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ABSTRACT. Given a biorthogonal pair of multi-resolution analyses on the inter-
val, by integration or differentiation, we build a new biorthogonal pair of multi-
resolution analyses. Using both pairs, isotropic or, as we focus on, anisotropic
divergence-free wavelet bases on the hypercube are constructed. Our con-
struction generalizes the one from [Rev. Mat. Iberoamericana, 8 (1992), pp.
221-237] by P.G. Lemarié-Rieusset for stationary multi-resolution analyses on
R. It turns out that it requires a specific choice of boundary conditions.

1. INTRODUCTION

Divergence-free wavelet bases have been advocated for solving Stokes and in-
compressible Navier-Stokes equations. Although divergence-free wavelet bases on
bounded domains have been mentioned in several papers, and some papers are de-
voted to their construction, it is questionable whether the collections of divergence
free wavelets constructed so far are appropriately called bases. Indeed, as we will
see, the codimension of their spans in the appropriate Sobolev space is infinite. In
this paper, we will construct divergence-free wavelets on the n-dimensional unit
cube, necessarily subject to rather specific boundary conditions, that form a Riesz
basis for the full corresponding Sobolev space of divergence free functions.

To understand the difficulties with the construction of divergence-free wavelet
bases on bounded domains, we start with recalling the construction of divergence-
free wavelets on R™ by Lemarié-Ricusset in [LR92| . For convenience, when doing
so we restrict ourselves to the two-dimensional case n = 2. B

Let ¢, ¢ be compactly supported biorthogonal scaling functions on R with ¢ €
H'™&(R), and let 1, 1[1 be the corresponding biorthogonal “mother” wavelets. Then,
as shown in [LR92], there exists another pair of compactly supported biorthogonal
scaling functions ¢, QE*, and corresponding biorthogonal “mother” wavelets T,

1~ such that
¢t (@) = ¢(x) —dlz—1), 4T =9,
¢ (z+1) = ¢ (2) = §(=), P =~

(Our formulas are somewhat different than in [LR92], but the differences are harm-
less. Among other things, we found it convenient to reverse the role of the primal

and dual side.) Throughout the paper, a “dot” on top of a univariate function
denotes its derivative.
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Furthermore, with for 8 € {¢,, ¢, ¢, o1, T, 6,4~} and £,i € Z, 0,(x) :=
2¢/20(2°x — i), in the same paper it was shown that

{ [11)2’1 ® (¢e,j+1 — ¢z,j)] { Ol ® Y ] {—% ® W’J] liqe Z}
wﬁ,i®¢2j "(Grit1 — i) ®¢Zj ’ Wﬂ’@wttj o

is a Riesz basis for H(div0; R?) = {u € H(div;R?) : divu = 0}, and that, after a
proper scaling, it is also a Riesz basis for {u € H*(R?)? : divu = 0}.

Above vector-valued wavelets are isotropic; the components are tensor products
of wavelets on the same level. Using the biorthogonal wavelet pairs 1, ¢ and P,
1~ from the Lemarié-Rieusset construction, in [DP06] by Deriaz and Perrier, a
basis was constructed of divergence-free anisotropic wavelets.

We consider the latter construction in somewhat more detail: Since Lo(R?) =

3 wz—l®1’/}mﬂ 0 . ) 1Q loQ
Ly(R) ® La(R), the set {[ 0 , W,i@)lﬂ;j :l,myi,j €7 ¢ is a Riesz

- ‘ 0
basis for Lo(R2)2, with dual basis 4 | V& ©¥mi| | Y oy ijent.
asis for Lo(R?)%, wi ual basis {{ 0 , Jes ® ¥, ,m, 1,7

om _2€

Applying the orthogonal transformation ——— { to the pair of basis

Aram |20 2m

¢Zl ® wm,j 0
0 ’ wé,i ® d}fw
27 © Y5 29F, @ Y 5 .
1.1 1 £, m,j 1 (X m,j -/ 7,
(1) {\/4%47" {—QEWJ‘ ®¢}Z7J /4t pam [2m1/)e,i ®¢fn‘7j 1,0 €
is a Riesz basis for Ly(IR?)?, with dual basis
1 2m17/;!_7i ® 1E~m,j 1 24@_@ ® 1ENm,j

Vartam | =28y @ S| T VA | 2M 9 @ Y

27 ® Pim,j

—2%0: @ Y,
the coefficients of u € H(div; R?) with respect to the basis (1.1), i.e., the inner

functions [ ] , we infer that also

:€,m,i,j€Z}.

From d}ﬁ = 2%}@», we have div [ ] = 0. Moreover, considering

products of u with the dual basis functions, from 1/;“» = —24121[_7; and integration by
parts, we find that

fo, [ 2052 s
2 © 4

which vanishes when divu = 0. We conclude that

1 2m¢2¢®¢m,j . ;o

{\/m [—2%é,i ®¢j—n,j:| l,myi, g € Z}

is a Riesz basis for H(div0;[R?), and properly scaled, also for {u € H!(R?)? :
divu = 0}.

The construction of both the isotropic and anisotropic divergence-free wavelet
bases generalizes to arbitrary space dimensions n > 2. The generalization of the
anisotropic divergence-free wavelets to n > 2 proposed in [DP06, DP09] does not
yield stable bases. We develop a construction that yield Riesz bases of anisotropic
divergence-free wavelets in any dimension. As we will demonstrate, the advantage
of the anisotropic bases is that sufficiently smooth divergence-free functions can be

>L (E2);<117 grad";é,i@";m,ﬂLz(R?V = (div U,@e,i®1;m,j>L2(R2)v
2
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approximated from the span of these bases with a convergence rate that is better
than with isotropic wavelets, and in particular, that is independent of n. For this
reason, the focus will be on the anisotropic construction.

In view of the construction on R™, the key to the construction of anisotropic or
isotropic divergence-free wavelet bases on

0= (0,1)",

is to have available on
1= (0,1),

biorthogonal Riesz bases ¥, ¥ and Ut, U~ for Ly(I), that for some invertible
diagonal matrix D, satisfy

It =DV, U =_-DU.

Here we view bases formally as column vectors. In the stationary wavelet construc-
tion on R, the diagonal matrix D is the one with diagonal entry 2¢ corresponding to
wavelet 1)y ;. With such bases at hand, the construction of divergence-free wavelet
bases on O follows the same lines as on R”.

The difficulty lies in the construction of U, \i!, U+ and U~ on L. Using the nota-
tion (X, T) := [(0,V)]rexn ver, integration by parts shows that above assumptions
imply that necessarily

THL)T() T = TH0)T0)T = (T, ¥) 0 + (T, T)
=DV, 0,0 — (T, DI),,;y =D -Id—1d-D =0,
ie.,

(1.2) PHL)P) =y (0)y(0) =0 (¥ € TF Y e W)

To obtain such vanishing boundary terms, in [JLR93] (in our notations) the
collection U was taken from HE(I). As a consequence, any element of ¥ = D1+
has vanishing mean, so that ¥ cannot be a basis for Ly(I) (the reason being that
the mean value is a non-zero, continuous functional on Lo(T); it is not continuous
on Lo(R), and therefore the latter space can be equipped with a Riesz basis of
functions all having a vanishing mean).

