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A Petrov-Galerkin discretization with optimal test space of a mild-weak
formulation of convection-diffusion equations in mixed form
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Motivated by the Discontinous Petrov-Galerkin method from [Numer. Methods Partial Differential Equa-
tions, 27 (2011), 70-105] by Demkowicz and Gopalakrishnan, we study a variational formulation of
second order elliptic equations in mixed form, that is obtained by piecewise integrating one of the two
equations in the system w.r.t. a partition of the domain into mesh cells. We apply a Petrov-Galerkin
discretization with optimal test functions, or equivalently, minimize the residual in the natural norm as-
sociated to the variational form. These optimal test functions can be found by solving local problems.
Well-posedness, uniformly in the partition, and optimal error estimates are demonstrated.

In the second part of the paper, the application to convection-diffusion problems is studied. The available
freedom in the variational formulation and in its optimal Petrov-Galerkin discretization is used to con-
struct a method that allows a (smooth) passing to a converging method in the convective limit, being a
necessary condition to retain convergence and having a bound on the cost for a vanishing diffusion. The
theoretical findings are illustrated by several numerical results.

Keywords: Petrov-Galerkin discretization, convection-diffusion, optimal test space, least-squares method,
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1. Introduction
On a domain 2 C R", we consider the boundary value problem

—divAVu+b-Vu+yu=f onQ, (1.1
u=0 ondQ, :

where A is positive definite, and b and ¥ are such that the standard variational formulation of this prob-
lem on H} (2) x H} () is well-posed. It is well-known that Galerkin discretizations of this variational
problem give unsatisfactory results in case of dominating convection. We will study a well-posed vari-
ational formulation of the mixed formulation

c—AVu=0 onQ,
—divAj6+b-Vu+yu=f onQ, (1.2)
u=0 ondQ,

where A = A1A;, and consider Petrov-Galerkin discretizations of it, where we take an optimal test
space (Demkowicz & Gopalakrishnan (2011b)).
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For an abstract variational problem of finding u € U such that b(u,v) = f(v) (v € V), given a trial
space U, C U, the optimal test space is V;, = R~ BUj, where (Bu)(v) := b(u,v), and R: V — V' is the
Riesz map. The resulting Petrov-Galerkin solution minimizes the residual in V' over the space Uy, and
so, for boundedly invertible B, it yields a quasi-best approximation to the solution in U from Uj. The
application of this approach for solving convection-diffusion problems can already be found in Barrett
& Morton (1984).

For a variational formulation of a boundary value problem, and V being an L,-space, the optimal test
space Vj, is found by simply applying the differential operator in strong form to Uj,. For other V, finding
the optimal test space V;, amounts to solving a symmetric, bounded and coercive variational problem
on V x V for any basis function from a basis for U, or to solving a sufficiently accurate Galerkin
discretization of such a problem. A main contribution from Demkowicz & Gopalakrishnan (2011b)
is the idea to consider variational formulations where V is a “broken space”, so that the variational
problems that determine V}, are local problems.

In Demkowicz & Gopalakrishnan (2011b), also U is taken to be a broken space which, however, is
not essential, although convenient when one aims at applying hp-fem. Regardless whether the varia-
tional problems for the test functions are solved exactly, or approximately using a Galerkin discretiza-
tion, the Petrov-Galerkin solution is found by solving a symmetric positive definite matrix-vector prob-
lem.

In the current paper, we study a variational formulation of (1.2) obtained by piecewise integrating
the second equation by parts w.r.t. a partition of the domain Q into mesh cells. This introduces the
“flux”, being the normal component of ub — A | 6 on the skeleton, as a third independent variable. This
skeleton may or may not include parts of dQ. We will call our formulation a mild-weak variational
formulation. It can be considered as intermediate between the mild formulation, where neither equation
is integrated by parts, and the ultra-weak formulation, where both first and second equation are piecewise
integrated by parts, giving rise to an additional fourth independent variable, called “trace”. Applying a
Petrov-Galerkin discretization with optimal test space, the mild or ultra-weak formulations result in the
common first order least squares method, or in the Discontinuous Petrov-Galerkin method with optimal
test space, DPG method for short, that was introduced in Demkowicz & Gopalakrishnan (2011b).

A reason for us to develop a modification of the DPG method is that with the ultra-weak formulation,
both u and ¢ are sought in L,-spaces. Consequently, assuming finite element spaces of sufficiently high
order, in order to obtain an a priori error bound of say & (h*) for u in L,(£2), besides the natural condition
u € H*(Q), it is needed that 6 € H*()", and so u € H*'1(Q).

With the mild-weak formulation, u is sought in H} (), and & in L()". We show well-posedness
of this formulation, and with that, optimal error estimates for the Petrov-Galerkin discretization with
optimal test space. For obtaining an a priori error bound &(h¥) for u in H} (), it suffices to have u €
H1(Q) and f € H*(Q). The last, additional, condition is needed to guarantee an error bound &'(h*)
for the third variable, being the flux. Being a condition on the right-hand side, however, it is usually
harmless. By demonstrating approximation properties of the optimal test space, duality arguments even
give optimal error estimates for (6, u) in the space (H'(2)")" x Ly(Q).

Although we already briefly mentioned convection-dominated problems, the discussion so far refers
to the problem (1.1) for fixed A, b, and Y. When we apply the aforementioned three methods —i.e.,
the standard first order least squares, the DPG method, and the method from the current paper— to the
convection-dominated problem defined by A = €ld, b # 0 fixed, and y = 0, for small € the results are
much better than with standard Galerkin applied to the non-mixed variational formulation. The reason
is that all these three methods minimize the residual in some norm.
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On the other hand, as our numerical results with uniform meshes show, also with these methods,
for small €, initially, i.e., with relatively large mesh-sizes, there is hardly no reduction of the error in
u in Ly(2), and some oscillations are visible. The explanation is that in the limit € = 0, the operator
associated to the bilinear form has an unbounded inverse, which has the consequence that for small € >
0, some components of the difference of the solution and an approximation from U, hardly contribute
to the residual, and therefore are hardly reduced in the least squares minimization.

In Demkowicz & Heuer (2011), this problem is tackled by equipping V with the problem dependent
“optimal test norm”, defined such that a residual measured in the resulting norm on V' is equal to
the standard, problem independent norm on U of the error. It turns out that the price to be paid for
taking this norm on V is that the variational problems on V, that determine the optimal test functions,
become increasingly close to singular when € | 0, and therefore are more and more difficult to solve
with a sufficient accuracy. Modified methods were proposed that aim at finding a compromise between
obtaining a best approximation in a nearly €-independent norm, and getting well-conditioned variational
problems for the test functions. In Chan et al. (2012), it was proposed to modify the boundary condition
at the inflow boundary to ensure that solutions of the dual problem have no boundary layers.

Inspired by Cohen ef al. (2012), the approach that we investigate is based on the observation that
to avoid a numerical solution method looses convergence or becomes increasingly more costly when
€ ] 0, a necessary condition is that the scheme is well-defined and convergent in the limit € = 0. To
satisfy this condition, we use the available freedom in the Petrov-Galerkin discretization with optimal
test space of the mild-weak formulation by factorizing A = €Id = A A, such that both factors vanish
for € = 0; by excluding the outflow boundary from the skeleton, being the domain of definition of the
flux; by equipping the test space V with an €-dependent norm; and finally by making the trial space for
the flux e-dependent. For € = 0 and a quasi-uniform mesh with mesh size A, the error in u in L, (Q) is
shown to be & (h%), which is the best that is possible since our piecewise polynomial trial space is in
H& (), whereas the solution generally does not vanish at the boundary outside its inflow part.

To verify the stability of the resulting method for convection dominated convection-diffusion prob-
lems, we performed numerical experiments in one and two dimensions using uniform meshes. The
method is, however, not restricted to such meshes, and (much) better results can be expected with a
proper local refinement in the layers.

A comparison in one dimension with the standard first order least squares method and the DPG
method shows that the new method performs much better (we have not yet compared to several variants
of the DPG method recently introduced in Demkowicz & Heuer (2011); Chan et al. (2012)). With our
method, in one and two dimensional examples, for 4 2 € we observed an error in u in Ly () of order

h?. Witha piecewise polynomial trial space in Hé (), such an error is the best that is generally possible
for solutions that exhibit boundary or internal layers. For any fixed € > 0, the aforementioned optimal
asymptotic error estimates for /2 | 0 apply.

In one dimension, the optimal test functions could be determined analytically. In two-dimensions,
and for piecewise linear or quadratic trial functions, in those cases where the test functions could not be
found analytically, we replaced them by Galerkin approximations from the space of piecewise cubics.
We solved the symmetric, positive definite matrix-vector problem that defines the Petrov-Galerkin solu-
tion using the direct built-in mat 1ab solver. With the new method we did not encounter any instabilities
due to ill-conditioning.

Finally, we note that there is a vast literature on various classes of numerical methods for solving
convection-diffusion problems. The aim of this work is to contribute to the development of Petrov-
Galerkin methods with optimal test spaces, or equivalently, to least squares methods. Since these meth-
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ods minimize the residual over the trial space in some norm, they have inherent stability properties, and
so have the potential to yield near-best approximations with respect to meshes that do not accurately
resolve the layers (other than with, e.g., methods based on Shishkin meshes). Since forming a least
squares functional essentially means doubling the order of the equation, and so squaring its condition
number, a common approach is to apply this technique on a reformulation of the equation as a first order
system.

This paper is organized as follows: In Section 2, a relation is established between Petrov-Galerkin
discretizations with optimal test functions and least squares methods.

In Section 3, we present the mild, ultra-weak and the new mild-weak variational formulations of
second order elliptic boundary value problems in mixed form. We show that the mild-weak variational
formulation is well-posed, and therefore gives rise to optimal error estimates in the “energy” space.

In Section 4, using duality arguments, we demonstrate optimal error estimates in a weaker norm.

In Section 5, we discuss the application to convection-dominated convection diffusion problems. We
present numerical results in one dimension, that show that a straightforward application of the Petrov-
Galerkin discretizations with optimal test spaces of the three variational formulations of the mixed
system do not yield satisfactory results for a near-vanishing diffusion.

We study a variational formulation of the pure convection problem obtained by piecewise integrating
the equation by parts w.r.t. a partition of € into mesh cells, and show that this formulation is well-
posed. We then construct a Petrov-Galerkin discretization with optimal test space of the mild-weak
variational formulation of convection-diffusion problem, that in the convective limit, becomes such
a discretization of this variational formulation of the pure convection problem. We present various
numerical experiments with solutions that have boundary and internal layers, which demonstrate the
stability of the resulting numerical solution method.

A summary and brief outlook is given in Section 6.

2. Petrov-Galerkin with optimal test spaces, and least-squares approximations

For some real Hilbert spaces U and V, a bilinear form b : U x V — R, and with (Bu)(v) := b(u,v), let
B : U — V' be homeomorphism onto its range, i.e.,

[Bully: = [lully (u€U). 2.1

Here and in the remainder of this work, by C < D we will mean that C can be bounded by a multiple of
D, independently of parameters which C and D may depend on. Obviously, C 2 D is defined as D < C,
andC~DasC<DandC 2 D.

In the application that is central in this work, 3B will be equal to V', so that B: U — V" is boundedly
invertible. In this section, we include the possibility that 3B C V' without additional difficulty.

