") = §) \‘i’gp, we have
(”> cHIY, ‘i'gr’) = grad 1",
where 11 = {~¢) @ -+ @, /(T4 alnl)z oA e V) c HY(I).

Proof. (a). This part is a consequence of Corollary 3.8. Biorthogonality of the col-
lections from Corollary 3.8 is preserved because AW s orthogonal. The remainder

follows from the fact that the scaling factors (Y, _; 4/*)=5/2 and (Y7 _, 4lAml)=5/2
in the statement of Corollary 3.8 are independent of k.

(b). By definition of the nth row of the orthogonal A), and P = 21My,, for
1<k<n-—1,

n

n
divgly = ¥ Agdivy) = (31 A2 ) g 0@, =0
m=1

The last statement follows from ¢, = —2 Mg, O

Having this result, from Corollaries 2.2 and 2.6 recall that ‘I’((;fl) and ‘i’grz) are Riesz
bases for H(I") and grad H' (I"), respectively, and that, when ¢ > 1, for s € [1,7),
{(Th=1 4|)\m|)*S/ztp/(\rfk> :1<k<n—1, A€ V}isaRiesz basis for H(I") N H3(I")",
and so, for s = 1, in particular for v(Im).

With a biorthogonal collection (¥, ¥) as in Proposition 3.5, the analogous con-
struction of divergence-free wavelets can be followed.

Proposition 3.10. (a). For0 <s <2and0 <5< g —1,

n
(L ahy=5gp) 1 <k<n A eV}, {( Zwm g i1<k<n Ae v}
m= m=1
are Riesz bases for [LZ/(I”\)”, ﬁ%(I”)] 52 O for LZ/(I”\)” N H*(1")", respectively. Further-
more (‘I’("),‘i’(")>L2(In>n = Id, and ¥(") C Hy(div;I").
(b). Equal to Part (b) of Proposition 3.9.

As was shown in Corollaries 2.2 and 2.6, with this result we have that for s =
0,1,2, {(Xr_4 2|)‘"")*S/21p/(\”k> :1<k<n—1,A € V} isa Riesz basis for H(I"),
V(I"), and W(I"), respectively.

4. SIMULTANEOUS SPACE-TIME VARIATIONAL FORMULATION OF THE
TIME-DEPENDENT STOKES EQUATIONS

For given functions q, g; and a divergence-free vector field ug, we consider the
instationary Stokes problem of finding the velocities u and pressure p that satisfy
—Au—gradp=q onl0,T]xI",
divu=0 onl0,T]xI",
4.1) u-n=0 onl0,T]xadl",
W.g=g on[0T]xd"1<i<n-1,
u(0,-) =ug onl",

where T, ... T,_1 is an orthonormal set of tangent vectors.
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By taking the standard scalar product of the first equation with smooth test
functions v of ¢ and x, that as function of x are divergence-free and have vanishing
normals at the boundary, and that as function of ¢ vanish at T, and by applying
integration by parts in space and time, we arrive at the corresponding variational
formulation

b(u,v) =£(v),

for all such v, where

T ov T
b(w,v):= —/0 /Inw~§dxdt—|—/0 a(w,v)dt,

4.2) a(w,v):= /I" grad, w : grad, vdx,

T T n—1
(4.3) f(v) ::/ / q-vdtdx+/ / Z(V~Ti)gidtdx+/ ug - v(0,-) dx.
0 Jin 0 Jor 1

It holds that V(I") — H(I") with dense embedding, and a is bounded and
coercive bilinear form on V(I"). This dense embedding will determine the inter-
pretation of [;, w- %¥dx forw € V(I") and 3¢ € V(I")".

Theorem 4.1. With
Xo:= La((0,T); V(I")), Yo := La((0, T); V(I")) N Hy 7, (0, T); V(I')),
the operator B € L(X o, Y}) defined by (Bw)(v) = b(w, v) is boundedly invertible.

