DIVERGENCE-FREE WAVELETS ON THE HYPERCUBE: GENERAL
BOUNDARY CONDITIONS

ROB STEVENSON

ABSTRACT. On the n-dimensional hypercube, for given k € IN, wavelet Riesz
bases are constructed for the subspace of divergence-free vector fields of the Sobolev
space H*((0,1)")" with general homogeneous Dirichlet boundary conditions, in-
cluding slip or no-slip boundary conditions. Both primal, and suitable dual wavelets
can be constructed to be locally supported. The construction of the isotropic wavelet
bases is restricted to the square, but that of the anisotropic wavelet bases applies
for any space dimension .

1. INTRODUCTION

1.1. Overview. This paper concerns the construction of a Riesz basis, consisting
of wavelets, for the space

Hodiv0; Q) := {v € L(Q)": divv=0, v-n=00noQ},

where O C R", or for this space intersected with H*(Q)", or with some closed
subspace of the latter that incorporates additional boundary conditions. We take
Q) to be the hypercube Z", where 7 := (0,1). The construction can be transferred
to other bounded domains by means of the Piola transform.

Divergence-free wavelet bases find their applications in approximating the so-
lution of the incompressible (Navier-) Stokes equations. They can be used either
for solving these equations, see e.g. [26, 29, 9], or for analyzing, or finding efficient
representations, of approximate solutions that were obtained by other means, see
e.g. [28,7].

Battle and Federbush ([2]) were the first who constructed an orthogonal wavelet
basis for Hy(divO;R") = H(ivO;R") := {v € L(R")": divv = 0}. These
wavelets were globally supported, and can therefore not be applied on bounded
domains.

The construction by Lemarié-Rieusset in [21] of a wavelet Riesz basis for H(div0; R")
relies on the availability of two pairs of biorthogonal Riesz bases (¥, ¥) and (¥, ¥),
both for the pair (Lp(R), Lp(IR)), that, for some invertible diagonal matrix D, sat-
isfy
(1.1) Y - DY, ¥ —_D¥

(bases are formally viewed as (infinite) column vectors). Compactly supported
primal and dual wavelets that satisfy these conditions were constructed. Hav-
ing such collections of univariate wavelets at hand, the coordinate functions of
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the divergence-free wavelets are constructed as tensor products of the univariate
wavelets (and possibly scaling functions).

The construction from [21] on R"” can be mimicked on Z" once one has pairs
of biorthogonal Riesz bases (¥, ¥) and ($, ¥), now for (Ly(Z), La(Z)), that satisfy
(1.1). Quite a few papers have been devoted to this approach, see e.g. [14, 27, 19, §,
15]. It seems, however, that results fully analogous to those on R” have not been
realized for n > 3. The reason for this can bf understood as follows: Integration
by parts shows that (1.1) implies that for all € ¥ and pevy,

+ -
P(1)9p(1) — $(0)p(0) = 0.

To obtain such vanishing boundary terms, one may consider e.g. ¥ c H}(T).
Yet, then any element of ¥ = D’l¥/ has a vanishing mean, so that ¥ can only be
abasis for Ly o(Z) := {u € Ly(Z): [;u = 0}. When one ignores this defect, and
follows the construction from [21], one ends up with a Riesz basis for

Ho(div0; Z") NLyo(Z"),
where
Lyo(Z") := La(Z)®Loo(T) ® - - - ®La(Z)
X e X LZ,O(I)® e® LZ,O(I) ®Ly(T).

‘Coincidentally’, it holds that Ho(div0; Z?) N Lyo(Z?) = Hp(div0;Z?), so that a
Riesz basis for Hy(div0;Z?) is obtained. For n > 3, however, Hy(div0;Z") N
L, (Z") is a true subspace of Hy(div0; Z"), with a co-dimension that is infinite.

To solve this problem, in [25] we made an orthogonal decomposition of L, (Z")"
into 2" — 1 subspaces, each of them being isomorphic to Lyo(Z?) for some £ =
1,...,n. Using the approach from [21], the divergence-free parts of each of these
subspaces could be equipped with wavelet bases. Moreover, the union of these
bases was shown to be a Riesz basis for Hy(div0; Z").

Since functions in the aforementioned subspaces have components that are con-
stants as function of some variables, the divergence-free wavelets that were ob-
tained do not satisfy boundary conditions beyond having vanishing normals. Con-
sequently, this construction was restricted to slip boundary conditions.

The aim of the current paper is to extend the approach to general boundary con-
ditions, including no-slip boundary conditions. The key to achieve this will be the
replacement of the orthogonal decomposition of L,(Z")" into 2" — 1 subspaces,
by a biorthogonal decomposition of (Ly(Z")", Ly(Z")") into 2" — 1 pairs of sub-
spaces. With this approach, we will be able to construct a wavelet l§iesz ba-
sis for Hy(div0; Z"), that for given k, renormalized, will be a basis for H (") n
Hy(div0; Z"), with the first space being the closed subspace of H¥(Z")" defined by
imposing (very) general homogeneous Dirichlet boundary conditions up to order
k.

(1.2)

1.2. The construction from [21]. To further explain the difficulties and possibil-
ities with transferring the construction of a divergence-free wavelet basis on R”
from [21] to one on a hypercube, first we describe it in some detail. To appreciate
the steps that will be taken in the following sections in an abstract framework, we
expect that the reader will find it useful to go through this description, and the
remainder of the introduction.
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For ease of presentation, in this subsection we consider n = 2 and, although in
[21] isotropic bivariate wavelets are constructed, we consider the construction of
anisotropic bivariate wavelets. With an isotropic construction, a bivariate wavelet
is the tensor product of two univariate functions on the same scale, either both
wavelets or a wavelet and a scaling function. With an anisotropic construction,
a bivariate wavelet is the tensor product of two univariate wavelets on arbitrary,
unrelated scales. The idea to construct anisotropic divergence-free wavelets origi-
nates from [8].

We write ¥ = {¢,: A € V}, with V being a countable index set, and similarly
for the other three collections from (1.1), and D = diag[d,] cy. From Ly(R?) ~
Ly(R) ® Ly(R), and the fact that all four collections are Riesz bases for L, (RR), we
infer that

(1.3) U {lJlr’A @ Puer, Py ® lJlSyez},
Auev

(1.4) U {17’)\ ®1/~Jyelfl/~])\ ®17’ye2}
AUEV

are biorthogonal Riesz bases for (L,(IR?)?,L(IR?)?). That is, denoting the el-
ements of the first (primal) and second (dual) basis as 0, ,; and 0, ,; where
i € {1,2}, it holds that (0} ,;, 6/\/,}1/,i/>L2(R2)2 = 1when (A, i) = (A, u/,7),and it
is zero otherwise.

Using that ——1 —dy Z’\} is an orthogonal matrix, we find that also
K

JB+d3 | dy
+ + + +
U —dup) @ Pyer +drPr @ Puer dyp) @ puer +duPr @ Pyer }

L5) v A /d%\ + d%l /d%\ 4 d}24

U { —dy Py @ Puer +dy Py @ Puer dyPr @ Puer +dur @ Puer }
Apev \/d3 +d2 |d3 + &2

are biorthogonal Riesz bases for (L,(IR?)?, Ly(R?)?). By the crucial relation (1.1),
the first element of each couple of primal basis functions is divergence-free, and

the second element of each couple of dual basis functions is equal to \/‘;7 grad ¥, ®
At

P, € grad H'(R?). So when writing v € H(div0;IR?) C L,(R?)? w.r.t. the primal
basis, the coefficient in front of the second element of any couple, being an inner
product of v with the second element of the corresponding dual couple, vanishes
because of H(div0; R?) | 1,(R2)2 grad H 1(R?). Together, both observations imply
that

b +
16 U —duthr @ pper +drp) @ Puer

AUEV \/d% +d]24

with a dual basis given by U, ,cv {

} is a Riesz basis for H(div0; R?),

dyPr©fer+dyfr@Pyer }
d%+d3

Moreover, taking ¥ and (thus) ‘¥ such that, renormalized, they are Riesz bases

for H*(R) and H*"1(IR), respectively, then, renormalized, the collection from (1.6)
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is a Riesz basis for H*(IR?)> N H(div0; R?). In particular the case k = 1 is most rele-
vant for the application in solving flow problems. This construction of a divergence-
free wavelet basis generalizes to R" for n > 2.

Note that here, and similarly in the remainder of the paper, for X C Ly (IR")"
and X being a Riesz basis for X N H(div0; R"), we call £ < X' a dual basis, when

(1.7) £(X) =1d, and v — Z£(v) € B(X, £»(%)).

So, in view of some non-existence results proven in [22, 20], we do not impose that
£ C H(iv0;R"). Note that nevertheless, X — X: v — £(v) I is an (oblique),
and by the second property in (1.7), bounded projector onto X N H(div0; R").

For completeness, with £(v) and £(Z), we mean the infinite column vector
[7(V)]5c5, and the bi-infinite matrix [¢(c)] also denoted as (£, X) Ly (R
when £ C L(R")").

For the application of a wavelet basis L for solving an operator equation, in this
setting typically a flow problem, the availability of a corresponding dual basis &
is not required. For other applications of divergence-free wavelets, as the analysis
or compression of earlier computed approximate solutions, explicit knowledge of
a dual basis is essential. Moreover, for efficient implementations of such appli-
cations, it is needed that, as the primal functions, the dual functions are locally
supported.

Fef,oexr (

1.3. Difficulties with transferring the construction from R" to Z". The key is to
have available two pairs of biorthogonal Riesz bases (¥, ¥) and (¥, ¥), now for
(Lo(Z),Ly(Z)), that for some invertible diagonal matrix D, satisfy (1.1). Under
these assumptions, integration by parts shows that the bi-infinite matrix

=+ ~ 4 - . -
Yo ¥ — ¥leo®l o = (¥, )0 + ()0
— (DY, ¥),,(7) — (¥,D¥),,7) = Dold—IdoD =0,

i.e., as has been claimed before, necessarily,

(1.8 YOFD) —$O§(0) =0 (He¥de?).