With R € %(V,V') being the Riesz map, i.e., (Rv)(w) = (v,w)y (w € V), we define T =R 'B ¢
AB(U,V). It satisfies

(Tu,v)y =b(u,v) (uelU,veV). 2.2)

Given a closed linear trial space Uy, C U, following Demkowicz & Gopalakrishnan (2011b) we set
the optimal test space
Vh = S(T|Uh)7

and, for given f € V', consider the Petrov-Galerkin problem of finding u;, € U}, such that

b(uh,vh) = f(Vh) (Vh (S Vh). (23)
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In the following proposition it is shown that solving the Petrov-Galerkin problem with optimal test
space, the optimal Petrov-Galerkin problem for short, is equal to the least squares problem of minimiz-
ing the residual in V',

PROPOSITION 2.1 It holds that u;, = argming, c, || f — Bitp||y.

Proof. For any up,wy, € Uy,

(f = Bup, Bwy)yr = (R™' (f = Buy,), R~ Bwi)v
= (f —Buy)(R""'Bwy) = f(vs) — b(up, vs).

where v, := R~!Bwy,. Note that u;, minimizes the residual when the left-hand side vanishes for any wy,,
whereas it solves the Petrov-Galerkin problem when the right-hand side vanishes for any v, € V,,. U
Note that thanks to (2.1), the least squares problem, and so the optimal Petrov-Galerkin problem
have a unique solution.
Equipping U with energy-norm
I-lle == 1B~ [lv,

we infer that uy, is the best approximation w.r.t. || - ||g from Uy, to

uys ;= argmin || f — Bu||yr,
uel

and thus a quasi-best approximation w.r.t. |- |ly. Indeed, ||f — Bul|?, = ||f — Buss||3, + ||Buss — Bul|2,
for any u € U, shows that u;, = argming, ¢, ||Buis — Bit||y. Clearly, us = B~!f when 3B=V".

In special cases only, as when b corresponds to a boundary value problem and V is an L,-space, one
can expect to be able to determine the optimal test space exactly. Therefore, let V;, C V be a sufficiently
large closed subspace such that in any case

YO0 # wp € Uy, AV, € Vh with b(Wh,fih) 7£ 0, 2.4)

which is satisfied for V, = V thanks to (2.1). With R, € B(V;,,V]) defined by (R, %) (Wp) = (¥, Wi)v
(W € V), weset Tj, = R, 'B € B(U, V), ie.,

<Thu,\7h>v = b(u,ﬁh) (u ceU, v, e Vh)

Note that T}, |y, is injective by (2.4). The solution 7j,u is the Galerkin approximation from the trial space
Vj, C V to the solution Tu of the bounded, symmetric and coercive variational problem (2.2) on V x V.

The Petrov-Galerkin problem with an approximately optimal test space reads as finding i;, € Uy,
such that

b(dn,vi) = fvn) (v € 3(Tily,))- (2.5)

Writing vy, = Tjwy,, we have b(iiy, vy) = (Tyily, Tywp)v, and so, by the injectivity of 7|y, , we conclude
that (2.5) has a unique solution, and moreover, that this variational problem is symmetric and coercive.
Taking V), = V, in particular this holds true for (2.3).

When dimUj, < eo, and {¢; : i € I'} is a basis for Uy, a basis for 37},|y, is given by {7;,¢; : i € I'}.

A sufficient condition on V},, dependent on Uy, such that also the Petrov-Galerkin solution with ap-
proximately optimal test space gives a quasi-best approximation to s in U is given in (Gopalakrishnan
& Qiu, 2012, Thm. 2.1).
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REMARK 2.1 The Petrov-Galerkin problem (2.5) with the approximately optimal test space can equiv-
alently be written as a symmetric saddle-point system of finding (i, ;) € U, x V;, that solves

{<}7h7‘7h>v+b(ﬁh7ﬁh) = f) eV,
b(Wh,Sn) =0 (wh € Uy).

This is the point of view taken in Cohen et al. (2012). To see this, note that for ¥, € Vj,, and 7, € Uy,
S (p) —=b(ap,v,) = (R;1 (f —Bily), )y, so that the first equation in the saddle point system is equivalent
to Y, = R;I (f — Biy,). With this equality, the second equation 0 = b(wy, ) = <R;IBwh,§h>V (wp, € Up)
is equivalent to 0 = (R;l(f—Bﬁh),R,lewh)v = (f—Bﬂh)(R,lewh) (wp, € Up), or to b(dy,vy) = f(vp)
(v € 3Ty, y

Writing the above y, as y;, in the case that Vj, =V, in (Cohen et al., 2012, Lemma 3.3) it was shown
that if V}, is chosen to be sufficiently large so that for some 8 < 2, ||y, — 9u|lv < 8||$x]|v, then

s — dn|z + lyn — Fnllv < 41— 8/2) " ||uss — up| -

Moreover, for a particular V it is demonstrated how to control ||y, — 9;||v using an a posteriori error
estimator and adaptivity.

3. Variational formulations of second order elliptic boundary value problems in mixed form
3.1 A mild-weak variational formulation

For some bounded Lipschitz domain  C R”, a symmetric A € L,(£)"*" with A(-) 2 Id a.e., b €
Loo(2)" and 7 € L.(R2), we consider the boundary value problem

—divAVu+b-Vu+yu=f onQ, 3.0
u=0 ondQ. ’
We assume that b and y are such that for
L ::/AV'Ver'VJr :
(Lu)(v) AV VY (b-Vu+yu)v (32)

L:H}(2) — H™'(Q) is boundedly invertible.

Factorizing A = AjA,, where Aj,A; € L..(2)"*", and introducing 6 = A,Vu, our problem in
mixed form reads as
c—AVu=0 onQ,
—divAi6+b-Vut+yu=f onQ, (3.3)
u=0 ondQ.

REMARK 3.1 Obvious choices are A; = A or A, = A. For convection dominated convection-diffusion
problems, which will be discussed in Section 5, it will be relevant to consider a different factorization.

For any h from an index set of mesh parameters, let £2;, be a collection of disjoint open Lipschitz
domains such that Q = Ukcgo,K. For any K; # K, € €, with meas,_(K; NK>) > 0, we fix n on
dK1 NJK; to be the outward unit normal ng on dK for K being either K or K,. By setting n to be the
outward unit normal on d€, this defines n on Ugcq,dK a.e.

For I being the union of dK NdL2 for all K in some subset of £2,, we set the skeleton

995 = Ukeo, 0K\ . (3.4)
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REMARK 3.2 Currently the choice of I is arbitrary. Canonical choices are I7 = 0 (as in Demkowicz
& Gopalakrishnan (2011a,b)), or I = d €. For convection dominated convection-diffusion problems, it
will turn out to be relevant to choose I} as the the outflow boundary, so that d.Q; Nd L is the complement
of the outflow boundary.

We are going to derive a variational formulation of the mixed problem, where the second equa-
tion of (3.3) will be integrated by parts on each “element” K € €, individually. Note that div €
B(Lo(K)", W] (K)') and

1 = — . . 1
/Kwdlvb— /Kb Vw—i—/awa ng (we W, (X)), (3.5)

so that
/vb-Vu:/—ub-Vv—uvdivb+/ wb-ng  (u,v € H'(K)).
K K oK

In case A|6 € H(div;K), we have
—/vdiVAIO':/Alo"Vv—/ VAo -ng  (ve H'(K)). (3.6)
K K oK
By summing these relations over K € £, setting divy, and V;, by (div;b)|x = divb and (V,v)|x = Vv

(K € ©y), and reading (ub — A,0)|, g - as an additional independent variable 6, we end up with the
following mild-weak variational problem:

With U = L,(Q)" x H{(Q) x H (925, V := Lx(Q2)" x Hy . (),
given f € H(%_’F+ (£2;)', find (6,u,0) € U such that for all (7,v) €V,

b(o,u,0,t,v) = /Q(O-*szu)~T+(A16*Mb)~th+('}/7dthb)MV (3.7)
+./¢99; [vie
= fO).

Here, for x € dK N JdK’, and with n pointing into K’,
VI (x) := vix () = v]gr (x),
and [v](x) := vg(x) forx € Q2 NIK;
Hyr () :={v € La(Q) : |k € Hy g, (K) (K € )}, (3.8)
equipped with the “broken” norm ||v||§11(9h) =Ykeo, HV|KH;11(K)§ and

1

H™2(9€)) :=={dlog; ‘n:q € H(div:Q)}, (3.9)
equipped with quotient norm

161 = inf{[|q[|paiv.0) : 4 € H(div; 2), 0 = q|yq; -n}-

Hf%(aﬂfl’)
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Here, for some bounded Lipschitz domain T’ C R”, and a measurable = C d71, we set H(}_ =) ={ue
H'(Y):u=0o0nZ}. The above mapping q + q|ag;; -n is given a precise meaning as the unique
extension to H(div; ) of (Z2(Q)", ||| aiv.0)) = H(ill () :q— (v f(m; [v]q-n), that, as we will
see (in (3.15)), is bounded.

REMARK 3.3 Although U, V and b depend on &, we suppress this in our notation.

REMARK 3.4 For the solution (0, u,0), it holds that 6 = A, Vu. If f € L,(Q), then on each K € €y, by
definition of a weak divergence, we have divA16 =b-Vu+ yu— f € L,(K), so that by an application
of (3.6) in the reversed direction, we infer that 6 = (ub — A 6)[yq¢ -n.

REMARK 3.5 Since u € H(% (L) in the variational formulation (3.7), there was no strict need to integrate
the term [, vb - Vu by parts. For the application to convection dominated convection-diffusion prob-
lems, this integration by parts is useful, since in the natural “limit” variational formulation of the pure
convection problem, the space for u will be L, (£2).

REMARK 3.6 The idea to introduce the “flux” (ub — A;0)|yqp -0 as an independent variable, rather
than, as with a common discontinuous Galerkin method, in a discretized setting to replace it on each
interface by some average of u and ¢ from both sides of this interface was introduced in Bottasso
et al. (2002). In Demkowicz & Gopalakrishnan (2011b,a), this idea was combined with the introduction
of optimal test spaces. Actually, in both Bottasso et al. (2002) and Demkowicz & Gopalakrishnan
(2011b,a), the system is considered where both equations from (3.3) are integrated by parts. This so-
called ultra-weak formulation will be considered in the next subsection.

In Subsection 3.3, we will show that the bilinear form b : U x V — R defines a boundedly invertible
operator. This means that given a closed trial space U, C U, we can run the Petrov-Galerkin method
with optimal test space V;, = 3(T'|y, ).

Writing

(z,v)=T(0o,u,0)

and v = (vk)keq,, We have the explicit expression

T=0—AVu, (3.10)
whereas for each K € Q;,, vg € H&,amn (K) solves
ks )t ) = / (A1G —ub)-Vi+ (Y—divb)u\?—f—/a njno6 3.11)
K K

e H(i IKNL, (K)). Note that n}n is =1. So in the common situation that Uy, is spanned by a local basis,
i.e., the support of each basis function extends to a uniformly bounded number of elements K € £,
a local basis of Vj, can be found by solving &'(#€2;,) of the above independent local problems on the
individual elements. Here the essential point is that v is sought in the “broken space” H(;,Br (2,) as a
consequence of the application of integration by parts on the individual elements when setting up the
variational formulation.