Here Hé (T} (0, T) denotes the closure in H!(0, T) of the space of smooth functions

on (0, T) that vanish at t = T.
Theorem 4.1 is proved by checking the following three conditions:

(4.4) sup M < oo (continuity),
0we o, 04veyy Wil l1Vllyy
(4.5) inf sup M >0 (inf sup-condition),
0AvEV0 0 £we x, W 201V pg
(4.6) VO #we Xy, sup |b(w,v)| >0 (surjectivity),
0#£veYy

This can be done similarly to [SS09, Appendix A], cf. also e.g. [Tem?79, Ch.3,§1.2]
where, however, the aim was not to establish bounded invertibility of B between
suitable Hilbert spaces, but only existence and uniqueness of the solution of the
variational problem. In [SS09, Tem79], the bilinear form b and so the spaces X
and Y, were different from here, since there no integration by parts with respect
to time was applied. With the current approach, the condition u(0) = uy is incor-
porated in the variational formulation as a natural boundary condition instead of
an essential one.

For solving the operator equation Bu = f with an adaptive wavelet scheme, the
spaces X'g and Y have to be equipped with Riesz bases of wavelets type. To equip
Y with a Riesz basis, we need a collection of spatial functions that normalized in
the corresponding norm is a Riesz basis for both V(I") and V(I")'. In the previ-
ous sections, see Theorem 2.7, we constructed a Riesz basis ¥ 45 of wavelet type for
V(I"). Itis, properly scaled, a Riesz basis for V(I")’ if and only if its dual collection
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is, properly scaled, a Riesz basis for V(I"). In the current setting, the dual collec-
tion of ¥y is the unique collection ¥g¢ in H(I") with (¥ap, Fag) 1, = 14, ice,,
Yar = (Yy5, ‘I’df> Ly(1m)n Y 4¢. Unfortunately, we do not know whether this collection
is, properly scaled, a Riesz basis for V(I").

For this reason, below we prove bounded invertibility of B : X1 — Y; for

other spaces X1 and Y1, created from X'y and Y, by applying a shift in the spatial
smoothness indices.

Theorem 4.2. With
X1 = La((0,T); H(IM)), Y1 := La((0, T); W(I")) N Hy 4/((0, T); H(I™)),
the operator B € L(X1,Y}) defined by (Bw)(v) = b(w, v) is boundedly invertible.

Proof. From a(w,v) = — [, w-Avdx forw € H(I") and v € W(I"), it follows
easily that B € £L(X1,Y]).

Membership of B! € £(Y}, X1) is equivalent to (B')~! € L£(X],¥1). To
demonstrate the latter, we have to show that for any f € X1 = X, the Varlatlonal
problem of finding z such that

4.7) // —w dxdt+/ (w,2) dt = /T/Inﬂwdxdt (we &),

has a unique solution z € Y with [z y, < |/f[/x,-

Although this result may follow from the theory of analytic semigroups, e.g.
see [MMO09], we give a more elementary derivation. From Theorem 4.1 we know
that for f € X{) D X, (4.7), with test space X, has a unique solution z € Y.
Below, we will show that for a subspace of sufficiently smooth f, this solution is in
Y1, and thus that (4.7) holds for all w € X'1, and moreover that |z|y, < [/f|x,-
Since the subspace of these smooth f will be dense in X1, this will complete the
proof.

Equation (4.7) is the variational formulation of the problem of finding, for t €
[0,T],z(t,-) € V(I") that satisfies

(4.8) {fln Si(t,-) -wdx+a(w, zz((tTl)g i bf.n £(t,)-wdx (we V(I")),

Note that as function of f = T — ¢, z satisfies a standard parabolic initial value
problem. As shown in [W1082, Ch.IV,§27], if f € H?((0, T); V(I")') with £(T,-) €
W(I") and %(T,-) € ’H(I”) then its solution z € H2((0, T); V(I")).
By substituting w= at Z(t,-) € V(I") in (4.8), we obtain
10 oz
\| 2t oy — 5 302 ) 200 ) = = [ 68 ) - S (L) dx

