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A sparse Laplacian in tensor product wavelet coordinates
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Abstract We construct a wavelet basis on the unit interval with respect to which both
the (infinite) mass and stiffness matrix corresponding to the one-dimensional Laplacian
are (truly) sparse and boundedly invertible. As a consequence, the (infinite) stiffness
matrix corresponding to the Laplacian on the n-dimensional unit box with respect to
the n-fold tensor product wavelet basis is also sparse and boundedly invertible. This
greatly simplifies the implementation and improves the quantitative properties of an
adaptive wavelet scheme to solve the multi-dimensional Poisson equation. The results
extend to any second order partial differential operator with constant coefficients that
defines a boundedly invertible operator.
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1 Introduction

Let us denote I := (0,1) and O :=I". In [9], we developed an adaptive tensor product
wavelet method that for given f € H~(0) solves the problem of finding u € H}(O)
such that

a(u,v) 1= /D couv + Z cmOmudmv = f(v) (ve H(% (@), (1)
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where ¢g > 0 and ¢y > 0 (m = 1,...,n) are constants. Actually, there we allowed
homogeneous Dirichlet boundary conditions on only part of the boundary, but, as we
will see, in this paper we need them on the whole of the boundary. General, possibly
non-symmetric second order partial differential operators with constant coefficients will
be considered at the end of Sect. 3.

Using that

Hy(@) = Hy() @ Lo() @ -+~ @ La(I) N -+ N La() ® - @ Lo(I) @ Hy (1),

we constructed a Riesz basis for H(% (O) by tensorizing univariate Riesz bases of wavelet
type. Indeed, if ¥ = {¢5: A € V} is a Riesz basis for La(I) that, when normalized
in H'(I), is a Riesz basis for H¢(I), then, when normalized in H*(0), ¥ @ --- @ ¥
is a Riesz basis for H& (O). This holds true with Riesz constants that are bounded
uniformly in ¢g > 0 and ¢ > 0 (m = 1,...,n), when we equip H(% (O) with the energy
norm |- || = a(-, )% These Riesz constants are even bounded uniformly in the space
dimension n if (and only if) ¥ is an orthonormal basis for Ly(T).
Denoting the resulting Riesz basis for Hg(C) as

@ = {¢x = Om=1¥r,./1®m=19x,,[I: X € V :=V"},

by writing u = u' ¥ = Yoaev uat, and with f := [f(¥x)]aev, an equivalent
formulation of (1) is
Au=Tf. (2)

The stiffness matrix A with respect to ¥ reads as

-,

A=D Y eoM®@ - @M+ AM® - @M+ - +cnM®@--- @M@ AD !,

where D := diag[||®y,—1¢,, [|: A € V], and

A= bl d M:=
|:/leﬂ/))\:| Apev o |:/leﬂ/))\:| A pev

are the one-dimensional (unnormalized) stiffness and mass matrices, respectively. Here,
and on other places, a (double) “dot” on top of a univariate function denotes its
(second) derivative. A (double) “dot” on top of a linear space of univariate functions will
denote the linear space of (second) derivatives of these functions. The aforementioned
results about ¥ being a Riesz basis for H3 () equipped with | - || are equivalent to the
matrix A defining a boundedly invertible mapping on £2(V), with a condition number
that is bounded uniformly in ¢y > 0 and ¢y, > 0 (m =1,...,n) (and in n if and only
if ¥ is Lo(I)-orthonormal). Another equivalent property is that for v € ¢5(V) being
an approximation to u, it holds that

T —
lu =v &l = flu=vie,w)-

Here and in the remainder, with C' < D we will mean that C can be bounded by a
multiple of D, independently of parameters on which C' and D may depend, possibly
with the exception of the space dimension n. Obviously, C' 2 D is defined as D < C,
and C<~DasC <SDandC 2 D.