3.2 Mild and ultra-weak variational formulations

The mild-weak variational formulation (3.7) of the mixed problem (3.3) is intermediate between the
variational form where neither of the equations is integrated by parts and the one where both equations
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are piecewise integrated by parts. The first one reads as

With Uy := H(div; Q) x H} (Q), Vi := L ()" x L(R),
given f € L,(Q), find (6,u) € U; such that for all (7,v) € Vi,

bi(o,u,t,v) = /(O‘—AVu)~T+v(—div0'+b-Vu—|—}/u)
Q

= S

As shown in (Stevenson, 2013, (proof of) Thm. 3.1), under the assumptions that we made on A, b,
and 7y, with (Bi(0,u))(t,v) := bi(06,u,T,v), B; : Uy — V| is boundedly invertible. The solution of the
Petrov Galerkin discretization of this mild variational formulation with trial space U, C U and optimal
test space solves the common first order least squares problem

(3.12)

argmin |AVuy, — 647,y + |f +divon—b -V, — yun||7, 0)n- (3.13)

(Onun) €U,
Note that 7(0,u) = (6 — AVu,—dive +b - Vu+ yu), which corresponds to simply applying the
operator in strong form.

Following Bottasso et al. (2002); Demkowicz & Gopalakrishnan (2011b,a), we give the second
alternative formulation, known as the ultra-weak formulation, where we restrict to b with divb = 0 and
y=0. With dQ), = Ugcq,dK, i.e., 0Q, = dQp taking I. = 0, it reads as

1
With Uy := L (Q)" x Ly(2) x HZ,(9) x H™ 2 (9),
Va := H(div; Q) % Hl(Qh), given f € HI(Q;,)’, find (o,u,p,0) € U, such that
by(o,u,p,0,T,v) = / Al - T+udiv,T+ (6 —ub) -V, (3.14)
Q
+ [ Dlo-Te-nlp
= fOv) ((T,v) €Va),

where p and 6 replace the “trace” ulyqo, and “flux” (ub — &)|54, - n, which are not defined on the full
function spaces L, () and L, ()" for u and 6. Here

H(div; Q) :={t € Lp(R)" :divt|x € H(div;K) (K € 3,)},

equipped with the “broken” norm ||1,'||%](div;9h> =Ykeo, ||T|K||l%-l(div;l(); and

1
Hy(99) = {ulag, - u € Hy(Q)},
equipped with quotient norm
Il s =it el o) su € Hy (), p = uly0,}-
00 h

As shown in Demkowicz & Gopalakrishnan (2011a), under the conditions we made on A and for
divergence-free b € L,(Q)", with (By(0,u,p,0))(T,v) := by(6,u,p,0,7,v), B, : Uy — V; is bound-
edly invertible, uniformly in A.
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Although it can be expected that results can be generalized to ¥ # 0 and divb # 0, a non-divergence
free b requires some care since, only assuming that b € L.,(22)", a term [ uvdivb only makes sense
when uv € W(K).

Let us consider a Petrov-Galerkin discretization of the ultra-weak formulation with finite element
trial spaces w.r.t. €5 and an optimal test space. Then, assuming a quasi-uniform €2;, with mesh-size
h, in order to obtain an error in U, of €(hX), it is needed that 6 € H*(Q)", u € H*(Q), and, for
approximating p and 0, u € H**1(Q), ub— o € H*(Q)", and div(ub— 6) € H*(Q). So, to approximate
uin Ly(Q) with an error &(h*), it does not suffice that u € H*(Q), but it is needed that u € H*1(Q).
The avoidance of such an additional regularity condition was one reason to consider the mild-weak
variational formulation.

A similar problem seems to arise with the common first order least squares formulation. To approx-
imate the solution with finite element spaces w.r.t. a quasi-uniform partition with mesh-size % such that
the error in U; is € (h¥), it is needed, assuming Raviart-Thomas type spaces for &, that 6 € H*(Q)",
dive € H*(Q), and u € H**!'(Q). In view of the relations 6 = AVu and divAVu =b - Vu+ yu— f,
however, here the additional condition dive € H*(Q), needed to approximate u in H{ (£) with an er-
ror O(h*), is already satisfied under the additional smoothness condition f € H*(£), which, being a
smoothness condition on the right-hand side, is usually harmless.

REMARK 3.7 This sheds some other light on the discussion in Bramble et al. (1997), where the undesir-

ability of the additional smoothness requirement on 6 was used as one reason to consider the variational
form in (3.12) for (6,u, T,v) € Ly(2)" x HY () x Ly(Q)" x H1(Q).

Finally, we note that since, other than with the other two variational formulations, in the ultra-
weak formulation both ¢ and u are sought in L,-spaces, it allows for a convenient application with
nonconforming partitions.

3.3  Well-posedness
In this subsection, we prove the following result for the mild-weak variational formulation.

THEOREM 3.1 With (B(o,u,0))(t,v) := b(0,u,0,7,v) from (3.7), it holds that B : U — V' is bound-
edly invertible with sup;, max(||B||y_y, ||B~ |lv/—u) < .

Our proof is inspired by a corresponding proof from Demkowicz & Gopalakrishnan (2011a) (see
also Causin & Sacco (2005)) for the ultra-weak formulation. Here we also allow divb # 0, y # 0, and
dimensions n ¢ {2,3}. Moreover, we include the possibility that parts of dQ are excluded from the
skeleton B.Q;; ,1.e., we allow I # 0 in (3.4), which will show up to be useful for convection dominated
problems.

We will make use of the following well-known consequence of the closed range theorem.

LEMMA 3.1 For reflexive Banach spaces X and Y, let G : X — Y’ be linear. Then G is boundedly
invertible if and only if

(). G is bounded,
(11) p = inf()#yey SupO;ﬁxeX m > 0’

ly

(iii). YO#x € X, dy €Y, with (Gx)(y) #0,

and G~ [lyrx = 1.

(i) Gives $G’$ injective and $\ran G’$ closed, so $G$ surj. Reflexivity not needed

_|_
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Since G being boundedly invertible is equivalent to G’ being boundedly invertible, the roles of X and Y
in (ii) and (iii) can be interchanged.
To show Theorem 3.1 we start with some preparations. First we will show that for v € H(;,u (),

the jump [v], being a function on the skeleton dQ;, is an element of (H -3 (9€27))'. In particular, using
that for v € H(} () this jump is zero, we obtain the following result.

THEOREM 3.2 Forv € H(}l1 (£4), it holds that [v] € (H_% (0€;))', and

I o =, 0 o=l (€ (@0)

Proof. Forve H&-Il (1), q € H(div; 22), we have

blan= Y [ Vv-avdiva s Il o, laluae. (3.15)
8(2,‘; KGQh '
showing that ||[[v]]||(H L a0y S llae,)-
Since for w € H}(2) and q € H(div; Q) it holds that [, Vw-q+ wdivq = 0, it follows that
R - 200 = 0. We infer that for v € H()I;(-Qh) IR - 2(690)) < meGHé(Q) [v=wllu1(q,-

Given v € H0,11 (1), let w € H} () be the solution of [o Vw -V = [, VvV (¢ € H(Q)).
Define 7 := V;(v—w). Then divt = 0, and so

ey = [ Vatr—w)e= % [

ke, JoK
< faQ;; vz n

(v—w)'t-nK:./t;Qo[[v]]‘L'-n

TllF(di Q) T\ giv:0)
el Vs IV, g g Iy
or |V (v —=w) ||z, ) < H[[v]]||(H7%(m "
Since |[v —wl[z,(0) < [[Va(v— W)HLz + ||[[Vﬂ|| Y aan)y by Lemma 3.2 stated below, the proof
is completed. _

LEMMA 3.2 (Poincaré-type inequality, (Demkowicz & Gopalakrishnan, 2011a, Lemma 4.2)) It holds
that

1
Wity  Vavllaie 10D, 4 e € Hr (@)

Proof. For the reader’s convenience, we recall the proof from Demkowicz & Gopalakrishnan (201 la).
Given v € Hj 1 (), let w € Hy() solve [oVw-Vo = [ov9 (¢ € Hy(€2)). Then ||Vw||% <
VIl 2) IWllz, (@), and so Vw1, @) S [V, (@) by an application of the Poincaré inequality on H0 (.Q)

From
ow
2 _ _
v||L2(Q>/QVAW/QVW~th/89;[[V]]an

Jyop V122
HVWHH(div;Q)
< |V \Y% \% V)
VWl hVHLz(Q)+H[[V]]||(H7%(mﬁ)),\\ Wl h(giv;e)

<YWl Vil ) — VWl 1 (aiv:@)
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19 e = /19912 e+ IV, ) a0 [Vl S V]1,(c0, the proof follows. O
s 4 oy < Moy (v € i (€2)). Using

in addition that A1, A € L ()", Y € Lo (£2), and b € Lo.(2)", the latter showing that | [ divbuv| <
HMVHWII(K) S Nl gy VI i) (eE. (3.5)), it follows that B: U — V' is bounded, i.e., condition (i) of
Lemma 3.1 applied to G = B is satisfied, and, moreover, that it holds true uniformly in h.

A direct consequence of Theorem 3.2 is that ||[v]

To show condition (iii) of Lemma 3.1, we will need a characterization of the dual of a certain trace
space. As an introduction, we recall some facts about quotient spaces.

For a normed linear space V, and a closed subspace M, the quotient space V /M is equipped with
[Ivllv/m = inf(gev.v—semy [|9]|lu- If V is a Banach (Hilbert) space, then so is V /M. With the annihilator
M°:={feV':f(M)={0}}, being a closed subspace of V', we have (V/M)' ~ M°.

For a linear space W, let G € Z(V,W), so that kerG is closed. From G :V /kerG — 3G being
invertible, [[|Gv|[ := [[V|lv /kerc = inf{sev.Go—cv} [|7]lv defines a norm on 3G, and (3G, ||-[||) =V /kerG.
From [ Gvllw < Gl l|Gvll, we have (SG, |-[[) = W.

We are going to apply these facts in the following situation. Let T C R" be a bounded Lipschitz
domain, and £ C JY with || > 0. Setting £ = JY \ E, the condition on 1" ensures that the trace

1
mapping v v|z € %(H&Ec (Y),Lp(%)). Its kernel is the space H(% (T). We define Hy,(E) := {v
H; z(T)}, equipped with

EIVE

;o= inf 1911 g1 1y -
Hg(Z) {ﬁeHé)EC(Yﬁﬁlg:vlg} HI(T)

1 1
ie, Hin(Z) = H} z(Y)/H}(Y) (= Lr(E), with the embedding being even dense), and so (Hg(Z)) =~

Hg(Y)° (C Hg ze())-

LEMMA 3.3 For ¥ C R” being a bounded Lipschitz domain, and £ C 91 with |Z| > 0, we have
1

(Hj(2)) ={q-n|z : q € H(div;T)}, and

1 = inf q i) (3.16)
He(2))’ (gt —qniz) 19 17(@)

lq-n

=

1
ie., (Hg(E)) ~H(div;Y)/Ho =z (div;Y), where Ho =z (div;Y) := {q € H(div;Y) : q-n

= =0}

1
Proof. Given f € (Hy,(Z))’, define u € H&EC(T) CH'(T) by

Avu.vv+uv = f(v]z) (veHLz(T)). 3.17)
Then [[ul| 1y = Hf”(HO%O(E K Since f(v|z) vanishes for v € H} (Y), setting q = Vu, we find divq = u,
and so
[a-vvrvdiva=f0lz) (v € H =),
orq-n

z=f, and ”q”H(div;T) = Hf” 1 .
(Hgo(2))'
Givenq e H(div;Y), f:=v— [zq-nv= [-q-Vv+vdivq € (H(%,EC(Y))’, and it vanishes on H} (Y,
l . .
ie., f € (Hy(E)). From |f(0)] < [Vl llallm@ivr), ie. | fH(Hl : < [la|zzaiv:r)» the proof is

V)
00\~

completed. g
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REMARK 3.8 Let HZ(E) := {v|z : v € H(Y)}, equipped with

vz

= inf v
H1 (B)  {peH'(Y):7z=v|z} 7] 1)

ie., H? (2 r )/HO =(T). Then, in a similar way, one finds that H? (B):= (H% (£))={q'n

)~H
q € Hy zc(div;Y)}, and

1= inf 19|z div:r)» (3.18)

lg-mfsll 1 _ =  inf.
H 2(8)  {g€Hpzc(diviY):gn|z=qn|z}

o)

ie,H™? (&)~ Hp ze(div; Y) /Hop(div; Y) A comparlson of (3.16) with (3.18) confirms that H 2 (B)—
1

(Hy(Z))', being a consequence of HOZO( )—>H 2 (B).
It is known that the embedding Hozo( ) ‘—> H 2( ) is strict (see e.g. (Grisvard, 1985, Corollary

1.4.4.5)), i.e., there is a sequence (up)neny C HOZO( ) with ||u,,|| e =1 and lim,_se ||un]| j =
- Hp

O]

Consequently, also the embedding H -3 (E) = (Hojo(E )’ is strict.