By integrating this equality over time, applying z(T,-) = 0 and Cauchy-Schwarz’
inequality, and by additionally assuming that f € L,((0, T); ’H(I")), we arrive at

T aZ 2
LNt < 3 [ 160 et + 2 [NV et

or

T T
4.9) /OH (t, )HLZ(I”“dtS/O IECE I 0ryt:
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By additionally assuming that f(¢,-) € H(I"), from %(t, ey c HI)
and the elliptic regularity result from the forthcoming Theorem 6.1, (4.8) shows that
z(t,-) € W(I") with [[z(t, )|y S IE(E )|y + 155 (8 )| (- By inte-
grating this inequality over time and applying (4.9), we obtain that

(4.10) 1zl L, 0, mwanyy S €l (0,1);L00m))

By combining (4.9) and (4.10), we have ||z||y, < [/f| x, and the proof is completed.
O

Theorem 4.2 shows that the instationary Stokes problem can be formulated as
(4.11) Bu=f
where f is defined in (4.3) and B € £(X1,Y}) is boundedly invertible.

Remark 4.3. Let us collect some sufficient conditions for f € y’l. Because of
v(I") = [H{I"), W({I")]12 for v € Yy, v(0,-) € V(") with [[v(0, )| ga(pyn <

~

[[v]ly, (IDL92, Ch. XVIII, §1.3]). So forug € V(I")’,and, say, q € L,((0, T), W(1")")
and g; € Ly((0,T); H3/2(dI")) (i = 1,...,n — 1), we have f € Y] with Hny/l <

[ollyany + 1l Ly o mmwviamy) + Eio 18ill Ly o.1);0-372(0mm)-

5. THE TIME-DEPENDENT STOKES EQUATIONS AS A BI-INFINITE MATRIX VECTOR
EQUATION, AND THE ADAPTIVE WAVELET SOLVER

Let Z¥1 = {oc*1} and £Y1 = {0Y1} be Riesz bases for X1 and Y1, respectively.
Then (4.11) can be equivalently formulated as

(5.1) Bi ="

where 1 is the vector of coefficients of u with respect to the basis Z¥1, f :=
[f(o'yl)LrJﬁ cx» and B := (BZM1)(ZV) := [(BVXI)(O'yl)]gylezyl,gX1 ex; - For
f € Y}, the vector fis in £,(Z¥1), and by Theorem 4.2, B € L(£,(EX1), /,(£Y1))
is boundedly invertible.

Since X1 and Y; are (intersections of) tensor products of spaces in time and
space, a natural construction of Riesz bases for these spaces is as follows: Let @1,
@Y1 and ‘I’(’El, ‘I’gifl be collections of temporal and spatial trial and test wavelets
such that, normalized in the corresponding norms, @1 is a Riesz basis for L, (0, T),

©Y1 is a Riesz basis for L, (0, T) and for H(l)’{T} (0,7), ‘I’(’El is a Riesz basis for H (I"),

and ‘I’?;fl is a Riesz basis for H(I") and for W(I"). Such temporal wavelets can be
constructed easily, e.g. see [CS10], whereas Sections 2 and 3 of the current paper

were devoted to the construction of such a collections ‘I’;‘;l and ‘I’glifl, see Theo-
rems 2.4 and 2.7.
Having such collections, normalized in the corresponding norms, @¥1 ® ‘I’;‘;l

is a Riesz basis for X1 = L[,(0,T) ® H(I"), and @1 ® ‘I’?;fl is a Riesz basis for

Ly(0,T) ® W(I") and for Hé {T}(O, T) ® H(I"), and so for V1. With, for Z €

{X1, Y1}, Dz = diag{[|6Z @ ¢Z||z : 6% € OF,¢Z € ¥Z}, it holds that f =
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Dy, [£(61 © ¢p>1))] » and

00V, ypY1eY;

U.‘Jl

=Dy [ (@%1,0) 01 @ (¥, T3 ) Loy
+(@%1,0M) 1) ®a(¥y, ¥ )Dy .