In [9], we solved (2) with an adaptive wavelet Galerkin method introduced in [3]
and later modified in [10]. Given a finite set A C V, let I4: l3(A) — £2(V) denote the
trivial embedding, so that its adjoint P 4: £2(V) — £2(A) is the restriction of a vector



to its indices in A. With A 4 := P4 AI, and f4 := P Af, the solution of A pjups = f, is
known as the Galerkin approximation to u from £3(A). The idealized adaptive wavelet
Galerkin scheme reads as follows:

% Let p € (0,1) be a sufficiently small parameter

Ag =0, uy, =0,

for:=1,2,... do
find the smallest A;11 D Ay with [Py, (f — Auy,)|| > pllf — Auy, ||
solve Ap, ,up,, ., =fa,,

enddo

Note that the residual f — Au,, plays the role of an a posteriori error estimator to
guide a proper expansion of the set A;.

The above scheme cannot be performed exactly. First of all, generally f will be
infinitely supported and thus has to be approximated. Secondly, with the available uni-
variate wavelet bases, either M or A or both are not sparse, and so generally any column
of A has infinitely many non-zeros. Thanks to the properties of wavelets, however, as
being smooth and having vanishing moments, the sizes of the entries of M and %Y, and
thus of A do decay rapidly away from the diagonal. This property has been used to de-
sign an adaptive approximate matrix-vector multiplication routine APPLY in which
the accuracy with which any column is approximated increases with the modulus of
the corresponding entry in the vector. This APPLY routine is used both for approx-
imate computation of the residual f — Au,, and for the approximate multiplication
with A 4, , for the iterative solution of the Galerkin problem A4, ,ua, , = fa,,,-
Concerning the latter, note that generally the number of non-zero entries in A4, , is
not of the order of #A;.

The resulting practical scheme was shown to converge with the best possible rate
in linear complexity. Moreover, since tensor product wavelets are applied, this rate is
independent of the space dimension ([8]). If (and only if) ¥ is La(I)-orthonormal, even
the constant factor in the error bound that the adaptive scheme may lose compared
to the corresponding best N-term approximations is independent of n. In future work,
we will generalize the approach to non-product domains using domain decomposition
techniques.

Although the scheme has optimal computational complexity, quantitatively the
application of the APPLY routine is very demanding, where this routine is also not
easy to implement. This is the motivation to develop in this paper a univariate wavelet
basis ¥ such that both A and M, and thus A are sparse. In this case, A can be applied
ezactly to a (finitely supported) vector at a cost that is linear in its support length.
Since ¥ will be a Riesz basis for La(I) and, when normalized in H*(I), a Riesz basis
for H& (I), the bi-infinite matrix A, i.e., the representation of the operator defined in
(1) with respect to the normalized tensor product basis, will be a boundedly invertible
mapping, uniformly in ¢g > 0 and ¢, > 0 (m = 1,...,n). Since ¥, however, will not
be La(I)-orthonormal, the condition number of A will grow with the space dimension
n.

Remark 1 We emphasize that with above wavelets, for any subset A C V, A|axa
is sparse and well-conditioned, with a condition number bounded by that of A. As a
consequence, these wavelets may also find their application in non-adaptive sparse grid
algorithms (e.g. see [1]). Indeed, with the usually applied hierarchical basis, neither
A|ax A Is sparse, nor its condition number is bounded uniformly in A.



Remark 2 When having univariate wavelets that lead to sparse A and M , the stiffness
matrix A corresponding to (1) is sparse because the coefficients ¢; are constants. For
smooth, non-constant coefficients, the additional non-zeros outside the sparsity pattern
of a constant coefficient operator will be much smaller, depending on the levels of the
wavelets involved. For the residual computation inside the adaptive wavelet scheme,
which is the quantitatively most demanding part, it can be envisaged that they can be
ignored, possibly apart from those corresponding to some coarsest levels.

Remark 3 Instead of being satisfied with a stiffness matrix A that is sparse, one may
think of searching a wavelet basis of Hol(D) such that the stiffness matrix is diagonal.
This would mean that if f has a finite support A C V, then the exact solution of (1) is
in the span of the wavelets with indices in A. This seems hard, or perhaps impossible to
realize on a bounded domain and for dimensions n > 2. We refer to [4] for a discussion
of related issues on the domain R2.