Now we are ready to show condition (iii) of Lemma 3.1. Let (0,u,0) € U with b(0o,u,0,7,v) =0
for all (,v) € V. Then 6 = A,Vu. By taking v € H} (Q), from — [, ub- Vv +div,buv = [ovb-Vu—
Ykea, Joxwb-ng = [ovb-Vu, it follows that [ AVu-Vv+(b-Vu+yu)v =0, or, by (3.2), that u = 0,
and so also 0 =0.

Writing 6 = q|aQ; -n for q € H(div; Q), from 0 = f(m,o Vlq-n=Ykeq, Jx Vv-q+vdivq for all
v € Hy 1 (£), it follows that for any K € €,

O:/Vv- +vdiv :/ vq-n veH! K)).
Vv 4= [ 9% (v € Hy k. (K))

1
Since v|yx\or. runs over Hy,(dK \I7.), and q|x € H(div;K), Lemma 3.3 shows that q - ng vanishes on
dK\ I, and thus that 6 = 0. We conclude that condition (iii) of Lemma 3.1 is satisfied.

REMARK 3.9 We just showed that forany 0 # 6 € H 2 (09)), thereisav e H(}_ﬂ () with faglo [v]6 #

0. As a consequence of Theorem 3.1 (whose proof still has to be completed), we even have that
inf s Jaap V10
u
00eH 3 a0 POAVEH] I () T 1 e T )
h

> 0. Since, on the other hand, as a consequence

of Theorem 3.2, for any v € H&Q(Qh) \ H} (), there exists a € H2 (08)) with fa_Q;: [v]6 # 0, we
conclude that we have the following relation between two function spaces on the skeleton 0Q;:

(Hor, (Qn)/Hy(R))' ~ H(div;2)/{q € H(div;2) : qyq¢ -n = 0}. (3.19)
(So also for |I}.| >0, i.e., when a non-neglectable part of d€ is excluded from the skeleton, no boundary
conditions should be included in H(div;€2), actually contradicting (Ben Belgacem, 1999, Prop. 2.1).)
Note that (3.19) extends upon Theorem 3.2.

To verify the remaining condition (ii) of Lemma 3.1, we need the following auxiliary result.
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LEMMA 3.4 The linear mappings

Lr(22)" x ( ) = (La(R)" x Hy (2))':
(o,u) = (6—A2Vu) - T+A 16 -Vv+ (b Vu+yu)v]
(T,v) = /QO' T—A16-Vv+AVu- T+ (b-Vu+yu)v]
Q

are boundedly invertible.
Proof. Clearly both mappings are bounded. Given f € L,(2)" and g € H~'(Q), the problems of finding
0 € Ly(Q)" and u € H}(22) such that
/Q(G —AoVu)-T+A16-Vv+ (b-Vu+yu)y=£(t)+g(v) (T€L(Q)",veHIR)),
or that of finding T € L,(2)" and v € H} () such that
/ 6-T—A16-Vv+AVu-T+(b-Vutyu)y=£(06)+gu) (6L (Q)",ucH)Q)),
Ja

are equivalent to solving

6—AVu=f, (Lu)(v)=g(v)—f(A]Vv) (veH}(Q)), or

T—A[Vv=f, (L'v)(u) =g(u) —f(AVu) (u€H}(RQ)),
respectively. The boundedness of L~ : H1(Q) — H}(2) ((3.2)), and thus of L'~ ' : H~1(Q) — H} (Q),
shows that both problems have a unique solution with [|6[, () + lull g1 (@) < lI8lla-1(0) + Ifll,@)
or |2l + [Vla @) S l18lla-1(0) + [fllLy @)

Having verified the conditions (i), uniform in 4, and (iii) of Lemma 3.1, the proof of Theorem 3.1 is
completed by the following result, being condition (ii) of Lemma 3.1, uniform in 4.

THEOREM 3.3 One has inf inf sup b(0,1,6,7,v)
h 0A(T)eV oo ue)eu 1(0,1,0)[lull (T, v)[lv

Proof. Let0# (T,v) € L2(2)" X Hy 1 (€24) be given. We solve (T1,v1) € Lo(R2)" x Hy () from

/ c-T1—A06-Vy; :*/ A]O'~th,
Q Q

(3.20)
/ AoVu- T+ (b-Vu+yu)v :/ (y—divyb)vu—ub - V.
Q Q

(6 €L(Q)", uc H}(Q)). Theestimates | [o A16-Vyv| < Va1 (@)l1€ |y @)n and | Jo (Y—divi b)vu—
ub - Vv S |vllg ) llullg @), ie. the boundedness of the functionals at the right-hand sides, to-
gether with Lemma 3.4 (second mapping) show that there exists a (unique) solution (;,v;) with
21|y @ + il @) < Wlla1(a,)> and so [[Tilly@p + v =Vilgi (o, S Va1 (ay)-

From
— / vudiv, b =
Q KEQ;,

:/ b (uV,v+vVu) — [v]ub-n,
Q 20p

/b (uVv+vVu) — / vub -0y
JK
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and [[v;] = 0, it follows that an equivalent formulation of (3.20) is
/ Ajo-Vy(v—v))—0-11=0 (0€Ll(Q)"),
Q

/szu.rl+(v1—v)(b-vu+yu)+/a v—w]ub-n=0 (ucH(Q)),
Q .Q;l’

so that vi = v and | = 0 when v € H/} (22). By Theorem 3.2, we conclude that

T w4 [vi = v < inf  |v—w|m; = ||[v and so
T1llz, @) + |l a1 (@) et | a1 = IV :

(H2(005))

Ieles@y Ml @) S 17 =Ftla@p Flvtlee) + 10,1 o0 (3.21)

Substituting the equations from (3.20) in the definition of b shows that for all (6,u,0) € U,
b(G,u,0,7,v) = / (6 —AsVit)- (T—T1) +A16-Vvi + (b- Vit yu)n +/ e
JQ Yol

From Lemma 3.4 (first mapping) and Lemma 3.1, it follows that there exists an absolute constant
p >0, and (6,u) € Lr(2)" x H} () with \|6||i2(9)n + Hu||%[1(9) =||t— 1:1||i2(9)n + |v1 H%}l(m and

pllT—TllZ, 0+ HVIH;—II(Q)] < /Q(O'—szu) (T=T1)+A10- Vv +(b-Vu+yu)v

By definition of a dual space, there exists a 6 € H’%(8Q,‘§) with H9||H7%(am =|[v ]]|| am)) and

IV 7%(390) —fmo[[v}]e We conclude that

min<p,1>w|r—n||i2(mn+vlnz IRy

b(o,u,6,1,v)

<
2 2 2
1 i el oy 1Oy

which, together with (3.21), completes the proof. (]

2(09y))

3.4 Error estimates

Given f € Hy - (), let (6,u,0) € U = L1(2)" x Hy (2) x H? (02;) denote the exact solution of
the mild-weak formulation (3.7), and for some closed trial space U, C U, let (6,up,6;) € U, denote
its Petrov-Galerkin approximation with optimal test space V},.

We will use the notation

W (div;T) = {v e W3(Y)" : divv € W3(Y)},

1
equipped with norm [/l aiv.r) (||V||p syt || divv||® S(r)) 7 with the usual adaptation for p = oo,
P
The space W; (div; Y) will be denoted as H v(div; T), so that in particular HO(div;T) = H(div;T).
In the following we think of £, C L,(2)" and P, C H}(£2) being common finite element spaces

w.r.t. £, of order k and k+ 1, respectively, and Q;, C H(div; ), typically being a Raviart-Thomas space
w.r.t. £, of order k. We assume that 2, is quasi-uniform, shape-regular, with mesh-size h.
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PROPOSITION 3.4 Forak€ N={1,2,...},let y € WX(Q), b € WA(div;Q), and A;,A; € Wh(Q)™".
Let f € HY(Q) and u € H*1(Q). Let £, C Lr(Q)", P, C H} (), and Q; C H(div; Q) with

inf (|6 =6l SH (G| pioy (6 € H(Q)"), (3.22)
[ JXSPIN
it 0= ey S Wil (@€ (@) NH (@), (323
th &Ly
QIig(gh la = anllaive) S Al gr@ive) (@€ H (div; Q). (3.24)

Then with U, = X, X B, X {qa]o o Mgy € Qy,}, the Petrov-Galerkin approximation with optimal
test space Vj, satisfies

16 =G nllry (@) + [lu—unll g1 () + 116 — 9h||H,%(m;) S [l g ) + 1 f ey

Proof. As shown in Proposition 2.1, the Petrov-Galerkin solution (6, u;, 6;,) with optimal test space
V,, is the best approximation from Uy, to (6',u,0) in energy norm || - ||[g = ||B-||y+. Since, as shown in
Theorem 3.1, B: U — V' is boundedly invertible, uniformly in k, we infer that, up to some constant
multiple, this Petrov-Galerkin solution realizes the smallest error from U, w.r.t || - ||u.

We have 6 = A;Vu, and, from f € L,(Q), 6 = (ub—A10)|y0c -nand —divA16+b-Vu+yu=f
(cf. Remark 3.4).

From A;, Ay € WE(Q)™", b e WA(Q)", we have || 6| i qyn S [[ull i1 () and [[ub — A1 6| g g S
[l f+1 (@) By div(ub —Ay6) =b-Vu+udivb+ f —b-Vu—yu = udivb + f — yu, and divh,y €
W&(2), we have [|div(ub — A16)|| k(o) < lullgeq) + [ fllg#(o)- The proof is completed by the ap-
proximation properties of the spaces X, P, and Qy,. 0

Apart from the additional smoothness condition on f, that is usually harmless, note that the regu-
larity condition on u is the mildest one that can be expected in view of the convergence order that is
realized.

Although, to establish well-posedness of the continuous variational problem (3.7), it was needed to
treat 6 = (ub—A0)|, Qp-masan independent variable, it is not needed to do so with its Petrov-Galerkin
discretization:

PROPOSITION 3.5 Fora k € N={1,2,...}, let y € WA(Q), b € WX(div; Q), A[! € Loo(Q)™", and
A e WA(Q)™ " Let f € H¥(Q) and u € H*1(Q). Let P, C H} () and Q, C H(div; Q) satisfy (3.23)
and (3.24), respectively.