When the temporal and spatial wavelets are sufficiently smooth and have suf-
f1c1ently many vanishing moments, then the adaptive wavelet scheme applied to

Bi=f converges with the best possible rate in X'; in linear complexity. The best

possible rate is that of the best N-term approximation from the span of @¥1 ® o a
We refer to [Ste09] and the references cited there.
When the univariate wavelet basis ¥, that is used as a building block to con-

struct ‘I’;‘;l, and the temporal wavelets ©X1 are of order d, i.e., when (3.2) and a
similar estimate is valid for ®*1, then the error in the best N-term approximation

is of order N~%(log N )"(%”’). So, thanks to the use of tensor product bases, up
to some log factors, this rate is independent of the total dimension n 4 1 of the time-
space cylinder [0, T] x I". This result can be demonstrated using non-adaptive
sparse-grid approximations, assuming sufficient smoothness of u. By considering
adaptive approximations however, the smoothness conditions can be largely re-
duced, being the reason to consider an adaptive scheme in the first place. For any
s < d, a characterization of the space of vector fields that can be approximated at
rate s can be given in terms of Besov smoothness, see [Nit06].

Remark 5.1. As we have seen in Subsect. 3.1, for constructing a Riesz basis for
W(I"), we have to start with a collection of univariate wavelets ¥ that satisfies
homogeneous Neumann boundary conditions. Renormalized in the correspond-
ing norms, this ¥ 4y is also a Riesz basis for V(I") and H (I"). Since all its elements,
however, satisfy the boundary conditions incorporated in the definition of WW(I"),
locally at the boundary, ¥ 4¢ has strongly reduced approximation properties for a
velocity field that does not satisfy these boundary conditions, i.e., when one or
more g;’s are not identically zero (¥ satisfies (3.2) only for d = 1). Although this
can be compensated by local refinements at the boundary (the non-linear approx-
imation classes can be shown to be only marginal smaller as a consequence of the
low order at the boundary, see [CS10, §6.7]), it can be expected to be quantitatively
disadvantageous. Concluding we can say that when not all g;’s are zero, for the
construction of the basis for H(I") and thus for the trial space X, it is better to
use a collection ¥ that satisfies (3.2) for a d that in any case is larger than 1, and
which thus not satisfy the boundary conditions required for the construction of a
basis for W(I") and thus for the test space Y.

6. ELLIPTIC REGULARITY OF THE STATIONARY STOKES PROBLEM

For a given function q, we consider the stationary Stokes problem of finding the
velocities u and pressure p that satisfy

—Au—gradp =q onl",
divu=0 onl"
u-n=0 onodl"

Ju L n i _
S T=0 ondl",1<i<n-1,

(6.1)
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or, concerning the velocities, its variational problem of finding, for given q €
V(I"),u € V(I"), such that

(6.2) a(u,v) =q(v) (veva).

Our aim in this section is to prove the following regularity result that was used
in the proof of Theorem 4.2:

Theorem 6.1. If q € Ly(I")", then u € W(I"), with

lall g2y < HqHLz(I")"-
I

Remark 6.2. In case of no-slip boundary conditions, i.e., u = 0 at the boundary,
Theorem 6.1 with W(I") reading as {v € (HL(Q) N H?*(Q))" : divv = 0} has
been shown for 2-dimensional convex polygons () in [KO76]. This result has been
generalized to three dimensional convex polyhedrons in [Dau89]. For domains
with non-smooth boundaries, we could not find, however, corresponding results
for free-slip boundary conditions.

Using the fact that we work on the hypercube, we give an elementary proof of
Theorem 6.1 by constructing an orthogonal basis of eigenfunctions for the Stokes
problem. This basis can be used to construct an explicit expression for the solution
of the stationary and unstationary Stokes problem as an infinite series.