The collections W, U can be arranged, however, to be bases for Lg o(I), being the
space of Ly(I) functions with vanishing mean. In this way, divergence-free wave-
let collections can be constructed. They will, however, not span a full space of
divergence-free functions with vanishing normals on a part T of 9Q (i.e., a space
Hy r(div0; 0) defined in (5.5)), but, for say n = 3, they span such a space inter-
sected with L2 (I)®L2’0(1)®L2’0(I) XLQ}O(I)@LQ (I)@Lg’o(l) XLQ}O(I)@LQ}O(I)@LQ (I)
The codimension in Hy r(div0; ) of this intersection is infinite.

To get vanishing boundary terms in (1.2), alternatively in [Urb01] (in our nota-
tions) a framework was presented where ¥ was taken from H{ (I). In this case, U™
cannot be a basis for L (1), and so neither can W*. The same arguments as applied
above show that at best one ends up with a collection of divergence free wavelets
whose span has infinite codimension in a “full” space Ho r(div0; 0).

To have vanishing boundary terms in (1.2), a third possibility would be to impose
periodic boundary conditions for both ¥+ and W. In this case, any element from
even both ¥ and U~ has vanishing mean, giving rise to the same problems as above.
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In view of the sketched difficulties to realize a vanishing expression (1.2), in
this paper, we will give a general recipe for constructing biorthogonal Riesz bases

U, ¥ and U+, U~ for Ly(I), that, for some invertible diagonal matrix D, satisfy

¥+ =DV and ¥ = —D¥, and for which the elements of U vanish at 1, and those
of U wanish at 0. The key why with these boundary conditions such bases can
be constructed, is that the mapping g — ¢ is boundedly invertible from H& {O}(I)7

being the space of H!(I) functions that vanish at 0, to Lo(I), with inverse given by
fre(x— fow f(y)dy). Obviously, by symmmetry here and on all other places the
roles of the left and right boundary can be interchanged.

Our recipe will not be of the type of adapting shift and scale invariant collections
on the line to the interval by keeping those that are fully supported in I, and
by taking suitable linear combinations of those with supports that intersect the
boundary points. Instead, given any biorthogonal multi-resolution analyses on I,
characterized by sequences of primal and dual scaling functions and wavelets (®;),,
(®¢)e, (), and (), where the dual functions vanish at 1, by integration or
differentiation, we explicitly construct new biorthogonal multi-resolution analyses,
characterized by (@] )y, (é[)g, (T, (\ife_)g, for which the primals vanish at 0. If,
in the original multi-resolution analyses, at the primal side no boundary conditions
are incorporated, and at the dual side no boundary conditions at 0, then whenever
the original multi-resolution analyses satisfy Jackson estimates of order d and d at
primal and dual side, the new multi-resolution analyses satisfy these estimates with
the full orders d + 1 and d — 1, respectively. We give an example (Example 4.4) of
our construction for d = 2, d=4.

With these biorthogonal Riesz bases W, ¥ and ¥F, U~ for Ly(I) at hand,

where U := ®y U Uren, V¢ and similarly for the other collections, we construct
a divergence-free anisotropic wavelet basis for the “full” divergence-free spaces on
the n-cube, subject to vanishing normal components on I' := U?_,[0,1]™~1 x

{0} x [0,1]*~™. That is, properly scaled, this wavelet collection will be a Riesz
basis for Ho r(div0; ) as well as for Ho r(divo;) N H*(0)". In addition, with
I:= OO\T, we construct a Riesz basis of wavelet type for the orthogonal comple-
ment grad Héj(D) of Ho r(div0;0) in Lo(O)™, and show how the corresponding
so-called Helmholtz decomposition of any u € Lo(0)™ can be computed. We give
also expansions of curl and div operators in wavelet coordinates.

Our construction on [J requires specific boundary conditions, and of course we
rather would have presented a construction that applies to general, given boundary
conditions, but we do not know whether this is possible. What we can say is that
to the best of our knowledge, so far there are no other divergence free wavelet bases
on bounded domains available.

Finally, divergence free wavelets have been used to represent the solution of the
Navier-Stokes equations or to solve them, or to compute the Helmholtz decomposi-
tion of (turbulent) velocity fields (e.g. see [Urb02, DP06]). For those applications,
it seems preferable to have possibly some mismatch in the boundary conditions,
than not to be able to represent vector fields whose coordinates frozen in some
directions do not have a vanishing mean over the remaining directions.

This paper is organized as follows: In Section 2, standard assumptions on the
original biorthogonal sets of scaling functions and wavelets are formulated. In
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Sections 3 and 4, by integration or differentiation, new biorthogonal sets are con-
structed of wavelets and scaling functions, respectively. Section 5 is devoted to the
construction of divergence-free wavelet bases. Finally, in Section 6, we discuss the
computation of the Helmholtz decomposition, and give expansions of div and curl
operators in wavelet coordinates.

In this paper, by C < D we will mean that C' can be bounded by a multiple of
D, independently of parameters which C' and D may depend on. Obviously, C' = D
is defined as D < C,and C = D as C < D and C 2 D.

2. BIORTHOGONAL SCALING FUNCTIONS AND WAVELETS ON THE INTERVAL

For ¢ € Ny, and index sets Iy = {1,....#L,}, Jo = {1,...,#J¢} with #I, = 2°
and #1y + #Jy = #1141, we assume collections, often viewed as column vectors, of
primal and dual scaling functions

Oy = [Beilicr,,  Pe = [Peilicr,,
and wavelets

Uy = [Yeilics,, Vo= [Yeilic,,
such that, with S(X) denoting the span of a collection 3,

S(®g) C S(P1) C --- C Lo(I), S(Pg) € S(P1) C -+~ C Lo(I),
S(@0) +S(Ve) = 8(@ry1),  S(®) +S(Wr) = S(Pes),

and

(2.1) <[(I)e] , F)Z} > =1d (biorthogonality).
Ve Yy L2(I)

Furthermore, we assume localness and boundedness of primal and dual scaling func-
tions and wavelets in the sense that

sup  2‘diam(supp ¢y,;) < o0,

(2 2) LeNy, €1y
' sup #{i € Ip : supp ¢e; N [k27, (k+ 1)27°] # 0} < oo,
¢, keNg
and
(2.3) sup | de,ill Loy < 00,

leNg, i€l

and similarly for Ue‘i’g, Up®, and U0y,
Without loss of generality, we assume that the sets of primal and dual scaling
functions are ordered in the sense that

(2.4) i < j = inf supp ¢p; < infsupp ¢y ;,

and similarly for the dual scaling functions.