Of course, in order to end up with a diagonal stiffness matrix, one can tensorize the
univariate basis {v/2sin(kmz): k € Ng}. As shown in [8], with this approach, however,
even for smooth f generally only low convergence rates are possible.

2 A first attempt: Continuous piecewise smooth wavelets?

We will search a collection of univariate wavelets ¥ = {¢: A € V} such that, with
|A| € Ng denoting the level of ¢y or that of A,
Al

o

). diamsupp iy S 27 . .
sup; en, #{IAl =7 [k277, (k+ 1)27/ ] Nsupp ¥y # 0} < oo,
¥ is Riesz basis for La(I),

{1/1/\/||¢>\||L2(I)5 A € V} is a Riesz basis for H}(I),

Ji ¥t = 0 when ||A| — |p|| > M,

- Jiau =0 when [[A] = |u]| > M,

where M € Ny is some constant, that later will be chosen to be 1. As a consequence,
with respect to a level-wise partition of the wavelets, A and M will be block tridiagonal
with, because of (a) and (b), sparse non-zero blocks. Note that under the assumptions
(a) and (b), A and M are sparse if and only if (¢) and (f), respectively, are valid. We will
refer to the properties (a) and (b) by saying that the wavelets are (uniformly) local and
that the collection of wavelets on each level is (uniformly) locally finite, respectively.

(
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(
(

(e
f
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o,
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Proposition 1 If, in addition to (a) — (d), each wavelet is piecewise smooth with
bounded piecewise first and second derivatives, then (e) requires that they are globally

in CT.

Proof Suppose the statement is wrong. For some p € V, let ¢u have a jump in some
y € L. Then there exists a K = K(p) > M + |u| such that for all A € V with |\| > K
and 9 (y) # 0, it holds that supp ¢, C I and 1), is smooth on supp ¢ \{y}, where we
used that v, is piecewise smooth. Then by (e), for those A we have

0= /I Db = (™) — Buly™))oa(y) — /I Dutoa,

and so (u is fixed),

)| < /I oal < V2 3)



Writing v € La(I) as u = Y ycv A, (c) shows that HUHQLz(I) < Doaev leal?.
When u € H}(I), then (d) shows that this expansion converges also in H'(I), and thus
in Loo(I), ie., that

u(y) = > A (y)-
{AeV: ¥a(y)#0}

Now by using (3) for |A\| > K, and the fact that |¢)\(y)] < oo for each of the
finitely many other A € V, an application of the Cauchy-Schwarz inequality shows
that |u(y)| < |lullz, (1), which inequality, however, is not valid on H}(I). We conclude

that the wavelets have to be in C!.

Remark 4 Proposition 1 confirms the well-known fact that the hierarchical basis is not
a Riesz basis for Lo(I). Indeed, this basis of continuous piecewise linears satisfies (a),
(b), (d) and (e), where A is even diagonal, and thus it cannot satisfy (c).

Remark 5 Assuming (a), (b), (c), (e), and that each wavelet is piecewise smooth
with bounded piecewise first and second derivatives, the above proof also shows that
{Oa/l¥allzrqy: A € V} can be a Riesz basis for HY(I) (instead of H}(I)) only if
¥ (0) = 9hu(1) = 0 for all u € V. Indeed, suppose 1, does not vanish at the boundary,
say at 0. Then there exists a K > M + |u| such that for all A\ € V with |A\] > K and
1 (0) # 0, it holds that suppy C [0,1) and v, is smooth on supp . Then by (e),
for those A we have

0= /dh\dju = —u(0)15(0 /Wﬂ/’)w

and the same arguments as in the proof of Proposition 1 lead to a contradiction.