To obtain such vanishing boundary terms, one may consider ¥ c H(T). Yet,
then any element of ¥ = D 'Y hasa vanishing mean, so that ¥ cannot be a basis
for Ly(Z), the reason being that the mean value is a nonzero, continuous func-
tional on L,(Z) (Taking the mean value is not continuous on L;(R), and therefore
the latter space can be equipped with a Riesz basis of functions all having a van-
ishing mean. This difference can be seen as the main reason for the difficulties to
transport the construction of a divergence-free wavelet basis on R” to the hyper-
cube).

Alternatively, we may search ¥ in H}(Z). In this case, the same argument
shows that ¥ cannot be a basis for L,(Z ), and so neither can {f’, and we end up
with the same problem.

A third possibility is to impose periodic boundary conditions for both Y and .
In this case, any element from even both ¥ and ¥ has vanishing mean, giving rise
to the same problem as above.

N Finally, a valid choice, that was made in [24], is to search Riesz bases ¥ and
Y for Ly(Z) such that the elements of ¥ vanish at 1, and those of ¥ vanish at
0. With this choice (1.1) can be satisfied, and with that a divergence-free wavelet
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Riesz basis can be constructed on Z". In view of (1.3), it is, however, a basis for
{v e Ly(Z)": divv = 0, v-n = 0ondR" }, being the space of divergence-free
functions on Z" subject to the unusual boundary condition of having vanishing
normal components on half of the boundary of 7".

A seemingly related solution was found in [18], where a wavelet basis was con-
structed for Hp(div0; R? ).

1.4. A remedy. Taking ? - H& (T), the condition (1.1) can be satisfied for (Jf’, ¥, ¢
being Riesz bases for L,(Z), and ¥ being a Riesz basis for Ly o(Z). Then, similarly
to (1.3),

19 Uy @, o - appen... 0@y, DPrend,
A

is a Riesz basis for Ly o(Z"). Now when from (1.9) a collection of divergence-free
wavelets is constructed, similarly as (1.6) was constructed from (1.3), then this
collection will be a Riesz basis for Hy(div0; Z") N Ly (Z").

In [25] this fact was employed as followed: Consider the orthogonal decomposi-
tion

Ly = Lyp & [1],

where 1 := x — 1, and where we used the shorthand notations L, := Ly(Z),
Lyg := Lyo(Z), and [-] := span{-}. It gives rise to an orthogonal decomposition
of Ly(Z")" into 2" — 1 subspaces, (Z) of them, for ¢ = 1,...,n, being isomorphic
to Ly (Z"). For example, for n = 3 this decomposition into 7 subspaces reads as
follows:

Ly(Z°)® = Ly®Lyg®Log x Lyg®La®Log X Lyg®Lyg®Ly (= Loy(Z°))
@LL2®L2,0®[[]1H X L2,0®L2®[[]1ﬂ X 0 (2 Lz/o (IZ))
&' L@ [1] ® Ly x 0 X Loo® [1] ®Ly (= Lpo(Z?))
(1.10) et 0 X [M]®Ly®Log x [1]®Lyo@Ly (=~ Lyo(Z?))
ot ] @[] x 0 X 0 (=~ Lyo(7))
et 0 x []®L®[1] x 0 (~Lo0(7))
ot 0 X 0 x [Me[]ely (~Lp(T))

(note Ly(Z) = Lyo(Z)). The isomorphisms between the spaces Lyo(Z¢) and the
corresponding subspaces in this decomposition are of the simple type of adding
n — £ zero coordinates to an /-dimensional vector field, and extending the non-zero
coordinate functions as a constant function of the additional n — ¢ variables.
Building on the approach from [21], we can equip each of the spaces Ly (Z),
or more precisely, each pair (Lyo(Z%), Ly o(Z")), with biorthogonal Riesz bases that
split into 2 parts, the primals from the first part being divergence-free with vanish-
ing normals at the boundary, and the duals from the second part being gradient
fields. The embeddings of the spaces Lyo(Z*) into L,(Z")" preserve the proper-
ties of a vector field being divergence-free and having a vanishing normal at the
boundary, or, at the dual side, being a gradient field. Consequently, we obtain
biorthogonal Riesz bases for (Ly(Z")", Ly(Z")") that split into 2 parts, the primals
from the first part being divergence-free with vanishing normals at the boundary,
and the duals from the second part being gradient fields. Together both observa-
tions imply that the primals from the first part form a Riesz basis for Hy(div0; Z").
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By applying suitable univariate biorthogonal wavelet bases, that serve as a
building block of this construction, simultaneously one obtains a basis for H*(Z")" N
H(div0; Z") for a range of k, being most relevant for k = 1.

Remark 1.1. The aforementioned splitting of the biorthogonal bases for (L, o(Z), Lyo(Z"))
into two parts yields for ¢ = 1 a first part that is empty (indeed ©/ = 0 on Z, and
u = 0 on dZ implies u = 0). As a consequence, in view of

Ly(T?)2 =Ly ®Log X Lyg® Ly & Ly@[1] x0 &' 0% [1] ® Ly,
L0 (Z?) ~Lp0(Z) ~Ly0(Z)
indeed we have Hy(div0; Z?) = Hy(div0;Z?) N Ly0(Z?). For the cube, however,
(1.10) shows that Hy(div0; Z3) ~ Ho(div0;Z%) N Lyo(Z%) x Ho(div0;Z?)3, which

confirms that the co-dimension of Hy(div0; Z3) N Lyo(Z3) in Ho(div0; Z3) is infi-
nite.

Because of the aforementioned constant extension of functions of £ variables to a
functions of n variables, the divergence-free wavelets that are obtained do not sat-
isfy boundary conditions beyond having vanishing normals. Indeed, one verifies
that e.g. the tangential components at x3 = {0} or x3 = {1} of the divergence-
free wavelets on Z° that stem from the second subspace at the right-hand side of
(1.10) span the whole of Hy(div0; Z?). In other words, the construction from [25] is
restricted to slip boundary conditions.

The aim of the current paper is to extend the approach to general boundary
conditions, including no-slip boundary conditions. The key to achieve this will be
the replacement of the orthogonal decomposition Ly(Z) = Lyo(Z) &= [1], by a
biorthogonal decomposition

L(T) = (L) n[o]") @ o], La(Z) = (L(T) N [e]") @ [6],

with ¢, & being some functions on Z with [; 0 # 0. Any biorthogonal (wavelet)
basis for (L (Z), Ly(Z)) gives rise to such a decomposition by identifying one pair
of a primal and a dual wavelet as the pair (¢, 7). Starting from this biorthogonal
decomposition of (L, (Z), L»(Z)), we will construct a biorthogonal decomposition
of (Lp(Z™)", Ly(Z™)™), with both instances of Ly (Z")" being split into 2" — 1 sub-
spaces. For n = 3, this decomposition reads as (1.10) with at the primal or dual
side L, o being replaced by L, (Z) N [¢]* or Lo(Z) N [e]*, and [1] by [¢] or [#], re-
spectively. The pair (¢, &) may be chosen differently for each coordinate direction.

As we will see, in view of constructing divergence-free wavelets, the role of &
has to be played by the function 1, because of its special property of having a zero
derivative. Since the sole condition on ¢ (or ¢; if it depends on the coordinate di-
rection 1 < i < n)is that fI ol # 0, the univariate primal wavelets, so in particular
o, can be arranged to vanish at {0} and {1} to any given orders. As a consequence,
we will be able to construct a wavelet Riesz basis for Hy(div0; Z"), that for given k,

renormalized, will be a basis for ﬁk(I”) N Hy(div0; Z"), with the first space being

the closed subspace of H¥(Z")" defined by imposing (very) general homogeneous
Dirichlet boundary conditions up to order k.

1.5. Organization of this paper. This paper is organized as follows: In the next
short Sect. 2, we will recall that the construction of divergence-free wavelet bases
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in two space dimensions is straightforward due to the special properties of the
curl operator. This holds true for simply connected Lipschitz domains () as long
as one is not interested in properties of a corresponding dual basis. It suffices to
have available a wavelet Riesz basis for H(% (Q)) which is known to be possible on
arbitrary polygons.

Sect. 3 is devoted to the construction of the aforementioned biorthogonal space
decomposition of (Ly(Z")", Ly(Z")") with both instances of Ly(Z")" being split
into 2" — 1 subspaces. A general framework is presented to construct a divergence-
free wavelet basis from divergence-free wavelet bases for the subspaces in the pri-
mal decomposition, as well as a dual basis from dual bases inside the correspond-
ing subspaces in the dual decomposition.

To find such divergence-free wavelet bases for the primal subspaces, as well
as dual bases in the corresponding dual subspaces, as in [21], we need two pairs
of univariate biorthogonal wavelet Riesz bases on Z, possibly different in the dif-
ferent coordinate directions, that are related by integration or differentiation as in
(1.1). In Sect. 4.1, we will show that given one pair of biorthogonal wavelet Riesz
bases, that plays the role of (Y, %) in (1.1), the related pair, being (¥, ¥) in (1.1),
can always be constructed. Apart from being Riesz bases for the relevant Sobolev
spaces, the sole condition on the first pair is that 1 is a dual wavelet, and, when one
aims at locally supported divergence-free primal and/or dual wavelets, that the
primal and/or dual wavelets of the first pair are locally supported. The findings
in this subsection generalize those from [14], where such pairs of biorthogonal
wavelet bases are constructed by adapting translation invariant wavelet bases on
R to the interval.