Remark 6.3. Having such an expansion for the exact solution, one may think of
constructing an approximation by collecting the N largest “Fourier” coefficients.
Since the eigenfunctions will be globally supported, this does not not allow for
local refinements. As a consequence, even for a smooth but for the rest general
right hand side q, the convergence rate of this approximation can be expected to
be (much) lower than that of an adaptive wavelet scheme. See [DS09, Remark 6.5],
[Dij09] for an analysis of the corresponding issue for the Poisson problem on the
hypercube.

The eigenfunctions of the Stokes operator are studied intensively in the litera-
ture. Only in rare cases explicit expressions are available (cf. [LR02]). We could
not find such expressions for the case that is studied here.

Lemma 6.4. With
Ot = {¢) :=x+— V2sinprx: p € N}
® = {¢ := x> V2cos prx : p € N}

we have

(6.3) by = prdp, ¢y = —p=p
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and the following collections are orthonormal bases:
@ for L,(0,T),
P for Lpo(0,T),
{i—i : p € N} for H{(0, T), equipped with | - 11 (0,1)
{5—; :p € N} for H(0,T), equipped with | - |H1(O,T)/
{% :p € N} for Hy(0, T) N H?(0, T), equipped with | - |12 (g 1),

{5 - p € N} for {o € H2(0,T) : 6(0) = o(T) = O}, equipped with | - |z0,7)

Proof. Orthonormality of all collections is easily verified. It is well known that &
and @ are orthonormal bases for L,(0, T) and L, ¢(0, T).
For u € H}(0,T), let u = Ypencpgy in L2(0,T). Then ¢, = fOT upy =
T ¢ T . ¢y .

- Jo ulf—i = Pln Jo Uy, or (pricy)p € £o(IN) andsou =Y ,en ;77'(cpig—’”7T in H'(0,T).
. T . ¢ -1 (T, o
Similarly, for u € H}(0,T) N H?(0,T), ¢) = pl—n 0 Upr = (p—nl)z Jo g, . Writing

55 T T ¢y T .
u=Ypendppp, foru e H'(0,T), dp = [ upp = [y ui—’;r = —pin Jo ¢y, and for

~ c - . T .¢ _ T ..
u € A2(0,T) with 11(0) = i(T) = 0,dp = L [fudk = o fy gy O

The property (6.3) for the orthonormal collections @ and @ is similar to (3.1) for
the biorthogonal wavelet collections (¥+,¥~) and (¥, ¥). Therefore, using &
and & as univariate building blocks, below a procedure analogous to that from
Sect. 3 will be followed to construct bases for H(I"), V(I"), and W(I"). Then, as
in Sect. 2, by making an orthogonal decomposition of L, (I")" into 2" — 1 subspaces
isomorphic to L, (I")k for k = 1,...,n, and by applying a Helmholtz decomposi-
tion on each of these subspaces, a union of (isomorphic images) of the aforemen-
tioned bases will be, properly scaled, a basis H(I"), V(I"), and W(I"). Other than

in Sect. 2-3, however, in the current setting, these bases will be orthonormal.
Similar to (3.6) and (3.7), for p € IN", 1 < k < n, we set

ﬂl(ﬂnk) =, @ D P, @ (P;k D Pp @ Ppex

and
Ppn Ppd
. =AP | |
Poi o)

where A(P) € R"* is orthogonal with its last row given by

A = [ punl /| p 2.