Apart from above standard conditions, for our goal we have to impose specific
boundary conditions. We impose no boundary conditions at the primal side, and
no boundary conditions at 0 at the dual side, whereas we assume that all dual
scaling functions and dual wavelets vanish at 1. Together with standard Jackson
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and Bernstein assumptions, it means that, for some 0 < v <d e N, 1 <7 < de N,
we assume

2.5 inf — < g , e HY(1

(2.5) DEISH@E)HU UHLQ(I) ~ HUHHd(I) (u (D),

(2.6) inf fu—vll o S 27l gagy  (we HUD) N H (D),
veS(Py)

and, for any s € [0,7), that S(®,) C H*(I) with
- ey S 20 o) on S(®),
and, for any s € [0,7), that S(®,) ¢ H*(I) N H&{l}(l) with

(2.7) I Nme@ S 250 Lo on S(®e).

Here and in the following, for Q being a domain in R”, and ¥ C 99 with positive
measure, with H} () we mean the subspace of H'({) consisting of the functions
whose trace vanishes on 3.

In view of (2.6), in particular in view of the boundary conditions incorporated
at the dual side, a natural further assumption is that outside a 2~ neighbourhood
of 1, the constants are contained in the span of the dual scaling functions on level
/, i.e., that

(2.8) sup 2°dist (1,inf supp (1 — Z(l, ¢z,i>L2(1)¢~5z,i)> < 0.
LeNy i€l

Finally, for convenience we assume that for all £ € No and j € Iy, (1, ¢¢ ) 1,1y # 0
and

17 K3
(2.9) sup sup 7“ Pei) Lo < 00.
€N, {ijelolimjl<1} [{L, @e5) Lol

In all examples that we know of, |(1, ¢} r,m)| = 272 so that (2.9) is satisfied.
Collections of primal and dual scaling functions and wavelets that satisfy all
conditions mentioned in this section can be found in [DKU99, DS98, Pri06, Dij09].
An example taken from [Dij09] will be given at the end of Section 4.
As a consequence of the boundedness (2.3), the biorthogonality (2.1) and the
localness (2.2), the collections
®y, Dy, Uy, Uy are Riesz systems, uniformly in £,

meaning that the corresponding mass matrices and their inverses are bounded uni-
formly in £. For completeness, let us recall the short argument, say for ®,. By the
boundedness and localness of the primal scaling functions, || Y.c; cideill7, m S

D el |ci|?. Writing u = > ic1, Ci®e,is by the boundedness of the dual scaling func-
tions, |¢;| = [(u, (25@77;>L2(1)| S ull ., supp @, ) From the localness of the dual scaling
functions, we conclude thaE Zielg~|ci|2 < HUH%Q(I)'
Now we set ¥_1 = &g, U_; = &y, use A as a shorthand notation for the double
index (¢,1), set |A| := ¢, and define
vi= |J &),
LeNoU{—1}

and finally, . )
U={yy:AeV}, U={p:AeV}
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It is well-known (e.g. [Dah96, DS99, Coh03]) that as a consequence of the bounded-
ness of the biorthogonal primal and dual wavelets and of the Jackson and Bernstein
estimates,

(2.10) {2754y 2 X € V} is a Riesz basis for H*(I), s € [0,7),
(2.11) {27ls4py - X € V} is a Riesz basis for Hp 13 (1), s €10,79),
where

. B HS(I) N H&{l}(l) when S 2 ].,
(2.12) HE (D) = { [L2(1)7H5’{1}(1)]S when s € [0,1].

By duality, these results extend to Sobolev spaces with negative smoothness indices.
By interpreting v € Ly(I) as a functional by means of v(u) = (u,v)r,(), we have
that for s € (—7,0], {27*%yy : A € V} is a Riesz basis for (H; (13 (D))", and for
s € (—7,0], {275\ : X € V} is a Riesz basis for (H*(I))’.

Remark 2.1. With an appropriate generalization of the Jackson and Bernstein as-
sumptions, these results for the Sobolev spaces measuring smoothness in Lo (I) can

be generalized to Sobolev or Besov spaces measuring smoothness in Ly, (I) for p # 2.
Such results are particularly relevant in the context of nonlinear approximation.

3. A NEW PAIR OF BIORTHOGONAL MULTI-RESOLUTION ANALYSES BY
INTEGRATION/DIFFERENTIATION

For A € V, on I we define
(3.1) Yy = s 22 / Dy, gy =27y,
0
and set T := {¢f : A € V} and U~ := {4y : A € V}, and for £ € Ny U {~1},
Ur={gf ]\ =0}, U, = {5 1 [N\ = ¢}
Proposition 3.1. U and U~ are local in the sense of (2.2).

Proof. The localness of ¥~ follows from the localness of ¥. Assumption (2.8)
together with S(W¥y) Lp,m S(®;_1), shows that all ¢, that vanish in some 27!
neighbourhood of 1 have zero mean. From the localness of ¥, now the localness of
U+ follows. t

Proposition 3.2. (Ut U~) are biorthogonal Riesz bases for Lo(I).

Proof. Since the 1[})\’8 vanish at 1 by assumption, and the L/Jf’s vanish at 0 by
definition, integration by parts shows that for A\, u € V,

<¢j\—,1;;>L2(1) = (¥, _2_|IL|1;/L>L2(I) = 2_|u|<¢;\‘ra1;u>L2(I)
= 2=l ahy D) L) = O
ie., (I, U~) are biorthogonal.

The mapping g — ¢ is boundedly invertible from H&_ {1}(1) to Lo(I) with inverse
fr(xm —le f(y)dy). So {271M4)y : X\ € V} being a Riesz basis for Hé,{l}(l)
(cf. (2.11)) is equivalent to {2712y : X € V} being a Riesz basis for Ly(I). We
conclude that ¥~ is a Riesz basis for Ly(I), and by biorthogonality, so is ¥*. [
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d+1,v+1) ¥+

vanish at 0

integration 6’6
2,
%
biorth. ~ ~
(d,v) ¥ v (d,5)
vanish at 1
differentiation

¥ (d-1,7-1)
FIGURE 1. Schematic relation between U, ¥, U and U~

Since standard arguments lead to the statements of the following two proposi-
tions, we have omitted the proofs.

Proposition 3.3. The following Jackson estimates are valid for U+ and ¥~ :

(3.2)
inf =l o S 27D ull gravrqy  (w € Hy 1 (1) N HYH(T)),
vEspan{d)i’:M\SZ} 2 M 0.{0}
(3.3)
i fu— ol S 2Vl (v € HEND).

vespan{Py :[A|<e}
Proposition 3.4. The following Bernstein estimates are valid for ¥ and U
For s € [0,y +1), ¥} C H&{O}(I) N H5(I) with
(3.4) I ey S 20 oy on span{f : A < €}
For s € (0,7 — 1), ¥y ¢ H*(I) with

N S 2% @  on span{yy : [A| < £}

From Propositions 3.2, 3.3 and 3.4, we conclude that
(3.5) {2*‘>‘|5¢j\' : A € V} is a Riesz basis for Hg oy (1), s € [0,y + 1),
(3.6) {2_‘”8&; : A € V} is a Riesz basis for H*(I), s € [0,5 — 1),
where

. B HS(I) N H& {0} (I) when s > ].,
(3.7) Ho,{o} (I) := { [L2(1)7H57{0}(I)]S when s € [0,1].