In combination with the results from Sect. 3, in Sect. 4.2 we will end up with

wavelet Riesz bases for IO{k(I”) N Hy(div0; Z"), as well as with dual bases. The
multivariate wavelets will be anisotropic, i.e., tensor products of univariate wavelets.

Finally, in Sect. 5, single-scale bases will be constructed for the spans of the
various univariate primal or dual wavelets up to a given level. Using thesoe single-
scale bases, we will also construct an isotropic wavelet Riesz bases for H (%) N
Hy (div0; Iz), as well as a dual basis. Other than on IR, we could not manage to
do this on Z" for n > 3. Fortunately, anisotropic approximation has the advantage
anyway that the best possible convergence rate does not deteriorate with increas-
ing n.

In this work, by C < D we will mean that C can be bounded by a multiple of D,
independently of parameters which C and D may depend on. Obviously, C 2> D
isdefinedas D < C,andC~DasC <Dand C 2 D.

2. DIVERGENCE-FREE WAVELETS IN TWO DIMENSIONS

In this short section, we will recall that on two-dimensional domains the con-
struction of Riesz bases of divergence-free wavelets is rather straightforward be-
cause of the special properties of the curl operator in two-dimensions.

For O C R? being simply connected with a Lipschitz continuous boundary, it
is known that

(2.1) curl: H}(Q) — Hy(div0; Q) is boundedly invertible.
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Indeed, it is clear that for v € H}(Q), curlv € Hy(div0;Q) and || curl ol ) =
19|ty = 9]l () by Friedrich’s inequality. The remaining non-trivial part is to
show that curl is surjective, which is demonstrated in [11, §1.3.1].

As a consequence, for k € N+, and a measurable I' C 9(), we have that

(22) curl: Hy(Q) N H{F (Q) — Ho(div0; Q) N Hyr(Q)? is boundedly invertible,

where Hg/r(Q) 1= closyqy{u € C(Q) NH'(Q): u = 0onT}. Indeed, for v €
H}(Q)N H’é}l (Q0), we have curl v € Hy(div0; Q) N Hf ()2, and || curl 0||%1k(0>2 =
Yi<|a|<k+1 HB"‘UH%Z(Q) ~ ||v||%{k+1(0) by Friedrich’s inequality. To show surjectiv-
ity, given w € Hy(div0; Q) N HS’F(Q)Z, let v € H}(Q) be such that curlv = w.
Then v € Hk+1(0), and for 1 < |a| < k+ 1, we have that 0*v vanishes at T, or
v € Hj(Q) NHEF (Q).

From (2.2) we conclude that if X is a Riesz basis for H}(Q) N H’g}l(ﬂ), e.g., of
wavelet type, then ¥ := curl X is a Riesz basis for Hy(div0; Q) N H’é/r(ﬂ)z.

With the approach to construct a basis of divergence-free wavelets discussed so
far, there is no guarantee that a dual basis consisting of locally supported functions
exists. For QO = 72, in the next sections, starting from biorthogonal univariate
wavelet bases, we will construct both anisotropic and isotropic divergence-free
wavelet Riesz bases, with duals that are locally supported whenever the univariate
duals have this property. The results for the anisotropic wavelets will be valid for
) = 7" for arbitrary dimension 7, being the main point of this work.

3. A BIORTHOGONAL SPACE DECOMPOSITION OF (L(Z™")", Lp(Z™)")

In this section, we split (Ly(Z")", L(Z™)") into 2" — 1 pairs of subspaces such
that the union of Riesz bases for the divergence-free parts of the primal subspaces
is a Riesz basis for Hy(div 0; Z"). As we will see in the next section, such bases for
the subspaces can be constructed following the approach from [21].

Definition 3.1. For @ # S = {ji,...,jss} C {1,...,n}, let Ly(Z°) be the space of
functions of (xj,...,xj,) that are square integrable over TS, With Ly(Z5)°, we
will denote the space of v = (v}, ...,9vj,,) for which v;, € L, (Z°) (Vi). Analogous
definitions will be used for H*(Z%) and H¥(Z5)S. Note that L, (Z11--}) = L,(Z")
and Ly(Z{1-m}yLean} — [y (77)1.

For each 1 <i < n, we fix two functions 0;,&; € Lo(Z) with (03, )1, (1) = 1. We
set the biorthogonal projectors P;, P; by

Pl-u = <u, &i>L2(I)Ui/ 151-14 = <M, Ui>L2(I)&i'

Forany @ # S = {j1,...,jus} C {1,...,n}, weset
Loo(Z%) = {v € Lo(T%)%: /Iv],(xh,. X)) (), =0 (1< i £k < #5) ],

and Ly (Z") := Lz,o(I{l""'”}).
At the dual side, we have an analogous definition of L,0(Z°) by replacing 5
by ;-
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On many occasions, we will impose that &; € span{1} (Vi). Then Ly((Z°) is
the space of (Ujl,. . .,Uj#s) € Ly(S)®, where, for any k # i, vj, has zero mean as
function of X, when frozen in the other variables. So, in particular, in this case the
definition of Ly ((Z") coincides with the one given earlier in the introduction in

(1.2).
Next, we will construct an isomorphism between [1p+5c1,...n) Ly0(Z%), and

similarly [Tp25c(1,...n} L,0(Z%), and Lp(Z")".
Definition 3.2. We define embeddings and projectors

EO): Lyo(Z) = Ly(T™)", QY Ly(T")" = Lyo(Z5)
by

$
95

EOV)(x) =Y [0,(xjp %) [T ax(xe)] e
i=1 ke{1,...,n}\S

where e, denotes the s;th canonical unit vector in R", and

s Q7 ® 0 QR vy, - dx,
[Tkeqn,..np\s J7 o

(Q¥)v); : (ies),

I i=j
where {ki,...,ky_4s} :={1,...,n}\ S, and Ql(]S) ={I-P i#jeS}.
P ¢S
At the dual side, we have an analogous definition of £(5) and Q(%) by replacing
(L0 (Z9), 0%, Pj) by (Lo,0(Z%), 5%, P;).

Note that when ¢; € span{1} (Vi), then E (5) is the embedding that was dis-
cussed in §1.4 below (1.10). It extends the non-zero coordinate functions v, ..., vj,s
as constant functions of the variables x; fori & {ji, ..., jus}-

Proposition 3.3. The bounded mappings

E: JI  Loo(Z®) = La(Z")": (vO)s = Y EGWVE),
OASC{1,...n} S
Q: LT = T  10(Z%): v (Q¥)v)s
@#5c{1,..,n}
are each others inverse.
Defining E, Q similarly by replacing (L o(Z5), E©S), Q) by (L50(Z°), ES), Q19)),

the analogous result is valid at the dual side.
Proof. For @ # 5,5 C {1,...,n}, consider (Q(S,)E(S)w),« fori € §'. Ifi € S, then
(--); = Osince (E®)w); =0.Ifi € Sand 35’ 5 j # i withj ¢ S, then (---); =0
since (I — P;)o; = 0.1fi € Sand S > j # i with j ¢ ', then (- - - ); = 0 since Pju = 0
whenu L, 1) span{d;}. So QBYEB) = 0 when S’ # S. Because of Pioj = 0j, and
(I —Pj))u = u when u L; 1) span{d;}, similarly we infer QBE® = 1. We
conclude that QE = I.

From Z@;&Sc{l,.,,,n}(E(S)Q(S)U>i = 2{1,”.1,1}359{1-} Q§15> Q- Qf,f)vl- = v;, we
have EQ = I. O
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As an easy consequence of Proposition 3.3, we have the space decompositions
(3.1) L(I"'= @ ranE®, LI")"= @ ranE®.
@£SC{1,...n} @£ {1,...n}
Example 3.4. Recalling the abbreviations Ly := Ly(Z), and [-] := span{-}, and
putting
Lg) =LN H&iﬂl,
the decomposition L,(Z")" = P ran E®) for the cases n = 2 and n = 3

@#SC{1,...n}
(the most relevant case) reads as follows:

(12?2 = Lel? x Vel (S={1,2})

®La®[oa] % 0 (s=A{1})
® 0 X  [o1]®Ly (S =12}),
and
LY = LeolP el x Vel x i{VetP e,  (s={1,2,3})

Lo LY ®[os] x LV @Lyo[rs] x 0 (S =1{1,2})
oL@[r]oLy) x 0 x LYelm]ol,  (S={1,3})
S 0 x [r1]@LoLY x [nloLP oL, (S ={2,3})
L@ [r]®[o3] % 0 X 0 (s={1})
® 0 X [o1]@La®]os] x 0 (S=1{2})
S 0 X 0 x [n]®[os]®L, (S ={3}).

The decompositions at the dual side are obtained by replacing o; by 7;, and Lgi) by
ig) = LyN o]+

As shown in the next proposition, the decompositions in (3.1) are biorthogonal.
Proposition 3.5. For @ # S,5'  {1,...,n}, we have (Q®))* = E©), (1)) =

s s yep(s) _ [T S=¢
E®), and (ES))*E {0 S£5 [

Proof. To show the first, and so the similar second statement, it is sufficient to con-
sider S = {1,...,£} forsome 1 < ¢ < n. Forv € Ly(Z")" and w € L,((Z°), itis
sufficient to verify whether for1 < i < £, ((Q)v);, w1'>L2(If,) = (v, (E(S)w)i>L2(IH).
Note that (Q®)v);, (E9)w); depend only on v;, w;, respectively. W.l.o.g. leti = 1.
It is sufficient to consider v; = ®!_;r;, wy = ®lesi, where r;,s; € Ly(Z) with for
i>2,(s; (Ti>L2(I) = 0. Now from

n

Q) = ( TT (ridi)iym) @ (I = P)ra@ -+ @ (I = P)ry,
=041

(ESW) =51®@ - Q5@ @ @0y,

the first, and so second statement follow.
The last statement follows from the first one using that QE = I. O

Next, we define Sobolev spaces of divergence-free functions.
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Definition 3.6. For@ # S C {1,...,n},on H'(Z°) wesetgradv = (9
L,(Z%)%, and define

Ho(diVO,'IS) = {V S Lz(IS)SZ Zaxivi =0, vilxie{O,l} =0 (Z € S)}
ieS

x;, U J v)Te

Note that Hy(div0; Z°) = {0} when #S = 1, and that
H(div0; Z") := Ho(div0; Z{1"}) = {v € L,(Z"): divv =0, v-n = 0 on 9Z"}.
Furthermore, recall the Helmholtz decomposition
(32) [o(Z°%)% = Hy(div0; Z%) @+ grad HY(Z%).
It is an easy consequence of the fact that for u € L,(Z°)°, the solutionv € H(Z%) :=
{w e H(Z°): [;sw = 0} of [;sgradv-gradw = [;su-gradw (w € H(ZI%))
satisfies u — grad v € Hy(div0; Z°).