Similar to Corollary 3.8, Proposition 3.9, and Corollaries 2.2 and 2.6, we have
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Proposition 6.5. The following collections are orthonormal bases:
o) = {p\):1<k<n—1,peN"} for H(I"),
(n)
=(n) ¢p,k
Paf = Tl

~(n) ( ) L
dz = {H”PH 11<k<n—1,peN"} for W(I") with | - [ (nn
2

:1<k<n—-1,p¢€ ]N"}for f;(ln) with | - |H1(In)n/

Proof The sets {4)1(3”,() 1 <k<mnpeNY, {H‘Z%Il(\z <k<mnpeNY}
{ H7TPH :1 <k <n, p e N"} are orthonormal bases for Lz/(I”\)”, LZ/(I"\)" NHY(I)
2

equipped with | - |1 (puys, and for Lz/(I”\)” NH3(I") equipped with | - | H2(1)ns T€-
spectively.
Now use that {(pénk) :1<k<npe IN”} C Hy(div;I"), for1 <k <n-—-1

n n
div p(") = ;A}{;)divﬂ% =( ;A,(ﬂpmn) Ppy @+ @ pp, =0,

and
9o = ~grad g, @@y, / |l O
Similar to Theorems 2.4 and 2.7, we conclude the following:

Corollary 6.6. The following collections are orthonormal bases:

Dy = U EMe for v,
SC{l,...n} #S>2
& (n) & (#5) ny oy
<I)df = U ES q)df fOT’ V(I )w1ﬂ’l| ‘Hl(ln)n,

Sc{l,..,n} #S>2

N 0 = (#S) )
‘I’df = U Eé ><I)df fOT‘ W(In) ZUIH’I | . |H2(I”)”
Sc{1,.,n}#S>2

Proof of Theorem 6.1. Since ®g4; is an orthonormal basis for V(I") equipped with
| g1y = a(, ~)%, for q € V(I")/, the solution of (6.2) is
u = (q, Par) |, (pr)r Par-
From Proposition 6.5 we know that for some invertible diagonal matrix D, ® 4 =
Bq)df and &\)df = fj&)df, and so for qc H(I")
= (q, @uas); (In)nq’df

Since @4y is an orthonormal basis for H(I"), and CTde is an orthonormal basis for
W(I") equipped with | - |2 1), we conclude that

[ulp2nyn = [(Q Pag) 1,1yl e, = 1Qarall L, 17y

where Qg is the L, (I")"-orthogonal projector onto H (I"). O
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Remark 6.7. For q € H}(I)’, the pressure component p of the solution of (6.1) can
be found from — [, gradp - vdx = q(v) —a(u,v) (v € H}(I")). Assuming that
q € Ly(I")", as we will see we can test with v € L(I")" and obtain p € H'(I") N
Lo o(1").

Indeed, using Remark 2.8, let us equip H'(I") N Ly o(I") with the orthonormal
basis (with respect to | - |1 (i)

n= Féﬂ>{w p e N*)
O#£SC{1,..n} I7zpll2
We decompose L, (I")" = H(I") @ grad H'(I"), and equip grad H' (I") with the
L, (I")"-orthonormal basis
@y, = —grad 1 = U E(" {¢1(3#£S p € N*¥}.
©#Sc{1,..n}

Since the right-hand side q(v) —a(u,v) = q(v) + [, Au - vdx vanishes for v €
H(1"), we conclude that
p=1{q ‘Dgr>zz(1n)nn
so that
Pl ) = [{Q, Pyr) 1, 0nynlle, = [1(1d — Qa)qll 1y 1y

7. SOLVING FOR THE PRESSURE

Having discussed how to solve for the velocity field that satisfies the instationary
Stokes equations (4.1), in this section we discuss the remaining problem how to
find the pressure.

Taking into account the initial and boundary conditions on u, by taking the
standard scalar product of the first equation of (4.1) with smooth test functions
v of t and x, that, as function of x, at the boundary have vanishing normals and
normal derivatives with vanishing tangential components, and that, as function of
t, vanish at T, we arrive at the problem of finding p such that

(7.1)  c(p,v): / / grad p - vdxdt = / /Inu —+u Avdxdt + £(v),
where f is defined in (4.3).
Lemma 7.1. With

V1= La((0, T); H3(I") M HY 1, (0, T), Lo(1M)"),

let f € 371 and let b(u,v) = f(v) (v.€ Y1). Then, as functional on v, the right-hand

side of (7.1) is in 57;, vanishes on Y1, and has norm less than or equal to some absolute
multiple of Hij/ .
1