In view of having a rapidly converging wavelet expansion, for a wavelet basis for
H(I) the conditions t,,(0) = (1) = 0 are not desirable. In view of this, we restrict
ourselves to the task of constructing a collection ¥ such that (a) — (e) are valid, i.e.,
in particular such that {wA/W’)\HLQ(I) : A\ € V} is a Riesz basis for H}(I).

3 Biorthogonal multi-resolution analyses and wavelets

In order to construct wavelets that, properly scaled, generate Riesz bases for a range
of Sobolev spaces, in particular for Lo(I) and Hg(I) (cf. (¢) and (d)), we will use the
following well-known theorem (cf. [5,7,2]).

Theorem 1 (Biorthogonal space decompositions) Let
Vo C Vi C---C Lo(l), Vo C Vi C--- C La(D)
be sequences of primal and dual spaces such that

~ ’(~)',’U'
dimV; =dimV; <oco and «j;:= inf sup 15, 25) L (0| 1. (4
05, €V; 02v;eV; 1051 L@ 105l 2o (1)

In addition, for some 0 <~y < d, let

vlrg/ lv—2villL,a) < 27jdHU||Hd(I) (ve Hd(I)) (Jackson estimate),
J J



and
lvillaes @y S < 278 lvilloy (vj € Vj, s €[0,7)) (Bernstein estimate),

where, for s € [0,d], H*(I) = [LQ(I),Hd(I)}S/d, and let similar estimates be valid at the
dual side with (V;);,d,~, H*(1)) reading as ((V;);,d, 7, H*(1)).

Then, with &9 = {¢o,x: k € Io} being a basis for Vo (scaling functions) and ¥; =
{jr: k € Jj} (j € N) being uniform Lo(I)-Riesz bases for W; = V; N f/jL_le(I)
(wavelets), for s € (—7,7) the collection

P UUjen2” VW
is a Riesz basis for H* (1), where H*(1) := (H%(1)) for s < 0.

In view of the notations introduced earlier, we denote (j, k) also as A, where || = 7,
®o,k as Yok and Io UUjenJ; as V.

~

the property that for uniform Lo (I)-Riesz bases ¢; and @j for V; and Vj, respectively,
(D, @ ) L2()
V; and V; can be equipped with biorthogonal uniform Lz(I)-Riesz bases. In cases
where these biorthogonal bases can be chosen to be both uniformly local, then under
some mild additional condition, both the (primal) wavelets and the corresponding
dual wavelets can be selected to be uniformly local (cf. [6]). In the application of
Theorem 1 that we study in this paper, only the primal scaling functions and wavelets
will be uniformly local.

Remark 6 When dimV; = dimVj < 00, the condition a; 2 1 in (4) is equivalent to

exists with a uniformly bounded spectral norm, or, equivalently, that

4 Biorthogonal cubic Hermite wavelets
We shall select (V});, (‘7) that satisfy the conditions of Theorem 1 for some vy > 1,
where HA(I) = H&( ) N H%(1). In addition, (Vi);, (f/])] will be selected such that
Vj; € CH(I1)N Hy(1) an L

Vi+Vj C Vi (5)

As a consequence, using that for [u| >0, ¢ Lp, Viu—1, for || > |A| + 1 we have

|pl—

/Id))ﬂﬂu =0, /1%% = —/I?ﬁ,\il)u =0,

i.e., (e) and (f) are valid with M = 1.

We will take V; to be the space of cubic Hermite splines satisfying first order
homogeneous Dirichlet boundary conditions with respect to the j + 1 times dyadically
refined interval I = (0,1), and ‘7j to be the space of piecewise cubics with respect to
the j times dyadically refined 1, i.e.,

29+t _1
[T Psk2 ), (k + 1279y n Ct 1) n B (1), (6)
k=0
271 . .
= [[ Pstk2, (k +1)277). (7)

k=0



Clearly, with this choice (5) is satisfied (actually even V; + VJ = ‘7j+1). '

The dimension of Vj is 4 x 291 — (2971 —1)2 — 2 = 2772 = 4 x 27, being the
dimension of V. The second statement of the following theorem will be proved in
Sect. 7.