Proposition 3.7. For1 <i <mn,let0 # 0; € span{1l}. Then for @ # S C {1,...,n},
ES)(150(Z%) Nngrad HY(Z%)) C grad HY(T"),
E®)(Lyo(Z%) N Hy(div0; Z%)) © Ho(div0; Z"),
Q) (Hy(div0; Z")) C Lyo(Z%) NHy(div0; Z%),
Q) (grad H(I")) € L0(Z%) N grad H'(Z%).

Proof. The first two results follow directly from the definitions of £(5) and E().
For the first one it is used that the ;s are multiples of 1.
For u € Hy(div0; Z"), v € Ly(Z"), Proposition 3.5, (3.2), and the first statement
show that
(Q(S)u, VU>L2(IS)5 = <ll, E(S)VU>L2(I}1);1 =0,
which shows the third statement again by (3.2). The last statement is proven anal-
ogously. O

For® # S C {1,...,n}, we define Sobolev spaces, being subspaces of L, (S )5,
of vector fields whose coordinates satisfy homogeneous Dirichlet boundary con-
ditions of certain orders. Since we are working on the hypercube, these boundary
conditions can be identified as normal or tangential boundary conditions on the
vector field. Forany 1 < i <mnand b € {0,1}, we will fix two integer parameters
nél) and tél). They will be the orders of the normal or of all tangential boundary
conditions at x; = b, respectively, when i € S. So the orders of the boundary
conditions in different Cartesian tangential directions at x; = b cannot be chosen
individually. Although the Sobolev spaces depend on these 4n parameters, this
will not be expressed in their notations, to avoid making them too heavy.

Definition 3.8. Let k € IN := {0,1,...}. Fixing, for1 < i < nand b € {0,1},
n\) 1) € {0,...,k}, for @ £S5 C {1,...,n} let

H(Z5) = {v e HXT%)S: 0l vy, =0(i €S, 0<p<nl'—1,be{0,1}),
il =0(#jes0<p<t)-1be {0,1})},

and Hf(Z") = H*(Z{1-),
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For po, p1 € {0,...,k}, we set

Hfyo o) (2) = {u € HYZ): uP)(b) =0 (0 < p < pp=1, b € {0,1})}.

Note that HX

(00)(Z) = HY(Z) and H{j ,, () = H{(Z).

(k)

Remark 3.9. Although for ease of presentation, we consider only Sobolev spaces
with integer orders, everything can be generalized to non-integer orders, with
some care for orders in N + 3.

The following proposition extends upon Proposition 3.3.

Proposition 3.10. For1 <i < n,leto; € Hé‘t(,) e
071

(Z). Then

E: [T LN ﬁk(IS) — ﬁk(I”) is boundedly invertible.
@#Sc{1,..,n}

Proof. Thanks to the condition on the ;, E(S): Lyo(Z5) N il (%) — il (Z") and
Q). Hk(I”) — Lyo(Z%) N Hk(IS) are bounded. Now use that E-! = Q by
Proposition 3.3. U

Below, we will assume that &; € span{1} (Vi). Obviously these functions are
smooth, but do not satisfy homogeneous boundary conditions of any order. Con-
sequently, the corresponding statement of Proposition 3.10 at the dual side reads
as

E: [T ©0(Z°)nHYZ®)® — HY(Z")" isboundedly invertible.
@#Sc{1,..n}
As a consequence of Propositions 3.7 and 3.10, we have
Corollary 3.11. For1 < i < n, let 0; € H]((t(i) t(l.))(I) and 0 # 0; € span{1}. Then
both o
E: 1 Loo(Z%) NHY(Z%) N Ho (div0; Z5) — H¥(Z") N Ho(div0; 7"),
{Sc{1,...n}: #5>2}
E: [T ©20(Z% nHYZ%)® ngrad HY(Z°) — H(Z")" N grad H'(Z"),
Q#Sc{1,..n}

are boundedly invertible.

We are ready to formulate one of the two main ingredients for the construc-
tion of the divergence-free wavelet basis (the other one is the construction of the
collections ‘I’éi) that is given in the forthcoming Theorem 4.4).

Corollary 3.12. For1 < i < n,let 0; € Hé‘t(i) ) (Z) and 0 # &; € span{l}. For
0 "1

Sc{l,...,n},#S> 2, let ‘I’Elsf) be a Riesz basis for Ly o(Z°) N H' (Z°) NHpdiv0; Z°%).

Then

E(S)‘I’gsf) is a Riesz basis for ﬁk(I”) N Hy(div0; 7).
(SC{1,..n}: #5>2}



DIVERGENCE-FREE WAVELETS ON THE HYPERCUBE: GENERAL BOUNDARY CONDITIONS 13

If, furthermore, ‘I’éf) C L20(Z%) is a dual basis for ‘I’df , then a dual basis is given by

EOF().
{Sc{1,..,n}: #5>2}

Proof. The first statement is obvious, and the biorthogonality is a consequence of
Proposition 3.5.

The collection ‘i’((isf) being a dual basis additionally means that for v € Ly (Z°%) N
HY(Z5), H(v,‘i’ésf))Lz s||gz S IV g zs)s- Now letu € H*(Z")", then

1w, EOFE) |2, = y QW w, ), 55113,
{Sc{1,..n}: #5>2} {Sc{1,..n}: #5>2}

S Z ||Q u||Hk IS S S HuH%Ik(In)n/
{Sc{1,...n}: #5>2}

which completes the proof of Uysc(1,..u1: #5>2) E(S)‘i’ésf) being a dual basis. U

Obviously, a similar result can be formulated for the construction of a Riesz
basis for H*(Z")" N grad H'(Z").

4. CONSTRUCTION OF DIVERGENCE-FREE WAVELETS ON THE SUBSPACES
For S C {1,...,n}, #S > 2, biorthogonal collections (‘I’éi),‘i’g)) C Lyo(Z%) x
L,0(Z%) are constructed as needed in Corollary 3.12. As building blocks, first
two pairs of univariate biorthogonal wavelet bases will be constructed, possibly
different for each coordinate direction.

4.1. Pairs of biorthogonal Riesz bases on the interval related via differentia-
tion/integration. Starting from a general pair of biorthogonal univariate wavelet
bases (¥(), %)) (1 < i < n) for (Lo(Z), Lo(Z)), in this subsection a new pair is
constructed by integration/ differentiation. This construction generalizes the one
from [21] for the stationary multiresolution case on the line, as well as those from
[14] for stationary multiresolution analyses adapted to the interval.

We will require that the collection of dual wavelets is such that there exists a
dual wavelet that is a multiple of 1. This condition means that all primal wavelets,
except for the one that forms a biorthogonal pair with the multiple of 1, have at
least one vanishing moment, and that no Dirichlet boundary conditions are in-
corporated in the dual system. The special biorthogonal pair will play the role of
(07, 07) in the construction of the biorthogonal space decomposition of (L, (Z")", Ly(Z")")
discussed in Sect. 3, and will be excluded from the integration/differentiation pro-
cess.

Theorem 4.1. For 1 § i<n kelN,and t(()i),t<i) € {0,...,k}, assume that

1) ¥ = {lp A e vy, 90 = {1/3 : A € VDY are Ly(T)-biorthogonal
collections,

) 32D € VO such that for (0;,6;) := (1[))\ 1[)/%, ), it holds that &; € span{1},

(3) {2“"'1[155) : A € VDY is a Riesz basis for H'(T),

(4) {2"’\|klp§\i) : A € VW} is a Riesz basis for Hl(‘t(l.) t(j))(I).
071
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Here, as usual, |A| € N denotes the level of)\ € VO (or that ofzp/(\i) or 1/3/(\i)).
Then setting, for A € v .= v \ {A0)},

4o x . — N
4.1) PV =x /0 2Dy, |§) = —2-gl"|
cf. Figure 4.1, it holds that

(5) gl — {IJ[’E\Z) A€ %(i)} FO - {lp,\ Aev )} are Ly(T)-biorthogonal
Riesz bases,

—Al(k+1) D) . o (1) k1
6) {2~y A € V'Y is a Riesz basis for H(+)+1 t()+1)(I).
Moreover, supp 1,_l7(i) C supp 1[3/\. , and supp l%:) C convhull(supp l/J (@ )
Conversely, when (¥ g0 R ) satisfy (5)-(6), then setting V1) := U {AD}, se-
k . . ~(i) o~
lecting a l/JA =0; € H( e )( ) with [7 07 # 0, taking Pip =0i =1/ J7 0, and,

for A e V(I), taking
(4.2)

i RO (i X
g =2 WL g0 = e 2030 )

dy fo fo 1/’)\ d?/Uz z)dz )’
fo oi(z

the conditions (1)—(4) are valid.