Then the Petrov-Galerkin approximation from

Un = {(A} " G in, (3D — 1) | ap -m) : (61, ) € Qu X P},

with optimal test space V},, satisfies

16 = Onlly@y +llu=tnlla o) 118 = 6hll, ) ) S W [lull s @) + 1 e ) -
h
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Proof. The proof follows from 6 = (ub — A16)|5q¢ -0, and so
inf |o—A'6 nt[lu—a +116 =64l
i e | 1 Onllzy ey + = dnll g o) + |l h\\Hﬁ(aQ;)

< inf A7l w||A1O— 6 ntllu—a
\(6h7‘2/1)€QhXPh|| 1 @) 1AL nlly@p + llu—dnllg o)

+ 1| (= an)b| g (giv) + [|A16 — Gl (aiv)
k
S I [[ull s o) + 1 fll e ) )
similarly to the proof of Proposition 3.4, by using A6 = AVu and divA16 =b - Vu+yu—f. O
Note that a price that has to be paid for the avoidance of an independent discrete flux variable is that

the space Q, for 6, used in Proposition 3.5 is richer than that is needed for the approximation of &
itself.

REMARK 3.10 If, instead of A ! € Lo.(2)"" and A € WX(Q2)"™", we impose that A1, A, € WX(Q)™*"
and A be scalar valued, so that multiplication with A; maps H (div; Q) into itself, then the statement of
Proposition 3.5 is also valid with Uy, reading as {(6, 4, (di,b — Alalh)‘agﬁ -n) : (6p,0,) € QX Py}

4. Higher order rates in a weaker norm

For the optimal Petrov-Galerkin discretization of the mild-weak formulation (3.7), we demonstrate
higher order rates in a weaker norm by applying a duality argument. The common ingredients are
regularity of the adjoint equation (Lemma 4.1), for which we will need H?(Q)-regularity of the adjoint
of the original boundary value problem (3.1), and an approximation property of the optimal test space
Vi =3(T |y, ). For the latter we will use H>(2)-regularity of the primal version of the original boundary
value problem (Lemma 4.2).

LEMMA 4.1 Let Aj,A; € W(Q)™" and (L')~!: L,(R2) — H*(2) N H}(2) be bounded. Then for
Y € H'(Q)" and ¢ € Ly(£2), the solution (7,v) € V = L2(2)" x H - (£;) of

b(c,u,e,r,v):/gw.mr(pu ((0,1,0) € U = Ly(Q)" x HL(Q) x H™2(9))
isin H'(Q)" x (H*(Q)NH}(Q)), and

12l @y + VI20) S W@y + 191l @)-

Proof. The system of equations reads as

Jo —AoVu-T—ub-Vyv+ (y—divyb)uv = [, du (ue H}(Q)),
Joo-T+Ai0-Viv=[o¥- O (o e L),
1
Jrg: 116 =0 (6 H4(20}),

and so T =y — A V,v. By substituting this, and by using that [ —uvdivyb = [ob- (WWu+uV,v) —
I3 o [v]ub - n, we obtain the equivalent system

Jo AVu-Vyv+vb-Vu+yuv = [ u+AVu-y (uEHOI(TQ)),
Joa:[v]6 =0 (6 € H2(y)).
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By our assumption on Ay, [oAVu- Y = — [qudivA] y, and [|¢ —divA] ¥, 0) S 19,0 +
W41 (q)- We conclude that the solution of the last system is given by v = (L')~'(¢ —divA, y) which
completes the proof. g

Knowing that our mapping B : U — V' is boundedly invertible, the corresponding mapping T : U —
V is boundedly invertible. In the next lemma, we will show that T is regular, in the sense that 71 maps,
boundedly, a subspace of smooth functions of V into a subspace of smooth functions of U.

LEMMA 4.2 Let Aj, Ay € W1(Q)™" be W) (div;Q2),and ye W (Q),andlet L7!: [,(Q) — H*(2)N
H} (22) be bounded. Then for (7,v) € H'(2)" x H*(Q), the solution (0,u,0) € U = L,(2)" x H} (Q) x
H=3(99;) of

b(0,1,8,%,9) = (T, %)y + (D)o, ((7,9) € L2(R)" x Hy r, () “.1)
satisfies 0 € H'(Q)", u € H*(Q)NH} (2), and 6 = q|oq; - for some q € H'(div; Q), with
1ol @y + ulliz@) + lallm @ivie) S 1Tl @)y + Vllk2(0)- “.2)

REMARK 4.1 If, additionally, v =0o0n I3, thenv € H(}ll (2p,), and so (o,u,0) =T~ !(1,v).

Proof. Let u solve Lu = divA|T+v—Av, 0 :=AVu+ 17, and q := ub—AVu— AT+ Vv. Then
from the assumptions, we have u € H*(Q)NH} (Q), 0 € H'(Q)", q € H'(Q)", and divq = udivb +
b-Vu—divAVu —divA; T+ Av = udivb+v —yu € H'(Q), and (4.2) is valid.

The definitions of u and 6 = q|39; -n show that

/ (—divAVu+b-Vu+ }/u)ﬁ—i—/a [°](6 + (AVu+A;T—ub—Vv)-n)
Q Qp
— /Q(divAlr+v—Av)9 (5 € Hor (90)),
or
/ —div(AVu+ AT — ub)d+(y—div,b)d + / ["]1(6+ (AVu+A;T—ub)-n)
Q 0
—/ (v—Av)i+ ﬂ[[ﬁ]] (V€ Hip (21))
Ja aQp dn O.LASCh/):
By applying integration by parts at both sides, we arrive at
/(Z(AVM+A11— ub) - Vo +(y— divhb)ﬁ+/am[[\7ﬂ9 = (v, \9>H1<Qh) (ve H&_’Q(.Qh)),
h
or, by definition of o,
/_Q(G 7A2Vu) T+ (A]G — ub) Vo4 (')’*dth b)ﬁ+/&_Q; [9]]6 = (v,ﬁ)m(gh) + <T, %>L2(Q)n
((%,9) € La(2)" x Hy 1 (£21)), which is (4.1). O

As a corollary, we will see that approximation properties of Uj, give rise to approximation properties
of the optimal test space V,.
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COROLLARY 4.1 Let U, C U be such that for 6 € H'(Q)", u € H*(Q)NHL(Q), 6 = qloqg -n with
q€H1(div;.Q),

inf O—0O n+ — + 6—-6
(oh,uifle,,)euhu nllzy @y + = unl[ 1oy + |l h”H*%((mp
Shlllollg oy + 1ullpzo) + 19l a1 @ivie))-

Then, under the conditions of Lemma 4.2, for (7,v) € H'(Q)" x (H*(2) N H; 1, (1)),

inf T—1T n — < hl||T n .
o 01T Tl + v =il ) S Ay + V)

Proof Let (o,u,8)=T"'(,v),and 6 = qloqp -m as in Lemma 4.2. Then, from Vj, = 3(Ty,),

inf T,v)— (Th,v =~ inf o,u,0)—(op,uy, 6
(Thv‘/h)GVhH( V)= (@ va)llv (f’h,uhﬁh)EUhH( ,6) = (@, un, 60) o

Shlllollp ey + 1ullp2 @) + 1Al a @ivie)] S AIEE @ + Va2 @)
by Lemma 4.2. ]
Having established regularity of the adjoint equation and approximation properties of the optimal

test space V;,, we are ready to derive improved error estimates in weaker norms by applying a duality
argument.

THEOREM 4.1 Let Aj,Ay € WL(Q)™", b e Wl(div;Q), and y € W!(Q). Let L=!, (L))~ : L,(Q) —
H*(Q)NHL(2) be bounded, and let U, C U be such that for o € H'(Q)", u € H*(Q) NH (),
6 = qlaq: -n with q € H'(div; Q),

inf o—0O nt|lu—u +16—86
opanapevy |0 Ty e tullaniay 10 =0l -y o 43)
Shlllollp @y + 1l g2 @) + gl @ivie)]-

Then for (6,u,0) € L(2)" x HL () x H? (d£2;)) being the exact solution of (3.7), and (6, u;, 64) €
Uy, its Petrov-Galerkin approximation with optimal test space V},, we have

]

Proof. Given y € H'(Q)" and ¢ € L(Q), let (7,v) € V = Lo(R2)" x H 1 (€24) denote the solution of

16 = oull( )y + [t —unll @) S A6 — Onlly @) + llu—unllgio) + 116 — 9h||H7%(a_Q;)

b(é‘,ﬁ,é,t,v):/ V6400 ((6,1,0)cU=L1(Q) x H(Q)x H (). (44
Q
Then

/Ql[/-(O‘—O‘h)—i—(b(u—uh):b(c—omu—uh,e—eh,'r,v)

= inf b(o—oh,u—uh,e—Gh,f—rh,v—vh)

(Th:vn)EVh
S e —ouln@p +llu—unllg @) +116 =6l s . T>AlWlai @y + 19l
(0927)

by applications of Corollary 4.1 and Lemma 4.1, from which the result follows. O

The assumption (4.3) corresponds to the approximation assumptions on Uj, from Proposition 3.4 for
k=1.
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REMARK 4.2 If (4.3) would be needed only for 6 = (ub—A;0)|y ¢ -1, then, alternatively, the space
Uy, from Proposition 3.5 or Remark 3.10 could be applied. Considering the proof of Corollary 4.1,
however, for (T,v) € H'(Q)" x H*(Q) and (o,u,0) = T~!(t,v), the case 6 = (ub —A10)|ag; 'n
corresponds to (V)| o n= 0, which can only be expected when v = 0. In the proof of Theorem 4.1,

only for ¢ = div A; V., the v-component of the solution of (4.4) is zero. With this restriction on ¢, this
proof does not yield useful estimates for 6 — 6, or u — u;,. We conclude that for the space Uj from
Proposition 3.5, i.e., without an independent discrete flux variable, we have not established improved
error estimates in norms weaker than that on U.

5. Convection dominated convection-diffusion problem

In the remainder of this paper, we consider (3.1) with A = A(¢) = €ld for € > 0, and y=0, i.e.,
—€Au+b-Vu=f onQ,
{ u=0 ondQ. SR

5.1 Numerical test in one dimension

We tested the optimal Petrov-Galerkin discretizations of the three variational formulations of the mixed
system, —i.e., mild, mild-weak and ultra-weak,— as well as the Galerkin discretization of the standard
variational formulation of the non-mixed system, all for the one-dimensional equation

—eu' +u' =f onQ,
u=0 ondQ,

where f(x) = x, and €, = {((i — 1)h,ih) : 1 <i < h~' =:n € N}. One directly verifies that u(x) =
I +ex+ (5 +€)(e¥/8—1)/(1—€'/€), which has a “layer” at the outflow boundary x = 1.

For the mild-weak formulation, we took I7 = 0, and so dQ; = {ih: 0 <i< n}, Ay(e) =A(e) =
€, and thus Aj(g) = 1, discontinuous piecewise linears for 6, and continuous piecewise linears,
zero at {0,1}, for u;, and 6, € {g: 9Q; — R} ~ R""!. We replaced the standard squared norm
Yr, Hv‘lél((z‘—l)h,z‘h) on H'(£;,) by the uniformly equivalent one ¥, ‘V‘ill((ifl)h,ih) + h|v(ih™)|?, with
which, in this one-dimensional setting, the optimal test functions could be determined analytically from
(3.11).

For the ultra-weak formulation, we used discontinuous piecewise linears for 6, and uy, 6, € R"*!,
and p, € R"~!. For determining the optimal test functions, we used the norms on the broken H (div; £2,)
and H'(£;,) spaces as in (Demkowicz & Gopalakrishnan, 2011b, (4.8)) that allow to find the optimal
test functions analytically.

Finally, for the Galerkin method, we took continuous piecewise linear trial functions.

In Figure 1, the L,(0,1)-errors in u;, vs. 1/h are given for € = 10~*. The curves for the mild
and mild-weak Petrov-Galerkin solutions are indistinguishable, although the solutions are actually not
equal. For small A, the ultra-weak Petrov-Galerkin solution suffers from instabilities caused by very
ill-conditioned linear systems.