By duality, these results extend to Sobolev spaces with negative smoothness indices
in a way similar as indicated at the end of Sect. 2.
In Figure 1, the relation between ¥, ¥, ¥+ and ¥~ is illustrated.

Remark 3.5. As outlined in the introduction, ¥, ¥, U+, ¥~ related as in Figure 1,
and such that all are Riesz bases for Lo(I) do not exist for ¥ ¢ H} (I) or Ut < HA(I).
Yet, some additional boundary conditions can be incorporated. For example, ¥
can be taken from H{}(I). In this case, (3.5) can be shown for s € [0, 2). Since the
derivatives of all w;\r vanish at the boundary, instead of the Jackson estimate (3.2)
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of order d + 1, in this case only a Jackson estimate of order % is valid. Without

going into details, we note that this can be compensated by building approximations
from the spans of wavelet sets to which additional wavelets with supports near the
boundary are added (possibly adaptively).

4. SCALING FUNCTIONS AND TWO-LEVEL TRANSFORMS

In view of the definition of the wavelets wj\' and 15;, an obvious definition of the

collections of corresponding primal and dual scaling functions ®; = [¢+

Py i]iEI@ a‘nd

9, = [ég_i]iefe is by means of

g ima 2 [ oy, 3y =2
; o :
Here we underlined the symbols to distinguish them from later alternatively defined
scaling functions. By linearity of integration and differentiation, indeed
span{gzi ti € I} = span{yf 1 |\ < ¢}

and similarly at the dual side. Furthermore, since the (ZSM ’s vanish at 1, and the
92—1,5 vanish at 0,

~— _ < _ .+ ~ ~
<?Zi7£€7j>Lg(I) = @Zi, =27 ) pymy =2 Z<Qe7iv¢4,j>L2(I) = (be,is ej) Lo(1) = Ois

i.e., we have biorthogonality of these primal and dual scaling functions.
The disadvantage of the above definition of the scaling functions is that the
primal scaling functions are not locally supported. Therefore, with

coi = (1, 004) Lo 1)
which was assumed to be nonzero (in (2.9)), and the convention that any ¢ ;, ggm,

ﬂ'i or éé_z for i & I, is zero, we now define new scaling functions ® = [qﬁzi]ieh

and &, = [é[ sJier, by means of
xT
Cbyi Cei

¢Zi =T 26/ ¢€7(y) - ‘1 ¢e,¢+1(y)dy — ézl _ ‘7 erwrl’
(4.1) ~ O, - Ce it1 - Cear1—0

bpi = _2—62 L e p — Z 2

7 ; Chi " Cyi P

psr p<i 7

Since compared to the earlier definition, the new definition comprises a basis trans-
formation, the new primal and dual scaling functions span the correct spaces.

Proposition 4.1. The collections of scaling functions @zr and é[ defined by (4.1)
are biorthogonal, and Uﬂ)Z and Uy®, are local and bounded in the sense of (2.2)
and (2.3), respectively.

Proof. Because ¢Zi<£€4’ (i,p € Ir) vanish at {0,1}, biorthogonality of (®,®;)
follows from

~ _ Cop >
(074 D) Loy = (00 —27°) c—%e,p)LQ(I)

p<j 0
Co,i Cop 7
= (i — Grit1, E —=0p) Lo(1) = Oij
Celi+1 <s Cej

by distinguishing between the cases j < i, 7 =i and 7 > 1.
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Because of the Jackson assumption (2.5), in any case for ¢ sufficiently large,
the supports of the ¢g; cover [0,1]. Now from the ordering assumption (2.4),

we infer that for such ¢ the supports of ¢,; and ¢, ;41 overlap. From fol ei(y) —
Cei
Celit1

By (2.4), we have Zpgc&pq;gyp =2 e, copdep on [0,infsupp ¢¢;]. By (2.8),
the latter function is equal to 1 outside a 2~ neighbourhood of 1. From the localness
of Up®,, we conclude that of U@, .

From (2.9) and the localness and boundedness of Uy ®,, an application of Hélder’s
inequality shows the boundedness of U4<I>Z.

From (2.7) and the boundedness of U;®;, we have ||g557i||L2(1) < 2. Now by
(2.9), (2.4), the localness of U;®; and the fact that q@L vanishes left from some 27
neighbourhood of supp gg“, we conclude the boundedness of Ugfi);. (]

¢0,i+1(y)dy = 0, and the localness of U;®,, we conclude the localness of Ug(bz_.

Remark 4.2. Note that T, = &f # &F and U, = &, # P . Redeﬁning vt

as ®F or W, as &5 would destroy the relation W', = $W_y or U, = -0,
respectively.

Finally in this section, we discuss the refinement relations at primal and dual
side. For ¢ € Ny, let M, be the matrix with

[‘I’Z ‘I’Z] = (I’ZHMZ-

Biorthogonality shows that

M= (Fen [ii] >L2<I>'

Since @41 and ®,U W, are Riesz systems, uniformly in ¢, that span the same space,
M, is boundedly invertible, uniformly in ¢. Again biorthogonality shows that
[@T ‘I'Z] = (i)2+1Mz_T-

The localness of Up®y, U, Uﬁ)g, U shows that both M, and its transposed inverse
MZT are sparse, uniformly in . By linearity of integration and differentiation, we
have that

42)  [@)T (W] =3@ ) My, [(2)7 (¥;) 7] =2(241,) "M, T
Let

_Ja— [®F
My = <(I)“1’ [‘I’Z} >L2<I>'

As a consequence of the biorthogonality of ¥+ and U—, and that of @2’ and é[,
and the localness and boundedness of Ug@é", ¥t Ug®, and U, the matrices MZ

and its transposed inverse (M)~ " are bounded and sparse, uniformly in ¢. It
holds that

43) (@) (TN = (@4) ™M, [(9)" (I,)"] = (@) (M)~
Now we split
M, = [Mg,o Mg,
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and define the #1, x #1I, matrix T, by

1 &1
Ce,2

1 )

ce,3

(4.4) Ty :=
Co#I)—1
1 o C&#Z
1

Note that <I>zr = T,®; and i)zr = T;Tizr. Comparing the first equation in (4.2)
with (4.3) now reveals that
1
2

-

The remarkable aspect of this relation is that although T, is clearly not sparse,

M; = =T, [MgoT, Mg,

as we have seen MZ’ is, uniformly in ¢, and so is its inverse.
Remark 4.3. Let us consider the case that instead of on the interval I, we work on
the real line R, and that for 6 € {¢, ), ¢, ¢},
00 i(x) = 220(2 —4).
Then our definitions give that for n € {¢T, T, 6,0~}
ne(x) = 2°%(2% — ),

where
¢W@==Am¢@%—dy—1M% ¢wm::Am¢@m%
6 (@) =-Y oz +p), b =9

pENo

As a consequence, it holds that
¢ (@) = ¢(a) — oz —1), T =,
¢ (x+1) = ¢~ (z) = §(x), ) ==

As already noted in the introduction, up to harmless differences, these relations
between a pair of stationary biorthogonal multi-resolution analyses characterized
by (¢, v, b, 1[}), and a new pair constructed by integration/differentiation were found
by Lemarié-Rieusset in [LR92]. We conclude that our procedure is a generalization
of the one from [LR92] to pairs of non-stationary multi-resolution analyses and
bounded intervals.