The relations indicated by the boxes are the analogues on the interval of (1.1)
on the line.

Proof. Either by (1), (2), and (4), or by the assumptions in the last paragraph of the

theorem, we have (0;,0i)1,(7) = 1, 0 € H?t(” t(f))(I) and 0; € span{l}. Con-
0 71
sequently, u > (u,0;)1,(7y0; and u +— (u,03)1,(7)0; are projectors, which are

bounded on Hi‘t(i) t(l.))(I) and H'(Z), respectively. They give rise to the stable,

0 "1
biorthogonal decompositions HE‘ ) .))(I) = span{o;} ® (Hft(,.) ) (Z) ﬂspan{]l}LLzm)
a3t 0 71

and H!(Z) = span{1} & (H(Z) N span{o;} @).
With this at hand, the conditions (1), (3) and (4) reduce to
(1) {1[)55) tA E %(i)}, {l]}/(\l) A€ %(i)} are L, (Z)-biorthogonal collections,
(ii) {27‘/“1[3 Ve %(‘)} is a Riesz basis for H!(T) N span{o; } 2@

(iii) {2~y ( Dae vt )} is a Riesz basis for H( )( )N span{]l}LLz(I)

The mapping H'(Z) Nspan{c; }J‘Lz — Lp(Z): f — f"isbounded, with bounded

fo Jo 8(y)dyoi(z)dz N
f 0i(z)dz ( t]))( )
(Z): g+ (x — [y g(y)dy) isbounded, with bounded

inverse g (x = Jy g(y)dy — ) The mapping H¥

k+1

() +1,40 1)
inverse f — f’. These facts show that the definitions (4.1) and (4.2) are equivalent.
(i)

span{1}20) — H

Furthermore, they show that (ii) is equivalent to ¥'") being a Riesz basis for Ly(Z),

and that (iii) is equivalent to (6).
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H?jg>1+1,tgf>+1>(z) > ¥
integration
k : (i) , biorth $(i)\ [~ ~ 1
H ) 0 (1) 2 1o U¥O {o3) Y0\ {53} Ufoi} € HY(T)
6’6, ™
% differentiation

‘?(l) C Lp (I)
FIGURE 1. Schematic relation between ¥(), ¥(1), $(i), and ¥,

From (iii), or (6), we have ) H}(Z),and so for A, u € %(i),

H) = 4 (i | 5 - i (i
@) ) = @Y, 27 MG gy = 28 60 0,

i.e., (iii) is equivalent to biorthogonality of ($(i), ) )-
Finally, both supp 17)5\1) C supp 1/753) and supp l,szgf) C convhull(supp ¢§1)) follow
from (4.1), for the latter using that [, zp/(\l) = 0 by (iii). O

Corollary 4.2. Assuming (1)-(4), then forq € {1,...,k+1},

{ZIAI(l—q)lpy) tA € V(i)} is a Riesz basis for HT!

_ , 1),
(min(t[()l>,qfl),min(tpzq*l))( )

and so {2|)“(1”1)1/J/(\i) tAe %(i)} is a Riesz basis for this space intersected with Lyo(Z);
and, forq € {0,...,k+1},
20 A e 9O} is o Riesz basis for H @
{ ¥y A € V' }isa Riesz basis for H(min(té’)+1,q),min(t§’)+1,q))( )
Proof. Conditions (3) and (1) show that {2|)‘|lp§f): A € V} is a Riesz basis for
H'(Z)'. Together with (4), it shows that {Z‘A‘(l_‘?)lp&l) : A € V(D} is a Riesz basis for

the interpolati HY(T), H* . . (T ~ HT! . 7
e interpolation space [H'(Z)/, (té”,tg‘))( )]Hilz (m'm(té’),q—l),min(tg’),q—l))( )
forge{1,..., k+1}.

Properties (5)-(6) show that for g € {0,...,k+1}, {2’|Mq$£\i): A€ %(i)} is a

Riesz basis for [L,(Z), H**! (I)] 4 ,~H’ (7). O

(1,041 (©

(min(t}) +1,9),min(£{" +1,9))

YO, O that satisfy (1)—(4) are local, in the sense that diam supp 1,L7§i) < 21l
diam supp lﬁg\i) < 271, then the same holds true for ¢ and § defined by (4.1).
Alternatively, one may start with (‘:P(i),‘f’(i)) that satisfy (5)-(6), and then, using a
suitable o), define ¥() and ¥) by (4.2). Following this approach, however, g0
being local does not imply this property for §),
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Finally in this subsection, we note that it is well-known how to construct pairs

(‘I’(i),‘?(i)) that satisfy (1)-(4) for any k € IN and t(()i), tgi) € {0,...,k}, and that ad-
ditionally are local. We refer to the discussion Subsection 5.1, where additionally
the existence of suitable single-scale bases will be discussed.

4.2. The (anisotropic) divergence-free wavelets.

Forsomek € N, and, for 1 <i<nandb € {0 1}, t ) e {0,...,k}, from now
on we fix biorthogonal pairs (Y@, ¥()) and (¥ g (0 1~I’( )) as in Thm. 4.1.

Then the pairs (0;,0;), and so the spaces LZO(IS) and Tp0(Z°) in Def. 3.1, and
the embeddings E(S), E(5) and projectors Q(5), Q1) in Def 3.2 have all been

determined. Upon setting n( = = min(f, O ,k), the spaces H “(Z5) in Def. 3.8
have been fixed as well.

Note that the conditions 7; € span{1} and ¢; € Hl(ié”,t%”) (Z) required in Corol-
lary 3.12 are guaranteed by Thm. 4. 1

Using the pairs (¥() \ {c®}, ¥\ {#()1) and (;Ib( AL )), in this subsection
we construct, forany S C {1,...,n} with #S > 2, bases ‘I’( ) and ‘i’(sf) as needed in
in Corollary 3. 12 The key will be to make a Riesz basis ¥(%) = {1/) A e vy

for Ly o(Z%) N H (IS ) with dual collection ¥(5) T, (IS), such that V() splits
into two disjoint subsets, with the primals with indices from the first subset being
divergence-fee and having vanishing normals at the boundary, and the duals with
indices from the second subset being gradients.

For notational simplicity,

4.3) w.lo.g., we consider S = {1,...,n}.

Lemma4.3. For A € V := %(l) X oo X %(n) and1 <i<mn,let

(4.4) ¢/\1 = lpgxﬁ) ®¢/\ ®ll)/\ ®1PA1J:)® ®¢A el/
b= e ed Vedledl Ve adle,
Then
(4.5)
LT .
(o d, e varsicn (D80G, e v sisa),

are Ly(Z™)"-biorthogonal collections, the first collection is a Riesz basis for Ly o(Z") N
Hk(I”), and the second collection is in L, o(Z").

Proof. The biorthogonality is obvious.
()
Let1 <i < nbefixed. For 1 <j < n, setting p, := {t% j# 1},

(1+1
Ais1

Ve opi Vel eyl e oyl re v}
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is a Riesz basis for

{u ELZT)® - ® HI((po,m)(I) ®--- R Ly(T): Lu(xl,. e, Xp)dxy =0 (m #£ i)},

—
jth position

by Corol. 4.2, and the definition of nl(j ) given at the beginning of this subsection.
Consequently,

Ait1

n _1 i— i i n
{( Z4Mj|k) 21/,§\1l) ® - ®lp}(\i7]1) ®1J/ryg\i) ®llj( +1) Q- ®1/J§\n>: AE V}
=1

is a Riesz basis for the intersection of these spaces over 1 < j < n (cf. [13, Proposi-
tion 2]), being

{u e HYT"): uly—p =0 (p€{0,...,n"=1}) (be{0,1}),
huly s =0(pe{0,.. t))-1}) (be{01},j#i),
/Iu(xl,...,xn)dxj:O (j;éi)}.

In view of the definitions of L, ¢(Z"), L20(Z"), and ﬁk(I”), the proof is completed.
Il

Next we are going to orthogonally transform the biorthogonal system of Lemma 4.3
into a new biorthogonal system that splits into two parts, with the primals from
the first part being divergence-free, and the duals from the second part being gra-
dients. This transformation generalizes upon the one that was used in the intro-
duction to arrive at (1.5).

For any A € V, we transform the biorthogonal system {¢ YL 1 <i<n,

{f/\ ;1 1< i <n}. Weselect an orthogonal AWM € R™" with its nth row given by
n
4.6) A,({}) — M wherea® = [2“‘1‘ = ~2M”|]T/(Z4M’")%.
i=1

An example of such a matrix A1) is given by the Householder transformation

2(aM — ) (@) —e,) T

AN — 7 ,
(«®) —e)T (ad) —ey)

that for n = 2,3 reads as

P G L G 0
@ ) R P
—a) W () M2y
) %,\) P ) 1_ (2y™) “( )|
& ) 1-aV 1-aV 72
ey JNCUReY
1 2 3

respectively. The transformed system is now defined by
Paa Lo 7% L%

4.7) =AM C =AM
Pan f/\,n li’A,n fA,n
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Note that since A) applies to a group of basis functions that correspond to the
same A, this transformation does not affect possible locality of the basis functions.

Theorem 4.4. In the situation of Lemma 4.3, we have

= {( Z4‘“’< )i AEV,1<i<n—1},

is a Riesz basis for Ly o(Z") N H (Z") N Hy(div0; Z"), with dual basis

n
e = (L4 3gr i A eV, 1<i<n—1} Cliy(T").
j=1
Proof. From A) being an orthogonal transformation, and the fact that the nor-

malisation factors of 4, ; and 9, ; in Lemma 4.3 are independent of i, this lemma
shows that

(4.8)
n n

(a4l Sy iaev,i<i<n), {43 :aev,1<i<n},
j=1 j=1

are Ly (Z™")"-biorthogonal collections, the first collection is a Riesz basis for Ly o(Z") N
Hk(Z"), and the second collection is in L5 (Z").