Exact and approximate solutions u and uj, for h = % and £ = 10~* are shown in Figure 2. The left
picture in Figure 2 confirms the familiar fact that for relatively large mesh-sizes, the Galerkin approx-
imations are unstable. Since the Petrov-Galerkin discretizations with optimal test-spaces minimize the
residual in some norm, as expected they are more stable. On the other hand, initially, i.e., for relatively
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£=107% f(x)=x
10 : : :

T
—8— ultra-weak
—S— mild/mild-weak| |
Galerkin

L2-errorinu
5

FIG. 1. L (0, 1)-error in uy, vs. 1/h in the Galerkin, and in the Petrov-Galerkin approximations (mild/mild-weak, and ultra-weak)
for the one-dimensional convection-diffusion equation with £ = 104

FIG. 2. Exact solution u and the Galerkin (left), mild/mild-weak, and ultra-weak Petrov-Galerkin approximations u;, for h = 11?
and £ = 1074,

large A, also the Petrov-Galerkin discretizations do not yield quasi-optimal approximations from the trial
space.

The latter can be understood by noticing that the Petrov-Galerkin methods minimize the error over
the trial space in ||B-||y/, where B: U — V' is the operator associated to the bilinear form. From the
variational problem not being well-posed for € = 0, we infer that limg g info_,cq [|Bully: /||luljy = 0.
Consequently, for small €, some components of the difference between the solution and an approxima-
tion from the trial space Uy, typically near-constants, are hardly measured in ||B- ||y, and therefore they
will hardly be reduced in the least squares minimization, cf. Cohen et al. (2012). This results in Petrov-
Galerkin approximations that have some oscillations at out- and inflow boundaries. These oscillations,
however, are much smaller than with the Galerkin solution.

A way to improve results for the Petrov-Galerkin discretizations is to change the norm on V. Since
for any fixed € >0, B:U — V', and so B’ : V — U’ are boundedly invertible, ||B’- ||y defines a norm on
V. Equipping V' with the corresponding dual norm, one infers that ||B- ||y = || - ||y, so that an optimal
Petrov-Galerkin method yields the best approximation from the trial space to u w.r.t. the original (e-
independent) norm || - ||y on U. For this reason, the norm ||B’ - ||y on V is called the optimal test norm.
Such an approach has been investigated in a somewhat different context in Dahmen et al. (2012); Cohen
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et al. (2012), and for the ultra-weak formulation in Demkowicz & Heuer (2011).

Unfortunately, it turns out that for the resulting optimal Petrov-Galerkin discretization of the ultra-
weak formulation, the variational problems on V, that determine the optimal test functions, are singu-
larly perturbed ones with solutions that exhibit boundary layers, which for € | 0 are increasingly difficult
to resolve with a sufficient accuracy. Therefore, modified methods are proposed that aim at finding a
good compromise between obtaining a best approximation in a nearly €-independent norm, and get-
ting easy-to-solve variational problems for the test functions. In Chan et al. (2012), additionally it was
proposed to modify the boundary condition at the inflow boundary to ensure that solutions of the dual
problem have no boundary layers.

Inspired by Cohen et al. (2012), the approach that we will investigate for the convection-dominated
case is based on the observation that to avoid that a numerical solution method looses convergence or
becomes increasingly more costly when € | 0, a necessary condition is that the scheme is well-defined
and convergent in the limit case € = 0. Since the latter requires that this limit problem is well-posed, in
the next subsection we start with studying variational formulations of the pure-convection problem.

5.2 Limit problem: Pure convection

We are searching for a variational formulation of the convection-diffusion problem in mixed form that
is also well-defined in the limit case € = 0. This can only be expected when (5.1) for € = 0 allows a
well-posed variational formulation, which is only possible when for € = 0 the homogeneous Dirichlet
boundary conditions are restricted to the inflow boundary. We set

I' ={x€dQ:b(x)-n(x) <0}, I}:={xe€dQ:b(x) n(x)>0}, (5.2)

and with that fix the skeleton 0Q; = Ukcq, K\
Canonical variational formulations of the convection problem are finding u, zero on I, such that

fwso [

for all test functions v, or finding u such that

—/Qudiv(vb):/gfv

for all test functions v that vanish at I. To arrive at the second formulation by using integration by
parts, we used that [, o\n wh-n vanishes because of the Dirichlet boundary condition on I —which

with this formulation is a natural one—, and by b-n=0o0n 9dQ \ (I3 UI).
Relevant Hilbert spaces for these variational formulations are

Hb;Q):={ucLy(2):b-Vue L (Q)},
equipped with ||“H%1(b;_(z) = Hu||%2(_Q) +|b- V"‘Hi(g)» its closed subspace
Hyr (b;2) := closyp.o){u € C(Q)NH(b;2) :u=0o0nI},

and Ho 1 (b; ) defined analogously.
In this subsection, we assume that b € W..(div; ), and that

Hor (b;R2) — Ly(2) :u—b-Vu isboundedly invertible, (5.3)
Hor, (b;2) — Ly(2) : vi— —divvb is boundedly invertible. (5.4)
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These latter two assumptions are readily verified for non-zero, constant b, but are not satisfied for any
vector field b, as when flow curves associated to +b do not reach the boundary. The assumptions (5.3)
and (5.4) mean that the first or second variational form associated to the convection problem is well-
posed over Hyr (b;2) x L,(L2) or L,(£2) x Ho r; (b; ), respectively. Sufficient conditions on b and
I" for (5.3) or (5.4) to be valid can be found in De Sterck et al. (2004).

Piecewise integration by parts of the convection equation leads to the following problem

With U := L, (Q) x H(b;90L;), V° := Ho 1, (b; 2y),
given f € Hor, (b;€2,)',find (u°,8°) € U° such that for all v € V°, (5.5)
b(u°,0° v) ;:/ —uo(bthvadivb)Jr/ [v]6° = f(v).

Q o%;

Here Hy 1 (b;£2;) is the closure in {v € L,(2) : b-V,v € L,(2)} —equipped with squared “broken”
norm Hv||12_1(b.9/) = ||v||i2(g) +]|b- th||i2(g)— of its subspace consisting of the functions that addition-

ally are piecewise continuous w.r.t. 2 = Ug¢ th? and vanish at I} ; and
H(b;0Q;) :={wblyq: -n:we Hor (b;Q2)},
equipped with quotient norm
[01l5maqy) == inf{[[wllmme) : 6 =wblogs -n,w e Hor (b;2)}.
Note that if f € L, (), or, equivalently, u® € Hy 1~ (b; ), then

0° = u°b|m;; ‘n. (5.6)

THEOREM 5.1 With (B(u,8))(v) := b(u,,v), it holds that B : U° — V' is boundedly invertible with
sup, max(||B||0_y 0, 1B~ llyor_ypy0) < oo

For proving this theorem, we need the following result (cf. Thm. 3.2):

LEMMA 5.1 For v € Hy . (b; £2;), it holds that [v] € (H(b;0£;))’, and

300V inf — . c H b;Q2;)).
IV 00;) ZeHO’lFIj(b;Q)Hv luwa, (vE€Hon (b))

Proof. Forv e Hyr, (b;£2;,), w € Hyr (b; ), we have

/ [lwbn= Y /Vv~bw+v(b-Vw+wdiVb)§Hv||H(b;_Qh)||wHH(b;_Q), (5.7)
2%y Kew, 'K

showing that [|[v]llnpa0py < IVIlame,)- Since for z € Hor, (b;£2), and w € Hor (b;£2), [oVz-
bw +z(b- Vw +wdivb) = 0, it follows that [|[z]||#b.00) = 0. We infer that for v € Hor; (b;£2,),
IVl mogy < 0fzemy i) 1V —2llrmia,)-

Given v € Hy . (b;£2;), let z € Hy 1 (b; Q) be the solution of divzb = div, vb whose existence is
guaranteed by (5.4). From 0 = div,(v—2z)b = (v—2z)divb+b-V,(v—z) and b € W.(div; Q), we have
b-Vi(v=2)1,0) S Iv—"2ll,@)-
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By (5.3), there exists aw € Hor (b; Q) withb-Vw =v —zand [|w|gp.0) S [V —zll1,()- From the
definitions of z and w, we have

vl @) = [ v=2b-Vw= ¥ [ (v=2b-Vw

Kegy, K

=Y /Kdiv(v—z)wbz ) /

(v—z)wb~n1(:/ [v]wb-n
KEQ/I KEQ/, oK 8!2;:

<Ilamocyy IWlame) S 1V lmocpy v =2y @),

or [[v—z[|1,(@) < [[[V]l5m:aq;y> Which completes the proof. O
Proof of Theorem 5.1. The boundedness of B, uniformly in 4, follows easily from (5.7).

Now let (u,0) € U be such that b(u,8,v) = 0 for all v € Hor; (b; ;). Considering all v from the
subspace Ho r; (b; ) shows that u = 0 by (5.4). By now considering all v with suppv C K € £;,, we
infer that 8]\, =0, and so 6 = 0.

Finally, let v € Hor (b;£2;) be given. By (5.4), there exists a vi € Hor; (b; Q) with divvib =
divyvib, and [villpm.0) S IVIlH®B:0,)> 2nd S0 Vi =V][gm:a,) S IVIlHE:e,)- Moreover, we have v; = v
when v € Hyr; (b; ), and so

Vi—V o S inf vV—2z o0 S Iv 300
Vi =Vl (b, S et M) v —=zllame,) < II1lamoes)y

by Lemma 5.1.
From (5.4) and Lemma 3.1, we deduce that there exists a u € L»(Q) with [|ul[1,(0) = [Villzwm:.0)
and

||v1|\12q(b;mSf/gudivvlb:f/gudivhvb.

By definition of a dual norm, there exists a 8 € H(b;dQ;) with ”6”%1(1);395) = H[[v]]H%{(b;BQZ)’ =
I3 o [v]6. We conclude that

b(u,8,v)
Vlama,) < \/HVIH%; by T IV ey S :
2

(@) T8 ma0;)

Having verified all three conditions of Lemma 3.1 for the operator B, where (i) and (ii) hold uniformly
in A, the proof is completed. g

As with the diffusion problem discussed in Sect. 3.1, given a closed trial space U ,? CcU% wecanruna
Petrov-Galerkin discretization of the pure convection problem (5.5) with optimal test space V}? =37 vp-
Here T:U° — V0 = Hy r+(b;£2;,) is defined by v = (vk)keq, = T(u°,8°), with vg € Hy oknr, (b:K) :=
{z€ Ly(K):b-Vz€ Ly(K),z=0o0n dKNI}} being the solution of

(VK D))+ (b Vv, b- VD) () = / —uo(b-V\?—\?divb)—i-/a ngn96°
JK K

(v € Hy gknr. (b:K)).
As a direct consequence of Proposition 2.1, Theorem 3.21, the definition of H (b, B.Q;; ), and (5.6),
we have the following error estimate:
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COROLLARY 5.1 For a k € N, let the solution of (5.5) satisfy u® € H*"1(Q). Let P, C L,(), and
Wy, C H()y]: (b;.Q) with

A6 18—l @) S Hllalliwa) (8 € HY(Q)NHop (),

inf [[w—wi|np.0) §thW||Hk+1(Q) (we H 1 (Q)NHy - (). (5.8)
wreW,), ’
Then the Petrov-Galerkin approximation (ug, 9,?) from U}? = {(ﬁh,whbb_q]o -m) @ (Ap,wy) € Py x Wy}

with optimal test space V,? satisfies
0_ .0 0_ a0 ki, 0
(| —Mh||L2(.Q)+ 16 —9h||H(b;aQ;) ShY||u ||Hk+1(9)-

Clearly, (5.8) is satisfied when infyy, cw, W —wall ;1 (@) S B [Wl ges1 (o) forw € H¥ (Q)NH - (2).
In view of this estimate, thinking of P, and W), being common finite element spaces, the order of W,
should be one higher than the order of P,.