Theorem 2 [t holds that dim V; = dim \7j and

Vi, Vj
inf inf  sup ~|< J J>L2(I)| > 0.
3€No 03, €V; 0v;€V; 1105l o 1v5 | 2o (1)

~ 1
In Sect. 5, we will construct uniform Lg(I)-Riesz bases ¥; for W; = V; N ijf(l).
With &g being some basis for Vp, an application of Theorems 1 and 2 yields the
following result.

Corollary 1 Let H*(I) := [Lo(I), H*(I) N HOI(I)}SM for s € [0,4] and H®(1) :=
(H™5(1))’ for s < 0. Then for s € (—%,3), the collection $y U UjeNZﬂngj is a
Riesz basis for H*(I).

Remark 7 Tt is known (e.g. see [11]) that for s € [1,4], H*(I) = H*(I)N H}(I) and that
for s € [0,1)\{5}, H*(I) = H{(I), the latter space being equal to H*(I) for s € [0, 3).

The wavelets that we are going to construct in Sect. 5 will be uniformly local

and will be such that the collections ¥; that span the spaces W; = V; N \7jJ;L12m
are uniformly locally finite, i.e., the conditions (a) and (b) formulated in the previous
section are valid. Since by construction (e) and (f) hold, and (c) and (d) are special
cases of Corollary 1, we conclude that all conditions (a)—(f) formulated in Sect. 2 are
valid.

Note that due to the absence of boundary conditions incorporated in the definition
of ‘7j, all wavelets, i.e., any element of ¥}, has 4 vanishing moments. This is very
convenient for constructing sparse approximations to f = [f(¥x)]acw-

Remark 8 In addition to (e) and (f) we have
Jonth =0 sen []A| = ul] > 1. ®

For |A| — || > 1, this follows from the fact that Vj C Vjt1, and for |u| — |A| > 1
by additionally using integration by parts and the first order homogeneous Dirichlet
boundary conditions. A consequence is that for any constants (aa,ﬁ)\a|7\ﬁlﬁl’ the rep-
resentation, with respect to the properly scaled wavelet basis ¥, of the problem of
finding v € H} (D) such that for given f € H~1(0),

S aa50%ud’v = f(v) (ve HY(D)), (9)

O al81<1

is of the form

Au=f, (10)
where A is sparse. Indeed, also first order partial derivatives or mixed second order par-
tial derivatives lead to a tensor product of sparse matrices. The matrix A is boundedly
invertible whenever the constants (as, g)|al,|8<1 are such that (9) defines a boundedly
invertible operator between Hg () and H (). For cases where A is not symmetric
positive definite, a possibility to solve (10) is to apply the adaptive wavelet Galerkin
scheme to the normal equations.



Remark 9 Besides the cubic Hermite splines, we also tried the following maximally
smooth spline options for the sequence (V});:

20+ _q
[T P(k270 (k+ 1279 ) net () nHG (),

k=0
2711

Gi). Vi= [ Psk2 U0 (k+1)27 9Dy 021y n Hy (1),

k=0
20+ _q

(i), Vj o= [ Pak2” 9%, (k+1)27 0Ty nC3(1) n HG (D).
k=0

(i). Vj:

In view of (5), in case (i) we have that VJ = Hij_jol_l Po(k2_(j+1), (k+ 1)2_(j+1)) and

V; N V; = {0}. When choosing Vj+1 = V; + V}, it holds that dim V; = 27! = dim V},
but as one may verify, a; from (4) is zero for any j € Ng. Since a; 2 1 is a necessary
condition for the wavelets to generate a Riesz basis for La(I), with this choice (a) — (f)
cannot be realized. .

In case (ii), we have that V; = i:o P (k270D (k4 1)270FD) 0 C(1) and
V;NV; = {0}. When choosing Vj 11 = V; 4V}, we have dim V; = 2(27 +-1) = dim V; +1,
and Theorem 1 cannot be applied.