N/ .
By definition of the nth row of the orthogonal AWM and l—:[’f\]j) = 2|Af|1p§gj) , for

1<i<n-1,
n
divr,b)\,l-:ZAEJ.%nvfA (ZA 2“‘) We...op =0
j=1

Since for 1 < i < #, it holds that ¢y - g (), furthermore we have P, -n=0
on 02", and so ¢, ; - n = 0 on dZ", which thus in particular holds true for 1<i<
n—1.

From |2/ @&jj) = —J)/(\j)/ , it holds that

j

(49) (L a3y, = Y 2Mg, = —gradgl) @ ol

j=1 j=1

We infer that for u € Lyo(Z") 0 HY(Z") N Hy(div0; "),

n

=) Z<u 24“ )2 ) () 4l 2

A€V i= j=1

and )y cv E?;l |{u, (27:1 4Mf|k)% hrid|? = HuHHk I,l)n,which completes the proof.
O

Together, Corollary 3.12 and Theorem 4.4 yield anisotropic wavelet Riesz bases
for Hk(I”) N Hy(div0; Z") constructed from the biorthogonal pairs of univariate

wavelet bases (¥(), ¥()) and ‘¥( 0 ) from Thm. 4.1. We exemplify the con-
struction for space dlmensmns n= 2 and n=23.
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For n = 2 a similar construction was presented in [15, 16] based on the proper-
ties of the curl-operator (cf. Sect. 2).

Example 4.5. Forn =2,

T e AL R L P
| (4Pl 4hhalk) 2 (4101 4 42l

(A Ag) € VU %@}

is a Riesz basis for ﬁk(Iz) N Ho(div0; Z?), with a dual basis given by

(4.11) { _2‘/\2@;11) ® 1;’/(\22)% + 2‘/\1‘43;11) ® Q_Z’/(\zz)ez

- 22 (A ) € VD X v
(4lMlk 4 glA2lk) =2 (4M1| + 4lA20)2

For n = 3, with ) as in (4.6) (reading n = 3),

M2 4 (A) , (0) n
-y o~ o gy ler + o g0 e

(4M1Ik + 4Mz|k + 4lAslky 2

L (A Ag, Ag) € VU 5 v« %(3)}

U

), ) 4

IX]IX

Q +
o e e ye + (1 () )%l P00y er + oy Poides

(4M1Ik + alhalk 4 4l25lk) 2

: (A1,A2,A3) € %(1) ” %(2) v %(3)}
(4.12)
{ 2l @ @ @ zey + 2Nyl @ $P @ ozes
@Ik 1 4826 F (g 4 4hal 3

C (A, Ag) € VU %(2)}

(4.13)
—z\As\JJi) R0y P e1 2M1|lp(1 R0 ® tp(f)eg
(4lMlk -|-4\/\3\k) ( 4lM| +4\/\3|)

C (A As) € VU x %(”}

(4.14)
(4\Az|k+4\A3\k) (412! +4\A3|)%

: (Ao, A3) € VP %(3)}

is a Riesz basis for folk(I3 ) NHydiv0; Z3).

A dual basis is obtained by replacing, on all places, lJ/SE\li) by 1735\?, zpﬁf) by lﬁg\?, and
(4lMlk 4 glralk 4|)\3\k)%’ (4/Mlk 4 4\/\2|k)%, (4lMlk 4 4|)\3\k)%, and (4/%2/k 4 4\/\3|k)%
by their reciprocals.

Remark 4.6. The biorthogonal collections constructed in Theorem 4.4 are clearly not
unique. W.r.t. the splitting {1,...,n} x V ={1,...,n — 1} x VU{n} x V, let us



20 ROB STEVENSON

write the primal and dual bases from (4.8) as {idf and {gdf . Then for Aq1, A
gr gr
boundedly invertible, and A1 bounded matrices (w.r.t. £ topologies and with the
¥, A 01|Y
appropriate dimensions), the transformed systems df] = [ 1 ] [ df},
pprop ) y [‘I’gr Ay Ax;| |[Ygr
r& -T -T -T7 1§
Yor] _ [An' AL ARAR ] [Yar
Fee] L0 Ap'

k4 o
tems. That is, they are biorthogonal, {?ﬂ is a Riesz basis for Ly o(Z") N H (),
—=gr

h#Ty - _ -

if; C Lyo(Z"), ¥4¢ C Hp(div0;Z"), and ¥, C grad HY(Z"). Consequently,
¥ is a Riesz basis for Ly (" n IO{k(I”) N Hy(div0; Z") with dual basis ¥4 C
Loo(Z").

} share the properties with the original sys-

€

gr

5. SINGLE-SCALE BASES, AND ISOTROPIC DIVERGENCE-FREE WAVELETS

To compute an approximation to a function u € H* (Z") NHy(div0; Z") from our
divergence-free wavelet basis, one has to select a subset of its infinite index set. For
sufficiently smooth u, choosing a so-called sparse-grid index set, reading as the
union of all indices (A1, ...,A;) that for some ¢ € N satisfy Y/" | [A;| < ¢ (Where
the absolute values of “lacking coordinates” A;, cf. (4.12)-(4.14), should read as
zero), the approximation error in H*(Z")" is of order N~ (4+1-k) up to log-factors.
Here N is the cardinality of the sparse-grid index set, and d is the order of the
univariate wavelets. For k > 0, the log-factors can even be avoided by applying a
somewhat modified index set known as an optimized sparse grid ([12], [10, Ch.4]).

These results should be compared with the generally best possible approximation
. 1 . o D1 _d+1ok
error realized with isotropic approximation which is of order N~ .

When u is the solution of a PDE, say the (Navier-) Stokes equations, then a
near-best approximation from the span of the wavelets with indices in a given
index subset is given by its corresponding Galerkin approximation. Since the basis
is Riesz, the stiffness matrix is well-conditioned, uniformly in the index subset.
Consequently, the Galerkin system can be solved by the application of a simple
iterative scheme. Due to the anisotropic nature of the basis functions, the stiffness
matrix is, however, generally far from being sparse. Nevertheless, for (optimized)
sparse grid index sets the application of this matrix to a vector can be computed in
linear complexity using the so-called unidirectional approach ([1]). This approach
relies on the availability of locally supported single scale bases and corresponding
refinement relations for the univariate wavelets that are used as building blocks of
the divergence-free wavelets. This is the topic of §5.1.

The above considerations apply under the assumption that u is sufficiently
smooth. For a much larger class of functions, an error of order N~ (¢*1-%) can be re-
alized by a Galerkin approximation w.r.t. an adaptively created index set ([6]). For
index sets that have a certain multi-tree structure, the application of the stiffness
matrix to a vector can still be applied in linear complexity ([17]).

Although the application of anisotropic basis functions clearly offers important
advantages, it is fair to say that their implementation is more demanding than that
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of isotropic basis functions. Therefore, in §5.2, a construction will be presented of
an isotropic Riesz basis for Hk(Iz) N Hy(div0; Z?), so unfortunately only for n = 2.

5.1. Single scale bases and refinement equations.

In this subsection, we fix the index 1 < i < n, and drop it from our notations.

Assuming that biorthogonal (locally supported) single scale bases are available
for the univariate primal and dual wavelet collections ¥ and ¥, 1‘:%1 this section we
construct biorthogonal (locally supported) single scale bases for ¥ and ¥.

Proposition 5.1 (single-scale bases). Let Y, 7, ‘JIr’, Y be as in Thm. 4.1, and so in
particular with & = §; € span{1}. W.Lo.g. we may assume that |A| = 0.
(@). For £ € N, let

O ={pr: A= (|Al,q) € Ap:={L} x{1,...N¢}},
O, = {pp: A€ A}

be biorthogonal bases for {p: A € V,|A| < £}, span{p: A € V,|A| < £}, scaled
such that for each ¢,

(5.1) / ¢, is independent of A € Ay.
7

Then
+ + °
?g ={pr: A= (()é,q) eNp:={l} x{1,...N;,—1}}
Q)= {pr: A € Ag},

defined by

X _ N¢
3’@ =X / 2 Prgr1(y) — PoaW))dy, Gy =20 Y b1
JO p=q+1
are biorthogonal bases for span{:ﬁ,\: eV, IA| < £}, span{ih,: A € v, A < ¢}

(b). In addition, let || ¢4l 1,2y, 1Peglliy(z) S 1, and let @y, &y be uniformly local
and locally finite, meaning that the diameters of the supports of the basis functions are
of order 2=, and that each interval of length 2~* intersects the supports of a (uniformly)
bounded number of basis functions.

Then, numbering the basis functions such that infsupp ¢y, < infsupp ¢y qur1,71'15
holds that ®y, &, are uniformly local and locally finite. Moreover, @y, d), o, O,
are uniform Ly (Z)-Riesz bases for their spans. E.g. for ®y, the latter means that
€™ el yiz) = lell (e € RN,

Proof. (a). An application of a basis transform shows that

Ny Ny
62)  {grabro—9uar N —ben1h {1 g L Gra o Pen, |
q=1 q=2

are biorthogonal bases for span ®;, span ®;. N

Because of [7 ¢y 4.1 — ¢yq = 0by (5.1), and so ®; C Hyj(Z), integration by parts
now shows that $g, ®, are biorthogonal.

Again (5.1) and 1 € span®, show that Zé\zl ¢ry € span{l}. So for A € v,

+
|A] <, wehave ¢ € span{¢yo — Pp1,---,PrN, — Pe,N,—1}, and so P, € span Dy.
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Finally, since Zf;\]il cﬁzq —0,forA eV, |A| < £ wehave , € spand,.