Ezample 4.4. With 4¢, , (zé being the biorthogonal generators of the stationary

multi-resolution analyses from [CDF92|, and with d = 2, d = 4, in this example
we take ¢y ; and q;gﬂ' from the span of {4, = 202,628 - =)y : j € Z} or
{dydé[e,j] = 24/2dd§~(2£-—j)|1 : J € Z}, respectively, in such a way that all conditions
imposed in Section 2 are satisfied.

We apply the general construction of biorthogonal wavelets on the interval from
[Dij09], which differs from that of [DKU99, DS98] in that the resulting primal
scaling functions span the standard spline space of order d with respect to a uniform
partition of I, with an appropriate multiplicity of the knots at the endpoints to
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meet prescribed homogeneous Dirichlet boundary conditions. Any freedom in the
construction at the dual side was employed to minimize the condition numbers of
the resulting wavelet bases, which numbers, in particular for larger d, are indeed
(much) smaller than those that can be found in the literature, including those from
[Pri06].

For d = 2, d = 4, and with the specific boundary conditions needed in the current
setting (no boundary conditions at the primal side, and homogeneous Dirichlet
boundary conditions of order 1 at the right boundary point at the dual side),
this construction yields ®; = {28 : j € Z, 2§jp,;) # 0} with cardinality #1, =
20 +d — 1. Applying the natural left-to-right ordering of the basis functions, the
coeflicients of the é&i in terms of the non-zero 2,45[%'] are given, columnwise, by

the following (2¢ 4 d 4 2d — 3) x (2¢ 4+ d — 1) matrix

100 —%0 1 15

_ 25 80 _13

50 6 3 2
47 26

20 -4 2

29 7 1

5 -5 & 1

1

. _ 67 1007 _ 365
448 672 1344 112
1 _67T 9 _365
32 18 96 H
_ 25 2011 25175  _ 9125
224 336 672 56
_ 279 3685 55385  _ 20075
L 224 336 672 56 -

The primal, and so the dual wavelets are determined by the (2! 4+d—1) x (2¢F1 +
d — 1) refinement matrix (cf. (4.2))

r 35 5 '
1 33 3
11 875 _ 45 3
2 2 768 256 64
1 241 105 3
384 128 32
L1 58 345 1 3
2 2 256 256 4 64
1 4L 31 19 3
192 64 32 32
11 67 53 45 1
2 2 768 256 32 4
1 5 9 _19 _19
128 128 32 32
1 5 9 1 45 3
]_ 2 256 256 E 32 64
My, .= — 3 _19 3
* 32 32 32
\/5 1 3 1 1 1341 23
2 64 4 4 28672 28672
1 3 _19 1341 23
32 32 14336 14336
11 3 45 _ 7305 881
2 2 64 32 28672 86016
1 _ 19 _ 4323 475
32 7168 21504
1 1 1 41193 _ 1819
2 2 4 28672 28672
1 3 _ 7505  _ 6407
32 14336 43008
1 1 3 _ 11885 64885
2 2 64 28672 86016
1 _ 1095 _ 8395
= 3584 3584 =

Having specified (@), (¥¢)e, (Pr)e, (Ug)e, the new collections of biorthogonal
scaling functions and wavelets (®; )¢, (U))e, (é[)g, (qle_)g are fully determined by
the definitions (3.1) and (4.1). The coefficients ¢, ; = [} ¢¢; are equal to 2-4/2,
except for the left and rightmost scaling functions, for which they read as %2_5/ 2,

Since the ¢ ; are splines of order d with respect to a uniform partition of I with
stepsize 27¢, the ¢Zi are in the span of {3y : j € Z, 3§ # 0}. Knowing

that djf = d+1,(i—15~(' +1—dmod?2) — d+1,(i—15~(' — dmod 2), we conclude that
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the q@e_i are in the span of {3,35[57]-} 1 j €7, 3’35[57]-] # 0}. Applying the natural
left-to-right ordering of the basis functions, the coefficients of the ¢, ; or qSZi in
terms of the non-zero 3¢y ;) or 3’35[57]-] are given by the (2¢ +d) x (2 +d — 1) and
(2 +d+1+42(d—1)—3) x (2' +d — 1) matrices

rey _145 17 E
50 6 2
a9 21 9
30 2 2
r_1 . =2 1
-3 15 T 4
1 5 _u 1
2 9 2 1
1 1
1 1
1 1
) )
1 1
1 1
i 1w 79 111
T8 1344 221 28
11 13 1781 _ 1661 771
L - s 344 221 28
9 523 1305 495
T2 112 56 7
127 685 _ 2175 825
o 11 112 56 7 -

respectively.

From the coefficients c¢;; and the matrix M, we obtain the (2% 4+ d — 1) x
(21 + d — 1) refinement matrix M that determines the primal and dual wavelet
collections ¥, and \i’e_ It reads as

ri _35 15 7
2 16 16
3 1 455 15 3
8 1 381 128 32
13 _9 195 9
§ 1 128 128 32
3 1 31 L1 3
11 64 64 32 32
13 _ 1L 13 _45 9
1 1 192 64 32 32
3 1 15 27 45 l
1 1 128 128 32 32
13 5 9 7 _45
1 1 128 128 32 32
1 3 9 45 3
1 32 32 32
1\/["‘ = — 1 3 T 9
12 1 32 32 32
\/i 1 9 _ 1341 3
1 32 32 14336 T4336
3 3 _ 45 4023 69
1 32 32 14336 14336
3 1 45 1641 337
101 32 7168 21504
1 3 7 _ 10287 429
11 32 7168 7168
3 1 _9 20619 961
1 1 32 14336 T4336
1 3 _ 3 5609 15697
11 32 14336 13008
11 _ 1569 4099
2 1 3584 3584
1 333 537
= 224 221 =

In Figure 2, for £ = 4, a number of scaling functions ¢y, qbé"i, and wavelets 1 ;
wz'i are illustrated. One may observe that wz'z is (a multiple of) v ;, and that all

qbé"i and wz'i vanish at the left boundary point. All 1/1ji have 3 vanishing moments.
The Yo have 4 vanishing moments, except for the two right-most ones that are
orthogonal to z + (1 — z)* for k € {1,2, 3}, but not to constant functions, caused
by the fact that S(®,) satisfies homogeneous Dirichlet boundary conditions of order
1 at the right boundary.

5. DIVERGENCE-FREE WAVELETS
For ¥ C 00J with positive measure, and for s > 0, let

s o HS(D)I’WH{ (O) when s > 1,
Ho2(0) = { [LQ(D),H&;(ED)]S when s € [0,1].
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\

FIGURE 2. Some scaling functions ¢4 ; (upper left), QSL (lower
left), and wavelets 14,; (upper right), dJL (lower right). (Some
basis functions are dotted to distinguish them from others with
whom they have an overlapping support)

T3

T

€1

FIGURE 3. T and Ty for n = 3.