In case (iii), we have that V; C Z; = 2 Py(k27 0T (k+1)27 0T nct (1)
and V;NV; C V;nZ; = {0}. Choosing V1 = V;+V;, we have dim V; = 2/ 7! = dim V,

but, as we verified numerically, o; | 0 for j — 0.

5 Construction of the wavelets

With V; and V] from (6) and (7), we construct uniform Lg(I)-Riesz bases ¥; 1 for
Vigan f/jLLz(I), which are also uniformly local and uniformly locally finite.
Let ¢(1, ¢(®) € Py(—1,0) x P3(0,1) N C*(=1,1) be defined by

oM (x1) =0, @ (+1) =0, (11)
oM (0) =1, @ (0) =1,
o (0) = 1) =0, o2 (0) =9 (£1) = 0.

Integer translates of ¢(1)7 ¢,(2) span the space of ct piecewise cubics with respect to
the pieces [k, k + 1] (k € Z). With

) i N
o) = VAT @I . ),
the collection
1 i1 2 i
o= {o\ ) ke {L2. 2T — 1 U {eP)h ke 0.1, 2y (2
is a uniform Lz(I)-Riesz basis for V; from (6).
We construct 4 types of “mother wavelets”. These functions are C' 1 piecewise cubics

with respect to the pieces [k, k + %] (k € %2)7 i.e., they are in the span of {¢7(i)(2 .
—k): i€ {1,2},k € Z}, and they are La(R)-orthogonal to []jcoz P3(k, k +2).



Fig. 1 The wavelets (1), (2, 43) and 44 normalized in Lo.

k -3 —2 —1 0 1 2 3
(1) _ _ _ _ _2 4 _2
(1) 15 15 15
’f - - - - -1 0 1
2) 7 7
— — — — L 0 U
39 39
2) 44
b( - - - - 1 4 1
13
(3) _ 4595 7 18737 1 18737 7 4595
13728 65 68640 68640 65 13728
b(3) 68741 69 204701 0 204701 69 68741
22880 40 22880 22880 40 22880
(4) 417 7 5443 0  __b443 7 417
22880 2340 205920 205920 2340 22880
b(4) 723 1 8153 1 8153 1 723
4576 8 13728 2 13728 R 4576

Table 1 Coefficients for the construction of wavelets.

We seek the first two types of the form

3 3

wWi=3" Ve —n+ Y e k),
3 3

v@:=3" PV -n+d 5P k),

meaning that their support is [0,2]. Up to a scaling, these functions are uniquely
determined by imposing that they are orthogonal to P3(0,2) and that 1/1(1 (-=1)1is
even and 1(?) (- — 1) is odd. The coefficients a,g), b( 2 (¢ € {1,2}) can be found in
Table 1.

We seek the third and fourth type of the form

@ = ZZ IE:)¢( @2 —k) +ZS b(3)¢(2)(2 - —k),
s = ZZ a2 +Z 4)¢<2>(2 - —k),

meaning that their support is [—2,2]. Up to a scaling, these functions are uniquely
determined by imposing that they are orthogonal to P3(—2,0) x P3(0,2), that 1/)(3)
is even and w(4) is odd and, in order to create a more sparse mass matrix, that they
are orthogonal to (1) (- — k) and »® (- — k) (k € 2Z). The coefficients a,(c) b()
(i € {3,4}) can be found in Table 1.
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With ) o
L, = O
by construction, the collection
Ui =0\, i€ {12 ke{0,2,... 2" — 2}y (13)
3 i+1 4 1
Ul ke, 2T —ap ol ke o2, 2

. . . ~ L . R . i .
is contained in Wj 1 = V;31 N V] L2 where its cardinality, being 27+27 is equal to
the dimension of this space, i.e., the collection spans W; .