Under conditions on W, it might be possible to approximate u° in Hy - (b; Q) from W}, and so
6o in H(b;0L;) from {w;b|yqe -m: w), € Wy}, with an error of & (h*) under the relaxed conditions

u® € H*(Q) and f =b-Vu® € H*(Q), replacing the additional smoothness condition u® € H*+1(Q).

5.3 A Petrov-Galerkin discretization that allows passing to the convective limit

We consider the mild-weak variational formulation (3.7) for the convection-diffusion problem, and as-
sume that b € W..(div; Q). In view of the limit case € = 0 analyzed in §5.2, we now fix

I :=={x€dQ:b(x) -n(x) <0}, I}:={x€dQ:b(x) n(x)>0},

that latter which determines the skeleton dQp = Ugc o, dK\I7, and so the function spaces H -3 (02)),
H(b;0Q;) on the skeleton, and their duals, as well as the “broken” spaces H&a (£2;,) and Ho 1 (b; £2;).

With a factorization of A(€) = €Id as A(g) = A (€)A,(¢€), the mild-weak variational problem reads
as finding

(6,u,0) € U = Ly ()" x HL(Q) x H2(9€;), such that

/ (0 —A2(e)Vu) T+ (A1(€)o —ub) -th—uvdivb—i—/ [v]6 = f(v) (5.9)
Q 0%y

forall (T,v) €V =L, ()" x H&Q ().

We will select Aj(€) and A, (€) in such a way that they both vanish for € = 0. Then (5.9) for e =0
reads as a well-posed decoupled system of equations & = 0, and the variational formulation (5.5) of the
pure convection problem. Recalling the definitions U® = L,(Q) x H(b;9€;) and V° = Hy ; (b; ;)
for the spaces in (5.5) for (u,0) and v, respectively, in order to achieve this we will equip the test space
H(i 1, (€;) with an €-dependent norm that for € = 0 reduces to the norm on Ho,r; (b; £25).

For an optimal Petrov-Galerkin discretization, it remains to specify trial spaces. Since Hé (Q) —
L,(R) is dense, a trial space for u that is suitable for € > 0, is also applicable for € = 0. Since for
w € H(b;Q), one has wb € H(div; Q) with [[wb||ggiv.0) S [Wlla®:0), it holds that H(b;d€Qp) —

H? (0€2;)). So a trial space for 0 that is applicable for £ = 0, may also be applied for £ > 0. Since,
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however, H(b;0Q;) — H -3 (d£2y) is not dense, such a choice cannot be expected to give rise to a
convergent scheme for € > 0. Therefore, using that for f € L(£2), it holds that 6 = (ub— A (&)0)[s0¢ -

n), we will approximate 6 by a linear combination of an element from the trial space for € = 0 and
Ai(e)61)5 QM with 6, from the trial space for 6. This latter construction is described precisely in the
following proposition.

PROPOSITION 5.2 Let H} 1. (£24) be equipped with squared norm

1(EIVIIZ, o)+ V7 me,)- (5.10)

where p(g) > 0 for € > 0. Let Aj(g) € W1(Q) be scalar valued. For some Q; C H(div;Q) and
UY C H}(22) x H(b;9€2;), let the trial space

Un(€) = { (6, 1n, O, —A1(€)64loq; ) : 64 € Qy, (i, 6,) €U} | (5.11)

Then Uy(€) C U and U C U°, defined in (5.5). When furthermore A;(0) = A,(0) = 0 and p(0) =0,
then the Petrov-Galerkin solution (6, up, 0;) € Uy(€) with corresponding optimal test space V,(€) of
(5.9) also exists uniquely for € = 0 (for € = 0, reading V as L»(2)" x Hyr. (b;£;)). For € =0, it
satisfies 6, = 0, whereas (uy, 6),) is the Petrov-Galerkin solution with optimal test space V}? of the pure
convection problem (5.5) with trial space U, ,9.

Proof.  Already we know that H(b;0Q;) — H ’%(3.(2;; ). Since multiplication with A(g) maps
H (div; Q) into itself, we infer that Uy, (€) C U. From H} (2) C L>(£2), one has U c U°.

Let € = 0. Since both A(0) and A,(0) are zero, the equations for 6, and (uy, 6),) are fully decou-
pled. The optimal test space 3T|U,,(0) is the Cartesian product of Q, and, by the selection of the norm on
V and u(0) = 0, the optimal test space V}? of the Petrov-Galerkin discretization of the pure convection
problem with trial space U,?, giving the solution (G, uy, 6)) as stated. O

We recall that the optimal test space Vj(€) is STy, (), with (,v) = T(0,u,8) given by T =6 —
A>(&)Vu, and v = (vk)|keq,, Where vk € H&,amu (K) solves
K(E)(VVK, VD)1, k) + (Vi D)1y k) + (B Vv, b VD) 1 ()

:/(Al(s)G—ub)-Vﬁ—uﬁdiVb—&—/ (5.12)
K P)

T s . 1
ngnvl (Ve H, K)),
KL K ( o,aKmu( )

where, for € =0, Hé IKAL: (K) should read as Hy gxnr, (b; K) (cf. (3.11)). For 6} € Qp, and (dy, éh) €
UP, substituting (6,u,0) = (64, iy, 0, — A, (€)64laqp -m) in the right-hand side of (5.12), by applying

integration by parts it reads as
/ —lipb- Vi — iy pdivb — vdivA, (e)6, +/ ngnj,.
K K

It defines a uniformly in & € [0, 1] bounded linear functional on Hy gk, (b: K), and so on Hy , knn (K)
equipped with squared norm p(€)||V - ||%2(K>,, +1|- H%J(b'l()' Since consequently (5.12) is well-posed

uniformly in € € [0, 1], we do not expect (nor observe) solutions that exhibit boundary layers.

Let us discuss the selection in Proposition 5.2 of Q; and U,?, and so of Uy(¢€), in relation to error
estimates for quasi-uniform meshes. Let Qj, be a space that satisfies (3.24), e.g., a Raviart-Thomas space
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w.r.t. Q;, of order k. Let W), C H(}_’D (Q), P, C H(} () be finite element spaces w.r.t. £2;, of orders ¢ > k
and k, respectively, with P, C Wj,. With [, : W;, — P, being the interpolant w.r.t. the nodal variables of
Py, we set Ry, := 3 (I —I,). We take

Uy = {(dn, (fin + ra)blage -m) : ity € Py, 1 € Ry}, (5.13)

so that

Un(€) = {(6n,dan, (@ +ra)b — A1(€)64)aqp ) : (6nstin, 1) € Qu X Py X Ry} | (5.14)

REMARK 5.1 In most of our numerical experiments, we will take P, = W), ﬁHol (L), in which case
suppr, C Uige,:akn(90\I- )0 K for any ry € R,

For n = 1, and with the obvious choice of the nodal variables, it holds that Rj,| o = {0}, so that the
trial space Uy (&) is equal to that from Remark 3.10.

The space Uy, (&) from (5.14) includes that from Remark 3.10. Since furthermore for any fixed € > 0,
the norm defined in (5.10) is equivalent to the standard norm on V, the optimal error estimates from that
remark apply.

In order to obtain favorable results as function of simultaneously the discretisation and &, it is nec-
essary that for € = 0 the Petrov-Galerkin approximations are converging for 4 — 0 to (u°,0°) € U° =
Ly(22) x H(b;9Qy), being the solution of the pure convection problem.

For Qy, : H'(Q) — W, being, say, the Scott-Zhang quasi-interpolator (Scott & Zhang (1990)), we
have

(= Q)WL @) + AT = Q)W (o) SH Wllas (o)

(s € [LO\N+{3}, we H(Q)NH - (2)), and by the H' (Q)-stability of Oy,

1

1 1
17 = 1) @uwllzy @) < AZ(1QwWIl1 () S h2 Wl @) (W€ Hor (). (5.15)

Therefore, selecting i, = I,Qu’, and r, = (I —I,) Qj,u’, using 8° = u0b|3_Q]§> -1, we infer that for the
€ =0 case

1, 6%) = (un, O) o < inf ([ (u®,0°) = (i, (& + ra)b| g 1) | o
Up€Py, r€Ry,

ST =100 1y 0) + 1 (T — Q) | ) (5.16)
<= 00 |y 00) + 1T = 1) Q|| 1,0y + 1T — QW) |1 )

1
S h2 W) s

when u® € H*(Q) NH{ - (2) for some 5 > 3.

REMARK 5.2 The reduced rate % in (5.15) and, consequently, in (5.16), is due to the mismatch between
the boundary conditions generally satisfied by u°, and those that are incorporated in P, in view of the
application for € > 0. In these circumstances, this rate is the best that generally can be expected. As
follows from Corollary 5.1, without this mismatch, the error in the space U° would be & (hmi“([_l’k))
assuming that u® € H™n(GAHD(Q),
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Because for € | 0 the exact solution u converges in L, () to that of the pure convection problem, for

€ > 0, and & being relatively large compared to €, an error in u;, as for € = 0 can be expected, i.e., ~ h?
in L,(£). This is also what we will observe in our numerical experiments. Note, again, that generally
this is the best that can be realized with continuous piecewise polynomial approximation, zero at d<2,
w.r.t. a quasi-uniform partition, and better results can only be achieved by a proper local refinement
towards dQ \ I ).

REMARK 5.3 All above considerations concerning the selection of U,?, and with that of Uy(€), would
equally well apply to the choice U = {(ﬁh,thla_Q;l) ‘m) : dy € Py, w, € W,}. The space U from
(5.13) is, however, of lower dimension, and, moreover, it turns out that the use of 7, for approximating
simultaneously u and the flux 6 has the effect that undesirable oscillations near the outflow boundary
are damped.

Finally in this subsection, we discuss a relation between our method and the common first order
least squares method (3.13), in the case of Qy, being the lowest order Raviart-Thomas space w.r.t. €,
W, being the space of continuous piecewise linears w.r.t. €, zero at I, P, = W, OH& (), and, for
each €, A () being a constant. For (6,1, 6,) € Uy(€), and (7. (vk)keq,) =T (6, i, 6),), as always
we have T = 6, — Ay(&)Viy, cf. (3.10).

For r;, = 0 in (5.14), i.e., 6, = (@b —A1(e)6)) \392 -m, a “reversed” integration by parts shows that

b(é‘h,ﬁh,éh,'t,v)Z/ (6h—A2(8)Vﬁh)'T+(b~Vﬁh—diVA1(8)6‘h)V,
Q

so that vg € H/

0.0KT (K) solves

L(&)(Vvi, V) 1, (k) + (Vi 9) 1y (k) + (b Vv, b V) 1 (k)

' N . A a 1 (5.17)
- /K (b-Vity —divA(£)6,)0 (7€ H. yerr. (K)).
By our assumptions on Q, and P, and from A(€) being a constant, (b- Vi, —divA;(€)6,)|k is a
constant. We conclude that for K with dK NI} = @, we have the explicit expression vg = (b - Vi, —
divA(€)6})|k. For the remaining K along I3, the local boundary value problem (5.17) has to be
(approximately) solved.