For 1 <k <n,let

n

I =[0,1%1 x {0} x [0,1]"7*, Te=[J [0, " x {1} x[0,1]"~™

m=1m=#k
see Figure 3 for an illustration. Then, following arguments as in [GO95, Example
3], for s > 0 we have
| kth pos.
H87Fk (O0) =H*®Ly®- - -®@LaN -+ N La®- - .@{)—(8’{0}@. -®@LaoN---NLy®- - -@Lo@H?,
| kth pos.
’)—(8 7, (O) :’)—(8’{1}(@[]2@. - @LoN- - NLy® - QH*® - @LyN- N Lo®- - '®L2®H8,{1}’

where the spaces on the right are spaces of functions on the unit interval. As shown
in [GO95], from these characterizations, and (2.10), (2.11), (3.5), (3.6), we have the
following result.
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Proposition 5.1. For0<s<yand0<s<~vy—1,

{(Z 4|>\m|)7s/2,¢>\1 ® - ®wj\'k Q@ - ®@Yr, :AEV = Vn},
m=1

{(Z AR =52, @ @y @ @, T A E V}
m=1
are Riesz bases of Hg p, () and H(g)fk- (O), respectively. For s = § =0, the collec-
tions are biorthogonal.

Remark 5.2. Before proceeding to vector-valued wavelets, in this remark we briefly
discuss the rates of approximation that can be realized with the anisotropic wavelet
bases from Proposition 5.1. With wg\k) =Yy QR wj\'k ® - @y, and, for
L € N and § > 1, with the (optimized) sparse grid index set Vg = {X €
VBl + (1= B IAleo < L}, where |A] := (JA1], ..., |An|), it is known that
#Vi1~ 2L rn=1 and #Vip~ 2% when 3 > 1. Furthermore, it is known that

. n=1 __
inf lu=vllzo@y S L77 27)0F - Ojtul| oo
vEspan{w(A ):)\EVL.l}

and that for 0 < s <, 8 € (1, %), and ¢ > B(d — s),

n
in la—olles @y S 2708 | S (18- 0 - O
vESPan{wg\k):AevL,ﬁ} O,Fk( ) Tnz::l 1 m n Lo (O)>

cf. [GKO00]. So assuming sufficient smoothness of certain mixed derivatives of the
function u to be approximated, the error in Hg , () of the best approximation

from the span of N suitably selected anisotropic wavelets is of order N~(@=*) (up
to log-terms when s = 0), with the rate d — s thus being independent of the space
dimension n.

What is more, as shown in [Nit06], the regularity conditions on u for obtain-
ing this rate d — s can be largely reduced when the approximation is sought from
the span of the best possible set of N wavelets depending on w (nonlinear ap-
prozimation), instead of the aforementioned sparse grid index sets. When solving
well-posed operator equations using wavelets, the rate of approximation of these so-
called best N-term approximations can be realized with adaptive wavelet schemes
([CDDO01, CDD02, GHS07, SS08]).

Finally, with isotropic wavelet contructions, it is well-known that the best pos-

sible rate reads as d;S. Analogous observations are valid at the dual side.

Setting for A € V, 1 < k < n, the vector-valued wavelets
(5.1) f()‘k) = wkl®"'®¢;\;®"'®¢knek;
~ (k) ~ -~ ~
ﬂ)\ =1, ®...®¢/\k ® - @Yy, €k,
as an immediate consequence of Proposition 5.1, we have

Corollary 5.3. For0<s<~yand0<s<y—1,

(S a2y ® 1 < <n, ae v}, (3 a2 1 <k < Ae V)
m=1

m=1
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are Riesz bases for

Hyp, () x - x Hyp, (0), Hgﬁfl( ) x ngpn( )s

respectively. For s = s =0, the collections are biorthogonal.

In order to construct divergence-free wavelets, now we are going to apply basis
transformations. For any XA € V, let us select an orthogonal A* € R™*" with its
nth row given by

(5.2) A =a' where a(= ay) = [2‘)‘1 . 2ln | Z 4”""‘ 7,

The fact that necessarily the first n — 1 rows of A* are orthogonal to a will be
the key why the wavelets 1/)&1), . ,1/)&”71) defined below are divergence-free. The
mutual orthogonality of the rows of A* gives the stability of the transformation
and therefore that of the resulting basis. An example of such a matrix A> is given
by the Householder transformation

20 —e,)(a—e,)"

(5.3) A =1d - (o) (o o)

)

that for n = 2,3 reads as

2
1— - —e g
_a2 041 1—013 1—()(3
, _ oo _ X a )
a1 Qo T—os T—as 2
aq Q2 as

respectively.

We use the matrices A* to orthogonally transform the bases from Corollary 5.3:
We define & = {p" : A e V, 1<k <n}, U= {4 : A e V,1 <k <n}by
setting for any A € V|

(1) (1) ~(1) ~(1)
A Py A N
Sl =AM =AM
(n) (n) 7(n) ~(n)
DN QA ¢>\ f)\

We will need some Sobolev spaces of vector valued functions, other than those
that are simply Cartesian products of Sobolev spaces of scalar functions. Setting

(5.4) Ii= )Ty T[:=00\I ,
k=1
we define

H(div;0) := {u € Ly(0)" : divu € Ly(O)},
H r(div;0) := {u € H(div;):u-n=0on I},
(5.5) H r(div0; ) := {u € Ho r(div; 0) : divu = 0}.

Since n = —ey, on I'g, it holds that u-n =0 on I' if and only if ux = 0 on 'y
(1 <k <n). So, in particular,

(5.6) HHOFk ={ucH(O)":u-n=0o0nT}.
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We are going to show that ¥df = {1/7&16) 1<k<n—-1,A¢e V} is a Riesz basis
for Ho r(div0; ). In order to do so, it is not sufficient to show that these ng\k)
are in Ho r(div0; 0). Instead, we have to show that any u € Hg r(div0; ) has a
convergent expansion in terms of these 1/7;@, with the /5 norms of the sequence of
coefficients being equivalent to |[ul|z,o).

Proposition 5.4. (a). For0<s<~yand0<s§<4§—1,

(O abnly=s2pB 1 <k < xe v}, (Y4l =290 1<k <n A eV}

m=1 m=1

are Riesz bases for
Hor, (8) x -+ x Hg p, (), Hafl(m) X X ngn (0,

respectively. Furthermore (¥, \il>L2(D)n =1Id.
(b). For u € Hy r(div;0O),

T(n . 7 it - 1
<u,1,b§\ )>L2(D)" = (divu, iy, @ - ®w)\n>L2(D)/(Z 4‘>\7n‘)2.
m=1

It holds that ¥ C Hg r(div;O), with
(k) 0 for1<k<n-—1,
AN _{ (e A3y @@, for k=n.
(c). Forqe H) (0O,

(grad (I7¢§\k)>L2(D)"
B 0 for1<k<n-1,
- { (S 4202 (g, 9hx, @ - @ Pr, ) po@yn for k=

It holds that

~§\”) = —grad 1ZJ>\1 & "Z»‘n/(z 4|)\m|)% € grad Hé,f“(D)'
m=1

Proof. (a). This part is a consequence of Corollary 5.3. Biorthogonality of the col-
lections from Corollary 5.3 is preserved because A* is orthogonal. The remainder
follows from the fact that the scaling factors (31 | 4Am1)=3/Z and (300 _| 4lAml)=5/2
in the statement of Corollary 5.3 are independent of k.