With by := 91, o 1= 2, ¥3 = ¥3lj0,9), Y4 = Yaljo,9s 5 := ¥3(- — 2)|[p,2 and

6 = Wa(- — 2 a numerical calculation reveals that the “element mass matrix”
[0,2]>
matrix
2467613 400733 0 0 _ 923411 137987
3460003 763030 10 § é 2 ? 00 3163073968070 1 0280%103810 0
10810800 3603600 502 0 ~ 10810800 32432400
- - 0 0 === 0 0 0
. . — 1575
(i 93) 12(0,2)) 1<4.1<6 = 704
<i,j< 0 0 0  toga7 0 0
923411 137987 0 0 2467613 400733
IR0~ QEIfEOD S, TR0
10810800 32432400 0 0 ~ 10810800 3603600

is positive definite. As a consequence, for any J C 2Z, and any subset
Sc{pW( —k)yie{l,..., 4}, ke 27}

of functions that do not identically vanish on G := Ugcs(k,k + 2), {o|g: 0 € X}
is a L2(G)-Riesz basis of its span with a condition number that can be bounded on
an absolute multiple of the condition number of [(1;, 1/_’j>L2(0,2)} 1<i,j<6" This follows
from the observation that

< Z Co0, Z CTT>L2(G) = Z < Z CUO‘(k,k+2)7 Z CTT|(k'7k‘+2)>L2(k‘,k‘+2)'

oceX TeX keJ oeX TeX
Since the same holds true for the dilated functions, we conclude that (13) defines a

~ 1
uniform Lg(I)-Riesz basis for Vj 1N v, Lo

6 Condition numbers

A result of Corollary 1 is that $g U Ujen¥j, where &g and ¥; are as in (12) and
(13), respectively, forms, when normalized in Ly(I) or H'(I), a Riesz basis for Lo(I)
and H} (1), respectively. In particular, this shows that the condition numbers of the
mass matrix and the normalized stiffness matrix are bounded. In various estimates, the
values of these condition numbers play a role. Since it is not feasible to compute the
actual condition numbers of the infinite dimensional matrices, instead we computed
those of

o [ e ]
||/¢))u'||L2(I) Hw)\HLQ(I) MLEVL A pl<T
The condition numbers of these matrices, which are bounded uniformly in J, are shown
in Figure 2.

Also, we computed the condition number of the mass matrix of wavelets on one
level, i.e., the condition number of the matrix UI 1/)#1/»\] . Numerical

and My = Ulw#w}

AREV, AL pl<J

© of the WO e = jul=r: Nume
results show that the value of this condition number is bounded by 2.2 uniformly in .J.
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Fig. 2 Condition number of the mass matrix M; (left) and the stiffness matrix A (right).

¢(3)

~10 <05 WO 15 20

¢(2)

Fig. 3 {¢1), ¢, 6(3), (1)} from (14).

7 Proof of Theorem 2

In view of Remark 6, it suffices to construct uniform L2 (I)-Riesz bases ¢; and éj for
Vj from (6) and V; from (7), respectively, such that (®;, ®;) 1, (1) is invertible, with an
inverse that is bounded uniformly in j.

With 61 and 6@ from (1), and ¢® = () (. — 1) and 6 := 6@ (. — 1),

spans the space 91“_01 piecewise cubics with respect to the pieces [k,k+1] (k € Z), see
Figure 3. With ¢()(z) := (z — 1)271\[0’2], obviously

(3D —k):ie{1,...,4}, k €27} (15)

spans [];coz P3(k, k 4 2), see Figure 4.