Proof. Since Y1 — V., ¥y, — YV}, and soby Theorem4.2,u € Ly((0,T); H(I")) —
Ly ((0, T)'LZ(I”)”)with lallz, 0y, < NI - Since the bilinear form (u,v) —

fOTfIn u- % +u- Avdxdt is bounded on Ly ((0, T), Ly(I")") x Y1, the proof is com-
pleted. U
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Remark 7.2. Similar to Remark 4.3, sufficient conditions for f € j/l are uy €
H}(I"), and, say, q € L((0,T);H3(I")') and g; € Ly((0,T); H~3/2(aI")) (i =
1,...,n—1).

Theorem 7.3. With
P i= (La((0, T); H'(I") N Lao(1")) 1 HY 17 (0, T); (H(I") N LZ,O(I"))’))',

¢ is a bounded bilinear form on P x Y1. For any any g € V' with g(v) = 0forve Y,
there exists a unique p € P such that

(7.2) c(p,v) =g(v) (vedi),
and ||pllp < llgll -

Proof. Let © be a Riesz basis for L,(0, T) with dual basis @ = {f, : 6§ € @}, such

0 . . . . 1
that {7”9“111(():) : 6 € O} is a Riesz basis for Ho,{T}(O' T).

Let¥ = {¢) : A € V}, ¥ = {§) : A € V} be biorthogonal collections in L, o(T)
as in Proposition 3.5. Then, as shown in Proposition 3.10(a) together with Sect. 2,
fors =0and s =2,

#S s 49
U {4 3e el 1 <k <#s, 1 e vH)
@#Sc{1,.,n} ~ m=1

as defined by (3.6) and (3.7) is a Riesz basis for L,(I")" and H3(I"), respectively.
Consequently,

(n) . (#S)
9®ES l[J/\’k
U

O#Ssc{1,..n} \/(anszl 4lAnl)2 4 HGH%{l(O,T)

:1§k§#S,AeV#S,9€®}

is a Riesz basis for Y.

As we have seen before, all basis functions with indices k < #S are, as func-
tion of the spatial variables, divergence free and have vanishing normals at the
boundary, and they form a Riesz basis for 1. By applying integration by parts,
we conclude that c(+, -) vanishes on P x Y. Denoting the space of the remaining
basis functions as S, we have Y = Y1 ® A%E

As follows from Proposition 3.10(b) and Remark 2.8, a collection that is dual to
the basis for Y{ is obtained by applying —grad, to
(7.3)

1602107\ % i _ s
U {(anszl 4Mm| + Z#sj;;(\oiiz)\) 99 ® Fén)lp/\l Q- ® l/’/\#s A e V# LAS ®}'
@#Sc{1,.,n} "=

which is in Ly((0, T); Lp,o(I")). So by searching p from the span of this collection
and by testing (7.2) with all basis functions for Y{, the system matrix is the identity.
We infer that the proof is completed once we have shown that (7.3) is a Riesz basis
for P.
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Again Remark 2.8 shows that the collection in L, ((0, T); Lp o(I")) that is dual to
(7.3)is
(7.4)

#S g|Aml I\G\Iiﬂ(w =3 (n) . #S

O#Sc{1,..n} "=
The univariate collections ¥ and {2y, : A € V} are Riesz bases for Ly o(I)
and H'(I), respectively, and so {(©#5_, 4'2‘"“)_%1/&1 ® @Yy, A€ VFisa
Riesz basis for H'(I*®). Since the same statements are valid with (¥, ;) reading
as (¥, ¢, ), using Remark 2.8 we infer that for m € {—1,1},

U {(anszl 4‘/\”")7%1:‘5(”%/]/\1 R ® llJ/\#s = v#S}
O#5c{1,...,n}
is a Riesz basis for H (") N Ly o(I") (m = 1) or for (H'(I") N Ly o(I"))" (m = —1).
Because of the conditions on ©, these results imply that (7.4) is a Riesz basis
for Ly ((0, T); H'(I") N Lo o(I")) N Hy ) ((0,T); (HY(I") N Lp(I"))"), and thus that
(7.3) is a Riesz basis for its dual, being the space P, which was left to show. O