(b). Since for u € Ho r(div;0) and 1 < m < n, upn-e iy, ®---@1y, vanishes
on 00, integration by parts and the definition of the nth row of A* show that

(u, 1/~J§\n)>L2(D)n = Z AD (0, ® @Yy @ @Y, em) LyO)n
m=1

==Y A2 M u s @ @, ® - @, em) L)
m=1

= (divu, Py, @ - ®1Z7A,,L>L2<D>/(Z gomlyh,

m=1
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Since ¥t C H&_{O}(I), for all £ and A we have g&k) € Hyr(div;0), and so
¥ C Hor(div;0). By definition of A*,

vl = 3 Addi g = (3 b2 )o@,
m=1 m=1

0 forl1 <k<n-—1,
(22:1 4|>\m|)%¢>\1 ®--- @y, fork=n.

(c). Since gy’ - n = 0 on 90, (grad ¢, %),y = (a,divepy”) 1, o) by
integration by parts, and so the expression for (grad q,1/7§\k)) Lo(Oy» follows from
(b). The last statement follows by definition of 1/;;"). O

Proposition 5.4(a) shows that any u € Lo(d)™ has a unique expansion u =
> oAey Xonet c()‘k)¢§‘k) with [ull7, g = Xaev Tk |cg\k)|2. If u is in the subspace
Hy r(div0; ), then Part (b) shows that c()‘n) = 0. Since moreover, for 1 <k <n-—1,
div ¢§\k) = 0, we conclude that {1/)§\k) 1<k<n—-1,A€ V} is a Riesz basis for
Hy r(div0; 0), which is the first statement from the following corollary. Taking into

account (5.6), in the same way the second statement of this corollary is deduced.
The last statement follows from Proposition 5.4(c).

Corollary 5.5. The collection
vl — (pP i 1<k<n-1,AeV]

and, if v > 1, its properly scaled version

T = {2y 1<k <n-1,xeV}

m=1

are Riesz bases for Ho r(div0; ) and Ho r(div0; ) N HY(O)", respectively.

The collection W& = {'l/;g\n) : XA € V} is a Riesz basis for grad Hé’f(lj) equipped
with || - || ooy
Remark 5.6. Although for k& # m and any A € V, ¢§\k) L, ¢§‘m), be-
ing a consequence of g&k) L, g&m) and the orthogonality of A*, generally
Ho r(divo;0) Lp,@)» span {1/7;") : A € V}, the reason being that generally

W Lo v for X £ pe V.

Remark 5.7. From Remark 5.2, we deduce that for u € Hy r(div0; 0),

n
: n—1 __
oinf o lu— v S L2 L E 0F ... Oduell7, oy
vEspaLn{'l,b(A ):)\EVLJ, 1<k<n-—1} —1

and, for 8 € (1, 7%) and ¢ > B(d — 1),

inf  [lu=v|moe S27EIE N 070, - w3, oy,

() ~
vespan{yy I AEV L g, 1<k<n—1} m,l=1



DIVERGENCE-FREE WAVELET BASES ON THE HYPERCUBE January 26, 2010 19

assuming u is such that the right hand sides are bounded. Similarly for u €
grad H (D),

n
. n-1l__J i i
inf fu=v]poe ST 27 S0 0duel 2, ),
vespan{'lp;"):AGVL,l} (=1

assuming u is such that the right hand side is bounded. So, possibly up to log fac-
tors, we obtain rates d, d— 1 or d using these anisotropic divergence-free or gradient
wavelet bases. With corresponding isotropic constructions, the rates would read as

d d—1 d

o, “—= or ., respectively. As in Remark 5.2, the required regularity conditions on

u can be largely reduced when nonlinear approximation is applied.

Remark 5.8. The construction of anisotropic divergence-free wavelet bases (on R™)
was first proposed in [DP06], by Deriaz and Perrier. For n = 2, our construction
is equal to that from [DP06, DP09]. For n > 3, the constructions are different in
the sense that our mappings A* are well-conditioned, even orthogonal, uniformly
in XA € V, so that the transformation from the bases from Corollary 5.3 to that of
Proposition 5.4(a) is a boundedly invertible, even orthogonal, mapping on /5(V).
As a consequence, we obtain divergence-free wavelets or “gradient wavelets” that
are Riesz bases.

Ezample 5.9. For ¥ and ¥T from Example 4.4 and n = 2, in Figure 4 some
divergence-wavelets from the collection ¥4f defined in Corollary 5.5 are illustrated.
Note that the normal components of these wavelets vanish at the left boundary (as
they will vanish at the bottom boundary), but not at the top and right boundaries.

6. HELMHOLTZ DECOMPOSITION
Since Ho r(div0; ) is a closed subspace of Ly(0)", we have
Lo(O)"™ = Ho,r(div0; O) & Ho,r(div0; ).
From W9 and ¥ being Riesz bases for Ho r(div0; ) and grad Hé_f(D), biorthog-
onality shows that grad Héf(D) C Ho r(div0;0)*. On the other hand, since W
is a Riesz basis for Ly(0)", any u € Ho (div0;0)t C Ly(0)™ has an expansion
U= v c()‘k)'t/;&k). From ¥4 being a Riesz basis for Ho r(div0; ) and
biorthogonality, we infer that for all A € V and 1 <k <n —1, cg\k) =0, and thus
that Ho r(div0; )+ C grad Hé () and so we conclude

Corollary 6.1.
Ly(0)" = Ho,p(div0o; O) @' 2™ grad H) - (0)
known as a Helmholtz decomposition.

In view of computing a Helmholtz decompositi9n of a given u € Lo(0)", we
realize that we do not have a dual basis for ¥4 U ¥ available. Indeed, note that
{stg\k) 1<k<n-—-1,X€ V}U{’l/)&n) : A € V} is not such a basis. Since orthonor-

1
mal bases for Ho r(div0;J) and grad H&f(lj) are given by (W4t lIldf>L22(D)n\Ildf
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FIGURE 4. Some divergence free wavelets on [J with n = 2, con-
structed using the univariate wavelets ¥ and ¥+ from Example 4.4

- - 1 -
and (Ps", wsr) L;(D),,L\Ilg”7 the Helmholtz decomposition of u is given by
u= <u’ ‘I’df>L2(|:|)" <lIldf7 lIldf);Ql(D)“‘I,df 4 <u’ ‘ilgr>L2(D)" <\i,gr7 \i,gr>221(|])“\i,gr.