We apply a number of basis transformation at primal and dual side. ~First~we
update ¢V, (@) with multiples of ¢®, ¢ (- +2), o, ¢ (- +2), and V), $(2)
witp multiples of (b(~3) and ¢(4) in such a way that thg new qS(l), (;3(2) are orthogonal
to ¢(3)(- — k) and ¢(4)( - —k) (k € 2Z), and the new &1, ¢ are orthogonal to ¢(*)
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Fig. 5 New primal functions {¢(1>,¢>(2)},

and ¢(4). In particular, we redefine

M oM +{72 -2 -4 %} ¢ ( +2)

P I PAC) _% % % % e )
oW(- +2)

0] e 15 g [¢®

| = [fo | +[ %3] 5

To make two more inner products between local primal and dual functions zero,
(13(1) - _% ? (5(1)
{&%'—&—% 5|
Furthermore, we multiply gb(l) with % and (;6(2) with 4—78. Finally, we redefine
&(1) 1 1 (;3(1)
3 =[] {5 12

By the last transformation, as ¢! (¢(?)) the function ¢! (¢(?)) is even (odd).
The newly defined primal and dual scaling functions are illustrated in Figures 5

next we redefine

and 6, respectively. Note that our transformations did not change the spans of the
collections (14) and (15).
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Fig. 6 New dual functions {¢(1), (D},

A direct computation shows that

gt ot 11 0 oo o
¢t @ Il h-&lo o

( oW =2 [6W( ~2) ) T e I B
e =2 6P (- —2)| /La02)  |-F-F -3 3/ 0 0
e 3 0 0 0 0[F O
e oW 0 0 0 002

o) = VI GOy, G = VBT )

and
oV = (ol kefz,.. 2T -2y Ul ke {02, 2T,
o = (ol ie (3,4}, ke {02, 2T —2}},
&V = (60 ke 2. 2T — 2 U BV ke {0,227,
¢ = (58] i€ (3.4}, ke {0,2,..., 27 —2}},

the collections @; := ¢§1) U 455.2) and @, := @;1) U 555.2) are uniform Lg(I)-Riesz bases
for V; and ‘7j, respectively. Indeed, one verifies that span®; C Vj, span gﬁj C \7J and
that #&; = dimV; = i+l — dimf/j = #éj. From the local supports and the proper
normalization of the basis functions, one also easily verifies that for any coefficient
vector c; of the appropriate size, Hc;r@jﬂh(l) S llejlle, and Hc;-rsf'jHLZ(I) S lejlle, -
Instead of a direct verification th~at also HC}—@jHL2(I) Z licjlle, and Hc;réjHLQ(I) >
llcjlle, are valid, i.e., that @; and ®; are uniform L(I)-Riesz bases for their spans,
it suffices to verify that (¢;,®;) Lo (1) 18 invertible, with an inverse that is bounded

uniformly in j, which we will do below. Indeed, from this property and Hc;rg?j HL2(I) <
llcjlle,, we obtain

- - - (S5, (@5, 85) L, (1) E5) s |
1850les S 15, D5) 1y 1)Elle, = sup IREILAL
c; #0 ”cJ”fz

T ~T F T
[{e; P, & Pid .yl _ T~ e @llz,m
= sup S & Pillo,ay sup ——————
¢;#0 llcille, c;20  llcjlle,

Dl 11y

T
S g
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Fig. 7 The assembling of <¢§-1)79§§-1)>L2(I) from the 4 x 4 left upper block from (11).

- . T = - T
and similarly, using ch QSJ-HL2(I) S 1€51le,, that lcjlle, S llc; ¢j||L2(I)-

For i # 7/, (@;i),ég.ll))h(l) =0, and (@;2),93;2)&2(1) is a diagonal matrix that is

uniformly spectrally equivalent to the identity matrix. The matrix <¢§1),95§1)>L2(I) is
assembled from the 4 x 4 left upper block from (16) as indicated in Figure 7, where
in the overlays the matrices should be added. The striking out of the first and the
one but last rows and columns corresponds to the fact that for k& € {0,2j +2}, qﬁ;llz
and (;5571]2 are not in &; and gﬁj, respectively. By multiplying the first and last rows

and columns of (@5.1),95§1)>L2(1) with v/2, a matrix of the form I — B, is obtained,
where || B;|| < /[Bjll1]|Bjllcc < p for some p < 1 independent of j. Such a matrix
is invertible, with a uniformly bounded inverse, with which the proof of Theorem 2 is

completed.
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