For (67, i, 6;) = (0,0,rhb\(m; -n) for some r;, € Rj,, we have vg = 0 when KN (dQ\I) #0,

whereas for the remaining K, vy € H 1

0.0KAL (K) has to be (approximately) solved from

B(E) VYK, VD)1, k) + (Vi D)y k) + (b Vv, b VD) 1 (k)

T . | (5.18)
= ./aKnKnvrhbb_Q; mn (Pe Hy oxnr, (K)).

We conclude that if it would not be that for K with 0K NI} # 0, vg form (5.17) is unequal to
(b- Vi, —divA,(g)6})|k, and, for n > 1, additional trial and so test functions, defined by (5.18),
supported near dQ2 \ I are added, then the first two components of the solution (&, up, 6) of our
Petrov-Galerkin method with lowest order trial space and corresponding optimal test space would be
equal to argmin g, ;cq,xp, |64 —Az(s)VﬁhHiz(Q)n +|[b- Vi, —divA, (8)6‘;1”%2(9). That is, up to a
harmless scaling of 6, they would be the solution of the common first order least squares method (3.13)
with trial space Qy, X Py.
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5.4  Numerical results

We applied the optimal Petrov-Galerkin method to the mild-weak variational formulation (3.7) of the
convection-diffusion problem (5.1) on Q = (0,1) or = (0, 1)?, with uniform partitions £2;, into subin-
tervals of length 4, or into isosceles right angled triangles with legs of length 4 and hypothenuses parallel
to the vector (1, 1), respectively.

As motivated in Subsection 5.3, we selected the following options: We took I and I3 as the in-
and outflow boundary, which fixes the definitions of the last factors of both U = L,(Q)" x H} (2) x
H? (082) and V = L,(Q)" x Ho r; (2,). We equipped Hy r; (£2,) with the e-dependent norm from
(5.10), where p(€) = €. To set up the mixed formulation, we factorized A(€) = eI = Aj(€)Aa(€),
where A1(0) = A»(0) = 0. In particular, we took A; () = &'/3I, Ay(e) = €?/*I forn=1,and A (¢) =
As(g) = €!/2I for n = 2, respectively. These choices for A;(€) turned out to give approximately the best
results.

Finally, we selected the trial space as in (5.14), where here we took Qy, to be the lowest order
Raviart-Thomas space w.r.t. €, for n = 2, or the space of continuous piecewise linears w.r.t €2 for
n = 1, respectively, and P, to be the space of continuous piecewise linears w.r.t. £y, zero at Q2. In
all but the last experiment, we took W, to be the space of continuous piecewise linears w.r.t. €2, zero
at dQ2_. Note that the free variables in the resulting flux space are all supported near the complement
of the inflow boundary. In the last experiment we will take W), to be the space of continuous piecewise
quadratics w.r.t. £, zero at dQ_, meaning that for the approximation of the flux, we will add an
additional free quadratic bubble, multiplied with b - n, associated to each interior edge.

With these choices we satisfy the conditions formulated in §5.3 for having an optimal Petrov-
Galerkin solver that also applies in the limit case of the pure convection problem. The latter can be
viewed as a necessary condition for having a robust solver, i.e., a solver that does not loose convergence
or becomes increasingly costly for € | 0.

The solutions of the boundary value problems (5.12) on the elements K € £, that determine the
optimal test functions, could be solved analytically for n = 1. As shown at the end of the previous sub-
section, for n = 2 and W}, being the space of continuous piecewise linears, the boundary value problems
(5.12) could be solved analytically for any K with dK N (dQ \ ") # 0. For the remaining K, the solu-
tions of these boundary value problems were replaced by their Galerkin approximations from the space
of cubics on K that vanish at dK N I;. For W}, being the space of continuous piecewise quadratics, the
solutions of the boundary value problems for the optimal test functions corresponding to the additional
quadratic bubbles were replaced by their Galerkin approximations from again the space of cubics on K
that, when KNI} # 0, vanish at JK N T;..

Both the problems that define the optimal test functions, and the resulting Petrov-Galerkin discretiza-
tions were solved with the built-in mat 1ab solver. In doing so, we never encountered instabilities due
to ill-conditioning.

Forn =1, and with b = 1, and f(x) = x, in Figure 3 the L,(0, 1)-errors in u;, vs. 1/h are given for
various €, and the exact and approximate solutions u and u;, are shown for € = 10~ and / = %. Note
the large improvement compared to the results from Figure 2. For any fixed € > 0, the error in u;, in
L»(0,1) appears to be &'(h?). Note that in the current setting of not having an independent flux variable,
we do not have a proof of this optimal error estimate in L, (0, 1), cf. Remark 4.2.

For n = 2, we considered three test problems. In the first problem, b = [2 I]T, and the right-hand
side f is prescribed such that the exact solution is

) = e (M7 = 1) /(1 =PV [y (P07 = 1)/ (1= ), (519
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FIG. 3. L (0, 1)-error in uy vs. 1/h in the “robust” optimal Petrov-Galerkin approximation of the mild-weak variational formula-
tion of the one-dimensional convection-diffusion equation for various € (left); and the exact and approximate solutions « and uy,
fore =10"*and h = % (right).

which has typical boundary layers at the top and right outflow boundaries. In Figure 4, the L,((0,1)?)-
errors in uy, vs. 1/h are given for various &, and the approximate solution u;, for € = 10%and h = 1—16
is shown. As in the one-dimensional case, the boundary layer is captured inside the elements that have

x

FIG. 4. Ly((0,1)?)-error in u;, vs. 1/h for the “robust” optimal Petrov-Galerkin approximation of the mild-weak variational
formulation of the two-dimensional convection-diffusion equation with b = [2 l]T, f such that u is as in (5.19), and various €
(left); and the approximate solution u), for € = 10¢and h = Tlﬁ (right).

non-empty intersection with the outflow boundary, and no oscillations occur.

In the second two-dimensional problem, b = [11]7, and f(x,y) = 1 —x for y > x, and f(x,y) =0
for y < x. The exact solution for £ = 0 is u’(x,y) = x — 1x? for y > x and u°(x,y) = 0 otherwise. The
solution has an internal layer that is aligned with the grid and, for € > 0, boundary layers at the outflow
boundary. In Figure 5, the approximate solution u;, for € = 107 and h = 11—6 is shown.

The behavior at the outflow boundary is similar as with the previous test problem, and the internal
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FIG. 5. The approximate solution u;, for h = 1]? for the “robust” optimal Petrov-Galerkin approximation of the mild-weak varia-
tional formulation of the two-dimensional convection-diffusion equation for € = 1075, b =[11]T, and f(x,y) = 1 —x for y > x,
and f(x,y) =0fory <ux.

layer is captured inside a strip that has a width of two elements.

In the third and last two-dimensional problem, b = [21]" and f(x,y) = 1 —x for y > $x+ 1, and
f(x,y) = 0 otherwise. The exact solution for £ = 01is u°(x,y) = %x — %xz fory > %x—i— % and u%(x,y) =0
otherwise. The solution has an internal layer that is not aligned with the grid and, for € > 0, boundary
layers at the outflow boundary. In Figure 6, the approximate solution u;, for € = 107® and h = %
is shown. Again, the behavior at the outflow boundary is similar as in the first two-dimensional test
problem. In this example, however, we observe a “smearing” of the internal layer, as well as, unlike as
with the other examples, some under or overshoot at both sides of this layer.

For this reason, we repeated the experiment where we replaced the space W), of continuous piecewise
linears by the space of continuous piecewise quadratics, meaning that we enriched the trial space for
the flux by a quadratic bubble for each interior edge. In Figure 6, the resulting approximate solution u;,
fore =10"%and h = 31—2 is shown. In this case, the “numerical layer” has been sharpened to a width
of approximately 5-6 elements, but the amplitude of the under and overshoot has not been reduced. It
seems also not to be reduced by further mesh refinements, and the same under and overshoots are visible
fore =0.

We infer that this oscillation is not caused by an unstable discretization, but that it is an instance
of a Gibbs-type phenomenon, caused by the approximation of a discontinuous function by continuous
piecewise linears. A similar oscillation can already be observed with the best L, -approximation of a
smooth function on R that has a discontinuity at a non-dyadic point by continuous piecewise linears
w.r.t. uniform partitions generated by dyadic refinements.

The oscillation along the internal layer in Figure 7 is directed perpendicularly to the flow direction b.
Potential other Gibbs type oscillations, e.g. at the outflow boundary, were prevented by the simultaneous
use of uy, as approximation for #, and as an ingredient in the approximation for the flux 6, cf. Remark 5.3.
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FIG. 6. The approximate solution u;, from two perspectives for 7 = % for the “robust” optimal Petrov-Galerkin approximation

of the mild-weak variational formulation of the two-dimensional convection-diffusion equation for € = 107%, b = [21]T, and
flx,y)=1—xfory> %er %, and f(x,y) = 0 otherwise.

Oscillations in the approximation for 6 in the direction of the flow are penalized by the norm on the flux
space that for € = 0 reads as the norm on H(b;9Q;).

Finally, for comparison we repeated the second and third two-dimensional tests with the optimal
Petrov-Galerkin method of the mild variational formulation of the mixed system, i.e., we solved the
usual first order least squares problem (3.13) with trial space Qy, X P, i.e., the lowest order Raviart-
Thomas space for 0, and the space of continuous piecewise linears, zero at €2, for u,. The uy,-
component of the solutions are illustrated in Figure 8.

6. Conclusion

We studied a mild-weak variational formulation of second order elliptic boundary value problems in
mixed form constructed by piecewise integrating by parts one of the two equations in the system w.r.t. a
partition of the domain into cells. It was shown that the variational formulation is well-posed, uniformly
in the partition. We applied a Petrov-Galerkin discretization with optimal test space, or equivalently,
minimized the residual over a given trial space. The required optimal test functions can be found by
solving local boundary problems on the individual cells. Optimal error estimates in the natural norm
were demonstrated, as well as, using duality arguments, in a weaker norm. Other than with the ultra-
weak formulation studied in Demkowicz & Gopalakrishnan (2011b), which inspired this work, these
optimal error estimates are valid under minimal regularity assumptions on the solution together with an
additional smoothness assumption on the right-hand side, which is usually harmless.

In the second part of this paper, we applied our optimal Petrov-Galerkin method to convection-
dominated convection-diffusion problems. Although for such problems least squares methods are more
stable than the standard Galerkin discretization, not necessarily they give satisfactory results for small
diffusion, as we illustrated with some one-dimensional numerical experiments. Generally, the operator
associated to the variational form has an unbounded inverse in the convective limit, meaning that for
small diffusion some error components are hardly measured in the residual, and so are hardly reduced
in the least squares minimization.
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FIG. 7. Tllustration as in Figure 6, but now with the trial space for the flux enriched with quadratic bubbles.

We used the available freedom in the mild-weak variational formulation, and in its optimal Petrov-
Galerkin discretization, to construct a discretization that in the convective limit is an optimal Petrov-
Galerkin discretization of a well-posed variational formulation of the convection problem. Numerical
results show that the method performs very well for convection dominated problems.

For any fixed diffusion term, the optimal error estimates apply, whereas for the pure convection
problem we showed an error estimate that is suboptimal, due to the essential boundary conditions in-
corporated in our trial space at the whole of the boundary. Error estimates that are explicit in both the
mesh-size and the diffusion term are still lacking.

The approximation of internal or boundary layers with continuous finite elements has the disadvan-
tage that oscillations easily occur, even if one could realize best L, approximations. For this reason, we
plan to investigate whether a similar approach can be applied with discontinuous elements. Other open
research topics include a posteriori error estimators and adaptivity.
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