In order to have the Helmholtz decomposition in terms of primal basis functions
only, simply use that the second term is equal to u minus the first term, i.e., that
it is equal to

(u, W) 1, 0yn ® — (u, ) ) (O, W) L ) @

An alternative way to arrive at the above formulas is by realizing that in the
Helmholtz decomposition u = u; + us, u; is the best approximation to u from
Ho r(div0; 0) in the Lz(0)"mnorm , i.e., that (¥ u — u) @y = 0. Writing
u; = i 4 ie., d; is the coefficient vector of u; with respect to the basis W4,
one arrives at

(61) <‘I’df,‘I’df>L2(D)nﬁ1 = <‘I’df,ll>L2(D)n.
Since (¥4, i), ). is symmetric positive definite (and boundedly invertible),

this system can be iteratively solved with e.g. conjugate gradients. Of course in
practical computations, the infinite vectors have to be truncated. This can be done
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by computing a Galerkin approximation from the span of a predefined finite subset
of 4 or by running an adaptive wavelet scheme on (6.1).

Remark 6.2. An alternative scheme for computing the Helmholtz decomposition in
wavelet coordinates (in R™), i.e., for solving (6.1), was proposed in [DP09]. This
scheme was shown to be convergent for some (globally supported) wavelets, but
turned out to be divergent for some other wavelet collections.

Finally in this section, we give expressions of div and curl operators in terms
of wavelet coordinates, as well as corresponding norm equivalences. Apart from
applications in solving equations involving grad-div or curl-curl operators (cf.
[Urb02, Ch. 3]), these results allow to verify whether functions are div- or curl-
free by computing wavelet coefficients. Our expressions improve upon those from
[Urb02] in the sense that for u € Hy r(div; ), without computing div u, they give
an expression for divu in terms of a basis for L2(€2) (instead of in terms of an
overcomplete system). The same remark applied to the curl operator.

Proposition 6.3. (a). On Ho r(div;0), we have
divu = Z <ll, 127&”)>L2(|:|)ndiV 11[);77,)’

AEV

and
vl o = > (D 4P 1w L) a2
AeV  m=1
(b). In two dimensions, on H z(rot;0) := {u € H(rot;1J) : u xn =0 on I},

we have

rotu=— 3 (), operot g
A€V
and
1
HI’Ot ll”%z(m)z ~ Z (4‘>\1‘ + 4|)\2‘)|<u7 §)>L2(D)2|2'
AEV

(c). In three dimensions, on H(curl;O), we have

2
curlu = Z Z<u, g‘k)>L2(D)3CUI‘1 1/7((“)

A€V k=1

and

leurlul|7, ) ~ Z (4Pl 4 gPel 4 gPsly Z |<U,1/’§\k)>L2(D)3|2-

2
A€V k=1

Proof. (a). Since @ ---@ ¥, U®---® U are biorthogonal Riesz bases for Lo (),
Proposition 5.4(b) shows that for u € Ho p(div; 0),

divu= Z <d1V u, 1L)q - ® 'J})\n>L2(D)w)\1 Q- ® 1/0\”
AeV

= Z <11, 1/;&”)>L2(D)ndiV ’lﬁg‘n)

AEV
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and

ldivalZ,@) = D Hdiva,dx, @ @b, o)

AevV
=3 (4w o
AEV m=1

(b). Since Ut @ UT and U~ @ U~ are biorthogonal Riesz bases for Lo(0J), we
haverotu =}, g (rotu, ¢;\rl ®¢12>L2(D)w;1 @1y, as well as the norm equivalence
HTOtUH%Q(D) ~ Yaev |(rotu, 152 ® ¢;2>L2(D)|2-

Using that (u x n)(d}jl ® d}jz) vanishes at 0[J, integration by parts shows that

-0 .
(rot u, 1/);(1 ® 1/’;;>L2(D) = —(u, { 812] 11)11 ® 1/J;\r2>L2(|:|)2. Straightforward calcu-
lations show that for any A* € R2?*2 that satisfies (5.2), [_882] w;\rl ® w;\; =
1
£VANT T 4Ty () and £VANT 14T 45 @45, = rot 4y, with which the proof

is easily completed.
(c). We define the biorthogonal Riesz bases ¥ = {gg\k) A eV, ke{l1,2,3}},
S={a\" A€V, ke{l1,2,3}} for Ly(D)3 by

o [nevlevle k=1 o [dn@U5e0e k=1,
g()‘) = wjl ® P, ®¢jge2 k=2, Q()‘> =Py, @, @Yy e k=2,
Uy, @YY, ®¥nes k=3, Uy, @0y, ®Unes k=3,
0 —9lxsl  9lXa]
Then with Z* := | 2/l 0 —2Mll = —(ZM)T an easy calculation shows
—9lx2| 9] 0
that
~(1) - i
N ag\l) 0'&1) Q/Jg\)
curl é(j) =7z> Qg; , curl gg; =-7> gg;
~(3 ~
'l/J()‘) I [} T/’)\
For A € V, we set
o_g\l) 2()‘1) &g\l) i()‘l)
o.g\?) — AN _()‘2) 7 ~§\2) — A i()‘?)
3 3 ~ (3 3
o.g\) gg\) g\) gg\)
Then
1{)&1) &g\l) 0_;1) ng\l)
curl ¢§\2) = AMZMAMT &&2) , curl 0_;2) = A ZMAMT qpf)
73 5(3) (3) (3)
b X I b
Q 0
Any orthogonal A* € R3*3 that satisfies (5.2) is of the form A* = 0 AI),‘7
001

where AZ),‘ € R3*3 is some orthogonal matrix that satisfies (5.2), and Q € R?*? is
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orthogonal. Taking A? to be the Householder transformation from (5.3) for n = 3,
a direct calculation shows that

A 0
_AAZA(AA \/4|>\1\ + 4lA2l 4 412s] Q 0f,
000
where Q € R2*2 is some orthogonal matrix, and thus
<11, curl 0&1)>L2(D)3 Q 0 <u; ¢&1)>L2(D)3
(u, curl U&Q)>L2(D)3 S IE Ty 0 <ua¢§\2)>L2(D)3
(u, curl 0;3)>L2(D)3 000 (u, ;3)>L2(D)3

From these calculations and by integration by parts we conclude that for u €
H(curl;0),

3
curlu = Z Z(curlu,gg\k)>L2 Q Z Z (curlu, o) )>L2(|:|)30'§‘)

AEV k=1 AEV k=1
Z Z u, curl 0'( )>L2 N(k) Z Z Lz(g)scurhp
AEV k=1 €V k=1
as well as
3
k
||curlu||2L2([,)3 ~ Z Z |(curl u,gg\)>L2(D)s|2
AEV k=1
& k 2 k
= Z Z |{(curlu, Ug‘ )>L2(D)3|2 = Z Z [(u, curlag\ )>L2(|:,)3|2
AEV k=1 AEV k=1
2
= Z (4|)‘1‘ + 4lr2l 4 g1l Z| LQ(D)3| . [l
Aev k=1
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