The proof of theorem 7.3 already suggested a way to compute the pressure by
the application of (an adaptive) numerical method. Let 5)1 =YD yg be some

stable decomposition. Then the canonical mapping between the space of g € 571
with g(v) = 0forv € Y7 and (Y9)’ is boundedly invertible. The pressure p solves
(7.2) if and only if it solves

(7.5) c(p,v) =g(v) (vedi).

The bilinear form c is bounded on P x Y§; for any v € Y] there existsa g € P
such that ¢(g,v) # 0; and, using Theorem 7.3, ¢(P, Y1) = 0, and the stability of
the decomposition V=10 Y5, we have

C ,V c ,V
HqHP ,S sup M 5 sup L.,)" (q c rP)
0#£veEY, Hval 0#Ave)s Hval
We conclude that
(Id® (—grad)) : P — (Y5) : g — (v—c(q,v))

is boundedly invertible, so that by equipping P and Y] with Riesz bases of wave-
let type, (7.5) with right-hand side from (7.1) can be solved with an adaptive wave-
let scheme.

8. NO-SLIP BOUNDARY CONDITIONS?

Let us discuss whether the material from this paper can be extended to the case
of having no-slip boundary conditions, i.e., when the boundary conditions of the
(in)stationary Stokes problem read as u = 0 on ([0, T]x) oI". In this case, the
definitions of V(I") and W(I") have to be replaced by V(I") := H(I") N H} (I")"
and W(I") := V(I") N H2(I")",and V(I") := V(I") N Ly(I")", W(I") := W(I") N
Ly (Im)n.



24 ROB STEVENSON

The construction of wavelet Riesz bases for H(I") and V(I") can follow the
same lines as with free-slip boundary conditions. The difference is that the col-
lection of univariate wavelets ¥ now has to satisfy (lowest order) homogeneous
Dirichlet boundary conditions. Theorems 4.1 and 4.2 dealing with bounded invert-
ibility of the operator defined by the simultaneous space-time variational formula-
tion of the instationary Stokes problem are still valid. In the most relevant cases of
n = 2 and n = 3, the elliptic regularity result similar to Theorem 6.1 that is needed
for Theorem 4.2 is now shown in [KO76] and [Dau89], respectively. Actually, in
this case, we do not know how to construct an eigenvector basis for the stationary
Stokes operator, but because of these regularity results from the literature, we do
not need it here.

Problems arise with the transformation of the instationary Stokes equations as
a well-posed operator equation to a bi-infinite matrix vector equation. In the set-
ting of Theorem 4.1, we need a wavelet collection ¥4 that, properly scaled, is a
Riesz basis for both V (I") and V(I")’. As in the free-slip boundaryconditions case,
we do not not know how to construct such a collection. In the setting of Theo-
rem 4.1, the problem is how to construct a Riesz basis for W(I"). As we wrote
before, the collection of univariate wavelets ¥ that is used as building block of the
collection ¥ 4¢ now has to satisfy (lowest order) homogeneous Dirichlet boundary
conditions. But then the collection ¥ has vanishing function values and first or-
der derivatives at the boundary, and thus cannot span H} (I) N H%(I) as is required.

Remark 8.1. Considering the stationary Stokes problem, it is easy to handle both
free-slip and no-slip boundary conditions. Indeed for both V(I") := H(I") N
H(lj (I) or V(I") := H(I") N Hé (I'")", the bilinear form a from (4.2), (6.2) defines a
boundedly invertible operator between V(I") and its dual. By equipping V(I")
with a Riesz basis, the corresponding variational problem can be equivalently
written as well-posed bi-infinite matrix vector equation to which the adaptive
wavelet scheme can be applied.
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