~ ’

(b). By supp ¢y, C convhull(supp ¢y 4,1 Usupp¢y,) by (5.1), the assump-
tion on the numbering of the basis functions, and ®; being uniformly local and
locally finite, we have that &, is uniformly local and locally finite. Together with
pe,4llr,(z) S 1, it shows that Hﬁt’é,q”Lz(I) <1, and so

(53) e Dyl z) < lell-

By the assumption on the numbering of the basis functions, supp ¢, Vsupp ¢, 7
@, and the uniform locality and local finiteness of ®; and &, it follows that at the
left of some neighborhood with diameter of order 2~ of supp ¢y, the function

Eg‘ 1 1 Pe,p is identically zero, whereas at the right of this neighborhood it is equal

to szl (Pg/p From Zgi 1 432,’7 = 0, it follows that &, is uniformly local and locally
finite.

Any u € span ®; canbe written as Y-y cv. 1|<s} c 2~ Mg, From {2- Mg, A €
V} and ¥ being Riesz bases for H(Z) and Ly(Z), respectively, by Corol. 4.2, we
have ||“H%{1(I) = ey W<y el <4 Toev. e a2 P < 4ZH”||22(1 So
on span @/, a so-called inverse inequality applies.

s o )Nz

Writing ¢g, 1= —2 (+1) Zp[q+1 4’2,,] supp
nonzero terms is uniformly bounded, we conclude that ||y, gllL,(z) S 1. From o,
being uniformly local and locally finite, we infer

(75 , and noting that the number of

le"@elliyz) < lell

Givena vector ¢ = (¢g)g, letu = CT$5. Then |¢;| = |<M,$g,q>L2 )| Sl ||L2(Supp$[ )

S lle" @l 1y (z)- Sim-

From &, being uniformly locally finite,
ilarly, (5.3) shows that ||c|| < [lc"®¢ll1,(z

The proof of @, &, being uniform L,(Z)-Riesz bases for their spans is similar.
O

Proposition 5.2 (refinement equations). In the situation of Proposition 5.1(a), let My =
Myy M) withMy, € RNe+1xNe, M, RNe+1%(New1=Ne) e sych that

[q)éT ‘YETH] = CDZHMZ v

where Yo = {gpr: A € V, A =€+1}
Putting 1{](4-1 = {1/’)\ A€V, A = €+1}, and defining A, € RN*Ne=1) by

-1 p=q
_ 1 <q,
(AZ)M = L p=g+1 and By € RN =1)>Ne by (Bf) {O gtherZuzse
0 otherwise,
have
+T7 T +T
(D Y¥pi1] = Prya [3BriMyoAr 3BraMyg] |
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1
-1 1
Proof. We set@ =[x [3 2 P (y)dy CJIS;]T,and T, = . €
-1 1
RNe*Ne | From ig(x = 2117, [ @/(z)dz and $ = 2¢ [ ¥,(z)dz, we infer
that
[$T €+1] = Z+1[ T/HMeng ngHMe 1]-

M, T/, and by realizing that by span $g U
15+1M€ OTI ’
M( 1 are zero, we get the expressions of

By deleting the first column of } Te +1

¢+1 = span $g+1, and §€+1 being mdependent the first row of 5T

without its first column, and that of 1 5T, +1

$g and {J[}“l in terms of CIDZH. O

Remark 5.3. Biorthogonality shows that in the situation of Proposition 5.2, we also
have

[(i); ‘?;—H} CD;I—-HM ! -

and

-T

[E’Z ‘?/,T-&-l] :5;+1[%Bf+1M6,0A2 3B 1My ]

In the situation of Proposition 5.1(b), all these 4 basis transformations are uni-
formly “sparse” (despite of the fact that B is not sparse), and uniformly well-
conditioned.

At this point, we note that for any k € Ny and f(,t; € {O,. . .,k}, Y, ¥ as
in Thm. 4.1, with corresponding single-scale bases ®;, ®, as in Proposition 5.1
have been constructed in [5]. Choosing N > d>d >k, withd+d even, and d
sufficiently large to ensure Thm. 4.1(3) (valid choices are e.g. (d,d) = (2,4), (3,7),
(4,10)), span @ is the space of splines of order d w.r.t. knot sequence

(0,...,0, 7275, (r+1)27%, ... ,1—=127%,1,...,1),
d—ty times d—ty times

forsomeIN>r>d—1.

The dual space span®; is a subspace of span{d,t{qE(Zé c=m)ljpqy + m € Z},
where, with ;¢ denoting the cardinal B-spline of order d, ; ;¥ is a compactly sup-
ported refinable function with (4¢, ; gP(-—m)),r) = dom (m € Z) constructed
in [4]. Since it holds that P;_; C span &y, in particular we have that 1 € span ®,.
After making a simple basis transformation, that involves only primal and dual
wavelets at the coarsest level, we have that for some A € V with [A| = 0, §; €
span, as required.

In [23, 3], [10, Ch. 2], modified constructions were proposed yielding quantita-
tively better conditioned bases. With these constructions, span ®, is the space of
splines of order d w.r.t. uniform knot sequence

(0,...,0,27¢, ..., 1=27,1,...,1).
N——

d—ty times d—ty times
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Refinement matrices My o and My 1, as defined in Proposition 5.2, which determine
the whole construction of the anisotropic (and forthcoming isotropic) divergence-
free wavelet basis can be found in these references.

Finally in this subsection, recall that the collection ®, (®) is not a basis for
{vr: A € V, Al < L} ({Pa: A € V, |A]| < £}), but for the slightly bigger space
{Yr: A € V, Al < £} ({Pr: A € V, |A| < £}). This is not a problem for the
application of multi-to-single scale transforms to facilitate an efficient application
of a stiffness matrix in (anisotropic) wavelets coordinates. In order to construct
isotropic divergence-free wavelet bases, however, biorthogonal single scale bases
for the smaller spaces will be needed, which issue we take up now.

From (5.2), and Z;\Z 1 Pe,q € span{1}, it follows that
(5.4) O = {01 := Prgr1— Prq: (Lg) =LA € A}
is a basis for span{y: A € v, Al <€} =span{y: A €V, [A] <L} NTE. Let
O = {0 1€ A}

denote the basis for span{{,: A € %, |A| < ¢} that is biorthogonal to ©,.
It holds that

(5.5) (Jﬁ/\/ = 2|M+19/\, é/\l = —2‘/\|+1$)\ (/\ S 35),

where the first equality follows from the definitions of $g and ©,. The second
equation is a consequence of

~ _ 4 5 _ + 4 o
S =000y =2 0N, 8y = =27 M0, 8. ) ) (L€ A,

the fact that 9;4, (4é1) span{,: A € %, Al < £} = span{p,: A € /ig}, and the
biorthogonality of $g, d,.

Recall that if @, is uniformly local and locally finite, then $g is uniformly local
and locally finite. Obviously, then also @, is uniformly local and locally finite. It
can, however, not be expected that O, is uniformly local and locally finite, or that
Oy (or a rescaled version) is a uniform L, (Z)-Riesz basis for its span. Indeed, if the
latter would be true, then from the fact that f — f' : H{(Z) — L,(Z) N1+ is an
isomorphism, the first relation in (5.5) would imply that $g is a uniform H'(Z)-
Riesz basis for its span, which cannot be expected for uniformly local and locally
finite collection nested collections ®,, with U;cn®/ being dense in Hé (7). Aswe
will see in the next section, this fact will hamper the construction of an isotropic
divergence-free wavelet Riesz basis for dimensions n > 3.

5.2. Isotropic divergence-free wavelets. In this subsection, we discuss the con-
struction of isotropic divergence-free wavelet bases.

In Corollary 3.12 it was shown that a Riesz basis for il (Z") N Hydiv0; Z") is
given by

(5.6) U ES)Y(S)
(SC{1,..n}: #5>2}

whenever Y(5) are Riesz bases for ﬁk(IS) N Hy(div0; Z%) N Lyo(Z%).
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W.lo.g. considering § = {1,...,n}, in Theorem 4.4 we constructed Y{1-}) of
the form
U &

AEV
with E, being a uniform H¥(Z")"-Riesz basis for the (1 — 1)-dimensional space
span{fm.: 1<i<n}NHydivo;Z").
To find a single scale substitute for this basis Y({1~"}) let us think of V being

partitioned into a collection of finite subsets {<>: o€ EI}, and let T'y be a uniform
H¥(Z™)"-Riesz basis for

(5.7) span{g/\i: Aeo,1<i<n}NHydiv0;Z").

Clearly, the latter space includes

(5.8) &b span{fm.: 1 <i<n}NHydivo;Z"),
Ao ’

being a space of dimension (n — 1) x #0. So if #I', = (n — 1) X #o, then both
spaces are equal. Since the dimension of the first space in (5.7) is equal to n x #o,
the condition to be verified is that its dimension is reduced by a factor ! by the
intersection with Hy(div0; Z"). Although we verify this in the application below,
actually, using the dual wavelets, this can be proven to be always true. Anyway,
in this case I' provides an uniform H*(Z")"-Riesz basis for the space in (5.8) as
an alternative for ¢, E4. Consequently, U,epTo is a Riesz basis for ﬁk(IS) N
Hy(div0; Z%) N Ly(Z%) that can be used as the collection Y(®) in (5.6).

Again w.Lo.g. still focussing on the case S = {1,...,n}, we are going to apply
the above for sets ¢ of the form {A € V: max; [Aj| = £} for £ € IN. Let

V= span{f/\i:lgign,)tev, max|/\j|:€},
Vg—span{tp :1<i<n,AeV, max|)\|—€}

So V, is the first space in (5.7) corresponding to this choice of ¢, and our task is to
find a uniform H*(Z")"-Riesz basis (1 e T,) for V, N Hy(div0; Z").

1
Since a Riesz basis for Ly o(Z") N il (Z") is given by {( (T 4l ‘k>_§f,\,i: 1<
i <n, A € V}, and, thanks to Corollary 4.2, {f)u" 1<i<mn AeV}isaRiesz

basis for Ly o(Z"), from (¥4 4|)‘f‘k)*% ~ 2~ when max; [A;| = £, we infer that

(5.9) [ - ||Hk(:rn)n ~ 2k€|| ) ||L2(I")” on Vy.

So it suffices to find a uniform L,(Z")"-Riesz basis for V, N Hy(div0; Z"), and then
to scale it with 27,

The spaces V; and V, were defined as spans of biorthogonal anisotropic wavelets.
We now construct biorthogonal isotropic wavelet bases for these spaces. The start-

ing point are the biorthogonal univariate two-level bases @1(21 U ‘I’gi), @gjl U ‘T’éo
for span{z/)y): A€ %,\/\| < (}, span{JJg\i): A€ %,|A| < (}, and $EIZ1 U‘Jf’éi),
5217)1 U‘ﬂi) for span{lji?g\i): Ae %, A < 43, span{ti)/(\i): S %, A < £}
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We set
0 ._ 6&” if6=0, _() ._ §v)  ifs=o,
s = lpgj) if5=1, s = ll})\j) f5=1,
s oV ifo=0, i [ ) ifs=o,
R U L R U L

A if 6 =0,
AevDiA| =0 ifo=1,

where Z@l := . Then from Theorem 4.1 and (5.5), we have the key relations
+(j ‘ _(j)’ =(7) ‘ '
(5.10) s =2, Ay =27 (Ae<fual).
With
1 +(i
E/\,(S,i = 17/(\1),51 ®--® 175\11‘),51' ®--® 17/(\7;135;1 €i,

= — =) = (i) _(n)
Misi = Ms @ QM5 @ QT 5

biorthogonal isotropic wavelet bases for V, and V, are now given by

n .
{n,,,0#6€foy, Ae][<f}, 1<i<n},
WY ]=1 4

n .
{i,;,,0#06€{01}", A €H<'%j, 1<i<n).
s, 1

Next, analogously to Theorem 4.4, we are going to transform these bases to
identify divergence-free primal wavelets, and dual wavelets that are gradients.
Let Q € R"*" be orthogonal with its nth row given by [1...1]/+/n. We define

A6 Mo as1 MThsa
=y L =Q
A8 Tx6.n MAsn Msn

Proposition 5.4. Biorthogonal bases for V; and V, are given by

n .
Yoo o= {frsi: 0# 8 €{0,1}", A e H<1§f35,./ 1<i<n},
i=1

n .
Figor = {fingi: 0# 6 €{0,1}", A € n<;{;j, 1<i<n).
j=1

Furthermore, for 1 <i <n—1,14, 5; € Ho(div0;Z"), and fj, 5, € grad H'(Z").
Proof. For1 <i <n—1,itholds that

. & . (510) - 0, (1) (G
diviae = ) Qijdivay, 5. =" (1, Q2 M5 @ @ ly,s, =0,
! 2, =

]

and ;
~ - (5.10) _ _(1 -
Vitiinsn = Y iinsi = —2 'grad ’7&1),51 ® - ® 77&’35”.
i-1
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O
Consequently,
‘flsog = {5 0# 5 €{0,1}", Aquw,lgign—l}
is a basis for V; N Hy(div0;Z"), and apparently %W = 21 as re-

quired. We conclude that, possibly after an L,(Z")"-stabilization of ‘1’1(50)5, by
Gram-Schmidt or otherwise, so that it becomes a uniform (in ¢) Lp(Z")"-Riesz

basis of its span, the collection

ktqp (df)
(5.11) ZZﬂ;\}z Yicor
€

can serve as the Riesz basis Y(5) for H* (Z%) NHy(div0; Z5) N Lyo(Z°) as needed in
(5.6) (here for S = {1,...,n}).
)

Unfortunately, due to the presence of factors 9&1 in the definition of 7, .., and

the fact that the @éj ) are not uniform L,(Z)-Riesz bases for their spans, for n > 3,

the aforementioned L, (Z")"-stabilization of ‘I’( )

of the basis functions.

As we will show below, for n = 2, however, ‘I’( )2 is already an L, (Z")"-Riesz
basis of its span, and a further stabilization is not requlred Related to this is the
fact that for n = 2, we can use the freedom in the construction of a dual basis (cf.
Remark 4.6) such that it becomes a local one, despite the fact that ©, is not local.

» is required, and it spoils locality

Theorem 5.5. For i € {1,2}, consider the situation as in Theorem 4.1. Let yi) i)

and so ‘J{r’(i), ‘i’(i), be local. In the situation as in Proposition 5.1, let ¢§i), Cbgi), and so

q+>gi), Cbgi) and ®(i) defined in (5.4), be uniformly local and locally finite. Then

U)o - o) o dles: (aa2) € V0 00 ol = ool = )
S

u{qu ®9§2e1 ¢(1) <p§22)e2 (A, A2) € VY 5 a® 1Ay = 0}
U{g) @ pler o) @ pPer: (M, 20) € AV, x VP, 1] = 1}

is a Riesz basis for ig (Z%) N Hy(div0; Z?), with dual basis

U 2&{ { 17}(;1) ® 1/3&2 IPM ® ‘/’Az €2
leN ﬁ

U{%] ®4’A2 et (A1, A2) € VIV x Agz)y (M| =t}

() @ § e

L (M) € VYV, 4] = (2] = ¢}
(
(A1,42) € Ay x V&, ao = 2} }.

Proof. Let us denote the primal and dual collections as ey Z_Ek{‘l’gll) U ‘I’glo) U
01 1) g(10) | | g(01
D} and Uge 2% 0 e U g™y,
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The biorthogonality follows from the biorthogonality of the pairs (‘i[’(i),‘i’(i)),
(¢’(i),‘?(i)),l(@gi),ég)), ($§1),52i)), and from span $2i) = spar'l{li?(;): A€ %'(i), Al <
l}, spanqéél) = span{lTJE\l): re v, |A| < ¢}, and span@ﬁl) = span{tpgf): A€
v, Al < o)

Apart from a harmless factor v/2, the primal collection is equal to that from
(5.11). Since for n = 2, (5.6) reads as Y{12}) | in order to conclude that the primal
collection is a Riesz basis for ﬁk(Iz) N Hy(div0; Z?), in view of the preceding anal-
ysis in this subsection what remains to show is that Uy+s5¢ 0,12 ‘I’g‘s) is a uniform

L(Z?)-Riesz basis for its span.
From the collections being uniformly local and locally finite, and the functions
T
having uniformly bounded L;(Z?)?-norms, it follows that u, := Yo-£se{0,1}2 Cg&) ‘I’é‘s)

satisfies ||ug||%2(12) S Lotec{01)? |c(®) ||%2. Below we will show that the dual col-

lection is a dual basis in the sense of (1.7). Then, [[c(9)]|,, = || <ug,‘i/g5)>L2(z—2)z le, S

|27, rr 2y S [well,(z2)2 by (5.9), with which the proof is completed.
(11)

Since, up to a harmless difference in scaling, e 2€k‘i’z is a subset of the
collection in (4.11), we infer that for u € H*(Z?)?, Yyen || (u, 2£k‘i’éll)>L2(Iz)z H%z <

2
||u||Hk(1'2)2'
For showing that the dual collection is a dual basis, it remains to prove that for
u € H(7?)?,

~ (10
(5.12) Y 1w 2%0) e, S - el gy
(eIN

because the proof for ‘i’gm) reading as ‘i’g)l) is similar.

From ¥()) and {Z_szp/(\l) : A € VU } being Riesz bases for Ly(Z) and H’{t(l) t(l))(I),
0 1

respectively, and $@ and {2*|)‘|li,er5\2) Aev? } being Riesz bases for Ly(Z) and

H?né”,nf)) (Z), respectively, we have that

2 [e]

{(Z4Mj|k)_%¢§ll> ® QJEE\ZZ) (A, Ap) € VW x V(1>} is a Riesz basis for
(G.13) -1

{ueue BT}~ HY ) () (D)@ Lo(Z) N La(T) @ HE () ) (D).

(t "t ") (ng " ny"™")
Si 1 o 5@ . 1) o w@n ; . . 2
ince {) ' @y : (A1,A2) € VI x VI¥} is a Riesz basis for L(Z7), we have

for ¢ € N,

|z = 20 -l 2) on

1) @2 °
(5.14) span{y\) @ 917 : (A1,42) € VD x VP, max(|A], [A2]) = ¢},
An alternative, uniform L, (Z?)-basis for the space from (5.14) is given by

1 2 1 2 1 2
¥V oo vl e ¥? url o ¥?,
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The latter result, (5.14), and (5.13) show that

U P 02, Uaf, 0% e o4
€Ny

is a Riesz basis for {u-e; :u € ﬁk(Iz)}.
Its unique dual basis in L, (Z?) reads as

U 2X (M 0d® vl o ¥ vl o ¥,
{eIN

Since ‘i’ﬁlo) = ‘T’@l) ® 522,)182, we conclude (5.12) which completes the proof. O

6. CONCLUSION

Anisotropic wavelet Riesz bases were constructed for the space of divergence-
free vector fields on the n-dimensional hypercube that have vanishing normal
components, or for this space intersected with higher order Sobolev spaces that
may incorporate additional boundary conditions, e.g. no-slip boundary condi-
tions. The construction relies on a principle introduced by Lemarié-Rieusset in [21]
for the construction of divergence-free wavelet bases on IR", but only after making
an initial biorthogonal decomposition of (L,(0,1)")", L,(0,1)")") into 2" — 1 pairs
of subspaces. For n = 2, an alternative isotropic wavelet basis was constructed.
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